STUDIA MATHEMATICA 211 (3) (2012)

On a problem posed by M. M. Popov
by

F. ALBIACc (Pamplona) and J. L. ANSORENA (Logrono)

Abstract. We show that if X is a non-locally convex quasi-Banach space with a rich
dual, there exists a continuous function f : [0,1] — X failing to have a primitive. This
answers a twenty year-old question raised by M. M. Popov in this journal.

1. Introduction. When X is a Banach space, every continuous function
f :]a,b] — X is Riemann-integrable and the corresponding integral function
F(t) = SZ f is a primitive of f. The situation changes dramatically when
X is a non-locally convex F-space. Indeed, by an old result of Mazur and
Orlicz [9] we know that there exist continuous functions on [a,b] mapping
into X which fail to be Riemann-integrable and so the usual way of getting
primitives for integrable functions may break down in this setting.

It is therefore natural to ask whether every continuous function from a
compact interval of the real line into a given F-space will have a primitive.
This question was formally raised by M. M. Popov almost twenty years ago
in [I0]. Two years later, in a paper of classical elegance, N. Kalton gave
a positive partial answer by showing that if X is quasi-Banach space with
trivial dual (like the spaces L,[0,1] for 0 < p < 1) then every continuous
function f : [a,b] — X has a primitive [5].

In this note we analyze what happens on the opposite side of the spec-
trum. We prove that if X belongs to a wide class of quasi-Banach spaces
that includes those with separating dual, then there is a continuous function
f:1]0,1] — X failing to have a primitive. This applies in particular to the
non-existence of primitives for continuous functions mapping into the spaces
¢, for 0 < p < 1, a case that was recently settled in [2].

We refer the reader to [10, [, 2] for background and to [7, [I1] for the
needed terminology and notation on quasi-Banach spaces and F-spaces.
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2. Preliminaries. Unlike for Banach spaces, the fundamental theorem
of calculus does not hold for continuous functions f : [a,b] — X mapping
into a non-locally convex quasi-Banach space (see [3]). This “pathology” mo-
tivates the study of sufficient conditions on f that guarantee its integrability,
either in the sense of Riemann or in the sense of Vogt. The construction of
the Riemann integral for F-spaces is classical and appears in [I1], [10]. The
specifics on Vogt integrability can be found in [I8], 8] (see also [3, Section 5]
for a fast reminder of the construction of this integral designed for p-normed
spaces). Even in the case when f is integrable, differentiating the integral
function F(t) = Sta f is not a trivial question. The important point to note
here is that the differentiation of functions taking values in a non-locally
convex space faces many issues from a very early stage, amongst which we
highlight the failure of the mean value property (see [I]). This fact opens the
door to the existence of functions with continuous derivative that are not
Lipschitz [2] and leads to consider the space C()([a,b], X). Since we make
use of this ingredient throughout, with more prominence in Section [4] the
first subsection is meant to recall the particularities of this class of functions
in the setting of quasi-Banach spaces.

Our answer in the negative to Popov’s question relies on the ability
to rig the method that we employed in [2] for constructing functions from
the unit interval of the real line into quasi-Banach spaces. provides an
exposition of this machinery, enhanced for better performance. As it turned
out, proving the non-existence of primitives for the general case required
less effort and ended up being less technical than for functions mapping into
¢, for 0 < p < 1. The simplification is due to an alternative approach that
uses the notion of galb of an F-space, a tool introduced by Turpin in 1971.
For the convenience of the reader we have gathered the main properties of
these objects in

Here and subsequently X will be an infinite-dimensional real quasi-Ba-
nach space. Recall that a quasi-norm on X is a map || - | : X — [0,00)
satisfying the axioms of a norm except for the triangle law, which is replaced
with the condition

o +yll < &(llzll +llyl)),  Vo,yeX,

for some constant x > 1 independent of x and y. In particular, if K = 1 we
obtain a norm. A quasi-norm || - || is called a p-norm (0 < p < 1) if it is
p-subadditive, that is,

e+ yll? < [l]” + Iy, Vz,y e X.

In this case X is said to be a p-convex quasi-Banach space (p-Banach space
for short). Although what follows applies to functions f : [a,b] — X defined
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on any compact interval [a, b] of the real line, without loss of generality and
for the sake of simplicity we will work on the unit interval I = [0, 1].

2.1. The space C(V)(I, X) when X is quasi-Banach. Following Kal-
ton [5], we will denote by C(V(I, X) the space of all functions F : I — X
for which there exists f : I — X such that the function S(F,f): I? - X
defined by

F(s) - F(t)
SGHICHES S
f(t) for t = s,

is continuous. It is straightforward to verify that C(V)(I, X) is a quasi-Banach
space under the quasi-norm

1Fles = IF@) + sup O ZLEN
0<s<t<1 — S
Clearly, if F' and f are as above it follows that F' is differentiable, f is
continuous, and F'(t) = f(t) for all ¢t € I.

We are aware that this notation can be misleading since, in contrast to
the case when X is a Banach space, the space of continuously differentiable
functions from I into a quasi-Banach space X is contained in but not equal to
CM(I, X). Indeed, a function in C(V(I, X) in particular is Lipschitz on I, but
as the authors showed in [2, Theorem 4.1] there are differentiable functions
with continuous derivative mapping from I into a quasi-Banach space which
fail to be Lipschitz!

Kalton brought into play the space C(l)(I, X) to give a positive partial
answer to Popov’s question by proving that if X is a quasi-Banach space
with trivial dual then every continuous function f : I — X has a primitive
that belongs to C™M (I, X).

2.2. A brief account on galbs of F-spaces. The notion of galb was
introduced and developed by Turpin in a series of papers (cf. [14], [15]) and
a monograph ([I3]) in the early 1970’s. In this subsection we touch only a
few aspects of the theory and summarize without proofs the properties that
are relevant to our work.

Suppose that X is an F-space. The galb of X, here denoted by G(X), is
defined to be the vector space of all sequences ()72, of real numbers that
have the following topological property: for any 0-neighborhood U there is
another O-neighborhood V so that (zx)Y_, € VY implies Zgzl Az € U. In
other words, (A;)g2; belongs to G(X) if and only if the linear operator from
coo(X) (endowed with the topology of uniform convergence) into X given
by (25)32, — Y peq AkTy is continuous.

With the help of the closed graph theorem we can identify the members
(Ak)52, € G(X) by checking either of the following equivalent statements:
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(i) The series Y ;2 Agxy converges in X for any (xx)2°, € co(X).
(ii) The linear operator Ty, : ¢o(X) — X given by (z1)72, — Y poq A
is well-defined and continuous.

Now, thanks to this characterization it is easily seen that if X is a locally
bounded F-space (i.e., a quasi-Banach space) then so is G(X) with the quasi-
norm given by

N
()R lg = sup{HZ N[+ N € N, ()il € X with ||| <1}

—sup{HZ)\kmkH (xg)fey € co(X )} = [|Tw|-

In general, the galb of an F-space X cannot be expected to have a structure
of F-space. This might have motivated Turpin to investigate this concept
in the more general category of espaces vectoriels a convergence, in his own
terminology. Nevertheless, thanks to validity of the uniform boundedness
principle and the closed graph theorem, if E is a subspace of G(X) that can
be endowed with a structure of F-space, then the mapping

Exco(X) =X, ((WRZrs (@r)iZy) = ) Ak,
k=1

is well-defined, bilinear, and continuous.

Examples and elementary properties

(a) Suppose that X and Y are F-spaces. If X is a subspace of Y then
G(Y) C G(X).

(b) Suppose 0 < p < 1. Then X is p-convex if and only if £, C G(X). In
particular, if G(X) = ¢, then X cannot be g-convex for any p < g.

(c) If X is locally convex then G(X) = ¢;. In particular G(R) = ¢;.

(d) G(X) C ¢, for any F-space X.

(e) Let 0 < p < 1. Suppose X is a p-convex quasi-Banach space such
that ¢, embeds into X. Then G(X) = ¢,. For instance, G({,) =
G(Ly[0,1]) = G(Hp) = L.

(f) If X is a quasi-Banach space, there exists 0 < p < 1 such that
¢, CG(X) (and so X is p-convex). This is essentially a restatement
of the Aoki-Rolewicz theorem [4] [12].

(g) Suppose |Ag| < |px| for all & and (ur)pe, € G(X). Then (A\g)32, €
G(X).

(h) If (Ag)2, is a rearrangement of (up)7e, € G(X) then (A\p)p2, €
g(X).

(i) There are F-spaces X with essentially trivial galb, i.e., G(X) = ¢gp.
For instance, G(L[0, 1]) = ¢go.
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(j) For any quasi-Banach space X, G(G(X)) = G(X).

(k) Let X be a quasi-Banach space. If (A\;)32, € G(X) and (x)3,
in X are such that ), ; Ayx) converges to some x € X then ||z <
1(Ak)llg supgen 12k ll-

Roughly speaking, in view of (b), it could be said that the galb of an
F-space is a measure of its convexity, in the sense that it tells us how far the
space is from being locally convex.

2.3. Tailoring functions from / = [0, 1] into a quasi-Banach space.
Let 7 = (tx)72, be an increasing sequence of scalars contained in (0,1)
tending to 1. With ¢y = 0, let us denote the interval [tx_1,tx) by I and
its length by Ag, i.e., A\ = |Ix| = tx — tx—1. This way we can write [0,1) =
LIr2 I (disjoint union). For each k € N let fr, : I — R be the non-negative
piecewise linear function supported on [I; having a node at the midpoint

of I, ¢, = (tk +tk_1)/2, with f[k (Ck) =2 and ffk (tk—l) = ffk (tk) =0,

4
7(t_tk71) if ¢ S [tk717ck‘)7
by — th—1
— 4
f1.(1) ——(t—tg)  ift € [cx, tr),
ty — tr—1
0, otherwise.

Let x = (x)32, be a sequence of vectors in a quasi-Banach space X.
We define the function f = f(7,x): I — X as

. f]k (t)$k if t € I,
@1) f6) = {0 it =1.

Note that f is continuous and Riemann-integrable on [0, 1) since for each

s < 1 the set f([0, s]) is a finite-dimensional subspace of X. Let F' = F (7, x)
be the corresponding integral function on [0, 1),

(2.2) F(t) =\ f(u)du.

The following lemma is a version of [2, Proposition 2.1] that has been
customized to fit our current needs.

LEMMA 2.1. For a given pair (1,x) we have the following:

(i) The function f = f(71,x) : I — X is continuous at 1, hence contin-
wous on I, if and only if xp — 0.
(ii) F = F(7,x) can be extended continuously to I if and only if the
series Y poy Apx) converges in X.
(iii) F e C(I,X) if and only if
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Ak AT
(2.3) lim 12 m1 <k el lim 12+ 1<k<n AeTk o

m,n—00 Zm+1§k§n )\k m,n—0o0 tp —tm

Proof. We assume, by Aoki—Rolewicz’s theorem, that X is p-convex for
some 0 < p < 1. Statements (i) and (ii) were proved in [2], so only (iii) needs
a proof.

Suppose that F € C()(I, X). By construction, it has to be the case that
F'(t) = f(t) for all t € I. Then

n
i Aot TR ) = Fln) e gy
m,n—00 Zk:m—i—l >\k: m,n—00 tn, — tm m,n—00
=S(F /)(1,1) = f(1) = 0.
Conversely, suppose that holds. Since ), i is a Cauchy series, so is
> i M, hence it converges. Defining F(1) = >, A\pxk, we see that F is
continuous on I. To prove that S(F, f) is continuous it suffices to show that

im Z&=FO
t,s—17 s—1
s>t

For any € > 0 there exists N € N such that for all n > m > N,

AT AT
Hzm+1gkgn Kk _ Hzm+1§k§n kx| < € and Han < € .
2 m1<k<n Mk tn —tm 31/p—1 31/p—1
Given s >t > ty_1 we have s € I,,, t € I,;, for some n > m > N. Then
|1 F(s) — F(£)|”
(s — )P
< EGs) = F(ta) P + [ F(tn) = E(t)[[” + [ E(tn) — FO|
- (s —t)P
S n tm
iP5, fr (u) dw)? 4+ 11 325y Akl P+ 2 IP(5, fr, (w) du)?
a (s —t)P
p—1.p — )P p—1.p _ p P—1lp(g — ¢t \P
<3 P (tyy — )P + 3PP (ty, — )P + 3PP (s — 1) e

3. An answer in the negative to Popov’s question. The question
of Popov whether every continuous function f : I — X mapping into a
non-locally convex F-space has a primitive ([10, p. 206]) was tackled by
Kalton in [5] in terms of the surjectivity of the operator

D:cW(I,X)—C(I,X), F—D(f)=F,

and was given a definite form as an intrinsic property of the space X by
the authors in [2]. They defined a quasi-Banach space X to be a P-space
(or to have property (P)) if every continuous function f : I — X has a
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primitive, and proved that no ¢,-space has property (P) when 0 < p < 1.1In
this section we extend this result by showing that, in fact, no quasi-Banach
space with separating dual does. The strategy is different. It depends on
the next proposition, which will also lead us to the classical Mazur—Orlicz
theorem [9] via an alternative path.

ProprosITION 3.1. Let X be a non-locally conver quasi-Banach space.
Then there exist continuous functions f : I — X and F : [0,1) — X such
that

(a) F is differentiable at every t € [0,1) with F'(t) = f(t), but
(b) F does not admit a continuous extension to I.

Proof. Since X is not locally convex, property (b) in yields the
existence of a sequence (\;)7°, € ¢1 \ G(X), so that the series Y 7 Apxy
does not converge in X for some sequence of vectors x = (x)72, in co(X).
Without loss of generality we assume A\, > 0 for all k and Y ;2 A\p = 1.

Define 7 = (£,)52 by tn = > p_; Ak, so that ¢, —t,—1 = Ap. Now, we
feed the function-tailoring machine described in with the pair (7,x)
to manufacture f = f(7,x) and F' = F(7,x) with the desired properties,
namely, f is continuous on [0, 1] and F' is continuous on [0,1) but cannot
be continuously extended to I. Note that F' is differentiable on [0,1) with
derivative F'(t) = f(t) at every ¢t € [0,1). =

COROLLARY 3.2 (Mazur-Orlicz). Let X be a non-locally convex quasi-
Banach space. Then there exists a continuous function f : 1 — X which is
Riemann-integrable on [0,1 — €| for every € > 0 but fails to be Riemann-
integrable on I.

Proof. Let f and F be the functions in Proposition Since, by the
construction of f, the set f([0,s]) is a finite-dimensional subspace of X for
every s < 1, it follows that f is Riemann-integrable on [0, s]. Suppose the
function f were Riemann-integrable on I. Then an appeal to [10, Propo-
sition 1.2] would show that G(t) = Sg f(s)ds is (uniformly) continuous on
[0,1]. But G([0, s]) maps into a finite-dimensional subspace of X for each
s < 1, and so it is differentiable on [0, 1) with G’ = F’ on [0, 1). This implies
G(t) = F(t) for all t € [0,1) so that F' would admit a continuous extension
to I, a contradiction. m

REMARK 3.3. The same argument shows that f fails to be integrable in
the sense of Vogt on [I.

In [6], Kalton introduced the notion of core of a quasi-Banach space X
as the largest subspace of X with trivial dual. Note that if X* separates
the points of X then core(X) = {0}, so the following theorem applies to
quasi-Banach spaces with separating dual.
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THEOREM 3.4. Let X be a non-locally convex quasi-Banach space with
null core. Then there exists a continuous function f :[0,1] — X failing to
have a primitive.

Proof. Pick out functions f and F as in Proposition [3.1 Suppose there
exists a differentiable function G : I — X such that G'(t) = f(t) forall t € I.
Then (F — G)'(t) = 0 for all t € [0,1). Now, the fact that core(X) = {0}
yields F(t) = G(t) + C for all t € [0,1), where C is some constant (see
[2, Lemma 3.1]). Hence, F' admits a continuous extension to I, a contradic-
tion. m

4. An application to integration theory in quasi-Banach spaces.
In [I8] Vogt introduced a concept of integrability quite different from that
of Riemann. Let ({2, X, ) be a measure space and X be a p-Banach space.
A function f: 2 — X is said to be integrable in the sense of Vogt, and we
write f € Li(u, X) (also, f € Li,(I, X) when p is the Lebesgue measure on
a subset 1 C R?) if f admits an expression of the following guise:

(4.1) F&) = anfalt) aetel,
n=1
where x = (z,)0%, in X and f = (f,,)7%; in Li(u, R) satisfy the condition
(4.2) Ne¢E) =D Pl fall} < oo
n=1

The space Li, (11, X) equipped with the gauge
£l = inf{N(x,£)"/?: @) and [@2) hold}

is a p-Banach space. Moreover, for FZ € 3 the expression

>_an\ fudn
n=1 E

does not depend on the decomposition (4.1]) chosen for f, and so it is con-
sistent to define the Vogt integral of f on E as

Sfdﬂ: ans.fndﬂ
n=1 E

E

The crucial fact in the work of Vogt is the possibility to identify isometrically
L (11, X) with the completion of the tensor product X @ L;(u, R) endowed
with the quasi-norm

N 1/p N
[ = inf{ (3" leal?lfal}) ™ : @ = 3" 20 ® fu, N N},
n=1 n=1
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In their search for sufficient conditions of integrability in the sense of
Vogt for functions taking values in F-spaces, Turpin and Waelbroeck [16] [17]
dealt with spaces of functions of the form C(T)(U,X ), where U is an open
set of the Euclidean space R™ and 0 < r < oco. Although we will not en-
tertain a discussion concerning these spaces, it is perhaps worth mentioning
that the authors defined the corresponding class C(")(I, X) in their study
of sufficient conditions for Riemann integrability ([3]), and that the space
C (1)(1 , X) introduced in Section happens to be a member under disguise
of that class. For our purposes, in this section it suffices to recall that if
f e CW(I,X), where X is a quasi-Banach space with separating dual, and
f’ is Riemann-integrable on I then Barrow’s rule holds, i.e.,

The hypothesis that f’ is Riemann-integrable on I is not redundant, as the
following theorem shows. However, increasing the smoothness degree of f
by imposing that f belongs to C(")(I, X) with > (p + 1)/p does the trick
(see [3] for more details).

THEOREM 4.1. Let X be a non-locally convex quasi-Banach space. Then
there exists G € CY(I,X) so that G' is neither Riemann-integrable nor
integrable in the sense of Vogt on I.

Proof. Assume that X is p-convex for some 0 < p < 1. Consider, as in
the proof of Proposition (Ar)py, and x = (21)72, € co(X) such that
Ar > 0 for all k, D72, A\x = 1, and the series Y p-; Apx) does not converge.

With tg = s9 = 0, define 7 = (£,)72 1, 0 = (sn)neq and y = (yx)72, by

n
tn = Z >\ka
k=1

s %(t(n—l)/Q + t(n+1)/2) if n is odd,
" tn/2 if n is even,
T(ny1)2 i nis odd,
Yn = —Ty /2 if n is even.
Define p,, = s, — sp—1. We have t,, —t,_1 = A, and p,, = %)\L(n+1)/gj.
We feed again the function-tailoring machine described in with the
pair (0,y). Let g = f(o,y) and G = F(0,y). We have

0 if m and n are both even,

UnTn if n is odd and m is even,
Z MYk = o .

— m+1Tm+1 if n is even and m is odd,

m+1<k<n
UnTn — Im+1Tm+1  if m and n are both odd.
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In any case,

12 mt1<k<n PeYkll < 9l/p—1 pnllznll 4 pmg |Zme1 ]
Zerlgkgn He Zm+1§k§n Kk
< 2P maxf{ ||, [l |}
Appealing to Lemma (iii) we get G € C(I, X).

Suppose that G’ = g is integrable in the sense of Vogt on I. Consider
the set

m,n—00

0.

o
2= U [S2n—2, S2n—1)
n=1
equipped with the measure u given by p(A) = 2|A|. Let h = g|n. Obviously,
h is integrable in the sense of Vogt on the measure space (2, ). Notice that
the bijective mapping ¢ : [0,1) — {2 given by

t4tp—1
¢(t) = Tn7 te [tnflvtn)’

is measure-preserving. Hence, h o ¢ is integrable in the sense of Vogt on
[0,1). Moreover, it is easy to check that h o ¢ = f(7,x). But, in view of
Remark f(1,x) is not integrable in the sense of Vogt, and we reach a

contradiction.

Let us assume now that ¢ is Riemann-integrable on I. Then Sé

g =
> orey kyr = 0. Fix any € > 0 (for instance, e = 1). There exists § > 0
such that
lo(g.m)ll < (27— 1)"/7e

for all Riemann sums o(f,7) of f associated with a partition 7 of I with
diameter at most §. Let N € N be such that 1 — ¢y < 4. Since Y o | Mgz is
not a Cauchy series, there exist N < m < n such that |37, . Apzgl| > e

Now, since Sg’” g = Zzzo uryr = 0, we can pick a Riemann sum o(g, )
associated with a partition of [0, t,,],

m={0=ay<- - <aq_1<aq<--<ap=ty},
of diameter at most d, such that ||o(g,71)|| < e. Consider the partition
T={ag < <@ <--<ap =ty < - <t <. <tp<l},
and the Riemann sum

o(g.7) = olgm) + ( 3 g(itk_l . itk) (th tk_o) T gltae)(1— ).

k=m+1
We observe that the diameter of 7 is at most § and that

n
0(977‘—) = 0—(97”1) +2 Z )\kwk
k=m+1



But
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n
p
“0(9,771)4'2 Z )\kka > 2Pl — P,
k=m+1

a contradiction. m
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