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Characterization of associate spaces of
weighted Lorentz spaces with applications

by

AMIRAN GOGATISHVILI, LUBOS PICK, and FILIP SOUDSKY (Praha)

Abstract. We characterize associate spaces of weighted Lorentz spaces GI'(p, m,w)
and present some applications of this result including necessary and sufficient conditions
for a Sobolev-type embedding into L.

1. Introduction and main results. Let (R,u) be a o-finite non-
atomic measure space with b = p(R) € (0,00]. We denote by M(R) the
set of all y-measurable functions on R whose values belong to [—oo, co]. We
also define M (R) = {g € M(R): g > 0}, and My(R) = {g € M(R):
g is finite a.e. in R}.

The function space GI'(p,m,w)(R) (denoted simply by GI'(p,m,w)
when no confusion can arise), introduced and studied in [FR2] and [FRZ], is
defined as the collection of all functions g € 9M(R, ) such that

b t m/p 1/m
9llcrmw = (Ywt) (Yo7 (s)7ds) ™" dt) ™ < o,
0 0

where m, p € (0,00), w is a weight (that is, a positive measurable function)
on (0,b), and g* is the non-increasing rearrangement of g, given by

g*(t) =sup{r € R: p({z € R: |g(z)| > A}) >t} fort e (0,b).

We also define the maximal non-increasing rearrangement of g by

1t

g (t) = ;Sg*(s) ds for t € (0,b),
0
and we note that the estimate
(1.1) g (t) < g™ ()

holds universally for every g € M(R) and every t € (0,b).
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Our main goal is to give a precise and easily-computable characterization
of the norm in the associate space (sometimes also called the Kdthe dual) of
the space GI'(p, m,w). The associate space GI'(p, m,w)" of GI'(p, m,w) is
defined as the collection of all functions g € M (R) such that

b
(12> HgHGF(p,m,w)’ = sup Sf*(t>g*(t) dt < oo.
I flarp,m,wy<1 o

Such a result is of interest for a number of reasons. In general, an as-
sociate space is a key thing to know about any Banach function space (see
definitions below). Moreover, the spaces GI'(p, m,w) cover several types of
important function spaces and have plenty of applications. For example,
ifb=o00,p=1m>1and w(t) =t""v(t), t € (0,00), where v is another
weight on (0,b), then GI'(p, m,w) reduces to the space I (v), whose norm

is .

lgll ey = (§ 97 ()"0 (t) dt)

0
This space was introduced by Sawyer [Sal] who used it to describe the be-
havior of classical operators on Lorentz spaces and observed, among other
results, that, under certain restrictions on the parameters involved, this space
is the associate space of the space A™ (%), introduced by Lorentz [LJ], where

1/m

m' = m/(m — 1), ¥ is an appropriate weight, and the norm in A™ (7) is
given by

o)

191l gt 3y = (S g ()™ o(t) dt)
0

The spaces of type A and I" have been extensively investigated during the last
25 years under the common label classical Lorentz spaces, and an avalanche
of papers by many authors devoted to their detailed study is available nowa-
days.

Another important example is obtained whenb=1, m=1,p € (1,000) and
w(t) = ¢t (log %)71/]3, t € (0,1). In this case GI'(p, m,w) coincides with
the so-called small Lebesgue space, first studied by Fiorenza [F|. He proved
that this space is the associate space of the so-called grand Lebesgue space,
introduced in [IS] in connection with integrability properties of Jacobians. It
was shown later by Fiorenza and Karadzhov [FK] that the norm in the small
Lebesgue space can be equivalently written in the form of the norm in the
GI'(p,m,w) space with the above-mentioned parameters and weight. For
further results in this direction, see also [FR1, [FR2|. Our characterization of
the associate space of GI'(p, m,w) thus gives a new description of the grand
Lebesgue space.

In [FR2] and [FRZ| the authors studied the associate spaces of the spaces
GI'(p, m,w), but obtained only an upper bound for ||g||Gr(p,m,w); moreover

1/m/
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under the restriction that u(R) < oo and either p # 1 [FR2, Theorem 6] or
m < p [FRZ, Theorem 3.2].

We are going to give a complete general characterization of the associate
space of GI'(p, m,w) without any restrictions on the parameters involved.
However, it is reasonable to adopt a general assumption that p, m and w are
such that

t b
(1.3) Sw(s)sm/p ds —G—Sw(s) ds < oo for every t € (0,b),
0 t

because if this requirement is not satisfied, then the “space” GI'(p, m,w)
contains only the zero function. Under the assumption (1.3]), we denote

t b
(1.4) u(t) = Sw(s)sm/p ds + tm/pxw(s) ds, te€(0,b).
0 t

The principal background tool in the proofs will be the duality results
of [GP] and [Si]. It will be useful, in accordance with the terminology used in
the first-mentioned paper, to call a weight w non-degenerate (with respect
to the power function t™/?) if is satisfied and moreover

t b
(1.5) Sw(s) ds = Sw(s)sm/p ds =00 forevery t € (0,b).
0 t

We do not restrict our results here to non-degenerate weights, but we shall
see that the characterizing conditions for degenerate weights are different
from those concerning non-degenerate ones.

We shall now formulate our main theorem. Here and throughout, the
symbol &~ means that the two sides are bounded by each other up to mul-
tiplicative constants independent of appropriate quantities. As usual, for
p € (1,00), we write p' = p/(p —1). Throughout the paper, we use the
convention 0 - co = 0. Another convention we use is that /2 = oo when
b = oo.

THEOREM 1.1. Assume that 0 < m,p < co. Let w be a weight on (0,b)
such that (1.3) is satisfied. Let u be defined by ((1.4)).

(i) Let 0<m <1 and 0 < p < 1. Then

t
l9llrepmwy = sup g™ () ———.
(p.m0) t€(0,b/2) U(t)l/m

(i) Let 0 <m <1 and 1 < p < oco. Then

b / 1/p' tl/p
g maw) = Sup g (s)P ds —.
I9lrgny ~ sup (§a7 () ds) o
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(iii) Let 1 <m < 00, 0 <p <1 and let (1.5) be satisfied. Then

b/2 m4m ) p— m b -
lg] ~ § ey U Sy ws)m ds () ds Y
Narmr = 0 I u(t)m’—H .

(iv) Let 1 < m < 00, 0 < p <1 and let either Sgw(s) ds < oo or
Sg w(s)s™/Pds < oo or both. Then

o/ RPN L Sé w(s)s™/P ds S? w(s)ds '™
||g||G’F(p,m,w)’ ~ S g (t) u(t)ml+1 dt
0
limsupe o, g () (g°(s)ds

(fow(s)ds)™  (§w(s)sm/rds) ™
(v) Let 1 <m < 00, 1 < p < oo and let (1.5) be satisfied. Then

||g||GF(p,m,w)’
b/2 b m’ /p+m/p—1 (t m/p b 1/m
~ wrs o/ g \m//p't qw(s)s™/Pds | w(s)ds
~ ( (S) (§g (s)P ds) P Ou(t)m"H ¢ dt .

(vi) Let 1 < m < o0, 1 < p < 0o and let either Sgw(s) ds < oo or

Sg w(s)s™P ds < oo or both. Then

||g||GF(p,m,w)’
b/2 b 1700 4m! [p+m/p—1 (t m/ b 1/m’
, m! [p/ g PP (s)s™ P ds § w(s) ds
~ *%k P 0 t
~(§ (o) TOLE )
(Sg g**(s)pl ds) 1/p Sg g*(s)ds

(Sg w(s) ds)l/m (Sgw(s)sm/P ds)l/m'

For the proof of Theorem we will develop a simple but powerful argu-
ment based on combination of results from [GP] and [Si] with an elementary
inequality involving rearrangements, contained in the next result.

THEOREM 1.2. Assume that 1 < p < co. Let g € Li. (R, u). Then

loc

1 b , 1/p' 1 b , 1/p'
(1.6) g™ () + (tgg*ws)p g (s) d8> ~ <t§g**(s)” ds>
t ¢
for every t € (0,b/2).

We shall now turn our attention to an application of Theorem to
Sobolev-type embeddings which was first pointed out in [FRZ].
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A (quasi-)normed linear space X is said to be (continuously) embedded
into another such space Y, and denoted by X — Y, if X C Y and the
identity operator is bounded from X to Y.

Let 2 be a bounded open connected set (a domain) in R", where n € N,
n > 2. We say that (2 is a John domain if there exist a constant ¢ € (0,1)
and a point zg € {2 such that for every x € {2 there exists a rectifiable curve
w : [0,1] — 2, parameterized by arclength, such that w(0) = z, w(l) = o,
and

dist(w(r),002) > cr  for r € [0,1],

where 02 is the boundary of 2. The class of John domains is known to
include some other families of domains that are considered classical, such as
domains having Lipschitz boundary or domains having the cone property.
John domains arise in connection with the study of holomorphic dynami-
cal systems and quasiconformal mappings, and they are known to support
Sobolev inequalities with the same exponents as the standard Sobolev ones
(see |Bo, HK| [KM, [CPST1]). Being a John domain is a necessary condition
for a Sobolev inequality to hold on simply connected open sets in R? and on
more general higher-dimensional domains (see [BK]).

For k € N, the Sobolev space W*GI (p, m,w)(£2) is defined as the
collection of all weakly-differentiable functions w defined on {2 such that
|Viu| € GI'(p,m,w)(2) for every j € NU {0}, j < k, where V/u is the
jth gradient of u, V% = w and | - | is the Euclidean norm. The space
WG (p, m,w)(£2), endowed with the functional

k
[ullwecrpmw) o) = 2; H’WUH‘GF(p,m,w)(Q)’
j=
is a Banach space.
It was proved in [FRZ, Lemma 1.4| that the condition

(1.7) t="" e GI'(p, m,w)'(0,b)
is sufficient for the Sobolev embedding
(1.8) WG (p,m, w)(2) = L®(82),

where b = |£2|. Embeddings of type are known to have a number of
applications, for example they are intimately connected with the question
whether the Sobolev space is a Banach algebra (cf. e.g. Al [Cl [CPS2]). Our
aim is to point out that, as can be deduced from our results, is in fact
not only sufficient, but also necessary, for to hold. Furthermore, we
shall include Sobolev embeddings of any order.

However, before we can state this result, we first need to know for
which parameters p,m,w the space GI'(p, m,w) satisfies the axioms of
rearrangement-invariant Banach function space. We say that X is a Banach
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function space over a o-finite measure space (R, u) if for all non-negative
p-measurable real functions f, g and {f;}jen on R and every A > 0, the
following properties hold:

(P1) ||fllx = 0if and only if f =0 a.e; [|Afllx = M[fllx; |If +gllx <
1 fllx + llgllx:

P2) f < g a.e. implies || f||x < |gllx;

P

(
(P3) f; 7 f ae. implies || fjllx 7| fllx;

(P4) for every E C R with u(FE) < oo one has ||xp|lx < 00;
(P5)

P5) for every E C R with u(E) < oo one has |, f(x)du < Cg||f| x for
some constant C'gy independent of f.

We say that X is a rearrangement-invariant Banach function space if
(P1)-(P5) are satisfied and moreover || f||x= ||g||x whenever f*=g¢g* on (0, b).
Here and throughout, xg denotes the characteristic function of E.

We shall now state a necessary and sufficient condition for the space
GI'(p,m,w) to be a rearrangement-invariant Banach function space. In view
of applications, we restrict ourselves to the case 1 < p, m < co. We note that
the result is known for certain particular cases. We omit the details but we
refer the reader to [FR2, Theorem 5|.

THEOREM 1.3. Suppose that 1 < p,m < oo and let w be a weight on
(0,b). Then the space GI'(p, m,w) is a Banach function space if and only if
b
(1.9) | w(t) min{1,t"/P} dt < co.
0
Now we are in a position to characterize a higher-order Sobolev embed-
ding. The results are collected in the following theorem. It will be useful to
recall that 2 is a bounded domain, therefore b < co.

THEOREM 1.4. Letn € N, n > 2. Let {2 C R™ be a John domain and let
b=|0]. Let 1 <m,p < oo and let w be a weight on (0,b) such that
b

(1.10) Vw(t)tm/? dt < o
0
Let k € N. Then the Sobolev embedding
(1.11) WEGT (p, m, w)(2) — L>®(£2)

holds if and only if either kK > n, or k < n — 1 and one of the following
conditions is satisfied:
(i) m=1,1<p<n/k and
tk/n

sup

7 R < 0oQ;
te(0,b/2) §ow(s)st/Pds + t1/P §] w(s) ds
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(i) m=1, p=n/k and

tk/n(logb)l—k/n
sup - ; : T < 00;
te(0,b/2) §qw(s)st/Pds 4+ t1/P § w(s) ds
(iii) m=1, n/k <p < oo and
ti/p

te?(?l?ﬂ) St w(s)st/Pds + t1/p Sb w(s)ds
) 0 t

< 0Q;

(iv) 1<m<oo, 1 <p<n/k, Sgw(t)dt:oo and

b2 ykfntmfp-1 Sg w(s)s™/P ds S? w(s)ds

o (T w(s)sm/ods +tm/p 5] w(s) ds)™ ™

t < o0;

(v) 1<m< oo, p=n/k, Sgw(t)dt:oo and

b/2 tm’k/n+mk/n71 (10g %)m/(lfk/") Sé w(s)smk/n ds Si’ w(s) d

t b mi1 " dt < 0
0 (§ w(s)s™®/™ ds + tmk/m § w(s) ds)

(vi) 1<m < oo, n/k <p<ooand

b/2 ! [pm/p—1 Sg w(s)s™? ds Si’ w(s)ds

0 (Sg w(s)s™/P ds + tm/p Sf w(s) ds)murl

Using the results of [CPSI] one can obtain sufficient conditions for the
Sobolev embedding also for domains with worse boundary than just
John domains, as long as a lower bound for their isoperimetric function is
known. In many customary cases, such conditions will also be necessary in
a certain broader sense. We recall that the perimeter of a measurable set E
in {2 is given by

P(E, Q) =H""12ndo"E),

where O™ E denotes the essential boundary of E, in the sense of geometric
measure theory [M, [Z]. The isoperimetric function Ig : [0,1] — [0, 00] of £2
is then given by

Io(s) =inf{P(E,Q): EC 2,s<|B|<1/2} ifsel0,1/2],

and I(s) = In(1 —s) if s € (1/2,1]. We omit the details.

In our last application of Theorem [I.I] we intend to characterize those
parameters p,m and w for which the space GI'(p, m,w) is reflexive. This
question was studied in [FRZ]|, where a number of results were deduced from
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the assumption that GI'(p, m,w) is reflexive, and also a sufficient condition
for reflexivity was given.

To pave the way to a characterization we shall first single out those spaces
GI'(p, m,w) which have absolutely continuous norms. We restrict here to the
case when 1 < p,m < oo. Such a result is of independent interest since it
might be handy when compactness of operators and embeddings between
function spaces is studied (see e.g. [LZ, [FMPL [KPL [PPL [SI1} [SI2]). A Banach
function space X on (R, i) is said to have absolutely continuous norm if for
each sequence {E,} of u-measurable subsets of R satisfying F,, | () one has
IxE, fllx — 0 for every f € X.

THEOREM 1.5. Let 1 < p,m < oo and let w be a weight on (0,b). Then
the space GI'(p,m,w) has absolutely continuous norm if and only if at least
one of the following conditions holds:

(1.12) b < oo,
b

(1.13) {tm/Pw(t) dt = oo.
0

Our next theorem shows that for the associate space of GI'(p, m,w), the
absolute continuity of norm is granted unconditionally.

THEOREM 1.6. Let 1 < p,m < oo and let w be a weight on (0,b). Then
the associate space to GI'(p,m,w) has an absolutely continuous norm.

Now we can state our last result. Again, some particular cases are known
[FR2, Theorem 5.

THEOREM 1.7. Let 1 < p,m < oo and let w be a weight on (0,b). Then

the space GI'(p, m,w) is reflexive if and only if at least one of the condi-
tions (1.12)) and (1.13|) holds.

ExXAMPLES 1.8. (a) If b < 00, 0 < m < 00, 1 < p < 00 and Sgw(s) ds
< 00, then it is not difficult to verify that the space GI'(p, m,w) degenerates
to the Lebesgue space LP (regardless of m). Indeed, on the one hand, we
have

: m/p 1/m
”g”GF(p,m,w) = ( w(t) (S g*(S)p dS) dt)
0

< ( g (s)? ds> v (Iiw(t) dt) v
0

= Cliglir

O e T O ey O

with C = (Sg w(t) dt) m oo, while, on the other hand, due to the mono-
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tonicity of g* and positivity of w, one has
t

lgllarpmw = (§ w(t) <S g (s)? ds) e dt)

0

1/m

b/2 b

> ( S g (s)? ds> Up( S w(t) dt)

0 b/2
> cllgll

1/m

with ¢ = 2_”(82/211)(15) dt)t/™ > 0. A simple argument shows that, for this
choice of parameters, we have u(t) ~ t™/P and it is easy to check that
the appropriate choice of part (i), (ii), (iv) or (vi) of Theorem yields
l9llarpmwy = llgllp» for every measurable function g. For example, if
p=1and 1 <m < oo, then by Theorem [L.I|iv) we obtain

l9llarmmwy = 119l + llgllze + gl = llgllLee,

since b < co. We note that cases (iii) and (v) of Theorem 1.1]are inapplicable
here since is false.

(b) If 1 <p < oo and Sgw(s) ds < oo but b = 0o, then the upper bound
for ||gllGr(p,m,w) from (a) still applies, but the lower bound does not work,
since, in accord with our convention, b/2 = oo, and therefore the integral
52/2 w(t) dt is zero. Thus, the inclusion LP C GI'(p, m,w) still holds, but the
converse need not be satisfied.

(c) We shall now analyze the situation when

O<p<oo, m>p, m>1, w(t) =P for every t € (0,b).

Then ” - U
l9llarmmaw) = <§ (txg*(s)p ds) dt> .
o\'o

Therefore, by the classical Hardy inequality (see e.g. [BS, Chapter 3, Lem-
ma 3.9]) together with we get

b 1/m

9l armu ~ (Yo~ @mat)

0
whence, for this choice of parameters, the space GI'(p, m, w) always degener-
ates to the Lebesgue space L™. We shall now check that the results deduced
from Theorem are consistent with the classical duality relations between
Lebesgue spaces. It will be useful to note that u(t) ~ ¢ for every t € (0,0).

First, let m = 1 and 0 < p < 1. Then Theorem [L.I|(i) implies that
HgHGF(p,m,w)’ ~ Sul? g**(t) = HQHLOO;

t€(0,b/2)
as required.
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Next, assume that p =1, 1 < m < oo and b = co. Then, obviously, (|1.5))
is satisfied. Hence Theorem iii) applies, and we get
0 , gm/tm—=1 4 4l-m 1/m’
lolarmay ~ (17O ) < gl
0
by the Hardy inequality and , again.
Ifp=1,1<m < oo and b < oo, then
¢
Sw(s) ds = oo for every t € (0,00)
0

but
b

Sw(s)sm/p ds < oo for every t € (0,00),

t
hence ([1.5)) is not satisfied. Consequently, we have to use Theorem [1.1{(iv)
this time. We get

lgllcrpmawy = gl pm + "™ (lgllL1-
Because b < oo, we have, by Holder’s inequality, ||g||;1 < bl/mHgHLm,.
Thus, altogether, we again obtain

HgHGF(p,m,w)’ ~ HgHLm’a

as desired.
Let 1 < p < m < oo and b = co. Then (|1.5) holds and we can use
Theorem [1.1|(v). We obtain

00 0o . , m'[p' tm//P+m/p—1 t.$l-m/p 1/m’
Iollarimuy = <S (Yo" as) P dt>
0 t
o0 1 %) , m' /p' 1/m/
< (((3Toera) " a)"
0 t t

We claim that
20 /40 ) m'/p’ 1/m’
0 t

The lower bound is easy, we only have to observe that

00 g 00 e m/' /p’ 1/m/ 00 1275 sy m'/p' 1/m/
(S (t S g (s) ds) dt) > (X (t S g (s) ds) dt)

0 t 0 t

o0 /

> ( RGN at)"™ ~ gl
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where the last relation follows by a simple change of variables. As for the
upper bound, we first claim that there exists a positive constant C' such that,
for every ¢t € (0,00) and every g € M(R), one has

< / 1/p
(1.15) (g g (s)P ds>

t
Clearly, ([1.15]) will follow once we show that

T ’ ™ /!
<C **( )m( _t)m/p—ld ! )
<§g s)™ (s s>

(1.16) OSOh*(S) ds < C(OSO h*(S)m//pl(S o t)m’/p’—l ds)

t t

p//m/

for some C > 0, every t € (0,00) and every h € M(R), on applying the
last estimate to the particular choice h* = (g**)?". The proof of is
similar to the classical proof of embeddings between Lorentz spaces (see e.g.
[BS, Chapter 4, Proposition 4.2]). Indeed,

oo o

| n*(s)ds = | h*(s)™/P' B () =¥ (s — )P (s — )™ P ds

t t

1_m//ploo Iy s
< ((sw M@ -1) | B () P (s =t P ds.
ye(t700) t

However, for every y € (t,00), we have

n* ) — 1) = i) ([ s — o7 as)

t
< (V)7 (s — ey as
< (S h*(s)m//p/(s B t)m//plfl ds)p /m '
t

So, combining the last two estimates, we get (1.16]), hence also (1.15]). Now,
using (|1.15) and the Fubini theorem, we arrive at

00 00 ) m'[p’ 1/m/
(1.17) (g(t g (s)P ds> dt>
0 t

)P'/m'

8 e

o0

o femn ogo g (s)™

!
’

VAN

™ 1/m
(s—t)m/pfldsdt) /

~+

§t—m’/”'(s — )™ /P L gy ds) v
0

/

0
O((S)g**(s)m
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Changing variables, we get, for every fixed s € (0, c0),

s 1
St—m’/p’(s — )™ PG = Sy—m’/p’(l — )™ /P gy,
0 0

Thus, denoting L

K=y /P (1 =y dy,

0

we obtain
S

St*m//p/(s — )"/l g < K for every s € (0,00).
0

Plugging this into (|1.17]), we get the upper bound in ((1.14)). Altogether, also
in this case, we conclude that

HgHGF(p,m,w)/ ~ HgHLm' .
Finally, let 1 < p < m < oo and b < oo. Then
b
Sw(s)sm/p ds < o0,
0
hence the weight is degenerate, and we have to use Theorem Vi). The first
term on the right-hand side is equivalent to ||g|| ../ just as in the preceding
case, and the last one is obviously equivalent to ||g||;1. Furthermore, the
middle term disappears.

Il <p<oo,m=1b=1and w(t) = t_l(log%)fl/p, then
GI'(p,m,w) coincides with the small Lebesgue space (|F], [FK]|). Hence,
Theorem provides a new characterization of the grand Lebesgue space.

(e) A similar functional to the one in Theorem [1.1fii) appears in [CP2),
Theorem 1.2| in connection with a sharp Sobolev embedding into a Morrey
space. Spaces generated by similar functionals are also treated in [Kr].

2. Proofs
Proof of Theorem . Fix g € Ll (R, u) and t € (0,b/2). Then
L0 12
Mg (o) ds = L (o) s
t t
1 2t s o'
== P *
. § s ((S)g ) dy) ds
t 2
1/¢ . P ds
25 (lr0a) 15



Associate spaces of weighted Lorentz spaces 13

with ¢ = (p — 1)(1 — 2'~7"). Since the estimate
b b
sk —1 % 1 sk /
o7 (517197 (s) ds < 5 [ (5)"" ds
t t
follows immediately from (1.1)), we obtain
b

1 , 1/p' 1? , 1/p'
g**(t) + (t Sg**(s)p —19*(3) dS) < C<tgg**(s)p d8>
t t

SR

with C depending only on p. Conversely, integrating by parts, we get

1 ¢ /1 1 b 1 : -1
N §9**(3)p g (s)ds = n § e <§J 9" (y) dy> g*(s)ds
1 1 s . / 1 t . /
2 o) - (o)
1! :
2 ()P
+ = §g (s)? ds
1?0 , ,
> Vo s o
hence

t t
t t

e+ (oo o)z (e a)”

with a suitable ¢/ > 0. The assertion now follows from the combination of
both estimates. m

Proof of Theorem [1.1 Assume first that b = oco. Rewriting the norm
in (1.2) in a more convenient way and setting h* = (f*)P, we get

b
* *(£) dt
HgHGF (pymaw)’ — Supg f ( ) ( )
fZ0 ||f||GF (p,m,w)

fo £(t)g* (1) dt

T (D) (1, £ (s ds) " dr) ™

_ fo b ( I/Pg (t) dt

_h¢0( w(t) (50 h ds)m/pdt)l/m
h()%()dt

b
= sup SO m®
h£0 (g hex(t)m/ptm /P (t) di)
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Raising this to the power p, we arrive at
(0 n(t)/Pg*(t) dt)"
h0 ({0 b (£ym/oem/ou (£) dt)P™

Let 0 < m < 1. Then, by a slight modification of |[GP, Theorem 4.2(i)| and
its proof, we obtain

(foo(s) ds)”

P , R su
HgHGl“(p,m,w) tG(OIj;)) u(t)p/m

Taking the pth root, we get

t
lgllcr 1~ sup g (t) ——
R R TOR
Since b = oo, and therefore, by our convention, also b/2 = oo, this completes
the proof of (i).
If 1 <p<ooand0<m <1, then [GP, Theorem 4.2(iii)| yields

(197 () ds)” + (50 (55 9" () dy)” "9 ()" ds)"™"

||9||Gp (p;myw) ~ SUP

te(0,0) u(t)p/m
g PO+t g7 (997 g (5) ds)”
te(0,b) u(t)e/m

Thus,

1b - 1/p t
191l (pm.awy A SUP (g (t)+<th (s)V' g (S)ds> )u(t)l/m

te(0,b) t
By Theorem [T1.2] this yields

b
9llargmuy = sup ((g7 (s ds
te(0,b)
establishing (ii).
Now assume that 1 < m < oo, 0 < p < 1, and ((1.5) is satisfied. Then,
using [GP, Theorem 4.2(ii)], we get

b Y / m' /p+m/p—1 (t m/p b p/m/
. m' TP w(s)s™Pds\, w(s)ds

~ <S sup (Sg (1) dT) Yy /p SO ] St dt>

o YE(t,D) Y u(t)

b m’ m/p— m b m’
%<S sup g™ (y)™ y™ o-V/p e §y w(s)s™ /P ds [/ ws) ds dt>p/ .

t)m’—H
0 VE(t,b) u(
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Since p < 1, the expression g**(y)"™ y™ ®=D/P is in fact non-increasing on
(t,b), hence it takes its largest value at ¢t. With a little algebra, (iii) follows.

Next, let 1 < p,m < oo and let (1.5) hold. Then, by [GP, Theo-
rem 4.2(iv)], we have

(I F—

<§ (5097 (s)ds)” + 71 (18 " () dy)” g7 (s)s' 7 ds)™"”

u(t)m’—f—l

~
~

0
t

b p/m
x tm/p—1 S s™/Py(s) dsgw(s) ds dt)
0 t

~ (§ (s + (ﬁ ¢ (51719 (s) ds)l/p,)m

tm/p=1 Sg sy (s) ds S? w(s)ds \P/™
; dt .
u(t)m +1

By Theorem this implies

(P

b b m// ! om/p+m/—1 ¢t m b .
~ (S <1Sg**<3>pl ds) P’ ym/p 803 /Pw(s) ds St 'LU(S) ds dt)p
0

!

ty u(t)ym'+1 ’

and (v) follows on taking the pth root.

If1 <m < oo and is violated, then, in order to prove the state-
ments (iv) and (vi), the results of [GP| cannot be used directly, because
degenerate weights are not treated there. In this case we have either to use
the result of Sinnamon [Si|] or modify the argument in [GP]. We omit the
technical details.

Now let b < co. Then, in order to finish the proof of (i), we need to show

that . ;
sup ¢ (t)———~ sup ¢7(t)————.
t€(0,b) ( )U(t)l/m t€(0,0/2) ( >U(t)1/m

To this end, denote
1/m
K:(b/2 u(b/3) ) :
§o/ 7 w(s)s™/P ds

Then, for every ¢ € [b/2,b), one has
¢ b b/3

WO S eyl as) T BT
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Thus, using also the fact that g** is non-increasing on (0, b), we get, for every
te[b/2,b),

g (1) /% !

<3K sup g"(t)

< 3Kg**(b/3)——L—— _
9O ygyim < 3K s 9T 0 i

u(t)l/m -
Consequently,
t t
sup ¢"*(t)———— <max{1,3K} sup ¢ (t)———.
Sty & gy = mLEY SO

Since the converse inequality is trivial, this completes the proof of (i). The
proof of the remaining statements is analogous and therefore omitted. m

Proof of Theorem [1.5 First, the ‘only if’” part of the assertion follows
simply on testing the norm in GI'(p, m,w) on characteristic functions of
sets of finite measure.

Let us prove the ‘if” part. All the assertions in (P1) except the triangle in-
equality are obvious. Fix ¢t € (0, b) and let f, g be u-measurable real functions
on R. Denote

Ey={zeR: f(z) +g(z) > (f +9)" ()}
Then p(E;) <t [BS, Chapter 2, Proposition 1.7]. Combining this fact with
the Minkowski inequality for the norm in the space LP(E;) and the Hardy—
Littlewood inequality [BS, Chapter 2, Theorem 2.2, we obtain

<§ e arras) = (10 + ey i)
<( o7 )"+ ({ ator an)
i )
(T roray o (rora)”
< (S)f*(s)p ds)l/ "y <§ (5P ds)l/p,

Therefore,

(F+ o) ds) Twieyar) "

(

* M 1/m
1 + ) 0 w(t) dt)

1+ gllarmu = (

-
|

Ot T O e O
O e

<|

19" lze 0.0y + 1L o0, }Lﬂ(o,b)
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y T H 1Mz 0. HLm(O,b)

= ||f||GF(p,m,w) + HgHGF(p,m,w)7
as desired.
Next, (P2) follows immediately from the definition and (P3) from the
Monotone Convergence Theorem applied first to the inner integral and then

on the outer one.
As for (P4) and (P5), let E be a subset of R of finite measure. Then

b

. m 1/m
IXElrmw = (Jmingt, p(B)™Pu(t)dt) " < oo,
0

which establishes (P4).
Finally, if b = co and f is a non-negative measurable function on R, then

¢ (E)
( (S (s pds> w(t) dt)l/m z( § (HS f*(s)Pds>m/pw(t) dt>
0 E) 0

1/m

O ey O

b 1/m
= lry (| wityar)
w(E)
b

1/m
> Cull flpm( | wwyd) ",
w(E)
for an appropriate Cg, while, when b < 0o, we have

b/2
(

(§ (s pds) w(t) dt)l/m > (§ ( [ 7oy d8>m/ "w(t) dt)
0

b/2 0

1/m

O ey O

— (S F*(s)P ds>1/ p(§ w(t) dt)l/m

0 b/2

(§ Fr(s)P ds>1/ p( § wl(t) dt)l/ "

1
2
0 b/2

v

b
> Cell (| wityar)™
w(E)

showing (P5) again. m
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Proof of Theorem , The assumption obviously implies (1.9)).
Therefore, we know from Theorem that GI'(m,p,w)(0,b) is a rearrange-
ment-invariant Banach function space. We can thus apply |[CPSI1, Theo-
rem 6.1] (for the first-order case see also [CP1l, Theorem 3.5]), which states
that the Sobolev embedding is equivalent to the condition

(2.1) t71R™ e G (m, p,w) (0,b).
So, we only have to analyze when (2.1 is satisfied.
First note that if £ > n, then in fact obviously
t1HR/m e 1200, b),

which immediately implies , since, by a classical fact, the space L™
is embedded into any rearrangement-invariant space over a finite-measure
space (and we have b < oo here).

Assume now that k < n — 1. We then denote g(t) =t~/ for t € (0,b)
and note that ¢** ~ ¢* = g on (0, ).

Let m = 1. Then it follows from Theorem 1.1} - ) that
ol o
glla maw) ~ SUp  ———
Fpm.w) te(0,6/2) u(t)
if p=1, and
b
’ 1/17/ tl/p
HQHGF m,uw)’ ~ Sup ( g**(s)p dS) —_—
) obr2) ) u(t)

if p € (1,00). Now, a calculation shows that, for ¢t € (0,b/2), we have

(ﬁg**(S)p’ ds>1/p/ ~ (§S(—1+k/n)p/ ds)l/p’
¢

t

th/n—1/p if 1 <p<n/k,
~ ¢ (log %)l_k/n if p=n/k,
1 if p € (n/k,0).

This establishes (i)—(iii). The remaining three statements can be proved in
an analogous way. =

Proof of Theorem[1.5 Assume first that holds. Let {E,} be a se-
quence of p-measurable subsets of R with E, | 0, and let f € GI'(p, m,w).
Then
m/p

t
”fXEn Hg}[‘(p,m w) S fXE p dS) w(t) dt
0

!
i
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Since b < oo, E,, | 0 implies u(E,,) | 0. Therefore,

min(t,u(En))
. Sl D g
nh_}ngo (S) ff(s)Pds=0

for all t € (0,b). Consequently,
; m/p
Jim (§(fxm,) ()7 ds) " () =0,
0

By the Dominated Convergence Theorem with (Sé f*(s)P ds)™Pw(t) as an
integrable majorant, we obtain | fxg, [|l¢rpmw) — 0, as desired.

Assume now that is satisfied and b = oco. Then, by the assumption,
for every f € GI'(p,m,w) and k € N, the set Fj, = {x € R: f(z) > 1/k}
has finite measure. Let {E),,} be a sequence of p-measurable subsets of R
satisfying E, | 0. Set fn, = fx&,, fak = fuXF,, and choose € > 0. Then

anHGF(p,m,w) < an - fn,kHGF(p,m, )
Fix k € N. Then, for every n € N,

bl )‘

T (107~ Prnlxs) 67 )" ey a
0
; m/p
)

an_

> [ (10F = fxmlxm,, ) (s ds) ™ w(e) e

OL’>8 (SR

= |
Now, for a change, fix n € N. Then, for every k € N,

I~ Bl < | (§ omin(F ). 178))" (517 ds) ™ (e .

0 0

fnJrl - fN+17k||glF(p7m,w)'

For every t > 0 we clearly have
¢

lim (g (min(f(s), 1/k))? ds)m/ "w(t) = 0.
k—oo 0
Therefore,
o301 = w =0

by the Dominated Convergence Theorem. Observe that, for every k € N,
nh—>Hc}o Hfmk”GF(p,m,w) =0,

which follows from the first part of the proof since the sets Fj have finite
measure.
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We first choose k € N such that || fi — firllarpmw < & With this &
now fixed, we find ng € N such that || fn xllcrpmaw) < € for all n > ng. Then

||fn||G’F(p,m,w) < an - fn,k‘ GI'(p,m,w) + ||fn,k’||G’F(p,m,w)

< Hfl,k - f1||GF(p,m,w) + ||fn,k”GF(p,m,w)
< 2g,

establishing the ‘if” part of the theorem.

To prove the ‘only if’ part, assume that b = oo and Sgo w(t)t™/P dt < co.
Since R is o-finite, there exists a sequence of finite-measure sets {D,,} sat-
isfying D,, T R. For n € N, define E,, = R\ D,,, and set f =1 on R. Then
E, | 0 and, for every n € N, (fxg,)* = 1 on (0,00). Therefore, for every
n € N, we have

o
HfHGF(p,m,w) = HfXEnHGF(p,m,w) = S w(t)tm/p dt,
0
which means, due to the assumption, that f belongs to GI'(p, m,w) but does
not have absolutely continuous norm. m

Proof of Theorem[1.6f Let p,m € (1,00) and let w be a weight on (0, b).
Assume first that (L.5) holds. Then, by Theorem [L.1|v),

9l (a1 (p,m,w)y

b/2 b 1100 4m! /p+m/p—1 (t m/ b 1/m
wxr g o \T/PUTV/PTTP w(s)s™Pds\, w(s)ds
~ < S (Sg ()" ds) SOU(t)m'H . dt) '
0 't

Let {E,} be a sequence of sets such that E, | 0. Denote f, = fxg,
and F,(t) = Sg fi(s)ds, t € (0,b). For every f € GI'(p,m,w)’, the right
side of the last displayed formula is finite. Therefore, by the Dominated
Convergence Theorem, it only suffices to verify that

lim F,(t) =0 for every t € (0,00).
n—oo

Fix t € (0,b). Then the sequence F, () is non-increasing. Therefore the limit
lim,, 00 F1,(t) exists. Suppose that lim, oo F,(t) > € for some £ > 0. Then
the sets

P, = {S € (0,%): fi(s) > 25,5}

have positive measure. Clearly, P, D P, for every n € N. Moreover,

| fis)ds <<,
(0,)\Pn
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hence

| fi(s)ds >

Py

<
5
Furthermore, if |P,| — 0 then

| Fr(s)ds> | fr(s)ds >

P, Py

9
27

which is impossible due to the absolute continuity of the Lebesgue integral.
So, the only option left is |[) P,,| > 0. That, however, leads to a contradiction

since
ne.

Therefore lim, o Fp,(t) = 0.

If (1.5) is violated, then the above proof works just as well, the only
extra observation we have to make is that all functions in L and in L! have
absolutely continuous norms. =

= u{x € R: fn(x) > ¢ for every n € N}.

Proof of Theorem [I.7. A Banach function space X is reflexive if and
only if both X and its associate space X’ have absolutely continuous norm
[BS, Chapter 1, Corollary 4.4]. Thus, the assertion follows from T heorems
and [LL6l =
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