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Wave equation and multiplier estimates on ax + b groups
by

DETLEF MULLER (Kiel) and CHRISTOPH THIELE (Los Angeles, CA)

Abstract. Let L be the distinguished Laplacian on certain semidirect products of R
by R™ which are of ax + b type. We prove pointwise estimates for the convolution kernels
of spectrally localized wave operators of the form e“‘/fw(\/f/)\) for arbitrary time ¢ and
arbitrary A > 0, where 1 is a smooth bump function supported in [—2,2] if A <1 and in
[1,2] if A > 1. As a corollary, we reprove a basic multiplier estimate of Hebisch and Steger
[Math. Z. 245 (2003)] for this particular class of groups, and derive Sobolev estimates for
solutions to the wave equation associated to L. There appears no dispersive effect with
respect to the L°°-norms for large times in our estimates, so that it seems unlikely that
non-trivial Strichartz type estimates hold.

1. Introduction. We denote by G the semidirect product G = R x R”,
endowed with the group law

(z,9)(@y) = (@ + 2",y +e"y).
This subgroup of the affine group of R" is a solvable Lie group with expo-

nential volume growth. We call G an ax + b group.
A basis for the Lie algebra of left-invariant vector fields is given by

(1.1) X =0, Yi=¢0,, .. Y,=¢,

We define the distinguished left-invariant Laplacian to be the second order
differential operator

n

_ 2 2

(1.2) L=-X*-Y"Y
7j=1

A right-invariant Haar measure on G is given by

dg = dzdyy . ..dy,.
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We will use this right-invariant measure in notions such as LP(G). An oper-
ator on function spaces on G is given by a right convolution kernel £ if

(13)  Tf(g)=f*k(g)=\flg)k(gg)dg for f € D(G).

The distinguished Laplacian L has a self-adjoint extension in L?(G)
([13]), and thus we can use spectral calculus to define the operators

(1.4) eit\/fm(L),

where the multiplier m will lie in a suitable symbol class. The main purpose
of this article is to prove Theorem 6.1, which states uniform (with respect
to A and t) pointwise estimates for the convolution kernels of spectrally
localized multiplier operators of the form
(1.5) eVEp(VI/N),
for arbitrary time t € R and arbitrary A > 0, where ¢ is a bump function
supported in [—2,2] if A < 1, and in [1,2]if A > 1. We can use these estimates
to give a new proof of the basic multiplier estimate used in [6] (see Theorem
6.1 of [6]), which is based entirely on the wave equation, at least for the class
of ax 4+ b groups under consideration.

As a corollary of our main theorem, we shall also deduce Sobolev esti-
mates for solutions to the wave equation associated to L.

Our estimates are mainly controlled by the left-invariant Riemannian
distance

1
(1.6) R = R(z,y) := arcch<ch:c + 3 |y\|26_’”)

of a point (z,y) to the identity element on G, where y = (y1,...,yn), |y]*> =
> i1 y7 and arcch is understood to map [1,00) to [0, c0).

We remark that, for n = 2, our main theorem could also be deduced from
a transfer principle of Hebisch [5]. In that special situation, the group G is
of the form AN where K AN is the Iwasawa decomposition of the complex
Lie group SL2(C), and Hebisch introduces a mapping from radial functions
f on R? to functions on the group G, given by

R
Tf(:z:,y) =Ce™ " ﬁ f(R)7

which preserves the L'-norm and commutes with convolution and with ap-
plication of the corresponding Laplacians. This allows one to deduce our
main Theorem 6.1 from the analogous theorem on R3. However, this transfer
principle is somewhat misleading, since it would suggest for higher dimen-
sions estimates different from the ones which actually hold on G.

We also remark that our results should extend to the distinguished Lapla-
cians which arise from the Laplace—Beltrami operators on rank one symmet-



Wave equation and multiplier estimates on ax + b groups 119

ric spaces of non-compact type by means of conjugation with the square root
of the modular function (see e.g. [1]), by means of refinements of the esti-
mates for spherical functions in [9]. However, we shall not pursue this here,
since we prefer to present the completely self-contained proof which we can
give for the affine group.

In Section 2, we prove a lemma which describes integration of radial
functions over affine groups. In Section 3, we derive an explicit kernel repre-
sentation for the resolvent of L using the theory of hypergeometric functions.
It is known ([8], [4]) that the resolvent kernels can be expressed in terms
of special functions, and this has been used in [3] to prove estimates for
singular integrals related to L. We chose to derive the integral formula for
the resolvent kernel from scratch, even though this could have been done
quoting tables of special functions such as [2]. We hope some readers will
find benefit of our explicit calculations.

Section 4 presents a subordination argument to obtain convenient inte-
gral representations for the convolution kernels of the operators (1.5).

In Section 5, we prove some asymptotic formulas for the hypergeometric
functions appearing in Section 3.

Section 6 assembles the results of the previous sections to prove Theorem
6.1, which states pointwise estimates for the convolution kernel of (1.5), and
Proposition 6.3, which states L'(G) estimates for these kernels. We also
reprove a multiplier theorem of [6]. In Section 7, we improve on Theorem
6.1 to obtain L*™ bounds for the convolution kernel of (1.5).

In Section 8, we prove growth estimates for the wave propagator associ-
ated with L using spectrally defined Sobolev norms.

The second author would like to thank Adam Sikora and Terry Tao for
helpful discussions about the affine group and wave operators in general,
and both authors would like to thank the anonymous referee for providing
a list of suggestions to improve the paper.

2. Integration of radial functions on the affine group. In this
section we discuss integration of “radial” functions. The results will be useful
in the estimation of L'-norms of convolution kernels for functions of the
Laplacian L.

Bending the notion of radial function, by radial function we mean a
function of the type

e "?g(R)
with R as in (1.6).
We briefly motivate the special form of the radial variable R. For n =1,

the affine group G is a subgroup of the group of conformal automorphisms of
the upper half plane via the identification of (x,y) with the map z — e*z+y.



120 D. Miller and C. Thiele

This subgroup acts simply transitively on the upper half plane, thus we
can naturally identify G as a set with the upper half plane, identifying
the neutral element with the point 7. In particular, the hyperbolic metric
on the upper half plane turns out to be left-invariant. The pull back of the
hyperbolic distance from a point z to the point ¢ (which is log [(1+9)/(1—p0)|
with o = |z — i|/|z + i|]) gives a natural “radial” distance from the origin in
the affine group given by

1
arcch (ch:z: + 3 er_x> .

Since R(z,y) = R((z,y)™!) there is no difference between a left and a right
radial variable.

LEMMA 2.1. Given a function g : R™ — C, we have

{ e " 2g(R(x,y)) dzdy = | g(R)J(R) dR,
G 0

where

(2.1) J(R)~R" ifR<1,

(2.2) J(R) ~ Re"B/2 ifR>1,

and a ~ b means that each of the two numbers can be bounded by a constant
times the other, the constant depending only on n.

Proof. Define
B(r) = S e "2 dx: dy.
R(z,y)<r
Then J(r) = B'(r) for all » > 0. Thus we have to estimate B’(r). Observe
that R(z,y) < r implies z < r and
Iyl < (2¢%(chr — cha))Y/2.

Doing the y-integration and letting V,, be the Euclidean volume of the unit
ball in R™, we obtain

B(r)="V, S e "%/2(2¢% (chr — chz))™? da.
Simplification and differentiation gives

r

B'(r) = g 2n/2y, S (chr — chz)"?* 'shrde.

—-r

First assume r > C > 1. We break the integral in the previous display
into the sum of
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(2.3) Iy = (shr) S (chr — chaz)"/?> ' dz,
lz|<r—1

(2.4) I, = (shr) S (chr — cha)"/? L d,
r—1<e|<r

In the first integral, we have |z| < r — 1 and thus
chR—chx~e", shr~e.

Therefore

I ~ re™/2,

Thus I has already the correct order of magnitude which we need to show
for Iy + Is. Since I; and I are positive, we only need an upper bound for Is.
Since in the domain of integration of I we still have

chr —chz <2e", shr<e",
we can do the same calculation as before to obtain

I, < Ce'™/2,

If 1 <r < C, we estimate the integrand above by a constant from above
and by a positive constant from below in the region |z| < /2 to obtain the
desired estimate.

Now assume 7 < 1. We do a similar splitting of the integral as before,
now into the regions |z| < r/2 and r/2 < |z| < r. Call the corresponding
integrals I; and I5. In the domain |z| < /2 we have

chr —chz ~7r? shr~r, €%~1.
Hence
r/2
I~ ! S dx ~r".
0

As before, in the domain r/2 < |z| < r we have the same upper bounds as
in the domain |z| < r/2, and thus I < Cr™. This completes the proof of
Lemma 2.1. =

3. An explicit kernel for the resolvent of L. Assume that k is an
integrable function on G such that for every compactly supported smooth

function ¢ we have (in the distributional sense, for this purpose we identify
G with R™+1)

(3.1) Vo(9)(L — Nk(g) dg = £(0).
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Then, by left-invariance of L and right-invariance of dg,
(L =M e(g k(99" dg =\ (g™ (L — NE](99) dg
=V o(d'g UL = Nk](9) dg = o(g).

Thus the resolvent operator (L — A)~! is given by right convolution with k,
which extends to a bounded operator on L?(G). The following lemma de-
scribes such a fundamental solution k.

LEMMA 3.1. Assume A € C\ [0,00) and choose v := iv/A with strictly
negative real part. Then the resolvent operator (L — \)~! is given by right
convolution with the kernel k defined by (R = R(x,y) as in (1.6))

) = (1 2o

£ % " -nz/2 _ /24
) I'l—mn/241) € SDshv[ “l(chv — ch R) dv,

R
where 1 is any integer with —n/2 + 1 > —1 and we have written Déhv for
the lth power of Dy, : g — D(g/sh) acting on the v variable.

Moreover, the kernel k satisfies the estimate

R
(3.2) | |k dzdy < Co(1+ w2 [1 + | e®eriry dr],
Br 0
where Br is the ball of radius R about the origin in G. In particular, k €
LY(@G).

Proof. Fix A. For n > 1, we will show that k as defined in the lemma is
integrable and smooth outside the origin, satisfies (L — \)k = 0 outside the
origin, and has asymptotics

k(a,y) = 2720 YD ((n=1)/2) (2 + |1y |?) "V 2O (2P [y |P) 0P

near the origin. This will give, for any compactly supported ¢,

[o(9)(L = Nk(g) dg =\ n(g)e(9)(L — \k(g) dg,

where 71 is a smooth cutoff function at scale ¢, i.e. constantly 1 on an e-
neighbourhood around the origin and zero outside a 2e-neighbourhood, with
the usual control of derivatives. By definition of the distributional derivative,
the last display becomes

(L = N (ne)(9)k(g) dg.

If we subtract the leading order term from k in this integral, then the re-
maining integral tends to zero as ¢ — 0. Thus we may replace k by the
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leading order term. Also, we may disregard in the expansion of (L — \)(nv)
by Leibniz’ rule all terms other than those taking two derivatives of 7, and
also we may approximate the coefficient ¢* by 1. Thus the last display is
equal to (A= —) (9?)

272n~ (IR P((n = 1)/2) [ Alne) (2 + [y )~V da dy.

Now, standard theory in R™ ([16, pp. 211, 262]) the last display is equal to
©(0), which was to be proved. If n = 1, we use the same approach; here the
asymptotic behaviour of k near the origin is

2727 Hog(2® + [|ly[|*) + O(1).
Now we prove the properties of k£ claimed above. Define
1 _
d(z,y) = ch(R(,y)) = chz + 5 |y[*e™".
Then the kernel £ is of the form

(3.3) k(z,y) = e "™/ f(d(z,y)),

with a function f which is smooth on (1,00). We claim that (L — A\)k =0
outside the origin is equivalent to f satisfying the ordinary differential equa-
tion

n2
(3:4) — 7 F(@ = (n+ 1)df'(d) = (d* = 1) f"(d) = Af(d)

for d > 1. To verify the claim, we observe

& 1, 1 ., 1 D\
(P + Y2 = (e = e = 5 ulPe™) +l?

1 1 1 2
<§ e’ + 3 e "+ 3 ||y|2e_r> —1=d*-1

and

X?d+ ) Y}d—nXd
j=1

1 1 1 1 1 1
= (s e bt ) wner —n(fer - fem = Liyipe)

1 1 1
=(n+1) <§ e’ + 5 e+ 3 HyHQe_x> = (n+1)d.

Therefore we have
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(X2+ZY2) 2 f(d(w,y))

— e—nzL‘/Q

n2
| (xa2 + a4 e v ) - nxa s + 5 )

— e—n:c/Q

n?
< | o) + 0+ Do) a) + (o)? = 11" o)

where (Yd)? = Y (Y;d)? and Y2d = 5 szd. Thus if f satisfies the ordinary
differential equation (3.4) on (1, 00), then (L—\)k = 0 outside the origin, and
conversely. Equation (3.4) is a classical hypergeometric differential equation.
The associated Riemann symbol [10] is

-1 1 00
(3.5) P 0 0 n/2+v d
—(n—-1)/2 —(n—-1)/2 n/2—-v

There is a two-dimensional space of solutions f. However, there is only a
one-dimensional space of solutions (those with leading asymptotics d—n/2tv
as d — 00) which make k as defined above integrable on G. Of course at
most one of these solutions is normalized properly to make k a fundamental
solution.

The following lemma provides an explicit solution of the differential equa-
tion (3.4) in a certain complex region of parameters n and v.

LEMMA 3.2. Assume —Ren/2 > —1 and Rev — Ren/2 < 0. Then the
function

(3.6) fold= | e(chv—d)™?do,

arcchd

defined for d > 1, satisfies the ordinary differential equation (3.4).

Proof. Under the stated assumptions on n and v, the integrand defining
fo is absolutely integrable. We first assume that —Ren/2 > 1.
Differentiating under the integral sign gives

[e.e]

fi(d) = g S e’ (chv — d)™/*7 1 v,

arcchd
" _nfin N ) —n/2-2
O(d)—§<§+1> | e”(cho—a) dv.

arcch d
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Hence,
(n + 1)dfy
n’ n T 2-2 2
= (5 + 5) (—fo + S e’(chv — d)™™?7%((chv)? — dchv) dv),
arcchd
(@ = 1) fy
n? n T
= (Z + 5) (fo - S e”’(chv — d)™™?72((chv)? — 2dchv + 1) dv).
arcchd
It thus remains to prove
oo 2 2
wicho — d)-"2"2 " (ch)? — " dch noon
Se(cv d) [4(cv) 2dcv+4—|—2dv
arcchd
=A S e’ (chv — d)™™2 dv.
arcchd
However, by partial integrations, the right hand side is equal to
An S e”’(chv —d)™™? T shodv
2v
arcchd
— AT YU (ch d—n/2—1 hod
——WSe(cv—) chvdv
arcchd
A/n?2 n\ T
0 = 2 _ 1\—n/2-2 2
+y2<4 +2) S e”’(chv — d) (shv)” dv.
arcchd
This proves the lemma for —Ren/2 > 1 since A\/v? = —1 and (shv)? =
(chv)? — 1.

The case —Ren/2 > —1 then follows by analytic continuation. m

Clearly, any analytic continuation of (3.6) in the parameters n and v
also satisfies the ordinary differential equation (3.4). The following lemma
provides explicit expressions for such analytic continuations.

LEMMA 3.3. Assume —Ren/2 > —1 and Rev — Ren/2 < 0. Then, for
each integer 1 > 0 and also for | = —1 in case Ren < 0, we have the identity

F(—g + 1>_1f0(d)

—1 [ele]
= (—1)ZF<Z - g + 1> S Déhjv[e””](chv — )" g,

arcchd

The right hand side provides the unique analytic continuation of the left
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hand side to the parameter region —Ren/2+41> —1 and Rev—Ren/2 < 0.
The right hand side satisfies the ordinary differential equation (3.4) in this
parameter region. Here we have set, for Rev < 0,

Ds_h%v [€”’] = v (shw)e”.

Proof. By partial integration, we have for [ > 1, and also for [ = 0 if
Ren <0,

ri-n/2+1)" | DL [e](chv —d)~/** dv
arcchd
=-I(-n/2+1)"" | D e”](shv) ' Dy[(chv — d) "> dv
arcchd
= -I'(l-n/2)"! S Déﬁ)[e””](chv —d)"AH g,
arcchd

By induction, this proves the identity of the lemma. =

The Riemann symbol (3.5) allows fo to have the desired order —(n—1)/2
at 1 or the undesired order 0 at 1. Fortunately, the former is the case, as
one can infer from the following lemma or deduce from an argument that
fo cannot be holomorphic at 1. To normalize the resolvent kernel properly,
we need to calculate the exact asymptotic behaviour of fy near 1.

LEMMA 3.4. Let Rev—Ren/2 < 0 and assume n is not an odd negative
integer. For R > 0 near 0 and any € € (0,1) we have

I'(1—n/2)" fo(ch R) = 22712712 ((n — 1) /2) R* " 4+ O(R'~Ren+e)
ifn#1, and
r(—mn/2)~fo(ch R) = 212712 |log R| + O(1)

in case n = 1. Here the left hand side is to be understood as an analytic
function in the sense of Lemma 3.3.

Proof. We do the case 1 < Ren < 2. The general case follows by similar
calculations or by methods of analytic continuation.
Assume R < 1. We split the integral
o
fo(chR) = | €”(chv — ch R)™/2 dv
R
into the integrals over the intervals [R, R'~¢] and [R'~¢, 00]. Since chv — 1
> v2, the integral over the second interval is bounded by

C S ,U—Ren dv < CR(l—Ren)(l—a).
Rl-¢
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Thus this integral is negligible. For v < R'~¢ we write
1
¢ =1+O0(R"9), cho—chR=g (0" = B*)(1+O0(R).

Thus the first integral is
Rl—E
22 | [v* = R} ™2 dv (14 O(R'™)).
R
By an argument as before, we can change the domain of integration back to
[R, 0] producting at most an error of order R1="(1=) Thus we have to
get the asymptotics of the integral

2n/2 S [1)2 - RQ]—n/2 dw = 2n/2—1Rl—n S ['U} - 1]—n/2w—1/2 duw.
R 1

The last integral can be expressed in terms of the Gamma function:
o
S [w— 1172w 2 dw
1
(o] oo

dt

=1(1/2)7! S [w—1]7"/2 S /2w " dw
1 0
V2 [ 12t | 2t dr%
0 0
= 71'71/2]#(]_ — n/2) S tn/271/267t% = 7T71/2F(1 — TL/Q)F((TL — 1)/2)
0

This proves the asymptotics claimed in the lemma. =

With Lemma 3.4 we have completed the proof of the identities for the
resolvent kernel k claimed in Lemma 3.1.

It remains to prove the L!-estimates for k (cf. [8]). We can assume that
n is a positive integer. We have to estimate the integral

(e}

| DL [e”](chv — ch R)"™™/2 dv = H(R) + H(R),
R
where
R+2
HY(R)= | DL [e"](chv—chR)""/?dv,
R
HZ(R)= | DL [e"](chv — chR)""/?dv,
R+2

and where we choose [ such that [ —n/2 € {—1/2,0}.
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It is easily seen that
\H2(R)| < |v]! OXO (RN (1020 g1y < (1 4 ||y 2P R/2H(ReVR,
R+2
To estimate H!(R), for R > 1 we use the fact that in the domain of
integration we have

D™((shv)™") ~e B |D™e”| ~ [p|me®eE  chy—ch R~ ef(v—R).

This leads to the same estimate as for H2(R).
For R < 1 we use the fact that in the domain of integration,

Dm((ShU)_l) N’U_l—m’ ChU—ChRN’U(U_R)’ |Dmeyv| ~ |7/|m
Thus
R+2
HYR) S A+ | o720 - R
R

S A+ R o2 — )TV dy < (14 VAR
1
Altogether, we find that for Rev < 0,

o0

( | D, ole”)(chw — ch RY"/2 du
R

< Co(1+ [p)2R"(1 + R 1) "R/2+[Ren)R,

An application of Lemma 2.1 now proves the desired estimate (3.2) and
completes the proof of Lemma 3.1.

4. Spectral multipliers. Let ¢ € Cy(R). Since (L) is a bounded
linear operator on L?(G), by Schwartz’ kernel theorem and left-invariance
of L, there exists a unique convolution kernel ky, € D’(G) such that 1)(L)¢ =
xky for ¢ € D(G). In this section we shall derive an integral representation
for ky. In what follows, we shall sometimes also use the suggestive notation
ky = (L)do.

Since the Gauss kernels g.(s) = (27‘(‘8)1/26_52/25, e > 0, form an approxi-
mation to the identity with respect to convolution, we have . := ¥xg. — v,
uniformly as € — 0. But . has an analytic continuation, given by

wE(C) = \/21% S @Z)(t)e_(t—C)Q/Qs dt, C c C.
R

Therefore, 1).(L) is given by the Cauchy integral
1 _
Ye(L) = =—— | ¢=(O)(L - ¢) 7t dg,

21
Vs
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where, for any ¢ > 0, we may choose for 75 the (clockwise) contour 75 : s —
(s +1i6)%, s € R. By Lemma 3.1, ¢-(L)p = ¢ * ky_ for ¢ € S, where the
kernel ky,_ is given, for any I > n/2 — 1, by

(4.1) ky (z,y) = e~ "e/? S Ve ((s +i0)?)Fr(s +1i6)(s + id) ds,

R
where
1\ —1-n/2__—n/2
(4.2) c = ( 1) 2 T ,
m I'(—n/2+141)
(4.3)  Fgr((Q) := S Déhw[eicv](chv —chR)™* ' dy  for Im¢ > —n/2.
R

Estimate (3.2) shows that the mappings (z,y) — e_”w/zFR(Ly)(s + 1)
are locally integrable on GG, and their integrals over compact subsets of G
are of polynomial growth in s, uniformly in 0 < § < 1.

Moreover, since
IRe[(t — (s +16)%)?] — 5| < C[1 + |s])3,
where C is uniform in 0 < § < 1, t € supp ¢, we have
[1=((s +8)%)| < Ce™",

where C and ¢ > 0 depend on € but not on §.
Therefore, given ¢ € D(G), by the dominated convergence theorem the
limit of
Swg((s +i6)?) X e_”x/2FR(x7y)(s +i0)p(x,y) dx dy (s + id) ds
G

as 0 tends to 0 is equal to the same expression with § = 0. Therefore, in the
sense of distributions,

(4.4) kg (x,y) = 0167"1/2 S we(sz)FR(Ly)(s)s ds.
R
Finally, as e — 0, ¥-(L) — 9(L) in the operator norm on L?(G), which
implies that ky, — ky in D/(G). On the other hand, |¢.(s?)| < Ces'/4
for 0 < ¢ < 1, so that, again by the dominated convergence theorem and
(4.4), ky. — Cre /2§, 1p(s?)Fr(s)sds, in the sense of distributions. We
have thus proved

PROPOSITION 4.1. Let ¢ € Cyo(R). Then, for any l > n/2 — 1, the con-
volution kernel ky, of ¥(L) is locally integrable on G, and is given by
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(4.5) ky(z,y) = e 2 S 1/1(52)FR(x’y)(s)s ds

R
= 17"\ () [Frsy)(5) — Frisy)(—s)]sds,
0
with ¢; given by (4.2).

5. Asymptotics of Fr(s). We denote by S the symbol class
S*:={be C®(R):
1b]| so & := sup(1 + s2)TeHR/2p8) ()] < o0 for all k € N}.
S
The spaces S* are Fréchet spaces, with the topology induced by the sequence
of seminorms |[|-||ga , k € N. The product of a function in S with a function

in S7 is in S**P. Moreover, S ¢ SP if « < 8, and Db € Sl if b € S,
The following general lemma will also be useful:

LEMMA 5.1. Let b, € S and (3,7 > 0. Then for each R > 0 we can
write
bo = R%borp.r + R "ba—np

with boys € S*P and bo—, € S*™7 uniformly in R, i.e.,
[bassllgats k < Ck,  |lba—rllsa—x < C,
with constants C}, independent of R.

Note: We have suppressed the R-dependence of the symbols b, 3, by~ in
the notation, and we will continue to suppress any R-dependence of symbols
b throughout the rest of this paper.

Proof. Let x be a smooth cutoff function which is constantly 1 on (—oo, 1]
and vanishes on [2,00). Then we write

ba = R°[R77(1 = x(R(1 4 5*)/?))ba] + R [R7x(R(1 + 5*)'/?)ba].
It is easy to see by Leibniz’ rule that this is the desired splitting. m

We wish to estimate the function
[oe)

Fr(s):= S Déh,v[eisv](chv —chR) ™™ dy seR (I>n/2-1).
R

The estimates are stated in Proposition 5.2 for the case R > 1 and in
Proposition 5.7 for the case 0 < R < 1.

ProrosITION 5.2. If R > 1, then
(5.1) Fr(s) = e "2l p, 0 4 (s),

where by /a1 € S7/2=1 yniformly in R.
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This proposition will follow from the subsequent lemmas.

LEMMA 5.3. Forv > 1 we can write
l
Dshv[ zsv] — Squ(v)e—lv eisv
k=0
with qi € S° for all k.

Proof. This is proved by induction on [ € N, the case [ = 0 being trivial.
Assume the statement is true for some [ € N. Then

éill—i zsv Z SkD ShU ( ) l'ueisv)

S o).

On the interval [1, 00), the functlon 1/(1—e %) = 3> e 2™ coincides
with a function in SY. This easily implies the statement of the lemma for
[+1. m

We can therefore decompose

l 00
Fg(s) = Z sk S gu(v)(chv — ch R)™/2Hle=lveisv gy
k=0 R

l [e'¢)
= Z eiftsg—nlt/2 gk S a1 (R+v)[(ch(R+v)—ch R)e~ FHv)|=n/2+l g=nv/2isv gy,
k=0 0
Fixing k € {0,...,1} and writing
YR(v) := gr(R +v)[(ch(R + v) — ch R)e~ ()] n/2Hemme/2,

it then suffices to prove that the function

[e.e]
(5.2) fr(s):= S Yr(v)e™dv, s € R,
0
lies in S™/2~1=1 yniformly with respect to R > 1.
Let x be a smooth cutoff function which is constantly 1 on (—oo, 1] and
vanishes on [2, 00). It suffices to show that

(5.3) fri(s) == S ()R (v)e* dv, s € R,
0

(5.4) fro2(s S Yr(v)e*dv, s € R,
0

are in S™/2=1=1 uniformly with respect to R > 1.
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The following lemma settles the question for fg .

LEMMA 5.4. The function (1 — x)vgr is in the Schwartz class uniformly
mn R > 0.
l

Proof. Since the function g is in S°, all derivatives D! g are bounded.
It then suffices to show that also all derivatives of

(5.5) [(ch(R 4 v) — ch R)e~(Fitv))—n/2+
are bounded on [1, c0), uniformly in R > 0. However,

chv—1chR shvshR
ev el ev eRV

(5.6) (ch(R + v) — ch R)e~(F1+) —

and this function and all its derivatives are bounded on [1,00) uniformly
in R > 0. Moreover, (5.6) is also bounded below by some £ > 0 on [1,00)
uniformly in R > 0. Therefore, all derivatives of (5.5) are bounded, which
completes the proof of the lemma. u

It remains to show that fri is in S§n/2=1=1 This will follow from the
next two lemmas.

LEMMA 5.5. For v > 0 we can write

XVr = gr(v)v "

where gr is supported in v < 2 and D¥gg is bounded uniformly in R > 1
for all k € N.

Proof. The Taylor expansion of shv and chv in the expression (5.6)
gives, for v < 2,
(ch(R + v) — ch R)e~ ) — 4g(v)

for some function g which is bounded below by € > 0 and has all derivatives
bounded above uniformly in R > 1. This proves the lemma. u

LEMMA 5.6. Let g € SO be supported in [—2,2] and o > —1. Then
o
f(s) = S g™ dv, sc€R,
0

is in S™" 1 with seminorms || f||g-a-1 controlled by ||g||so k-

Proof. Since
[e.e]

DIf(s) =14 S g(v)v* e du,
0
it suffices to show that |f(s)| < C|s|~®~!. Assume without loss of generality

that s > 0. By a change of variables, we need to show
[o¢]

S g(v/s)v¥e” dv < C.
0
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Let x be again a smooth cutoff function which is constantly 1 on (—oo, 1]
and vanishes on [2,00). It suffices to estimate separately the terms

o0 o

§ x()g(v/s)oe™ dv, [ (1= x(v))g(v/s)"e™ do.
0 0

The first term is clearly bounded. The second term, after IV integrations by
part, can be estimated by

2s

J IDM(1 = x(v))g(v/5)0]| do.
0

By Leibniz’ rule, this is dominated by a constant times

2s
S v Ny,
1

which is finite if IV is chosen sufficiently large.
This completes the proof of Proposition 5.2.

PROPOSITION 5.7. Assume that 0 < R < 1.
(a) Ifn=1, then
Fr(s) = 6iRsR_1/2b—1/2(5)7
where b_y / € S=Y2 uniformly in R € (0,1].
(b) Ifn> 2, then
Fr(s) = e [R™/?b,5_1(s) + R "bo(s)],
where by /a1 € S7/2-1 and by € SO uniformly in R € (0,1].

For the proof, we decompose Fr = F]% + FZ, with

Fh(s) := \ x(v)D%, ,[e""](chv — ch R)™™/*H dy,

sh,v

F2(s):= \ (1 — x(v)) D, ,[€""](chv — ch R) ™/ > dy.

sh,v

Here, x is a smooth cutoff function such that
x(v)y=1 if v <2, x(v)=0 if |v|>4.
The function FI% can again be estimated by means of Lemma 5.3 as in

Lemma 5.4, which shows that F3 is in S(R), uniformly in R. Thus it remains
to estimate F}%.
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LEMMA 5.8. For 0 < v <4, we can write
l

Dshv[ zsv] _ Z Squ(U),Uk—2leisv7

k=0
where q;, € S°.

Proof. This follows by induction, the case I = 0 being trivial. Assume
the statement is true for some [ € N. Then
!

D [e™] = " Dy((shv) " gr(v)o*e™).

k=0
However, on the interval [0, 4],
(shv) ™! = g(v)u!
for some g € S°. This easily implies the statement of the lemma for [ + 1. =
LEMMA 5.9. For 0 <wv <4, we have
(5.7) chv—chR=~v()(v+ R)(v— R)
for some v € S° with y(v) > & > 0 for 0 < v < 4, uniformly in R € (0,1].

Proof. This follows immediately from

chv—chR:iw. n

— (2n)!
We can therefore decompose
l [e%S)
( ZSkS'YkR k—?l(v + R)—n/2+l(v o R)—n/Q-‘rleisv dv

k=0

l 0
_ sFeifts S ,th(v)(R + ,U)k—QI(QR + v)—n/2+lv—n/2+leisv dv,
k=0 0

with Yk r, Yk.r € S° uniformly in R € (0,1] and g g(v) = 0 for v > 4.

LEMMA 5.10. Let aq,a9,8 € R be such that a = a1 + as > 0 and
B> —1. Let v € SO be such that v(v) = 0 for v > 4. Consider the function

[e.9]

f(s) = S ’y('u)(R + U)—oq (2R + v)—ozgvﬁeisv do.
0
Then, for every § > 0 with
(5.9) §<a and §<B+1,

R0 f s in S°~A~1 wuniformly in R € (0,1].



Wave equation and multiplier estimates on ax + b groups 135

Proof. As in the proof of Lemma 5.6, it suffices to prove that

(5.10) 1£(s)| < CR™F(1 +|s))07 P, seR,
with C independent of R. If § = 8+ 1, then —a + 8 < —1 and we have
[F(s)] S RN (14 0) 0P d,
0

which proves the desired estimate.
Now assume 0 < (3 + 1. Consider first the case |s| < 1. We estimate

(5.11) (R+v) ™ ™ (2R+v) < (R+v)™“
= (R+v)° " *(R+v)"° < RO—y™°,

This gives
4

£ (s)] S VRO *0" 0 dv,
0
which proves the desired estimate in view of 6 < 3 + 1.
It remains to consider |s| > 1. We write f = f; + fo with

[e.9]

fi(s) = 577 | x(0)r(v/s)(R+v/5)"* (2R + v/5) "% dv,
0

fo(s) = s [ (1= x(0)7(v/s) (R +v/s) ™ (2R + v/s) v e™ dv,
1

where x is a smooth cutoff function which is constantly 1 on (—oo, 1] and
vanishes on [2, 00). To estimate f;, we split (R+v/s)™ analogously to (5.11)

and obtain
o0

[F1($) S 57770 [x()|s" R 0P d.
0
This proves the desired estimate for f1 in view of 6 < 8+ 1.
To estimate f2, we do N times partial integration. The functions (1 —
x(v))y(v/s) are in S° uniformly in |s| > 1, and 7 is in S”. Since
IDS[(R+v/s) ' (2R +v/s) || S (v/s)* (R +v/s)~* o F
< (R+v/s) vk < PRITy™0F,

we therefore obtain
o0

| fa(s)] < P P-IRO— S PN do,
1
which proves the desired estimate for fy. m

We are now in a position to estimate F }12. Assume first that n is even
and choose | = n/2.
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Applying Lemma 5.10 to (5.8) with § = 0 in case k = [ and § = 1 in case
k <1 gives

Fl= [ SkeiRst—l—n/Z—&-lbn/Q_l} i SleiRsR—n/an/Q_l_l

_ [Z eiRst—l—n/Q—i-lbk_i_n/Q_l} + eiRsR—n/2bn/2_1’
k=1
where b, generally denotes a function in S* (uniformly in R € (0, 1]) which
may be different at different places in the argument. Applying Lemma 5.1
gives
FL= eiRs[R—l—n/2+1bn/2_l i R_”/2bn/2_1].
As | = n/2, we obtain the desired estimate.

Assume next that n is odd and n > 3. We choose | = (n — 1)/2. Then
we apply Lemma 5.10 with 6 = 0 for £ = [ and with § = 1/2 for k < [ and
obtain

-1
F}% _ [Z SkeiRst—l—(n—l)/2b(n_1)/2_l} 1 SleiRsR—n/an/z_l_l
k=1

-1
_ [Z 6iRstflf(nfl)/Qkar(nil)/zil} n eiRstn/an/zil.
k=1
Applying Lemma 5.1 again and using | = (n—1)/2 gives the desired estimate.
Finally, assume n = 1. We choose I = 0. Applying Lemma 5.10 with
6 =0 gives
Fi=¢™ R, 4,

which proves the desired estimate.

6. Spectrally localized estimates for the wave propagator. The
following theorem states pointwise estimates for the convolution kernel of
spectrally localized wave propagators on the ax + b group.

THEOREM 6.1. Lett € R, A > 0, and let ¢ be an even bump function in
CP(R) supported in [—2,2]. If X > 1, assume in addition that v vanishes
on [—1,1]. Then the convolution kernel of

mb (L) := ¢(VL/\) cos(tV'L)
is of the form
kS (z,y) = e " 2e M 2[GL (R, R — t) + GA(R, R + 1)),

where the function G satisfies for every N € N the following estimates:
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(a) If R > 1, then
N2 4+ Mo if A > 1,
Gl { T T
A2 (1 + |[Nol) if A< 1.
(b) If 0 < R < 1, then, forn =1,

RTV2N32(1 4 No|)™™ if A >1,
’G)\(R, Q)’ 5{ —1/21\2 ( | g|—)N f _
R4 D) A<,
and forn > 2,
RI=nA2 4 R/2)\0/24 0y (1 4 | No])™N  if A > 1,
G0l {40 et
RN (1+ |Aol) A<t

The constants in these estimates depend only on the CN -norms of 1.

Proof. We consider first the case R > 1. By Propositions 4.1 and 5.2,
the kernel k{ can be written as

€2 [ (5 Nz ()5l 4 €01 s,
R

where b,,/5_1 is in S§7/2=1 ymiformly in R > 1. Then the desired estimate
follows by an application of Lemma 6.2 below with j = 2.

The case 0 < R < 1 is done similarly using Proposition 5.7 instead of
Proposition 5.2. =

LEMMA 6.2. Letb e SP, let j > 1 be an integer, and let X > 0. Consider
My(o) := Si/}(s/)\)b(s)sjflews ds, oe€R.
Then, for every N € N,
MNHI(1+ [ Xo|)™N if A>1 and su c[-2,-1]U[1,2],
ol ey { g e P72 AU
M(1+1|Xo|) if A <1 and supp ¢ C [—2,2].

Here, the constants Cy depend only on N and the seminorms ||bl|gs 5. of b,
and on the CN -norm of 1.

Proof. For ease of notation, we shall write A < B if A < CnyB where
Cn is an “admissible” constant in the sense described in the lemma. We
may and shall assume that ¢ > 0. We write

My (o) = )\jsw(s)b(z\s)sj_lei)‘gs ds.

Assume A > 1 and ® is supported in [—2,—1] U [1,2]. By the symbol
estimates for b we have, for s in the support of 1,

IDED(AS)] S AL+ A S N (L/A +[s])7F S N
Integrating by parts N times, we thus find that |My(o)| < M3H7 (14 |Ag|) ™.
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Next, assume A < 1 and 1 is supported in [—2,2]. We then have, for s
in the support of 1,

|DFb(As)| S A1+ [ As])PF < 1L
Integrating again by parts N times, we find that | My (0)| < M (14+|Xo)) V. =
As a consequence of Theorem 6.1, we obtain estimates of the L'-norms
of the convolution kernels of ¥(v/L/\) cos(tv/L/\). Notice that the corre-
sponding multipliers result from a re-scaling of the multiplier for the case

A = 1, but the kernels cannot just be obtained by some scaling argument
from the case A = 1, since the operator L is not homogeneous.

PROPOSITION 6.3. Let W} := k‘f\/)‘ denote the convolution kernel of
Y(VL/N) cos(tvV'L/N), and let € > 0.
(a) If A>1 and suppe C [—2,—1]U[L,2], then

ATE(L41)/2He if 1< A
t € < )
L { ey

(b) If 0 < XA <1 and suppv C [—2,2], then

(6.2) J WX (2, 9)| R, )" dedy S A*(1+ 1),
G
In particular, if A > 1, then
+ t)n/2+z—: if n>2,

©3) | W3l ey s {70 T

G
and, if 0 < A <1, then
(6.4) VWi, 9)1(1 4+ AR(z, )" dedy S (1+ )",
G

i each instance uniformly in A. The constants in these estimates depend
only on the CN -norms of 1.

Proof. Without loss of generality, we shall assume that ¢ > 0. Then the
dominant term in Theorem 6.1 is the one containing G(R, R —t), to which
we shall therefore restrict ourselves.

We consider first A > 1. By Theorem 6.1 and Lemma 2.1, we can estimate
the left-hand side of (6.1) by

1 1
0 0

+ AP (1L + AR —t)) VR dR.
1
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If t < \/2, then we can estimate this using Lemma 6.4 below by
AT (146 A1 +t)n/2+8 4+ A/2H1-N
Similarly, if A\/2 <t < 2\, we estimate (6.5) by
AT (146 a1 +t)n/2+8+)\n/2—1—8(1 + )t
and if 2\ < t we estimate (6.5) by
<1+t)—N+)\n/2—1—5(1+t)1+8.

In each case we easily verify (6.1), taking into account that for n = 1 the
first of the three summands of (6.5) is not present.
If 0 < A <1, we estimate the left-hand side of (6.2) by

N\ (1+ AR —t)) VR dR
0
if n > 2, and by
1 0o
N (L + AR =) VRV AR + X [ (1 4+ AR —t|) VR dR
0 1

if n = 1. In either case it is easy to verify (6.2) using Lemma 6.4 below.
Estimates (6.3) and (6.4) follow immediately from (6.1) and (6.2). =

LEMMA 6.4. Fora>0,t>0and N >a+1, let

1 [ee)
Iy=={(1+AR—t) VR*dR, I.:=|(1+[AR-t])"VR*dR.
0 1
Then
1+ 140> if t<2A
(6.6) Iogc{(+)N L+ <2k
(1+1t)” if t =2,
—a—1(q —N+a+1 < 2
(6.7) Ioogc{A (1+2) <2,
Aol 4 ) if t>\/2.

Proof. We begin with Iy. If t > 2, then clearly Iy < (14+¢)~N. If t < 2),

we write
A—t

Io=x""""{ @+ ) N(w+t)*dv.
—t
If A > 1, one easily deduces from this representation that Iy < A=~ 1(14+¢)®,

and if A < 1, the original formula for Iy immediately implies Iy < 1, so that
we obtain (6.6).
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As for I, if t < \/2, then clearly
Io S V@ +XR)™R¥dR =1 {1+ R)™VR™™dR,
1 A
hence Ioo <A™ N1+ A\)"NTa+L If £ > \/2, we write
Lo =271 | (14 o) N (v + )" dv.
A—t

If t < 1, this implies Ioo <A™ ! and if ¢t > 1, one finds that I, < A\~
so that also (6.7) is verified. =

By means of the subordination principle described e.g. in [12], we imme-
diately obtain:

COROLLARY 6.5 (cf. [6, Theorem. 6.1]). If ¢ > 0, so,s1 > 3/2+¢ and
s1 > (n+1)/2 + ¢, then there exists a constant C such that, for every
continuous function F supported in [1,2] and 0 < X < 1,

[ IP(L/AZ)60 (2, 9) (1 + ARGz, ) dzdy < CIF |l

G
while for A > 1,

VIF(L/X)60(z, 9)|(1+ AR(x,9))° dzdy < C|[F||s(s,).

G

Proof. Choose an even function ¢ € C3°(R) such that ¢» = 1 on [1, 2]

and suppvy C [—4,—1/2]U[1/2,4]. Proposition 6.3 holds for such 1 as well.
Put f(v) := F(v?). Then ||f|lp(s) ~ | Fll#(s) for any s > 0, and F(L/A\?) =
f(VL/X) = (VL/X) f(VL/X). Moreover, by the Fourier inversion formula
and Fubini’s theorem, one easily obtains

FVEN) = 2§ ) cosev By ar
0

since f is an even function. Thus

[e.e]

P(L/22) = % | 700 (VI /) cos(tVI/A) dt
0
which implies

= | |F(L/\*)80|(1 + AR)® d dy
G
0

17 H\WA] 1+ AR)® du dy| dt.
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Thus, if 0 < A < 1, then, by (6.4),
N . 1/2
I S YOI+ 12 de < ( (1700 + 1) )
R R

= If 1 s0) ~ NE | r(s0)-

The case A > 1 can be treated in the same way. =

For the class of groups G considered here, we have thus established a
completely different approach to the basic Theorem 6.1 in [6], entirely based
on the wave equation.

7. Improvements on the estimates in Theorem 6.1 for small R.
The estimates in Theorem 6.1 are already good enough for L'-estimates,
but not yet for L>°-estimates, since they exhibit singularities at R = 0. One
knows that the singular support of the wave propagator for time ¢ is the
sphere R = |t|, so that the singularities at R = 0 allowed for in Theorem
6.1 are in fact not present. We shall show in this section how to improve on
our estimates when R < 1, which we shall assume throughout this section.

To this end we observe that by formula (4.5), we may replace Fr(s) in
the previous discussions by F(s) — Fr(—s) = 2iFg(s), where

FRr(s) := S Déhw[sin(sv)](chv —chR)™™*dy  (s>0,1>n/2—1).
R

Working with F r(s) in place of Fg(s), we can prove the following theo-
rem.

THEOREM 7.1. If R < 1, then the estimates in Theorem 6.1 can be
improved by the following additional estimates, valid for any N € N:

N1+ [ Ao)™N ifa>1,

@) LT SV G Ay

In order to prove this result, as in Section 5 we split ﬁR(s) = ﬁ}z(s) +
1312%(3), where
[e.e]
Fh(s) = S X(U)Déhm [sin(sv)](chv — ch R)™/?*dy.
R
ﬁ%(s) is again a Schwartz function, uniformly for 0 < R < 1, and its
contribution to k:f\ can easily be seen to satisfy the estimates in Theorem 7.1.

In order to deal with ﬁé(s), we need the following substitute for Lem-
ma 5.8.
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LEMMA 7.2. For0 < sv<m/2 and 0 < v < 4 we can write
l

(7.2) Dsh Lsin(sv)] = Z 2 g (sv,v),

k=0

where qx(y,v) has a power series expansion of the form

o0
(7.3) Z Amny? ™ 0,
m,n=0
Moreover,
(7.4) |DZ[gi(5v,0)]| < Cj(1+ 82792 uniformly in v.

Proof. We proceed by induction on [, the case [ = 0 being clear. Assume
that gx(y,v) is given by (7.3). Then
V) gy (s,

where gx(y,v) has an expansion of the form

[e.9]
v) = Z b y® ™ 0"

m,n=0
Then

Dy[sgx(sv,v)] = Z bn2ms?(sv)?m1y?n
m>1,1n>0

+ Z Sbmn2n(sv) va%_l
m>0,n>1

— 2h1 2

= s“hi(sv,v) + hi,(sv,v),
where hi(y,v) and hi(y,v) are of the form (7.3). This shows that (7.2) also
holds with [ + 1 in place of I.

Moreover, (7.4) is obvious for |s| < 1, in view of (7.3), and if |s| > 1, it
follows from
DI [q(sv,v)] = vj(Dg,qk)(sv,v) = S*j(sv)j(Diqk)(sv,v). .

Now, if AR > 1/2, then A > 1/2, and the estimates (7.1) follow immedi-
ately from Theorem 6.1. Let us therefore assume that AR < 1/2.

We write

Fi(s) = Hp(s) + H(s),
where
1/2x
Hh(s) := S X(U)Déhm[sin(sv)](chv — ch R)™™/?* qu,
R
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o0
H%(s) := S x(v )Dshv[sm(sv)](chv — ch R) />y,
1/2)
We need information on the asymptotics of these functions for |s| < 2.
As for H}(s), notice that in the integral defining it we have |sv| < 1
if |s|] < 2A. Therefore, from Lemmas 7.2 and 5.9 we find that, for any
l>-n/2+1,

! 1/2A
Hll%(s) = ZSQk S (50, 0) (v + R)*TL/QJrl(,U _ R)fn/2+l dv,
k=0 R

where v (sv,v) is supported where 0 < v < min(2,1/2)\) and satisfies
Yk (—sv,v) = —y,(sv,v) and
| DI [yg(sv,0)]| < Cjr(1+ $2)7/%2 for every j € N.
Choose [ large enough so that [ —n/2 > 0, and let
4/(14+N)
JN = | @+R ™ w- R .
R
Then clearly J(\) < (14 X)~2#"=1 and we find that, for |s| < 2,
l

Hp(s) = (14 X) 7241 " g 4 (s),
k=0
where by j, is an odd function in SY, uniformly in R and A. From Lemma 6.2

we therefore obtain
oo

Y(s/N)HL(s)s cos(ts)ds| = 1 Y(s/N)H!(s)s cos(ts) ds
0 21
l
CNZ 1+)\ —2l4+n— 1A2k+2(1—|— ‘)\t’)
k=0

hence

T L ML+ M)V A >,
(7.5) ‘ § W(s/N)H, (s)scos(ts) ds‘ < Cy { (1t )N $r<l

Next, we consider H%(s), again for |s| < 2.

Observe first that Hz = 0, unless A > 1/4. In the latter case, one finds
that H%(s) behaves like F5(s), only with R replaced by 1/\ < 4. Replacing
R by 1/X\ and R £t by £+t in Theorem 6.1(b), we therefore find that

o
‘ | w(s/ N HE(s)s cos(ts) ds

0
also satisfies estimates (7.5).
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Noticing finally that 1+ |At| ~ 1+ |Ag| if o = R+, since AR < 1/2, we
obtain the conclusion of Theorem 7.1.

COROLLARY 7.1. Assume that A > 1 and t > 0. Then
(7.6) 17 lloo S (14 /2)A"/2H1

REMARK 7.2. Notice that, for small times, this estimate agrees with the
one valid for the Laplacian on Euclidean space R™t!, as is to be expected,
since L is elliptic. However, for large times, there appears no dispersive effect
(definitely not for n = 2, by Hebisch’s transfer principle), so that it seems
unlikely that non-trivial Strichartz-type estimates will hold for large times.

Proof of Corollary 7.1. First we observe that e "%/2¢="F/2 < 1 and
equality holds if y = 0 and =z < 0. Therefore,

kA lloc < sup |GA(R, R = t)].
R>0

~

If R > 1, then, by Theorem 6.1,
(GA(R, R —1)] < A"/2FL

So, assume that R < 1. Then, by Theorem 7.1,
(7.7) |GA(R,R —t)] SAN"TYA + AR —t|) ™
for every N € N. If At < 1, this implies

|GA(R, R — t)| < AL < \/2+1—n/2,
Assume next that A\t > 1. If R <t/2, then |R —t| ~ t, so that (7.7) implies

GA(R, R =) S AT (ae) ™

for every N € N, hence
(7.8) IGA(R, R —t)] S XV/2H1—n/2,
If R > t/2, then for n > 2 Theorem 6.1 implies (7.8), since t!7"\2 <
t=n/2\n/2+1 and (7.8) is also valid for n = 1. m

REMARK 7.3. The group G can be considered as an Iwasawa AN-sub-
group of the Lorentz group S = SO(1,n+1), and hence may be identified as
a manifold with the symmetric space K\S, where K is a maximal compact
subgroup of S. The spherical function g of order zero on K\S is compara-
ble to (R/sh R)™? in these coordinates, as one finds from Harish-Chandra’s
spherical function expansion (see e.g. [7]). In view of the well-known esti-
mates for the wave propagators in Euclidean space, a naive extrapolation
of Hebisch’s transfer principle to this situation (where S is not a complex
semisimple Lie group, unless n = 2) would lead to the following “conjec-
ture”:

Ki(z,y) = e "2 "EPI(R),
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where:

(a) if R > 1, then

b < JUTPNPRIRIY2 (L4 NR = 1)) i A > 1,
PR S n+1pn/2 -N :
ATHER™ME2(1 + AR) if A&t <1;
(b) if 0 < R <1, then
2NN L NR =) if M > 1,
TR Sl
A1+ AR) if Xt <1,
From Theorems 6.1 and 7.1, one can indeed easily verify these estimates
if A > 2, say.

However, if A < 1, and if we choose R =t > 1 and At > 1, the “conjec-
ture” would predict a size of order \"/2%1 for |P{(R)|, whereas we find the
order \2.

8. Growth estimates for solutions to the wave equation in terms
of spectral Sobolev norms

THEOREM 8.1. Given a symbol m € S™, we define operators T} :=
m(VL) cos(tvV'L) and T4 := m(v/L)sin(tv/L)/VL, a priori on L*(G), for
teR. Let 1 <p < oo, and put o (p) := max(2,n)|1/p—1/2|.

(a) If a > au(p), then Tt extends from LPNL?(G) to a bounded operator
on LP(G), and

1Tl zr—rr < Cp(L + [t *M/P71/2,
(b) If a > ayu(p) — 1, then TS eatends from LP N L*(G) to a bounded
operator on LP(G), and
13l zr—n < Cp(L + [t 2P 1/2,

Note that the extension is unique if 1 < p < 0.

Proof. (a) Let x € C§°(R) be an even function such that x(s) = 1 if
|s] < 1/2, and x(s) = 0 if |s] > 1. Put ¢o(s) := x(s/2) and ;(s) =
X(2777s) = x(277s) = (277s), j = 1,..., 00, where (s) := x(s/2) — X(s)
is supported in {s : 1/2 < |s| < 2}. Then vy is supported in [-2,2], ¢; in
{s:271 <|s| < 29H1} for j > 1, and

(8.1) D wi(s) =1, seR
1=0

We shall restrict ourselves to the case 1 < p < 2, since the case p = 2 is
trivial and the case p > 2 follows from the case p < 2 by duality. Using
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(8.1), we decompose the symbol m as
e .
m(s) =y _m;(27s),
=0

where mg = mx and m;(s) := (my;)(27s) = m(27s)y if j > 1. Notice that
(8.2) msllw < G279,

where the constant C' depends on the seminorms [|m||g-a ; only.
Then, for every f € L*(G),

[ee]
(83) Tif =) Tif in L*G),

j=0
where T := m;(vV/L/27) cos((27t)v/L/27). Estimating the operator norms
| Tj||p1—z1 of Tj on L'(G) by means of Proposition 6.3 and (8.2), and in-
terpolating these estimates with the trivial L%-estimate ||T}]| ;22 < 27,
we obtain the following inequalities (we assume ¢ > 0 without loss of gener-
ality):

(8.4) T )| Lo pe S 279[279/2(1 4 )21 /P= 12

~

The estimate in (a) follows immediately from (8.4) by summation over all
J=0.

As for (b), observe first that if we replace mf(s) = ¥(v/s/)) cos(ty/s)
in Section 6 by M4 (s) = 1(v/s/\)sin(t\/s)/+/s, then the factor s(e!i=t)s 4
e!(i+1)5) in the corresponding kernel k% (R) has to be replaced by i(e!(F=t)s —
ei(RH)s). By Lemma 6.2 with j = 1, the estimates for the function 7-%\
associated to ﬁzé are therefore the same as for kf, except for an additional
factor A™1. Moreover,

7m<§>$%w)

Together, this implies that for j > 1, the operators fj arising in the
dyadic decomposition of T satisfy the same estimates as T}, except for an
additional factor 277. And, for j =0,

||f0||L2—>L2 S 1+ t7 HTVOHL1~>L1 5 1+ t7

<

~

{2—af2—j if j > 1,
279 (14¢t) ifj=0.

sup
S

< 14t. The estimates in (b) thus follow by summing over

~

hence || To||zr— v
all j. m

Let u = u(t,z) = us(x) be the solution of the Cauchy problem

55 2 —(X2+ZH:Y2) =0 R -
. 7Y 2 T)u=0, uo=f, 87futzo—g.
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sin( t\/_)

Then, a priori for f,g € L*(G), u; is given by u; = cos(tv/L)f + —

If we define adapted Sobolev norms
lellzs =11+ L)*¢llrr,  a€R,
we therefore immediately obtain from Theorem 8.1 the following
COROLLARY 8.2. If1 < p < oo, then for ag > an(p) and aq > an(p)—1,
(8:6)  luellze < Co((1+ )P 2 Iz, + (14 (D9l g,
where an(p) is defined as in Theorem 8.1.

REMARK 8.1. It is likely that the estimate (8.6) even holds for g =
an(p) and aq = an(p) — 1, if 1 < p < oo. This would be the counterpart
to the corresponding results by Peral [14] and Miyachi [11] in the Euclidean
setting (see also [15] for a local variable coefficient version). The sharp result
would require an introduction of a suitable Hardy respectively BMO-space
on G. There is strong evidence that such spaces exist on G, in view of the
ideas in [9] and [6], but we shall not pursue these issues here.

Notice also that the exponent 2|1/p—1/2| of 1+|¢| in (8.6) is independent
of m, in contrast to the corresponding estimate for the Euclidean case, where
it agrees with oy, (p) (if n > 2).
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