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Optimal bounds of restricted type for
the Hardy operator minus the identity
on the cone of radially decreasing functions

by

JAVIER SORIA (Barcelona)

Abstract. We find the norm of the Hardy operator minus the identity acting on the
cone of radially decreasing functions on minimal Lorentz spaces (restricted type estimates).

The study of the Hardy operator (see ) on monotone functions has
its origins in the works of Arino—Muckenhoupt [I] and Sawyer [12], deal-
ing with the characterization of the boundedness on the weighted Lorentz
spaces AP (w) (see ), of the Hardy—Littlewood maximal operator, and the
normability properties for these spaces, extending the well known results of
Lorentz [I1] (see [7, [6] for a modern account of this theory).

Recently, several results concerning the Hardy operator minus the iden-
tity have been considered (see [10} 5, 4]). In particular, in [I0] the authors
study the norm of this difference of operators, restricted to the cone of de-
creasing functions on LP(RT), and are able to calculate the exact constant
for the case p € {2,3,4,...}.

In this paper we study the same kind of questions, but now we look at
estimates of restricted type, and we will obtain a complete answer in the
more general setting of rearrangement invariant (r.i.) spaces [3], and for the
n-dimensional Hardy operator (see for the definition and [9] for some
previous results). The main tool we will use is the integral representation
of Lemma [3| (see also [5]), which will allow us to easily prove the main
estimate in Theorem [5| This result introduces a new class of functions R(X)
(see Definition @ which is identified, for the Lorentz space LP*¢(R"™), in
Propositions [8] and As a consequence, we find the best constants for
the restricted type boundedness (see Propositions |§| and . Finally, in
Theorem we show that, in most cases, R(X) is the minimal Lorentz
space A(X).
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We start by introducing some basic definitions and notations:
DEFINITION 1. Let X be an r.i. Banach function space in R™. We define
Xia = {f € X : f is a positive radially decreasing function};

that is, f(z) = f(Jz|) € X and f is a positive decreasing function on R*.
The distribution function of f is defined as

Ap(t) = {z € R™ : [f(z)] > £},
and the nonincreasing rearrangement of f by

fH(t) =inf{s > 0: A¢(s) < t}.
The Hardy operator in R™ is

1
(1) Spf(z) = IO B(OS,|95|) f(y) dy,

and the Hardy operator in R is
(2) Sf(t) =

REMARK 2. Observe that if f(z) = f(|z|), then
(3) A (1) = 0 XE(0)

where v,, is the measure of the unit ball of R™, and
n nel 7
Snf(x) = w1 S F(r) ().

Also, if f**(t) = t~1 Sg f*(s)ds is the maximal function of f [3] then, for a
radially (i.e., even) decreasing function f(z) = f(]z|) in R, we have

Sif (@) — f(@) = S(H)J2l) = f(|ll) = FQlal) — £ (2lz]).

The next result is the key to obtaining the main estimate in Theorem
It was first proved (for n = 1 and with a more involved argument) in [5]
Lemma 2.1(6)].

LeEMMA 3. If f(x) = f(|z|) is a positive radially decreasing function
on R™, then

1 [e.e]
@) Sf@) ~ fa) =1 § Xj0d oz eR
F(lzh)
Proof. For a fixed x € R™ we consider the measure
XB(0,|z (y)
dpiay) = THo ot dy = 3u(y),

~1B(0, |z])]
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which is positive on balls centered at the origin:
(a/|z])", a<lal,
a(B(0.0)) = {

0, a > |x|.
Therefore, since for a positive radially decreasing function f, the level sets
are balls centered at zero and of radius A(t), we have

Sof (@) = f(z) = | f(y) dpaly) = | pa(f > ) dt
0

Rn
= | (B0, Ap(1))) dt = Ln | AHe)dt. -
0 21" e

REMARK 4. Observe that using we also have
1 o0
Ar(t)dt.
Unz|" S f( )
f(z)
THEOREM 5. Let X be an r.i. Banach function space in R™. Then
1
n L n
Ne(®) + 1]

Snfl(x) = fz) =

o0

(5) 15af = fllx < | A3(t)
0

for every f € X.q. Moreover, the inequality is sharp.

dt
X

Proof. Using Lemma |3| and Minkowski’s integral inequality, we have

T XD 00y (1)
1,7 - sl < g[S o
0 X
Set now )
1 X(F(a).00)
= h - .
A P
Then
{z: gi(x) > s} = {a:1/s > N5(t) + [2["}]
07 )\?(t) Z 1/87
Y un(1)s — NU(t), N(t) < 1/s.
Similarly,

{z: hu(z) > s} = [z : f(l=]) <t, 1/]z|* > s}
= a1 Af(t) < Jz| < 1/s/"}]
o, AR(t) > 1/s,
a {vn(l/s — )\;ﬁ(t)), )\?—(t) <1/s.
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Therefore, g; and h; are equimeasurable functions, and hence

1

N

X
which proves (5). The optimality of the inequality follows by choosing f(z) =
xB(x) = x[o,1)(|]):
=10 = { e oy
and, as we did in @, we get
1

1
el
X L+

Theorem [5| motivates the study of the class of functions for which the
right hand side of the inequality is finite.

1500

0

=[[Snf = fllx. =
X

DEFINITION 6. Let X be an r.i. space in R®. We define the class of
functions

R(X) ={f € MR") : [[fllr(x) < o0},

where
T 1
Ik = o J A0 =i < oo
REMARK 7.
(i) Using (3|) we see that if f € X4, then
T in 1
1 fllrexy = (S) Af(t)‘ W th-

(ii) It is easy to see that || f||r(x) = 0 if and only if f = 0. Moreover,
lallzcey = lal 1 laco)
(iii) A necessary condition for R(X) # {0} is that there exists a 6 > 0
such that 1/(|z|" +d) € X, which is equivalent to L1* N L>® C X.
In particular, R(L') = {0}.
(iv) }‘hec;em can now be rewritten as ||[S,f — fllx < [[fllrx) for
€ Xpd-

We are now going to identify R(X) for some particular cases, like the
Lorentz space LP4(R™), with exact norms. In Theorem |13] we will prove a
more general result for an r.i. space X, but only up to equivalence of norms.
We consider first the definition of LP4(R™) in terms of the standard norm,
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which is only valid in the range 1 < p < o0, 1 < ¢ < p:

00 1/q o0 1/q
nﬂquﬁm(iuﬁﬁu»“?) (Swwf<» ?) ,

0 0

where f* is the nonincreasing rearrangement of f [3].

PROPOSITION 8. If 1 < p < oo, 1 < q < p, and LP4(R"™) is endowed
with the norm || - ||p.q, then

/T 1/q
sy = ( (;(lg )) 17l

Proof. Fix a > 0 and consider ¢,(x) = 1/(a + |z|™). Then, as in Theo-

rem [o]

1/a 1 q/p 1/q
fola=r( §oge(5-a)" 6 at)
0

_pl/qv}l/p(ogo (u— )Py~ 1du) 1/

(r—1)q +
pl/qv}l/p<F( P )1 ( pq)>1/qa1/p1.

I'lg+1)
Therefore,
1| (pray = v S /\f(t)HQPU,;l)\f(t)Hpﬂ dt
0

_pl/qT)\f(t)<F(@lal)(1)F(17;q)>1/q(>\f(t)>1/p1dt

a ’Uyllil/p 0 F(q + 1) Un
~1

e (R
I(g+1) P

As a consequence of this result, we can find the best constant for the
boundedness of S,, — Id, for radially decreasing functions on LP*!(R™).

PROPOSITION 9. If 1 < p < 00, 1 < g < p, and LP1(R"™) is endowed

with the norm || - ||p.q, then for a radially decreasing function f € LP1(R™),
(DO ()
_ < p—1/a p p
D 1St Tl <0 (S E ) il

and the inequality is sharp. In particular:
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(i) ifg=p and f € Lf&l(R”), then
1
1Snf = fllp < o= D)7 [1f1lp,13
(ii) if ¢ =1 and f € L7 (R"), then

[19nf = Fllpa < 1 £1lp,1,

psm(ﬂ/}))
and the inequalities are sharp.

Proof. This follows easily using Theorem [5, Remark m(iv) and Proposi-
tion [8, and estimating the constant in for the particular cases. =

REMARK 10. (i) It is important to observe that (7)) does not follow from
the case ¢ = 1 and the embedding LP' C LP. In fact, it is known (see, e.g.,

[8]) that || fllp.q < p( )l/qule (with optimal bound). But, if 1 < ¢ < p,

then )
o (I 1)
I(g+1) p\q/ psin(r/p)
(ii) If f € LP(R™T) is a decreasing function (thls is denoted as f € CP in
[0]) and f(x) = f(|z]), then [|Sf = fllogs) = 277IS1f = fllLo) and

I fllzpey = 27 1“”HfHLp . Using now Proposition |§|(i), we can prove the
optlmal restrlcted type estlmate (for f € CP and p > 1)

1
1Sf = fllor@+y < oo — D)1/ [ £l p &+

As before, using Proposition |§|(ii), we find that for a decreasing function
f e LPYRY) and p > 1,
1Sf = Fllrawe) <

™

psin(n/p) 1 fllLpr (m+)-

These results should be compared with the strong type inequality proved in
[10], under the hypothesis that f € C? and p € {2,3,...},

1
1Sf = fllee@+) < 1) Il ety

(iii) For the case 1 < p < ¢ < oo we can also obtain a result like ,
although this time we cannot guarantee its sharpness. The main observation
is that, for this range of indices, | - ||p,4 is a quasinorm for which the best
constant in Minkowski’s integral inequality is (see [2])

lircwa < (2)"(2)" DGl
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Therefore, as in Theorem [p|and observing that the proof of Proposition [§also
works if 1 < p < ¢ < oo (the case ¢ = oo with the constant 1/(pp/(p—1)1/7)),
we get, for f € Lf&l(R"),

/ (r=1) +
- (p)l/q<p'>”qp_1/q,<r( - q)F(ppq)>l/qH s
p,q — + 1) D,

Snf_f
| q q I'(q
if 1 <p<gq<oo,and

1
poo < o= D)7 [1f1lp.1-

Similarly to what we have done for the norm || - |l,4, 1 < p < 00, 1 <
q < p, we now consider the usual renorming of the LP¢(R™) spaces, for the
whole range of indices 1 < p < 00, 1 < ¢ < 00, in terms of the maximal
norm (see [13]):

0 1/q
150 = ( @)
0

where f**(t) is the maximal function of f (see Remark [2)). We will denote
by LY9(R™) the space LP9(R") endowed with the norm | - || ..

PROPOSITION 11. If1<p < oo, 1 <q< oo, and f € LYI(R™), then

1 i~ _ ’_ 1/‘1
£z = -5 (| toa?(1 4 5)s~/ " ds) T
0

*
p,1

if 1 <q< oo, and

/

p - 1 l/p *
1 llpnes, = <W)10g<p'> T

Proof. As in Proposition[§] fix @ > 0 and consider ¢4(z) = 1/(a + |z|™).
Then

Vn@

t
o (t) = vtnlog(l + )

If1<g< oo,

/ T ’ 1/q
IPallpg = a7 0i/7 (] 10g?(1 + 5)s=/7 ~as) ",
0
and hence, using that p'|| f|[,1 = [|f|l51 (see, e.g., [2]),

o0 o0 / 1/
£ | pereay = S Af(t)l/p< S log?(1 + s)s~9/P'~1 ds) Tt
0 0

1 —a/r=1 g\ gy
= —(Viogr+ )57t as) i
0
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If ¢ = oo, then

I@all} 00 = vn(p — )7 log(p') (vaa) =7,
and

T -1/p'
1z = va" § Ar(@va(p — 1) log(p) (vn A{,@)) dt
0 n

— P
_p=DF p> log p'[|.f

PROPOSITION 12. Let 1 < p < 00, 1 < g < o0, and f € LYY R") be a
radially decreasing function. Then

(p_ 1)1/}7/ / *
pl = Tlog(p) £l =

1 ® / 1/‘1
_fr < — q —q/p'—1 *
®)  15F =l < | tog(1+)s ds) "1/l
if 1 <q< oo, and
* b= 1 1/p/ *
) 1508 = e < B2 tog(s) 1150

and both inequalities are sharp. In particular:
(i) ifgq=1p and f € Lljf(;(R”), then

F / 1 / l/p,
1505 = iy < CELLED Ly e

(ii) if =1 and f € L' (R"), then
« ™
HSnf - f”p,l <

psin(w/p)
and the inequalities are sharp.

Proof. This follows easily using Theorem [5, Remark m(iv) and Proposi-
tion and estimating the constant in for the particular cases. =

1£1lp,15

Even though we have shown that R(L') = {0}, we see that, in many
other cases, R(X) is isometric, up to a multiplicative constant, to the min-
imal Lorentz space A(X). This is the case for X = LP? and X = L7 (see
Propositions [§| and for which the minimal space corresponds to the in-
dex ¢ =1 (see [3]). We will now study this observation for a general X, and
show that, under some weak assumptions, R(X) and A(X) coincide. Recall
that

AX) = {f € MER™): | 1) dipx (1) < o0},
0

where ox(t) = ||xellx (|[E| = t) is the fundamental function of X. To
simplify the calculations we are going to assume that lim,_,q+ px(t) = 0 (see
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[3, Chapter 2, Theorem 5.5] for a characterization of this property), which
is always true for the LP? spaces (observe that we exclude the nonseparable
case of L*>°). Then we can write

[e.e] oo

1fllacxy = § £ (O (E) dt = | ox(Ap(1)) dt.

0 0
Using [3, Chapter 2, Proposition 5.11] we can assume, without loss of gen-
erality, that ¢x is a (nonnegative and nondecreasing) concave function, so

that [ - [[4(x) is @ norm. We will also make use of the fact that
ex (2t)
10 Dx =su €1,2
1o XEW o <2

(this is known as the Ay-condition): fix t > 0 and choose two disjoint sets
with |A| = |B| =t. Then

px(2t) = lIxauslx = lIxa +xelx < lxalx +lIxslx = 2¢0x ().
For example, if X = (LP4(R™), -], ) (1<q<p<oc) or X = (LP4(R™), || -||%,.
(1<p<oo,1<qg<ocoorp=qg=1),then Dy =21/,

THEOREM 13. Let X be an r.i. space.
(i) For every f € R(X),
I £1lacxy < 201 flr(x)-
(ii) If Dx € [1,2) (see (10), then for every f € A(X),

2
<
I7lrc0 < 55

In particular, if Dx € [1,2) then R(X) = A(X).

1 £1la¢x)-

Proof. To prove (i), we consider the ball B; = B(0, (v, 't)"/™), so that
|B¢| = t. Then xp,(x) < 2t/(t + v,|x|™) and hence

1
) <20 )|l —— | .
ex(t) < e N
Therefore,
1fllacx) = S ox(Af(t))dt
0

o0
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(ii) If we now assume that Dx € [1,2), set S, = By, \ B,. Then

o0

t t +
o~ 2 T e @) ¥ i e e (®)
1
<2 142k XSy, (€) + xB, (2)-
k=1
Thus,
t 1
Ht+|r S 2 T sy I+ Il
k=1
[e.e]
1 k
- Z 5ok #x(Z) +ox(D)
2
Hence,
1llreo) < 5— .
REMARK 14.

(i) As already observed in Remark I, R(LY) = {0} # A(L') = L', and
hence the embedding A(X) C R(X) of Theorem [13[(ii) is not true,
in general, for the case Dx = 2.

(i) We have seen in Propositions |8 and that, for the LPY spaces,
| - llr(x) is a multiple of || - [[4x). However, this is not true in
general. We recall the definition of the weighted Lorentz space:

o0

1/p
) Aw) = F 1 f @) = V@O wit)dt)  <oop,
bt = (| )
and consider X = A%(w), w = x(0,1), and f;"(£) = x(0,(t). Then

Vroifr <1,
I frllacx :{

1 ifr>1,
but
-
ATy A
(iii) If w is a decreasing weight (so that || - || sp(y) is @ norm [I1]), then

D ppwy < 21/Pand hence D pp(wy < 2, whenever p > 1. There-
fore, Theorem [13| applies. More general results can be obtained for
weights in the B), class (see [1, 7]).
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