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The space of multipliers and convolutors of Orlicz spaces
on a locally compact group

by

HAsSAN P. AGHABABA (Tabriz), IBRAHIM AKBARBAGLU (Zanjan),
and SAEID MAGHSOUDI (Zanjan)

Abstract. Let G be a locally compact group, let (¢,%) be a complementary pair of
Young functions, and let L¥(G) and L¥(G) be the corresponding Orlicz spaces. Under
some conditions on ¢, we will show that for a Banach L?(G)-submodule X of L¥(G), the
multiplier space Hompe gy (L?(G), X™) is a dual Banach space with predual L¥(G) ¢ X
:= span{uz : u € L¥(G),z € X}, where the closure is taken in the dual space of
Hompe(c)(L?(G), X ™). We also prove that if ¢ is a Ag-regular N-function, then Cv,(G),
the space of convolutors of M¥(G), is identified with the dual of a Banach algebra of
functions on G under pointwise multiplication.

1. Introduction. Let A be a Banach algebra and X, Y be right Banach
A-modules. A right A-module homomorphism from X into Y is a linear
operator T' : X — Y such that T'(za) = T'(z)a for all a € A, z € X. The
Banach space of all bounded right A-module homomorphisms from X into
Y with the operator norm is denoted by Hom4(X,Y’). Characterizing the
space Hom4 (X, Y) for various classes of Banach algebras A and right Banach
A-modules X and Y is a longstanding problem that many mathematicians
have paid special attention to it; for the example see [Gr, L, M), Rill Ri2].
Also, for a recent study, see for example [Dal [HNRI [HNR2, K].

Let G be a locally compact group with a fixed left Haar measure A. Let
also (p,1) be a complementary pair of Young functions, and let L¥(G) and
LY (@) be the corresponding Orlicz spaces. Orlicz spaces are genuine gener-
alizations of the usual LP-spaces. They have been thoroughly investigated
from the functional analysis point of view. For analysis of some aspects of
Orlicz spaces see [CHL, JPU, R1, R2, R3].

In this paper, we will study the problem of characterizing Hom4(X,Y),
when A = X = L?(G) and Y is the dual of a closed L¥(G)-submodule of
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LY(G), with convolution as the module action. Also, if ¢ is a finite Young
function, we will consider the space Cv,,(G) of convolutors of M¥(G), where
M?(QG) is the closure of C(G) in L¥(G). Then we show that Cv,(G) is a
dual space when ¢ is a As-regular N-function, and obtain its predual. Our
results extend some interesting results of [M] to Orlicz spaces.

2. Preliminaries. Throughout this paper let G be a locally compact
group with a fixed left Haar measure \. By XG f(x) dz we denote the integral
of a function f defined on G with respect to A. Also, let L(G) denote the set
of all equivalence classes of A-measurable complex-valued functions on G.
By [RR) p. 6], a function ¢ : R — [0,00] is called a Young function if
¢ is a convex, even, and left continuous function with ¢(0) = 0 which is
neither identically zero nor identically infinite. We call a Young function ¢
an N-function (a nice Young function) if it satisfies the limit conditions

() ol)

=0 and lim =00
z—0 X r—00 I

For any Young function ¢ let

Y(x) =sup{zy —o(y) 1y €R} (z €R).
It is easily verified that ¢ is a Young function, called the complementary
Young function to . It should be remarked that ¢ is also the complementary
Young function to 1. Then (p,%) is called a complementary pair of Young
functions.
A Young function ¢ is said to satisfy the As-condition, written ¢ € Ao,
if there exist £ > 0 and zg > 0 such that

o(2z) < kp(x) for x > x.
Let ¢ be a Young function. For f € L%(G) define

po(f) =\ o(|f(x)]) da.

G
Then the Orlicz space L¥(G) is defined by

L?(G) = {f € L°(G) : py(af) < oo for some a > 0}.
We also set

M?(G) = {f € L%G) : pylaf) < oo for all a > 0}.
Then L¥(G) and M¥(G) are both Banach spaces under the norm N,(-),
called the Luzemburg—Nakano norm, defined for f € L¥(G) by

No(f) = inf{k > 0 po(f/F) < 1}.

It is well known that N,(f) < 1 if and only if p,(f) < 1. Furthermore, if
the Young function ¢ vanishes only at the origin and is finite, then using
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the complementary Young function v, another norm || - ||,, called the Orlicz
norm, is defined on L¥(G) by

11l = sup{ § 1791 dA: pug) <1},
G
Let us remark that || - ||, is equivalent to Ny(-); in fact, No(f) < || fll, <
2N, (f) for every f € L¥(G). For 1 < p < oo, the classical Lebesgue spaces
on G with respect to the left Haar measure A will be denoted by LP(G) with
the norm || - ||, as defined in [F]. It is clear that LP(G) is an elementary
example of an Orlicz space.

We say that a Young function ¢ € Ay is Ag-regular and write p € Ao-
regular if ¢ satisfies the As-condition, with 29 = 0 in the case when G is
not compact. It is well known that if ¢ € Ag-regular then L¥(G) = M*?(G)
and L?(Q) is equal to the closure of C.(G) in the norm Ny(-). Here C.(G)
stands for the space of continuous functions on G with compact support.

If ¢ is a finite Young function, then the dual space of M¥(G) is the
Banach space L¥(G) under the usual duality

() = | f@)g@)dz  (f € M¥(G), g € L¥(@)),
G
where ¢ and ¢ are complementary Young functions.

The above concepts relating to Young functions are quite standard and
can be found in any standard textbook on Orlicz spaces. Here we refer to
the excellent monographs [KRJ, RR].

For measurable functions f and g on a locally compact group G, the
convolution product

(f+9)@) =\ f()gly"z)dy
G
is defined at each point x € G for which this makes sense. For any function
f : G — C we denote by f the function defined by f(z) = f(z~ 1) for all
z € G.

Let ¢ be a finite Young function whose right derivative ¢’ is strictly
positive at the origin. For such ¢ by [R2, Proposition 4.1], L?(G) is a Banach
algebra with convolution multiplication, and is contained in L'(G) with
Ifll < (p%(O)Nw(f) for any f € L¥(G). Also we have the following easy
lemma.

LEMMA 2.1. Let G be a locally compact group and ¢ a finite Young
function with ¢'(0) > 0. Then L¥(G) is a left Banach L*(G)-module.

Proof. Take arbitrary positive elements f € L'(G), g € L¥(G) and
h € LY(G), where 1 is the complementary Young function to ¢. Then we
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have

(Fxg.h) = | F()g(t™ )h(s)dtds = | | f(£)g(s)h(ts) ds dt
GG GG
< 2/|f [l Ne(9)Nu(h) < oo.

Since f * g has o-compact support, f * g € L?(G), by [RRlL Proposition
IV.4.1]. =

For two Banach spaces X and Y, we denote by X ® Y their projective
tensor product, and by £(X,Y) the space of all bounded linear operators
from X into Y. We write £(X) in place of £(X, X). The projective tensor
norm on X ® Y will be denoted by || - || .

Let A be a Banach algebra, let X be a Banach A-bimodule, and let Y
be a left Banach A-module. Then X ® Y becomes a left A-module with the
following action:

a-(z@y)=ar®y (acA zeX,yeY).
Then clearly the closed linear span of the set
{ra®@y—zr®ay:ac A,z e X, yeY},

denoted by E, in X ® Y is a closed submodule of X ® Y. Now X ®4Y :=
(X ® Y)/E is a Banach left A-module; for more details see [D} Section 2.6].

For two Banach spaces X and Y, the mapping & : £(X,Y*) = (X®Y)*
defined by

(x @y, d(T)) = (y, T(x)) (xeX,yeY, TeL(X,Y")),

is an isometric isomorphism. In particular, if X is a reflexive Banach space,
then (X ® X*)* = L(X) [D, Proposition A.3.70]. Here X* denotes the
topological dual space of X equipped with its dual Banach norm.

Finally, let us recall that if X is a Banach left A-module, then X* is a
right Banach A-module under the dual module action defined by (z*-a,x) =
(x*,ax) for z* € X*, x € X, and a € A.

3. The multiplier space Hom () (L?(G), X*). In this section, among
other things, we characterize the multiplier space Hompe (o) (L?(G), X™) as
the dual of a natural space, namely, the closed linear span of L?(G)X.

Throughout this section, ¢ will denote a finite Young function with
¢'(0) > 0.

Let X be a left L¥(G)-submodule of L¥(G) which is a Banach space
with the norm || - ||x satisfying Ny (-) < || - ||x. We will show in this sec-
tion that Hompe(q)(L?(G), X*) is a dual Banach space and characterize its
predual in terms of elements in L#(G) and X. To see this we note that
for every w € L?(G) and z € X, ux is a bounded linear functional on
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Hompe ) (L?(G), X*) defined by
(ur,T) = (z,T(u)) for T € Hompe (g (L?(G), X™)

with [Juz| < Ny(u)||z|x. We denote by L¥(G) e X the norm closed linear
span of L¥(G)X = {uz : u € L¥(G) and x € X} in Hompe ) (L?(G), X*)*.
So each element of L#(G) ¢ X becomes a bounded linear functional on
Hompe () (L¥(G), X7).

The following two results are parallel to Theorems 2.2 and 2.3 of [M].

THEOREM 3.1. Let G be a locally compact group and ¢ a finite Young
function with ¢'(0) > 0. If (X, || - ||x) is a left Banach L?(G)-submodule of
LY(@G), then Hompe ) (L¥(G), X*) = (L?(G) ¢ X)*.

Proof. Define ¥ : L¥(G) ® X — L¥(G) e X by (X u; ® x;) =
Yooy iz, where u; € L¥(G), x € X and Y .0 No(w)|lzil|x < oo.
Then ¥ is well defined: in fact, if 5%, u; ® z; = 0 in L¥(G) ® X, then
(T,>° 72 u; ®x;) =0 for all T € L(L¥Y(G), X*). Therefore > 72, u;z; = 0 in
Hompe ) (L¥(G), X*)*. Tt also follows that

(35 o)
=1

So¥(3 2 ui ®x;) € LP(G) e X and ||¥|| < 1. Hence, we have the adjoint
operator ¥* : (L?(G)eX)* — (L¥(G)®X)* with ||[#*|| < 1. As (L¥(G)®X)*
= L(L¥(G),X™), for each T € (L¥Y(G) @ X)*, ¥*(T) : L¥(G) — X* is a
bounded linear operator.

We will show that ¥*(T') € Hompe(q)(L?(G), X*). Let u,v € L?(G) and
x € X. Then

(1) (uwv), ) =

oo
<> Nl x
=1

UH(T),uww @z) = (T,¥(uww @ z)) = (T, (uwv)x)
T,u(vz)) = (T,¥(u®vx)) = (T(T),u  vz)
— (@ (T)(w), vz) = (" (T)(w) - 0,2).
Hence ¥*(T)(uwv) = ¥*(T)(u) - v for all u,v € L?(G). Thus ¥*(T) €
Hompe(q)(L¥(G), X7).

We know that the restriction of any T € Hompeg)(L¥(G), X¥) to
L?(G) e X is in (L?(G) @ X)*. Also for every T' € Hompy(q)(L¥(G), X™)
we have

I
o~~~

<£P*(T), iuz ® xz> = <T, iuzmz> = i(ﬂ U;T;)
i=1 i=1 i=1

= i(T(uﬁ,m» = <T,§:ui ® xi>,
i=1 i=1
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and so ¥*(T') = T'. Since the image of ¥ contains L¥(G)X, by [Ru, p. 99,
Corollary] or [S, Proposition 26.20], ¥* is one-to-one. An application of the
Hahn-Banach theorem shows ¥* : (L?(G) @ X)* — Hompe(q)(L?(G), X™)
is a surjective isometry. m

PROPOSITION 3.2. Let G be a locally compact group and ¢ a finite Young
function with ¢'(0) > 0. Then £ € L?(G) e X if and only if there exist
sequences (u;) C L¥(G) and (z;) € X such that > ;21 Ny(uw)|zi||x < oo
with € =3 .2 ux; and

Il = it {3 No(un)llzllx : € = 3wz, > No(ug) i x < oo}
=1 =1 =1

Proof. By definition, each element of the form ), u;x; as in (the proof
of) Theorem [3.1] lies in L¥(G) @ X.

For the converse, let 2 be the closed subspace of L¥(G) X generated by
wx —uuvx for u,v € LP(G), x € X. Then an element T' € L(L¥(G), X™)
is in Hompe ) (L¥(G), X*) if and only if "= 0 on L.

Let B: (L¥(G) ® X)/A — L¥(G) @ X be defined by

B(iuz & x; +Ql> = iuzxz
=1 i=1

It is clear that B is well defined and ||B|| < 1. Also ((L¥(G) & X)/2)* =
AL = Hompp(e)(L9(G), X*) and Hompe(e)(L#(G), X*) = (L#(G) o X)*
imply that B* : (L?(G) e X)* — ((L¥(G) ® X)/2)* is one-to-one and onto.
So, B is surjective by |[Rul Theorem 4.15] and one-to-one by [Rul, p. 99,
Corollary]. This proves the first part of the proposition.

For the second part, let £ € L?(G) @ X and € > 0 be given. Then there
are sequences (u;) € L¥(G) and (x;) € X such that > 2, Ny(z;)|zi| x
< ooand &€ = 30 wwy. Let n = >.5° u; ® 2; + 2 be in (L?(G) ® X)/2L.
Since (T,n) = (T,§) for all T € Hompe ) (L¥(G), X*), we have |||
= ||€||. Thus there exist p; € L¥(G) and ¢; € X, for any ¢ > 1, such
that > "2, No(pi)llgillx < [|€]|+€and n =2, pi ® ¢; +2 by the definition
of the quotient norm. Thus & = > 7%, pig; on Hompe (o (L¥(G), X*), which
was to be shown. =

It is natural to consider relations between L¥(G) @ X and X. Since X*
is a Banach right L¥(G)-module, we can consider the mapping
v X = Hompe () (LP(G), X7),  o(f) = £y,

where £ : L?(G) — X* is left multiplication by f, i.e., £(u) = f-u for all
u € L¥(G). Then it is easily seen that ¢ is an embedding with ||¢(f)|| < || f]l,
and so we can assume that X* C Hompe(q)(L?(G), X™).
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Now consider the conjugate map ¢* : (L¥(G) @ X)*™* — X** which is the
restriction map with ||c*|] < 1. Also for each u € L¥(G), z € X and f € X*,

(Huz), f) = (ua, o(f)) = (uz, £7) = (2, L7(u)) = (2, [ - u) = (uz, f).
Therefore, .*(L¥(G) e X) C X.

The following result is a direct consequence of well known results about
adjoints of linear maps; see for example Theorems 4.12, 4.14 and 4.15 in [Rul].

PROPOSITION 3.3. Let G be a locally compact group and ¢ a finite Young
function with ¢'(0) > 0. Then the restriction map * : L¥(G) e X — X is a
bijection if and only if X* is homeomorphic to Hompe(q)(L¥(G), X™).

We denote by LUC(G) the space of all bounded left uniformly continuous

functions on G. Then LUC(G) is a Banach L!(G)-bimodule for which the
left and right module actions are given by

of=fvp, fo=4prf

for all f € LUC(G) and ¢ € LY(G), where A denotes the modular func-
tion of G. Thus, LUC(G)* is a Banach L!(G)-bimodule. Let us remark that
LY(G) LUC(G) = LUC(G); for more details see Section 32.45 in [HR]. The
following corollary is a direct consequence of [Rill, Theorem 4.4] and Propo-
sition We point out that this result has been proved before in [Lal
Theorem 1].

COROLLARY 3.4. For any locally compact group G,
Homp:(g) (L' (G),LUC(G)*) = LUC(G)*.

Let ¢ be a Ag-regular Young function and f € L¥(G). Then, using
Holder’s inequality [RR] Proposition II1.3.1], f can be viewed as an element
of X*. Now define the linear map Ly : L¥(G) — L¥(G) by L¢(g) = f g for
each g € L¥(G). If X is a Banach left L¥(G)-module with module action
fog=gx*f, then by this definition, L¥(G) C Hom () (LP(G), X*). We
are interested in when L?(G) is w*-dense in Hom ¢ () (L?(G), X*). For this
reason, let f € L?(G) and g € X. Then the function g * f belongs to
LY(G), with Ny(g* f) < 2N,(f)||lgllx. Since the mapping (f,g) — g * f
from L¥(G) x X into L¥(G) is bilinear and continuous, there is a unique
continuous linear mapping @ : L¥(G)®X — L¥(G) satisfying #(fRg) = g+ f
for all f € L¥(G) and g € X.

DEFINITION 3.5. Let A,(X) denote the range of the mapping
¢: L(G)&X — LY(G), o(feg)=g*[.

We endow A, (X) with the quotient norm from L¥(G)® X. Then A, (X)
becomes a Banach space, and { € A,(X) if and only if there are sequences
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(fi) € L¥(G) and (g;) € X such that & = >°2°, gi*f; with >-5°, No(gi)[lgill x

< oQ.

We conclude this section with the following result that characterizes the
w*-denseness of L?(G) in Hompe(q)(L?(G), X™).

THEOREM 3.6. Let G be a locally compact group and let @ a finite Young
function with ¢’(0) > 0. Then L¥(G) is w*-dense in Hompe ) (L9 (G), X*)
if and only if Ay(X) is isometrically isomorphic to L¥(G) e X.

Proof. Let L¥(G) be w*-dense in Home () (L?(G), X*). Define the map-
ping O : L¥(G) @ X — A,(X) by

9<ifigi> = igi * fi.
=1 i=1

Since L¥(G) separates the points of L¥(G) ¢ X [H, Corollary 3, p. 68], and
for any h € L¥(G), (fi;) € L¥(G) and (g;) C X,

o0

(Ln. Zfzgz> = Z (La(fi),9i) = > _(h+ fings)
=1

=1
—Z (h gz*fz —<h Zgz*fz>7

O is a linear isomorphism. Also, by Proposition it is an isometry.

Conversely, let A,(X) be homeomorphic to L?(G) e X. Since L?(G)
separates the points of A,(X), again by [H, Corollary 3, p. 68|, LY(G) is
w*-dense in Hompe(g)(L?(G), X*). =

4. Cv,(G), the space of convolutors of M¥?(G). In this section we
deal with operators on M¥(G) which commute with certain functions, and
show that the dual of A,(G), defined below, can be identified with the space
of such operators.

Throughout this section we will assume that (¢, ) is a complementary
pair of N-functions.

We commence with a definition.
DEFINITION 4.1. An operator T' € L(M?(Q)) is termed a convolutor if
T(f+g)=T(f)*g whenever f,ge C.(G).

The space of all convolutors is denoted by Cv,(G), and is a closed sub-
space of L(M?(G)).
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Let K(G) be the set of all compact subsets of G with nonvoid interiors
which contain the identity element e of G. Given K in K(G), we define

Ao (@) = {ue CUG)iu =" gu+ fur (fa) € M#(K),
n=1

(gn) € MY(K), D" No(fa)Nylgn) < oo},

n=1

The norm of u in Ay, ;¢ (G) is defined by

lull s, o = 6> Nolfu)Nolga) 0 =3 gu fo}.

n=1 n=1

We now define

KeK(G)
and endow u € A,(G) with the norm
Jull g, = inf{lull 5, :u € Aox(G), K € K(G)}.

The following two lemmas are needed to prove our main theorem in this
section.

LEMMA 4.2. Let G be a locally compact group and ¢ be an N -function.
If T € Cvy,(G), then there exists a net (eq) € Co(G) with |leq||1 = 1 such
that if we set To(f) = T(eq * f) for every f € M¥?(G), then

() [Tall < (IT|| for each a,

(ii) lima Ny (To(f) = T(f)) =0 for each f € C.(G).

Proof. By [R2, Proposition 1] we may choose a net (ey) C C.(G) with
leall1 = 1 for any o such that lim, Ny(eq * f — f) = 0 whenever f € M?(G).

Since T, € Cvy,(G), we have Ny (To(f)) < ||T||Ny(f) for any f € M?(G),
and so || Tu|| < ||T||. Moreover,

lim No(To.(f) = T(f)) = lim Ny (T (ea * f = [))
< ||T[|im Ny(eq * f — f) =0. =
(03
For K € K(G) we write C(K) for the space of complex-valued continuous
functions on K.

LEMMA 4.3. Let G be a locally compact group and let (¢, 1) be a com-
plementary pair of N-functions. Then A,(G) is a normed algebra under
pointwise multiplication.

Proof. Let u,v € A,(G). Then there exist subsets K, F € K(G) and
sequences (fn), (gn) € C(K) and (hy,), (I,) € C(F) such that v € A, x(G)
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and v GA%F(G) with representations u=3 | g * fr and v=> " hp* L.
For y € G and n,m € N define functions F{,, ), and G, ,,,),, on G by

F(n,m)y(x) = fn(x)lm(xy) and G(n,m)y(‘r) = gn(2)him(2Y).

Then Fiy, m)y, Gnmyy € Ce(G) and the map y +— Gy, )y * F’(n,m)y from G
into /1% kur(G) is continuous and vanishes outside the compact subset

Clnm) = (SUPD fn) ™" SUPP Ly, N (SUPP gn) " SUPD Ay,

of G. Indeed, for yo,y € G such that y, 1y € U, where U is a symmetric
neighborhood of identity,

1G mmyy * Finmyy = Gnmyo * Finmmoll, wur()
< Ne(Finmyy = Finmywo) (No(Gmmyy = Ginmyyo) + Nos(Gnmyyo))
+ No (Elnmyyo ) No (G nmyy = Gnmyyo )
and
Nw(F(n,m)y - F(n,m)yo) < ”Rylm - RyolmHooNeo<fn)7
where R, denotes right translation, i.e., Ry(f)(z) = f(zy) for z,y € G.
Thus by [F, Theorem A3.1], the vector valued integral

H= | Gumy* Fomydy =\ Gumy * Fnmy dy
C(n,m) G

exists and defines an element of A, xyr(G). Moreover,

u(s)0(s) =Y gn# fn(8) Y B * Im(5)
n=1 m=1

= S gn(x)fn(x_ls) dx Z S hm(y)[m(y_ls) dy
n=1G m=1G
= Z S S 9n (@) fro (27 28) b (29 [ (y 2271 5) dy d
nm=1GG
= Z S Sgn(:c)hm(a:y)fn(afls)lvm(yflmfls) dx dy
nm=1GG
= Z S G(n,m)y * F(n,m)y (S) dy = Z <S G(n,m)y * F(n,m)y dy) (5)
nm=1G n,m=1 G

It follows that uv € A, xur(G). Moreover, if we put Fonm) ()= Ny (Fm)y)
and G(n,m) (y) = Ni/)(G(mm)y)v then
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luvll 4, e r(@) < >V No(Fimyy) N (G myy) dy
nm=1G
[e.e]
<2 ZN () N (Gam) < 2> 1) |G sy o
n,m=1 n,m=1
<32ZN (f)Nup(9n) D No(lm) Ny (hn).
n=1 m=1

Therefore,
vl 4, or(@) < 32Mull4, c@llvll4, pc)-
The following is the main theorem of this section, which extends [C|

Theorem 2]. For the proof we use some ideas from [C].

THEOREM 4.4. If G is a locally compact group and ¢ is a As-reqular
N-function, then the dual of A,(G) can be identified with Cv,(G).

Proof. Let T € Cvy(G). If h € A,(G), then there is a set K in K(G)
with h =37 gn * f, such that all fn and g, are supported inside K. Set
QT(h) = Z<Tfmgn>'
n=1

Then

P10 = | S (T fusga)| <27 No(Tfa)Nu(9n)
n=1

n=1

oo
< 2T S Ny (fu) Nolon) < o0
n=1
It is apparent that @7 is linear. To show that @7(h) is independent of the
representation of h, it suffices to show that &p(h) =0 whenever h = 0.
Suppose that K € K(G) and h € Ay, x(G) with h = >, gn * fr, = 0. By
Lemma [4.2] there exists a net (ey) C Ce(G) such that

T(eax f)=(Tea) * f =Taf (f € M?(G)).

For each o we have

oo oo o0
> UTafnrgn)l €2 Nop(Tafa)Np(gn) < 21T No(fa)Ny(gn) < oo
n=1 n=1 n=1
Hence the series Y 2 (Tafn,gn) converges in the supremum norm, uni-
formly with respect to each «, and thus

o0

I%HZ(Tafmgn) = Zhén <Tafnagn> = Z(Tfmgn>'
n=1 n=1

n=1
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We also have
o oo o

Z(Tafnygn> = Z((Tea) * fna.gn> = Z<XK1 : Teaagn * fn>

n=1 n=1 n=1

0o
= <XK1 : Teouzgn * fn> =0,
n=1

where K1 = KK~!. Thus &7 is a well defined linear form on A,(G) and
|@7| < 2||T||. Furthermore, we have
IT[| = sup{N(Tf) : f € Ce(G), Np(f) <1}
< swp{[{Tf,9)|: f,9 € Ce(G), No(f) <1, Ny(g) < 1}
<supf{|Pr(h)|: h=gxf, [|hll 4, <1} <[Pr].
Hence, ||T| < [[@r] < 2/T]]. )
To complete the proof we must show that @ is onto. Let ' € A,(G)*
and f € C.(G). For each g € C.(G) define Fy(g) = F(g* f). Then
[Ff(9)] = [F(g £)] < | FIINo(f)Ny(9).
Hence, Fy defines a continuous linear form on C.(G) considered as a sub-
space of M¥(G). Since C.(G) is dense in M¥(G) and M¥(G)* = L?(G) =
M*¥(@Q), there exists a unique function T'(f) € M¥(G) such that
Fy(g) = F(g* f)=(Tf.g) foreach g€ C(G),
and we have
N, (Tf) <||F||[Nyo(f) for each f € Ce(G).

Since C¢(G) is dense in M¥?(G), T can be extended to a continuous linear
mapping on M?(G) with ||T|| < ||F||. Furthermore, for each f,g € C.(G)
and h € LY(G) we have

(Tf)*g,h) =(Tf.h*g)=Fy(h*g)=F(hxg*f)=(T(f*g),h).
Since h € L¥(G) is arbitrary, we get T' € Cvy,(G). =
By Lemma [4.3] and Theorem [4.4] we have:

COROLLARY 4.5. Let A,(G) be the norm completion of Ay(G). Then
Cvy(G) is the dual of A,(G), and A,(G) is a Banach algebra under point-
wise multiplication.

We denote by Cy(G) the Banach space of all continuous functions on
G vanishing at infinity. Since C.(G) is dense in both M¥(G) and M?(G),
for any functions f € M¥(G) and g € M¥(G), the function g * f belongs
to Co(G) with [|g * fllee < 2N, (f)Ny(g). Let A,(G) be the range of the
mapping
M#(G) @ MY(G) = Co(G), fogr g=f,
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equipped with the quotient norm. Then A, (G) becomes a Banach space and
similar to Proposition 3.1.6 of [De], one can see that

A5(G) = {u € ColG) su =" gu* Jur (fa) (92) € Cel @),
n=1

" No(fa)Ni(gn) < o0},

n=1

and
lulla, = me{ 3" No(Fa)No(gn) s u =Y ga* fu }.
n=1 n=1

Since C,(G) is dense in M¥(G) and M¥(G), the algebraic tensor product
Ce(G) ® C(G) is dense in M#(G) & M¥(G). It follows that A,(G) N C.(G)
is dense in A,(G).

PROPOSITION 4.6. Let G be a locally compact group and ¢ a Young
function. Then A (Q) is dense in Ay(G).

Proof. Let A be a base for the neighborhoods of e, the identity element

of GG, consisting of compact sets. For each V € A, set ey = ﬁx‘/. Then

similar to [R2, Proposition 1] one can show that {ey : V' € A} is an approx-
imate identity for M¥(G), when A is partially ordered downwards by set
inclusion. Now let u € A,(G) with representation u =y >, g * fn, where
(fn); (gn) C Ce(G). Given € > 0, there exists a natural number ng € N such
that

o0

Z Ny (fn)Ny(gn) < €/2.

n=ng+1

Also if we put b = 3", g, * f,, then there is a V' € A such that

no
lev «h = Rlla, < No(fa)Ny(ev * gn — gn) < €/2.
n=1

Consequently,
lev xh —ulla, <|lev xh —hlla, +|u—hlla, <€ =

For the notion of amenability of a locally compact group we refer the
reader to [P]. Let us remark that a locally compact group G is amenable if
and only if it satisfies Leptin’s condition: for each € > 0 and any compact
subset K C @, there exists a measurable subset U C G such that 0 <
AU) < oo and A(KU) < (1 +¢)A(U); see [P, Theorem 7.3].

LEMMA 4.7. Let G be an amenable locally compact group, K a compact
subset of G and ¢ an N-function. Then for every e > 0 there exist 0 <
f € M?(G) and 0 < g € MY(G) such that u = g* f € Ay,(G) N C(G),
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lulla, <1+e€andu=1 on K, where 1 is the complementary N -function
to .
Proof. Take a compact neighborhood V of e, and let
1 ; M@V NKV)
u(x) = W(XKV *Xv)(z) = (V)

Then v € Ay(G) and 0 < u < 1. If x € K, then A(zV N KV) = A(zV) =
A(V), so that u(x) = 1, whereas if z ¢ KVV~! then 2V N KV = () and
hence u(x) = 0. Thus suppu € KVV~! which is compact. Now, since G
is amenable, by Leptin’s condition we may choose V' in such a way that
MEV) < (1+e)AV). Let f= ﬁx\/, g=xkv and u = g * f. Then

lulla, < (1V)N¢<XKV>N¢(XV>

S ()] 7 G|

<[ (wwom)] [ (cwse)]

<l+em
As an immediate consequence of Theorem [£.4] we have the following.

COROLLARY 4.8. If G is an amenable locally compact group and ¢ a Ag-
reqular N -function, then Cv,(G) can be identified with the dual of A,(G).

Proof. 1t is sufficient to show that the norms on A,(G) and A, (G) are
equivalent on the dense subspace A,(G). It is clear that |lv][4, < ||1)HA“¢ for
all v € Ay(G).

On the other hand, let v € A,(G) with K = supp(v). Given € > 0, by
Lemma 4.7}, there exists u € C.(G) such that u = 1 on K and |uf4, < 1+e.
Thus, v = vu and

[l 4, = lluvll 5, <32(1 +¢)l[v] a,,
as the proof of Lemma Hence [[v]a, < [jv]lz, < 32[lv]a,. =
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