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Large structures made of nowhere LY functions
by
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Abstract. We say that a real-valued function f defined on a positive Borel measure
space (X, u) is nowhere g-integrable if, for each nonvoid open subset U of X, the restriction
flu is not in LY(U). When (X, 1) has some natural properties, we show that certain sets
of functions defined in X which are p-integrable for some p’s but nowhere g-integrable
for some other ¢’s (0 < p,q < 0o0) admit a variety of large linear and algebraic structures
within them. The presented results answer a question of Bernal-Gonzélez, improve and
complement recent spaceability and algebrability results of several authors and motivate
new research directions in the field of spaceability.

1. Introduction. This work is a contribution to the study of large linear
and algebraic structures within essentially nonlinear sets of functions with
special properties; the presence of such structures is often described using
the terms lineable, algebrable and spaceable. This subject gained impulse
especially during the last decade, with important contributions from several
authors, see for example [1, [4], [6], [12] and [23]. For an up-to-date survey
on this topic, see [10].

Recall that a subset .S of a topological vector space V is said to be lineable
(respectively, spaceable) if S U {0} contains an infinite-dimensional vector
subspace (respectively, a closed infinite-dimensional vector subspace) of V.
Though results in this field date back to the sixties @ this terminology was
introduced only recently: it first appeared in unpublished notes by Enflo and
Gurariy and was first published in [2]. We should mention that Enflo and
Gurariy’s notes have been completed in collaboration with Seoane-Sepilveda
and will finally be published in [14]. It is also common to say that S is dense-
lineable if SU{0} contains a dense infinite-dimensional vector subspace of V.
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(*) In [18], Gurariy showed that there exists in C([0,1]) a closed infinite-dimensional
subspace consisting, except for the null function, only of nowhere differentiable functions;
see also [19] for a version in English.
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The qualifier maximal is often added to dense-lineable or spaceable when
the corresponding space contained in S U {0} has the same dimension of V.
There are, though, natural and more restrictive concepts of spaceability than
maximal spaceability, as we shall discuss in Section

The term algebrability was introduced later, in [3]; if V' is a linear alge-
bra, S is said to be k-algebrable if S U {0} contains an infinitely generated
algebra, with a minimal set of generators of cardinality  (see [3] for details).
We shall work with a strengthened notion of x-algebrability, named strong
k-algebrability:

DEFINITION 1.1. We say that a subset S of an algebra A is strongly
k-algebrable, where k is a cardinal number, if there exists a k-generated free
algebra B contained in S U {0}.

We recall that, for a cardinal number , to say that an algebra A is a
k-generated free algebra means that there exists a subset Z ={z,:a <k} CA
such that every function f from Z into any algebra A’ can be uniquely
extended to a homomorphism from A into A’. The set Z is called a set
of free generators of A. If Z is a set of free generators of some subalgebra
B C A, we say that Z is a set of free generators in A. If A is commutative,
a subset Z = {z4 : @« < K} C Ais a set of free generators in A if for each
polynomial P and for any zq,,.- ., 2q, € Z we have

P(zayy--+y2a,) =0 if and only if P =0.

The definition of strong r-algebrability was introduced in [5], though in
several papers, sets which are shown to be algebrable are in fact strongly
algebrable, as can be easily seen from the proofs. See e.g. [3], [7] and [I7].
Strong algebrability is indeed a stronger condition than algebrability: for
example, ¢y is w-algebrable in ¢y but it is not strongly 1-algebrable (see [9]).

1.1. Results on large structures of nonintegrable functions:
recent and new. Our object of study will be the quasi-Banach spaces
LP(X, M, ). For brevity, when there cannot be any confusion or ambiguity,
we shall write LP, LP(X, u) or LP(X) instead of LP(X, M, p). Our main fo-
cus will be on functions which are p-integrable but not ¢-integrable, for some
0 < p,q < o0, and specially on functions which are p-integrable but nowhere
g-integrable. The notion of nowhere-g-integrability we consider is connected
with open sets:

DEFINITION 1.2. Let 0 < ¢ < oo. A scalar-valued function f defined on
a Borel measure space X is said to be nowhere g-integrable (or nowhere L)
if, for each nonvoid open subset U of X, the restriction f| is not in LY(U).

In our context it would be pointless to substitute “for each nonvoid open
subset U of X” by “for each Borel subset U of positive measure of X” in the
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definition above; the reason is that, if 0 < p,q < oo and f € LP(X), there is
always a Borel subset of X of positive measure on which f is g-integrable.
This follows from a simple argument (see e.g. the final remarks in [§]). Of
course, not all Borel measure spaces (X, ) admit LP-nowhere-L? functions,
but there is a large class of such spaces which admit plenty of such functions,
as we will see.

Let us start by mentioning some recent results and open questions on
large structures within sets of functions which are p-integrable but not g¢-
integrable. For a survey on the results in this direction, we recommend [11].

THEOREM 1.3 (Bernal-Gonzélez and Ordonez Cabrera [9]). Let (X, M, p)
be a measure space, and consider the conditions

(o) inf{u(A): Ae M, u(A) >0} =0, and
(8) sup{u(A) : A € M, p(A) < 0o} = <.

Then the following assertions hold:

(1) if 1 <p < oo, then LP\U,~, L? is spaceable if and only if () holds;

(2) if 1 <p< oo, then Lp\Uq<p L1 is spaceable if and only if (8) holds;

(3) if 1 <p<oo, then LP \|J,, L? is spaceable if and only if both (c)
and (B) hold;

(4) if 1 < p < oo and LP is separable, then LP \ |
dense-lineable if and only if (8) holds.

Note that there are measure spaces X that satisfy («) and (3), but for
which there are no nowhere g-integrable functions in LP(X): it suffices that X
has an open singleton of positive measure, since in that case all functions will
be g-integrable on {z}. Bernal-Gonzalez et al. use the convenient terminology
‘(left, right) strict order integrability’ when a function is p-integrable but not
g-integrable for ¢ # p (resp. ¢ < p, ¢ > p). We refer to [I1] for improvements
on Theorem [1.3(2) above. And in [I3] there is a version of that same item
which includes quasi-Banach spaces:

q .
q<pL 1s maximal

THEOREM 1.4 (Botelho, Favaro, Pellegrino and Seoane-Sepilveda [13]).
The set LP[0,1]\ U,~, L%[0,1] is spaceable for every p > 0.

When it comes to nowhere integrable functions, Bernal-Gonzalez gave
the first initial result:

q>p

THEOREM 1.5 (Bernal-Gonzalez [8]). Let (X, M, ) be a measure space
such that X is a Hausdorff first-countable separable locally compact perfect
topological space and that p is a positive Borel measure which is continuous,
reqular and has full support. Let 1 < p < co. Then the set

(1.1) {f € L? : f is nowhere q-integrable, for each q > p}

1s dense in LP.
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It is clear that u having full support (that is, u(U) > 0 for every nonvoid
open subset U C X) is a necessary condition for the existence of nowhere
g-integrable functions. Based on the above result, Bernal-Gonzalez rose the
following question:

PROBLEM 1. Is the set (1.1)) lineable/mazimal lineable/dense-lineable?

It is quite natural to seek for other large structures within ((1.1)).
The authors of this work have also presented some results on large struc-
tures of nowhere integrable functions, including the following:

THEOREM 1.6 (Glab, Kaufmann and Pellegrini [17]). The set of nowhere
essentially bounded functions in L'[0,1] is

(1) spaceable, and
(2) strongly c-algebrable.

In this landscape, we present a few new results which solve Problem|[I]and,
under quite mild conditions on the measure space where our functions are
defined, complement /generalize the results mentioned above. We summarize
these results in Theorem [L.7] below.

THEOREM 1.7. Suppose that X is a topological space admitting a count-
able w-base (that is, a family (Uy), of nonvoid open subsets of X such that,
for each nonvoid open subset A of X, U; C A for some j) and that p is
a positive Borel measure on X. Let 0 < p < oo and set

Sp(X) =S, ={f € LP:fisnowhere L, for each q € (p,o0]},
S,=S,\ |J L9

0<g<p
g = {f € ﬂ L7 : f is nowhere LOO}.
0<g<oo
Then we have the following:

(a) if p is atomless, outer regular and has full support, then S, U {0}
contains an ly-isometric subspace of LP, which is in addition com-
plemented if p > 1;

(b) if p is infinite and o-finite, then LP \ Jy,, L? contains an £y-iso-
metric subspace of LP, which is in addition complemented if p > 1;

(c) if p is atomless, infinite, outer regular and has full support, then
S;)U{O} contains an Lp-isometric subspace of LP, which is in addition
complemented if p > 1;

(d) if p is atomless, outer reqular and has full support, then S, is mazi-
mal dense-lineable;

(e) if u is atomless, outer reqular and has full support, then G is strongly
c-algebrable.
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See Section [6] for comments on working with 7-bases instead of the more
usual bases of open sets. In addition to Theorem [I.7] we also prove that, for
special classes of positive Borel measure spaces, S, contains an isomorphic
copy of ¢y (see Theorems and and Corollary . This motivates a

new investigation direction concerning spaceability (see Section .

REMARK 1.8. Referring to items (a)—(c), it is worth recalling that for
p < 1, LP contains no complemented copy of £,. This is easily seen if one
recalls that, for p < 1, £, admits nontrivial continuous linear forms (e.g. the
evaluation functionals), while every nontrivial linear form on L? is discon-
tinuous.

REMARK 1.9. In any measurable space which admits a set of strictly
positive finite measure (in particular for (X, x) under the conditions in (e))
and 0 < p < g < oo, the set of LP functions which are not LY is not
algebrable; to see this, just note that if f is p-integrable but not g-integrable
on some set of finite measure U, then f" is not p-integrable if we choose
a large enough power n. There is therefore no hope of finding algebraic
structures of strict-order integrable functions in many cases. One exception
is given by:

THEOREM 1.10 (Garcia-Pacheco, Pérez-Eslava, Seoane-Sepulveda [16]).
If (X, M,p) is a measure space in which there exists an infinite family of
patrwise disjoint measurable sets A, satisfying p(A,) > € for some e > 0,

then oo
L=\ (L7
p=1

is spaceable in L™ and algebrable.

Note that Theorem (e) complements, in some sense, the algebrability
part of Theorem [1.10

REMARK 1.11. Theorem [I.7] relates to the previous results as follows:

e (a) generalizes Theorem Theorem [L.6|1) and, under our assump-
tions, also Theorem [L.3(1).

e It is not hard to adapt Theorem [1.3(2) for p < 1 and to see that
the space guaranteeing the spaceability can be isometric to ¢, and
complemented in case p > 1; since condition (3) from Theorem is
milder that the conditions in (b), it follows that (b) does not really add
much. But the construction in the proof we present is used to prove
also (c), thus we include (b) for completeness and clarity.

e Under our assumptions, (c) improves Theorem [1.3(3).

e (d) improves Theorem and gives a positive answer to Bernal-Gon-
zélez’s Problem [1l

(e) improves Theorem [L.6]2).



18 Sz. Glab et al.

The remaining sections are organized as follows. In Section [2] we will
prove Theorem (a)f(c), that is, its spaceability part. In Section (3| we
discuss some cases where we have a copy of {5 in S, U {0}, and motivate
a new research direction on spaceability, touching more qualitative aspects.
Section [4] contains the proof of the dense-lineability result (Theorem [L.7(d)),
and Section [5]concerns the algebrability result (Theorem[I.7(e)). In Section [f]
we briefly discuss conditions on positive Borel measure spaces under which
there exist, or not, functions p-nowhere-q integrable in the corresponding L?
spaces. We include related open problems throughout the text.

2. Spaceability: proof of Theorem [1.7|(a)—(c). Recall the following
standard result from functional analysis on Banach spaces:

THEOREM 2.1. Suppose that (X, ) is a Borel measure space. Let 1 <
p < 00, and suppose that (f,) is a sequence of norm-one, disjointly supported
functions in LP(u). Then (f,) is a complemented basic sequence isometrically
equivalent to the canonical basis of £),.

It is not hard to see that the same holds for 0 < p < 1, though com-
plementability is lost, as we previously pointed out. Our strategy to prove
Theorem (a)f(c) will be to find sequences of norm-one, disjointly sup-
ported functions in S,, LP \ |J, <q<p L and S,,, under the corresponding
assumptions.

LEMMA 2.2. Let X be a topological space with a countable w-base. Sup-
pose that p is an atomless and outer-reqular positive Borel measure on X
with full support. Let U be an open set such that p(U) > 0 and let € € (0,1).
Then there is a nowhere-dense Borel subset N of U such that u(N) > u(U)e.

Proof. Let (U,) be a m-base of U. Since p is atomless, there are Borel
sets By, C U, such that u(B,) < eu(U)/2". Since p is outer-regular, there
are open sets V! D B, with u(V)) < eu(U)/2". Let V,, = V, N U and
put V.=, Va. Then p(V) < ep(U) and V is a dense open subset of U.
Therefore N = U \ V is a nowhere dense subset of U with measure greater
than p(U)e. n

LEMMA 2.3. Suppose that p is an atomless positive Borel measure on X
with full support. Let A be a measurable set in X such that u(A) > 0 and
let (an) be a sequence in (0,00). Then there is a sequence (Ay,) of pairwise
disjoint measurable subsets of A such that 0 < p(Ay,) < oo and p(Apt1) <

anp(Ay).

Proof. We may assume that a,, < 1/2 for all n. Since u is atomless, there
is a Borel set A7 C A such that

0 < p(Ar) < Su(A).
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Likewise, there is a Borel set A9 C A\ A; such that
0 < p(A2) < arp(Ar) < gp(Ar).
Proceeding this way, we can find inductively A, C A\ |J;.,, A such that

0< N(An) < an—lluf(An—l) < %M(An—l);
this is possible since p(A\ U<, Ax) > 0. =
LEMMA 2.4. Suppose that p is an atomless positive Borel measure on X

with full support. Then for any given Borel set A in X such that u(A) > 0

there is a norm-one A-supported function h in LP \Uq>p

Proof. Let A C X be measurable and p(A) > 0; by Lemma there
exists a family {A;, ,, : n,m € N} of pairwise disjoint subsets of A of positive
measure such that p(Ap mi1) < 34(Anm). Let (r,) be a strictly decreasing
sequence of real numbers tending to p. Put

oo
hn - E a”n,mXAn,m)
m=1

where a;", (1(Anm) = 1/m. Then ||hy]|;, = co and

S‘h ’pdﬂ_ Z:anm:u Z Tn—p

m=1 An,m m
Since
1
™ —p +1 A (rn=p)/mn 1 (rn—p)/Tn
lim sup 22 i sup (F‘(nmﬂ)) < <> <1,
m—00 P m—oo 1(Apm) 2

by the ratio test for series we find that h,, € LP. Put

Zl h ||2n

Then hg € LP \ -, L? and [[hal = 1. u

Proof of Theorem (1.7 -(a) Let (U,) be a m-base of X. Since p is atomless
and outer-regular, we may assume that u(U,) < oo for each n. (Indeed,
suppose that u(U,) = oco. Hence U, # 0); select x € U,,. Since p is atomless,
w({z}) = 0. By the outer-regularity of u, there is an open neighborhood V'
of  with arbitrarily small p-measure. Since 1 does not vanish on open sets,
we have 0 < u(V NU,) < oo, and we may replace U, NV with U,.)

By Lemma @, there is a nowhere dense Borel set Ny C U; with 0 <
#(N7) < 1/2. Since N; is nowhere dense we can find a nonempty open set
U C Uy \ N1, and again by Lemma there is a nowhere dense Borel set
Ny C U C U with 0 < p(N2) < 1/22. We can then inductively define
a pairwise disjoint sequence of nowhere dense Borel sets (N,) such that
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N, C U, and 0 < u(N,) < 1/2"™. Decompose each N,, into p-positive and
pairwise disjoint Borel sets N, ,,. For each n, m there exists, by Lemma @,
a norm-one Ny, ,-supported function Ay, in L\ -, L?. If we put

)
f — hNn,nL
m § on
n=1

then (fp,) will form a norm-one basic sequence of elements from S, with
pairwise disjoint supports, and by Theorem our proof is complete. =

LEMMA 2.5. Suppose that p is an infinite and o-finite positive Borel
measure on X. Then for any given Borel set B C X of infinite measure,
there exists a function gg € LP\ Uq<p L1 which is zero outside of B.

Proof. Let B C X be Borel of infinite measure, and let { B, , : n,m € N}
be a family of pairwise disjoint subsets of B of positive finite measure such
that 2u(Bp,m) < pu(Bnm+1). Let (ry) be a strictly increasing sequence of
(strictly positive) real numbers tending to p. Put

o
In = E bn,mXBn,nH
m=1

where by, (1(Bpm) = 1/m. Then

o0 oo bp—rn
| lgnl”dpe = 3 0 s(Bum) = 3 =
X m=1 m=1
and since
oo (r— _
n,m B P—7n)/Tn 1 (p—7n)/Tn
lim sup C’f_tl = limsup('u(n’m)> < () <1,
m—00 n,m'" m—00 M(Bn,m—i—l) 2
m

by the ratio test for series we find that g, € LP. Letting

9B = i gn
2 g2

we deduce that gg € LP. It suffices to show now that gp ¢ L, for any ¢ < p.
Fix such a ¢; then r, > ¢ for large enough n, and so

1 q/mn
Clgall2) Sl > Jlanl? = 3= () lBun)

m

L\ (ra—a)/
— — Bnm "n=4)/Tn
Em (m> 1(Bnm)

1 a/Tn
= pu(By )= D/ Z<m> =00. m
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Proof of Theorem ( b). Since p is infinite and o-finite, each Borel set D
of infinite measure can be written as an infinite disjoint union of Borel sets of
infinite measure. To see this it is enough to verify that D contains an infinite
disjoint union of Borel sets of infinite measure D,,. In effect, we can define
inductively Borel sets C;, C D such that 1 < u(Ck) < oo; and let (My,)
be a pairwise disjoint family of infinite subsets of N. Then D,, = (J,¢ , Ck
is a family of Borel sets with the desired properties. The conclusion then
follows from Lemma [2.5] and the same argument that was used in the proof

of Theorem [L.7[a). u

The proof of Theorem [1.7(c) is a combination of the constructions from
the proofs of parts (a) and (b):

Proof of Theorem [1.7(c). Consider U,, N, and f,, as in the proof of
Theorem [1.7(a). Since (X \ U, Nn) = 00, X \ U, Nn can be written as a
disjoint union of Borel sets D,, of infinite measure. Then by Lemma [2.5] for
each m there is a norm-one function gp,, € LP\J qg<p L7 which is zero outside
of Dy,. Then the norm-one functions (fy + ¢gp,,)/2, m € N, are in S}, and
have almost disjoint supports. =

3. Qualitative spaceability. Before proceeding with our investigation
of the set S}, we briefly discuss some qualitative aspects of studying space-
ability. The starting point of such studies is always a topological vector
space V and an (often highly nonlinear) subset S C V. The first step is
to find a closed linear structure W in S U {0}, and the second step is fre-
quently to determine how big, in terms of dimension, W can be. But one
might also wish to determine what other properties we can expect W to
satisfy. For instance, Rodriguez-Piazza [24] proved that, in C([0,1]), the set
of nowhere differentiable functions, together with the zero function, contains
an isometric copy of every separable Banach space. This result was improved
by Hencl [20], who showed the same for the set of nowhere approximatively
differentiable and nowhere Holder functions. It is worth noting that the prop-
erty “SU{0} contains a copy of the original space V" is more restrictive than
“S is maximal spaceable in V”; several examples show that these properties
are not equivalent in many cases (take for instance V = L'[0,1] and S a
subspace isomorphic to f2). Another example of “S U {0} contains a copy
of V7 is obtained as an application of (b):

COROLLARY 3.1. £, \ U0<q<p Ly contains an isometric (and, if p > 1,
also complemented) copy of £,.

These remarks naturally motivate new directions of investigation con-
cerning spaceability. In our context of nowhere p-integrable functions, we
can pose the following:
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PROBLEM 2. Under appropriate assumptions, which subspaces of LP have
(isometric, complemented, etc.) copies in Sp U {0} (or in (LP\ Uycye, L)
U {0}, orin S, U{0})?

The same could be asked when studying the spaceability of any other sub-
set of a topological vector space. In the remainder of this section, we present
some initial results towards solving this problem (Theorems and , and

Corollary :

THEOREM 3.2. Suppose that 1 < p < oo, and that (X, ) is a positive
Borel measure space such that S,(X) is nonvoid. Then Sp(X x [0,1]) U {0}
contains a copy of Ls.

THEOREM 3.3. S,([0,1])U{0} contains a copy of £ for each1 < p < 0.

COROLLARY 3.4. S,([0,1]™) U {0} contains a copy of Ly for each 1 <
p < oo and each n € N.

Note that Corollary [3.4] follows easily by induction from Theorems [3.2]
and [3:3] Note also that Theorem [3:3]is another improvement of Theorem [I.4]
(for p > 1), in a different direction compared to the improvement provided
by Theorem [L.7(a).

To prove Theorem we shall need some auxiliary results. The first one
is a corollary of the following:

THEOREM 3.5 (Kitson and Timoney |21, Theorem 3.3]). Let (E,) be a
sequence of Banach spaces and F be a Fréchet space. Let T, : E, — F be
continuous linear operators and W = span{lJ,, Tn(En)}. If W is not closed
in F, then F'\ W is spaceable.

COROLLARY 3.6. Let E be an infinite-dimensional Banach space and V'
be the linear span of a sequence of elements of E. Then E\'V is spaceable.
In particular, if E is a sequence space, then the set of elements x = (x,,)
of E such that x,, # 0 for infinitely many n is spaceable.

Proof. Note that, for the first part, it suffices to show that E \ V is
spaceable when E is the closed linear span of (z,,) and V is the linear
span of (x,), for some linearly independent sequence (x,) in E. But in
this case, defining 7,, : R" — E by T,(A1,...,\p) = Z;'l:1 Ajx;, we have
V = span{{J,, T,,(R™)}. Since V" is not closed in E, we can apply Theorem 3.5
to conclude the proof of the first part.

For the second part, just apply the first part to V' = span{e,, : N}, where

{en : m € N} is the canonical basis of E. m

The sequence space we will be interested in will be /5. Recall that, if r,
are the Rademacher functions defined on [0,1] by r,(t) = sign(sin(2"xt))
and 0 < p < oo, then (ry,), as a sequence in LP[0, 1], is equivalent to the
canonical basis of /5.
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LEMMA 3.7. Let (an) € ly have infinitely many nonzero entries. Then
for all nonempty open U C [0, 1] we have (D anry)|v #Z 0, where Y apry is
a series in LP[0,1] (0 < p < 00).

Proof. Let (a,) and U be as in the statement, and set

00 7j—1 00
[= § anTn,  f<j = § anTn,  f>j = § anTn.
n=1 n=1 n=j

The set U contains an interval of the form I = [k/2", (k +1)/2"] for some
N eNand k=0,...,N — 1. Note that f.n is constant in I, but since we
have infinitely many nonzero a,’s, f>n is not constant in I. Thus f cannot
be constant in /. m

Proof of Theorem|[3.2. By Corollary there is a closed infinite-dimen-
sional subspace F' of span{r, : n € N} such that, for each nonzero element
Yool apry from F, infinitely many a,’s are nonzero. By Lemma for
each nonzero element h of F' and each nonvoid open subset U C [0, 1], we
have h|y # 0. Note that F, being a closed infinite-dimensional subspace of
a space isomorphic to £, is isomorphic to 5.

Let f be a norm-one element of S,(X), and define & : F' — LP(X x [0, 1])

by
( Z anrn) x,t) Z anrn(t

Note that the support of @)(h) is o-finite for each h € F, and @ is clearly an
isometric isomorphism onto its range. By Fubini’s theorem,
> p
45( anr > ‘
fo( S )|

= § ‘f(x) i anrn(t)’p dt dz
0

p

p

for all Y°°° | anry, € F. It follows that @(F') is an ¢2-isomorphic subspace of
LP(X x [0,1]).

It remains to show that ®(F) C S,(X x [0,1])U{0}. Let >~ | anry be a
nonzero element of F', U x (a,b) be a nonvoid basic open subset of X x [0, 1],
and p < g < co. Then

§fo(> )| =
(ab)  n=1

Q e O

‘i anra(t)] " dt | | (@)|7 da
n=1 U
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converges if ¢ = p (by Khinchin’s inequality and since f is p-integrable),
and does not converge if ¢ > p (since the first factor is strictly positive by
Lemma and f is not g-integrable). This concludes our proof. m

Before proceeding to the proof of Theorem we point out that it is
not hard to prove, using Theorem w, that (LP[0, 1] \ U,~, L7(0,1]) U {0}
contains a copy of fo, for 1 < p < oo. In effect, recall that there exists
a measure-preserving Borel isomorphism 1 from [0,1]* onto [0,1], which
in turn induces an isometric isomorphism ¥ from LP([0,1]?) onto LP[0, 1],
defined by W(f) = f oL, It is easy to verify that, for each f € LP([0, 1]?)
and each ¢ > p, f is g-integrable if and only if ¥(f) is g-integrable; in
particular, no function in ¥(S,([0,1]%)) is g-integrable for any ¢ > p, and the
claim follows. But the nowhere part is lost, since ¢ is not a homeomorphism.
We thus need to provide a finer construction.

Proof of Theorem[3.3 Let pu be the Lebesgue measure on [0, 1], that is,
the unique Borel measure such that p([k/2", (k +1)/2"]) = 1/2" for every
n€Nandk =0,1,...,2"—1. Denote by ) the Lebesgue measure on {0, 1},
that is, the unique Borel measure such that A((s)) = 1/2/*l for every finite
sequence s of zeros and ones, where |s| is the length of s and (s) stands
for the set of all x € {0,1}" such that x(k) = s(k) for k = 1,...,|s|. Let
g : {0,1}N — [0,1] be given by g(x) = >.°°, 2(n)/2". Note that g~1(k/2")
consists of two elements x,y such that z is a binary representation of k/2"
with z(m) = 0 for m > n, and y is a binary representation of k/2" with

x(m) = 1 for m > n. Moreover g~'(¢) is a singleton if ¢ is not of the form
k/2m.

CrAamM 1. p(A) = Xg~(A)) for every Borel set A in [0,1], and \(B) =
w(g(B)) for every Borel set B in {0, 1},

It is enough to show this for A = [k/2", (k+1)/2"] and B = (s). Let s be
a finite sequence of zeros and ones which is the binary representation of the
number k/2". Then |s| = n and g~!(A) = (s). Thus A(g71(4)) = A({(s)) =
1/2™ = p(A).

Let n = |s| and define k = s(n) +2s(n —1) +22s5(n —2) +---+2""15(1).
Then g(B) = g({(s)) = [k/2™, (k + 1)/2"]. Thus

wg(B)) = p([k/2", (k+1)/2")) = 1/2" = 121l = \(B).
Claim 1 is thus proved.

Cramvm 2. F : LP[0,1] — LP({0,1}Y) given by F(f) = fog is an
isometric isomorphism between LP[0,1] and LP({0,1}Y), with inverse L :
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Lr({0, 1}y — LP[0, 1] given by

h(g=1(t)) ift € [0,1] is not of the form k/2",
L(h)(t) =4 h(x) if t =k/2" and x is the binary representation
of t with x(m) =0, m > n.

Moreover, F|raj01) = L1({0, 1Y) for each q > p.

If Ais a Borel set in [0,1] and f = x4 is the characteristic function of a
set. A, then by Claim 1 we have

B | fdu=pA)=MgA) = | xgmdr= | fogdr
[0,1] {0,1}" {0,1}%

It is easily seen that also holds if f is a step function, and it follows
that

J 1fldu="§ [fogld

[0,1] {0,1}N
for each f € L'[0,1]. Tt follows easily that | f|, = ||f o gll, for f € L?[0,1].
This shows that F' is norm-preserving and F|[zq0,1) = L?({0, 1Y) for each
q>p-

It is clear that L is a left inverse for F. Note that, for a given h in
LP({0,1}Y), F(L(h)) possibly differs from h on a countable set of elements
x € {0,1} with z(m) = 1 for almost every m. Since \ is a continuous
measure, we have A\({z € {0,1}" : h(z) # F(L(h))(z)}) = 0. This means
that h and F(L(h)) are the same element of LP({0,1}). Thus Claim 2 is
proved.

Cram 3. F(S,([0,1])) = S, ({0, 1}Y) and L(S,({0,1})) = S,(]0, 1]).
Let f € S,([0,1]) and fix a basic set (s) in {0, 1}V. Note that there exists

a positive integer k such that g((s)) = [k/2",(k + 1)/2"], where n = [s|.
Since

F(f)xs) = (fo9)xsy = (FXps2n,e1)/207) © 9 = F (X [ks2n (k1) /27)
and fX[k/2n, (k1) /20 € L7]0,1], it follows by the previous claim that F'(f)x s
is not in LI({0,1}"Y). This means that F(f) is nowhere LI. We have thus
proved that F(S,([0,1])) C Sp({0,1}Y) and, in view of the previous claim,
that L(S, ({0, 1}")) > S,([0, 1))

Now let h € S,({0,1}Y) and fix a set [k/2", (k+1)/2"]. Let s be a finite
set which is the binary representation of k/2". Since hy is not in L? for
q > p, we have

L(hx(sy) = (h o g )Xkj2n (k1) /20) = LB X (k27 (k1) j27)-
Thus L(h) is nowhere L? and the proof of Claim 3 is complete.
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Given two positive Borel measure spaces X and Y, and 0 < p < oo, we
shall say that a map ¢ : LP(X) — LP(Y) preserves S, if ¢(Sp(X)) C Sp(Y).
Claim 3 asserts in particular that both F' and L preserve S),.

CLAIM 4. There is an isometric isomorphism G from LP({0,1}Y) onto
LP({0, 1} x {0, 1}YY) which preserves Sp.

Let o : {0, 1} x {0, 1} — {0, 1} be defined by
p((2(1),2(2),.. ), (y(1),9(2), ... ) = (2(1),y(1), 2(2), y(2), - .. ).

It is well known that ¢ is a homeomorphism of {0, 1}N x {0, 1}N and {0, 1}N.
Fix two finite sequences s and s’ of zeros and ones. Note that
1 1
oWl 3 = A(sHA((s")) = A x A((s) x (s))

and
1

Mp((s) % (0)) = srrsmer
The last equality follows from the fact that ((s) x (s)) is a subset of {0, 1}
with exactly |s| 4 |s'| coordinates fixed.

Using this we infer that A x A\(4A) = A(p(A)) for any Borel subset A of
{0, 13N x {0, 1}N. Then G : LP({0, 1} x {0, 1}Y) — LP({0,1}") defined by
G(f) = f o has inverse given by G~(h) = ho ™! and satisfies the desired
condition. This completes the proof of Claim 4.

Mimicking the reasoning used to prove Claims 1-3, we can show that
T : LP({0, 1} x [0,1]) — LP({0, 1} x {0, 1} defined by

T(f)(z,y) = f(x,9(y))

is an onto isometric isomorphism which preserves S,. Hence, we have built
the following chain of S,-preserving isometric isomorphisms:

2P ({0, 13" x [0,1]) = £P({0, 1}" x {0, 1}") & L7 ({0,1}") % L[0,1].
Theorem [1.7|implies that S, ({0, 1}) is nonempty, and thus an application of

Theorem 3.2 gives us a copy of £3 in S, ({0, 1} x [0, 1])U{0}. The conclusion
follows immediately. m

4. Dense-lineability: proof of Theorem (d) Before proceeding
to the proof of Theorem [1.7|(d), which will also be via Lemma we estab-
lish some notation. First, recall that a family {A; : ¢ € I} of infinite subsets
of N is said to be almost disjoint if A; N A; is finite for any distinct 4, j € I.
It is well known that there is a family of almost disjoint subsets of N of
cardinality continuum; a way to see this is to take an enumeration {g,} of
the rational numbers and to consider, for each x € R, a subsequence <q”7§)
of (gn) converging to x; then the family {{n}}ren : £ € R} has the desired

property.
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Let then {A], : @ < ¢} be a family of almost disjoint subsets of N. Fix a

sequence of integers 1 =ng < nj < --- such that
nk+171 1
Z - Z 1)
A i
i=ng
and consider My = {ng,ni +1,...,nx+1 — 1}. Define, for each o < ¢, 4, =

(U{Mj, : k € A}. Note that the family {A, : a < ¢} is almost disjoint and
1
2 5=
1€AL !
for each v < ¢. We fix {4, : @ < ¢} in what follows.
Proof of Theorem[1.7(d). For a fixed Borel set A of positive finite measure
and a < ¢ we define a function h9 as follows. Let {A,,, : n,m € N}
be a family of pairwise disjoint subsets of A of positive measure such that

1(Apm) > 21(Ap,m+1), and let (r,,) be a strictly decreasing sequence of reals
tending to p. Put

(41) h% = Z Amn X Ap,m»

mEAa
where a;n  ((Anm) = 1/m. Then a similar argument to that used in Lem-
ma shows that the A-supported norm-one function

o« o\~ Do
(4.2) hg = nz::l Thal

isin P\ U, L7
As in the proof of Theorem fix a basis (U,) for X, and let N,, C U,
be a sequence of pairwise disjoint nowhere dense Borel sets satisfying 0 <
p(Ny) < 1/2". For each a < ¢, by defining A% as in and putting
RN
=Y

n=1

we obtain f* € S}, of norm one.

Note that any ordinal number o < ¢ is of the form 8 4 n, where 5 is a
limit ordinal and n = 0,1,2,.... Let {Bg : § < ¢} be an indexation of all
Borel subsets of X. Then the set {(Bg,n) : 8 < ¢, n € N} has cardinality c,
thus there is a bijection (Bg,n) — a(f,n) onto all ordinals less than c.

For f < ¢ and n € N consider the functions

. 63 n) - 1 a n
(4.3) gt = gt O = x4 - O,

By our construction, the linear span of {go‘(ﬁ’") : B < ¢, neN}is dense
in the set of all simple functions on X, and therefore it is also dense in LP.
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We will show that any nontrivial linear combination of functions of the form
(4.3) isin Sy. Let (B1,n1), ..., (Bk, ng) be distinct and consider by, ..., by € R

which are not all zero, and write

g= blgﬁlvnl R bkgﬁk,nk
b b
ny ng

Consider a; = a(B;,n;), and note that «aq,...,a, are distinct ordinals. We
can then write
— b b bil aq bi (67
g=(bixpy, + -+ kXBBk)+n1f + +nkf
b o hocl b [e.e] hak
:(leBﬁl+...+kaBBk)+n11n 1 2]:[: ++n];;n 1 2]:[;

Consider the family {4, : I,m € N} of pairwise disjoint subsets of N,
of positive measure such that j(A;m) > 2(A;m11), and construct Ay as
in (4.1), using these subsets and the corresponding a;,,. Consider N € N
such that the sets C1 = Aq, \ {1,..., N}, Co = Ay, \ {1,...,N},...,Cr =
An, \ {1,..., N} are disjoint; this is possible since {4, : @ < ¢} is almost
disjoint. Then we have

Wi =" amxa,, = > amXa, T D mXAp.,

meAq; meAq;N{1,.,N} meC;
and thus
> h =1
Q= — = : a Z a >
Nn Z IERE Z Hh?szQl( Z mX A, T mXAlm
=1 =1 meAq,;N{1,...,N} meC;

gllh 2!

ey . o0 1 .
Writing w; = > %, DS > mec; @mXA4,,, for each i =1,... k, by our
l

Z AmX A, +Z ||ha’||QZ Z AmX Ay -

meAaq,N{1,....N}

construction each wj is in L,\|J,~, Lq and wy, . .., wy, have disjoint supports;

a>p
more precisely, the support of each w; is N} = |J,, Uiec, Arm- Note that
Span{fo‘iXUn N:‘L} C Sp. The fact that g € S, follows then from the fact that
adding a simple function to a function from S, results in a function from S,.

Since LP(X,p) is separable, it has dimension ¢, as does span{g®#™)

B < ¢, n € N}, which concludes our proof. =

5. Algebrability: proof of Theorem (e)

Proof of Theorem [1.7(e). Let (U,) be a basis for X. Similarly to the
construction at the beginning of the proof of Theorem (a), one can find
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pairwise disjoint nowhere dense Borel sets IV, such that N,, C U,, and 0 <
w(Ny,) < 1/2"™. Using Lemma we can find for each n a pairwise disjoint
family (Ny ;); of Borel subsets of N,, satisfying

N(Nn,j—i-l) < ﬁM(Nn,j)'

Note that, for each n,j, we have u(Nn ;) < 1/(j'2"). Let B; = U,, Nn,j-
Then all nonvoid open subsets of X intersect each Bj; in nonnull sets, and
on the other hand p(Bj) =Y, (N, ;) < 1/5.

Let {0, : o < ¢} be a set of real numbers strictly greater than 1 such that
the set {Inf, : @ < ¢} is linearly independent over the rational numbers. For

each o < ¢, define
gOl - Z HQXB

For each « the series Ej oL /j! converges, thus g, € LP for all a < ¢ and
0<p<oo.

Let us show that {g, : @ < ¢} is a set of free generators, and the algebra
generated by this set is contained in GU {0}. It suffices to show that, for any

positive integers m and n, for every matrix (k; :i=1,...,m,l=1,...,n)
of nonnegative integers with nonzero and distinct rows, for all ag,...,a, <c¢
and for all f1,..., Bm € R which do not vanish simultaneously, the function

g= Blgk” cghln 44 Bghm . ghmn

is in G. Flrst let us show that it is in ﬂ0<p<oo L?. Fix p and, for each
i=1,...,m, put 0; = 0’““ . -Qki". Then

(5.1) Flo < § 208161 + -+ 18nl8)7x5,
7j=1
B S
7j=1
where @ : (x1,...,2p) — (|B1|¢9] -4 |Bm|0%)P. Tt is straightforward to

find C,b > 0 such that Q(Q{, L0, ) < C 4V for all j. Thus the sum on
the right hand side of converges, and g € LP.

Since In; = In(0%1 - - - 6%in) = ki1 Inby, + -+ + ki In by, and Inb,,, ...,
In 8, are Q-linearly independent, the numbers Inéy,...,Iln6,, are distinct.
By the strict monotonicity of the logarithmic function we may assume that

(5.2) 01> > O
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we may also assume 1 # 0. Then we can write
o
9= (Bt + -+ Bmb)x5,-
j=1
From (5.2) and since f; is assumed to be nonzero, we can find jy € N such
that
|B2165 + -+ + |Bm 05, < 516161

for all j > jg. Then for those j,
18167 + - + Bl | > 81167 — (B2t + - - - + B,
> (Bul6] — (182105 + -+ + |Bml03,) > 3151167

Since each nonvoid open subset of X intersects all B; in nonnull sets, the
inequality above shows that g is nowhere essentially bounded. =

5.1. Comments and open problems. As a corollary of Theorem (e)
we have the following:

COROLLARY b5.1. If p is an atomless and outer reqular positive Borel
measure on X with full support and 0 < p < oo, then

Gp ={f € LP(u): f is nowhere L*(u)}
1s strongly c-algebrable.

It is a straightforward exercise for the reader to show, using a construction
similar to the one used to prove Theorem [L.7)(a), that G, is spaceable in L.
To finish this section we pose the following problem:

PROBLEM 3. Does G, U {0} admit dense or closed subalgebras of LP?

6. When are there nowhere ¢-integrable functions in LP? We
conclude this work with a couple of remarks and questions on necessary/
sufficient conditions on a positive Borel measure space (X, i), so that there
exist nowhere g-integrable Borel functions in LP(X). An obvious necessary
condition is that p has full support, so we will always assume that. It is not
hard to see that it is also necessary that X has the countable chain condition,
as Proposition below shows. Recall that X is said to have the countable
chain condition (or cce, in short) if any family consisting of open nonempty
pairwise disjoint subsets of X is countable.

PROPOSITION 6.1. Let X be a topological space without the ccc, assume
that p is a positive Borel measure on X with full support, fix 0 < ¢ < oo and
let f: X — R be a Borel function. If f|y is not in LY(U) for any nonvoid
open set U, then f is not in LP(X) for any 0 < p < 0o.
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Proof. Let (Us)ses be an uncountable family of pairwise disjoint non-
empty open sets. Since f|y, is not in LY(Uy) for any Us, f does not vanish
on Us. Thus for each 0 < p < oo and each s € S, || f|v, |l > 0. Fix 0 < p < o0.
Since S is uncountable, at least one of the sets

Sn;{seS:[i]f]pduzﬂn}

is uncountable. Hence { |f|P dy = oo. =
The next natural step is to pose the following:

PROBLEM 4. Suppose that X has the cce, and that u is a positive Borel
measure on X with full support. Given 0 < p < 00, does there exist a Borel
p-integrable function f: X — R which is nowhere g-integrable for all g > p?

We provide a partial answer to the problem above through a consistency
result. Recall first that the product of two spaces with the ccc does not need
to have the ccc, but this statement is independent of ZFC. Under Martin’s
axiom, the product of two ccc spaces does not have the ccc, but in some
models of ZFC there exists a topological space called a Suslin line, which
has the ccc but its square does not (cf. [22]).

THEOREM 6.2. [t is consistent with ZFC that there is a topological space
X satisfying the ccc such that, for any positive Borel measure p on X with
full support and any 0 < p < oo, there is no Borel function f : X — R in
LP(u) but nowhere Li(p) for any q > p.

Proof. 1t is consistent with ZFC that there exists a Suslin line X. Suppose

that there is a Borel function f : X — R in LP(u) but nowhere Li(u) for all
q > p. Let f: X% — R be defined by f(z,y) = f(z)f(y). Clearly f is Borel,
and since supp f is o-finite, so is supp f = (supp f)2. Fubini’s theorem then
implies that

{177 G x ) = [L£112,

X2
and for any two nonvoid open sets U,V C X and ¢ > p we have

§ 1717 dGex p) = § 1717 § 1117 = o0

UxV U \4

Hence f is a Borel function in LP(y x 1) but nowhere LI(p x ) for each
q > p, and p x p is a positive Borel measure with full support. Since X?
does not have the ccc, we get a contradiction. =

Finally we turn our attention to the presence of countable 7-bases. First,
note that there exist topological spaces X with countable 7w-bases but admit-
ting no countable bases, and with positive Borel measures with full support
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defined on them: take for example the Sorgenfrey line (the set of real num-
bers with the topology generated by intervals of the form [a,b)) with the
Lebesgue measure. The Sorgenfrey line Rg has a countable m-basis, so we
can apply Theorem to show that S,(Rg) is ¢,-spaceable; but any basis
of the Sorgenfrey line has cardinality c.

It turns out that the presence of a countable w-basis in X is also not
necessary for the existence of nowhere g-integrable functions in LP(X). In
fact, we have more.

THEOREM 6.3. Let X be a topological space with a countable w-basis.
Suppose that u is an atomless and outer-reqular Borel probability measure
on X with full support. Assume that Kk is an uncountable cardinal number.
Let Y = X% be the Tychonoff product of kK many copies of X, and consider
on'Y the measure X = p*, the product of k many copies of p. Then S,(Y)
is spaceable in LP(Y').

Proof. Let (U,) be a countable m-base in X. By the construction used
to prove Theorem (a) applied to X and pu, there is a norm-one basic
sequence fi, fa,... of elements of S,(X) with pairwise disjoint supports,
and with each f; of the form Y ;2 arxa, where Ay are Borel subsets of X.
For (2a)a<k € X*, put fi((Za)a<r) = fi(zo). Then (f;) is a norm-one basic
sequence in LP (Y) with pairwise disjoint supports. We need to show that
cach f; is in S,(Y). Note that f; is of the form 35° 1 GkX 4, , Where A, =
-Ak><111§a<n)(

Let V be a nonempty open subset of Y. We may assume that V' is of the
form ], ., Wa where W, are nonempty open subsets of X, and there is a
finite set F' C x such that W, = X if a € k \ F. Let Fy = F'\ {0}. We have
V =Wy X [[1<a<n Wa and

VIFilTax = 1> lawl%z,dN =D lax A (A N V)
v Vh=1 k=1
Z (Ao < T wa)
1<a<k
—Z|ak|q (A nWo) ] wWe
a€EFy
= H p(Wa) | [£:l" dp = oo.
acly Wo

Similarly we get

VIFilPax = |fPdp < oo. =
Y X
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