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Carleson measure and monogeni
 fun
tionsbyS. Bernstein (Freiberg) and P. Cerejeiras (Aveiro)Abstra
t. We present ne
essary and su�
ient 
onditions for a measure to be a p-Carleson measure, based on the Poisson and Poisson�Szeg® kernels of the n-dimensionalunit ball.1. Introdu
tion. The study of Hp-theory started in 1915 with the workof G. Hardy on the mean value of an analyti
 fun
tion on the unit disk. Itsoon proved to have a deep 
onne
tion with Lp-boundary results and it re-quired te
hniques of both real and 
omplex analysis. Attempts to extendthis theory to higher dimensions began in the seventies and 
oin
ided withthe dis
overy of the identi�
ation of the dual of H1 with BMO, the spa
eof fun
tions of bounded mean os
illation. The important result that ϕ ∈BMO i� its harmoni
 extension u to the unit ball has the property that
|∇u|2(1 − |z|)dxdy is a Carleson measure (C. Fe�erman) shows a 
lose rela-tion between this spa
e and Carleson measures.For a higher dimensional 
ounterpart there are several problems arising.In the �rst pla
e, the group of automorphisms of the unit ball (a Lie group) nolonger preserves the Lapla
e operator, but instead, it preserves the Lapla
e�Beltrami operator. Thus, the 
onformally invariant kernel is no longer thePoisson kernel, but the Poisson�Szeg® kernel. Se
ond, there exist two possiblegeneralizations to higher dimensions of the 
lassi
al 
omplex fun
tion theory,both dating from the 30's: 1) the several 
omplex variables' approa
h whi
hhas the strong drawba
k that the Cau
hy kernel strongly depends on theshape of the domain under 
onsideration, 2) the Cli�ord analysis' approa
hwhi
h started with the work of Fueter (1934) on quaternions and later onwas developed by the group led by Delanghe to deal with the universal real2000 Mathemati
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12 S. Bernstein and P. CerejeirasCli�ord algebras Cℓp,q. It presents the advantage of providing a Cau
hy kernelindependent of the domain and a series expansion, the so-
alled Cau
hy�Kovalevskaya extension, whi
h is in general linked to the Eu
lidean metri
.Thus, in order to 
onsider Carleson measures in a higher dimensional settingwe are led to an approa
h via Cli�ord analysis with an extra 
onsiderationof the tensor metri
 e�e
t on the arising reprodu
ing kernels.The layout of the paper is as follows: in Se
tion 2 we present some basi
de�nitions and results 
on
erning Cli�ord analysis. Se
tion 3 is dedi
atedto a short review of the automorphi
 group of the n-dimensional unit ball,followed by a des
ription of the main properties of the Poisson, Poisson�Szeg® and Szeg® kernels in Se
tion 4. Finally, in Se
tion 5 we shall 
onsider
p-Carleson measures, together with ne
essary and su�
ient 
onditions for ameasure to be a p-Carleson measure.2. Cli�ord analysis2.1. Cli�ord algebras. Let e1, . . . , en be an orthonormal basis of the realve
tor spa
e R

n equipped with the negative de�nite quadrati
 form,
Q(x) = −|x|2,where |·| denotes the standard Eu
lidean norm in R

n. We de�ne the universalreal-valued Cli�ord algebra Cℓ0,n as the 2n-dimensional asso
iative algebragenerated by R
n modulo the quadrati
 form Q(x). That is, in the algebra

Cℓ0,n we have the anti
ommutation relations
eiej + ejei = −2δij ,and a basis for Cℓ0,n 
onsists of the identity e0 = 1, together with the elementsof the form eA = ei1 · · · eik , where A = {(i1, . . . , ik) : 1 ≤ i1 < · · · < ik ≤ n}.Hen
e, ea
h element a ∈ Cℓ0,n 
an be written as a linear 
ombination of thebasis elements a =

∑
A aAeA, aA ∈ R. Hen
eforward, we will identify R

nwith the linear subspa
e R
0,n ⊂ Cℓ0,n spanned by e1, . . . , en.We de�ne an anti-automorphism 
alled 
onjugation (or main anti-invo-lution) in Cℓ0,n by its a
tion on the basis elements:

e0 = e0, ej = −ej , j = 1, . . . , n, ei1ei2 . . . eil = eil · · · ei1 .In parti
ular, for a ve
tor x ∈ R
n we have x = x1e1 + · · · + xnen = −xand xx = −x2 = |x|2, the square of the Eu
lidean norm of x.2.2. Cli�ord analysis. Cli�ord analysis o�ers a fun
tion theory whi
h isa higher dimensional analogue to the theory of holomorphi
 fun
tions of one
omplex variable (see e.g. [6℄).Let Ω denote an open region of R
n. Properties su
h as 
ontinuity, di�er-entiability, integrability, and so on, are as
ribed to a Cli�ord-valued fun
tion
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f =

∑
A eAfA : Ω → Cℓ0,n by requiring that all its real-valued 
omponents

fA should possess them.A Cli�ord-valued fun
tion f : Ω → Cℓ0,n is 
alled left monogeni
 (rightmonogeni
, or two-sided monogeni
) in Ω if Df = 0 (fD = 0, or Df =
fD = 0, respe
tively). Here, D denotes the Dira
 operator

Df =

n∑

j=1

ej
∂f

∂xj
.

An important fun
tion whi
h is both left and right monogeni
 is the gener-alized Cau
hy kernel
e(x) =

1

ωn

x

|x|n
,where ωn denotes the surfa
e area of the unit sphere in R

n.The higher dimensional Cau
hy's theorem and Cau
hy's integral formulaare as follows:Theorem 2.1 (Cau
hy's Theorem). Let Bn denote the open unit ballin R
n. If f and g are right and left monogeni
 in a neighborhood of Bn,then(1) \
Sn−1

f(y)n(y)g(y) dSn−1
y =

\
Bn

[(fDy)(y)g(y) + f(y)(Dyg)(y)] dy = 0

where dSn−1
y is the surfa
e element of the boundary Sn−1 of Bn, n(y) is theexterior unit normal to Sn−1, de�ned for almost all y ∈ Sn−1, and dy is thevolume element of the unit sphere.Corollary 2.2 (Cau
hy's Integral Formula). Under the previous 
on-ditions,
Crf(x) =

\
Sn−1

f(y)n(y)e(x− y) dSn−1
y =

{
f(x), x ∈ Bn,
0, x 6∈ Bn,

Clg(x) =
\

Sn−1

e(x − y)n(y)g(y) dSn−1
y =

{
g(x), x ∈ Bn,
0, x 6∈ Bn.These results 
an be generalized to any strongly Lips
hitz and boundedopen subset Ω of R

n with boundary ∂Ω and exterior unit normal n(y) de�nedfor almost all y ∈ ∂Ω. For details see [9℄, [8℄ or [7℄.As an immediate 
onsequen
e we �nd that both left and right monogeni
s
an be represented in terms of Cau
hy integrals.3. Conformal mappings of the unit ball. It is well known that a
omplex-valued 
onformal mapping preserving the unit disk B2 
an be writ-
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omposition of a Möbius transformation of type
ϕa(z) =

z − a

1 − az
, |a| < 1,(2)with a rotation w = eiφz, with 0 ≤ φ < 2π. The Möbius transformation ϕa
an be 
hara
terized as the unique 
onformal transformation whi
h preservesthe unit disk, maps a to the origin and its derivative satis�es ϕ′

a(a) > 0. It
an be proved that ϕa ◦ ϕ−a is the identity so that G(C) = {ϕa : |a| < 1}(endowed with the 
omposition) is identi�ed with a subgroup of SL(2, C),the spe
ial linear group. This parti
ular subgroup has the property of leavingthe 2-dimensional Lapla
ian invariant.Moreover, the derivative of (2) satis�es
ϕ′

a(z) =
1 − aa

(1 − az)2
=

1 − |a|2

(1 − az)2
,hen
e proving the invarian
e of the Poin
aré metri
 in the 
omplex disk

1
2 |ds| =

|dz|

1 − |z|2
=

|dϕa(z)|

1 − |ϕa(z)|2under the a
tion of this subgroup.The higher dimensional 
ounterpart of (2) is the transform
ϕa(x) = (x − a)(1 − ax)−1 =

(x − a)(1 − xa)

|1 − ax|2
,(3)where x, a are ve
tors of Bn, the n-dimensional unit ball (see e.g. [1℄, [3℄).In what follows we shall use the Möbius transformations de�ned via theright inverse of 1 − ax. By duality, analogous results hold for Möbius trans-formations de�ned via the left inverse. As in the 
omplex 
ase we have(see [3℄, [4℄)Corollary 3.1. Every 
onformal transformation χ leaving the unit ballinvariant 
an be written as the 
omposition of a Möbius transformation oftype ϕa with an orthogonal transformation. Moreover , if χ is dire
t then theorthogonal transformation is a rotation.Several properties are dire
tly extendable to the n-dimensional 
ase. Infa
t, simple 
al
ulations show that(4) 1 − |ϕa(x)|2 =

(1 − |a|2)(1 − |x|2)

|1 − ax|2
,proving that the group G(Rn) of transformations of type (3) preserves theunit ball. This, 
ombined with the relation between the di�erentials(5) |dϕa(x)| =

1 − |a|2

|1 − ax|2
|dx|,
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√

dx2
1 + · · · + dx2

n, proves the invarian
e of the n-dimensionalPoin
aré metri

|ds| =

2|dx|

1 − |x|2
=

2|dϕa(x)|

1 − |ϕa(x)|2under the a
tion of G(Rn). Therefore, the 
hange of variable y = ϕa(x),
|a| < 1, yields for the integral over the unit ball the formula\

Bn

f(y) dy =
\
Bn

f(ϕa(x))

(
1 − |a|2

|1 − ax|2

)n

dx.

Note that both (3) and the di�erential form (5) have a singularity at
z0 = a/|a|2. However, there is an important di�eren
e between the 
omplexand the n-dimensional versions of the group preserving the unit ball. Whilein C this group preserves the Lapla
ian, in the sense that

∆(f ◦ ϕa) = (∆f) ◦ ϕa, ∀ϕa ∈ G(C),this is no longer true in higher dimensions. On the other hand, the group
G(Rn) preserves the Lapla
e�Beltrami operator

∆LBf = div grad f =
1√
|g|

n∑

i=1

∂

∂xi

(√
|g|

n∑

j=1

gij ∂f

∂xj

)
,

related to the metri
 tensor ds2 =
∑

i,j gijdxidxj , where (gij) stands for theinverse matrix of (gij) and |g| = det (gij). In the present 
ase, we have forthe Lapla
e�Beltrami operator the expression(6) ∆LBf = (1 − r2)[(1 − r2)∆ + 2(n − 2)r∂r]f,and it satis�es the invarian
e 
ondition
∆LB(f ◦ ϕa) = (∆LBf) ◦ ϕafor all ϕa in G(Rn). The solutions of the Lapla
e�Beltrami operator are 
alledhyperboli
ally harmoni
 fun
tions or M-harmoni
 fun
tions .4. Poisson and Poisson�Szeg® kernels for Bn. In the two-dimensio-nal 
ase, it is well known that the Poisson and Poisson�Szeg® kernels 
oin-
ide, both integrals being 
onformally invariant. As a 
onsequen
e, harmoni

omplex-valued fun
tions are uniquely re
onstru
ted from their values on theunit sphere.In higher dimensions, however, that is no longer true, sin
e the Lapla
ianis no longer a 
onformally invariant operator; therefore, the Poisson kernel,whi
h is de�ned by means of the outward derivative of the Green fun
tion forthe Lapla
ian in the unit ball Bn, does not 
oin
ide with the Poisson�Szeg®kernel, a positive 
onformally invariant kernel arising out of the Szeg® kernel



16 S. Bernstein and P. Cerejeirasfor the unit ball. Moreover, both the Poisson�Szeg® and the Szeg® kernelsare 
onne
ted to the Lapla
e�Beltrami operator (6).In fa
t, let G(x, y) be the Green's fun
tion for the Lapla
ian with respe
tto the unit ball Bn. This fun
tion is uniquely determined by the followingproperties:
• it is smooth for all x ∈ Bn, y ∈ Bn su
h that x 6= y;
• ∆yG(x, y) = δ(x − y);
• for a �xed x ∈ Bn, G(x, y) − 1

ωn|x−y|n−2 is harmoni
 in the y variable;
• G(x, y) = 0 for all x ∈ Bn and y ∈ Sn−1.Denoting by ny = y the outward unit normal to Sn−1 at y we have thePoisson kernel in the unit ball

P (x, y) = −
∂G(x, y)

∂ny
=

1

ωn

1 − |x|2

|1 − xy|n
,de�ned in Bn×Sn−1. Note that P has a singularity of the same order as theone of the fundamental solution of the Lapla
e operator.Now, let us de�ne the Szeg® kernel in Bn. From the di�erential relation (5)we derive the 
hange of 
oordinates for the surfa
e element dSn−1 on Sn−1(unique rotationally invariant measure on the unit sphere) as\

Sn−1

dSn−1
ϕa(x) =

\
Sn−1

(
1 − |a|2

|1 − ax|2

)n−1

dSn−1
x ,leading to the following expression for the (positive) Poisson�Szeg® kernelin Bn (whi
h is related to the Szeg® kernel S(x, ξ)):(7) PS(x, ξ) =

(
1 − |x|2

|1 − xξ|2

)n−1

=
|S(x, ξ)|2

S(x, x)
,hen
e, for this last kernel we have(8) S(x, ξ) =

(
1 − ξx

|1 − xξ|2

)n−1

.The behaviour of the Szeg® kernel under the a
tion of G(Rn) is given by
S(ϕa(x), ϕa(ξ)) =

(
1

1 − |a|2
(1 − aξ)(1 − ξx) (1 − xa)

|1 − xξ|2

)n−1

.Moreover,
|S(ϕa(x), ϕa(ξ))| =

|S(a, a)|

|S(a, ξ)| |S(x, a)|
|S(x, ξ)|,and in the parti
ular 
ase of ξ = x we have (1 − ax)(1 − xx)(1 − xa) ∈ R.Therefore,

S(ϕa(x), ϕa(x)) =
S(a, a)S(x, x)

|S(a, x)|2
.
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tions 17These results lead to the transformation rule for the Poisson�Szeg® kernel
PS(ϕa(x), ϕa(ξ)) =

|S(ϕa(x), ϕa(ξ))|
2

S(ϕa(x), ϕa(x))
=

S(a, a)

|S(a, ξ)|2
|S(x, ξ)|2

S(x, x)

=
PS(x, ξ)

PS(a, ξ)
.Now, we obtain the following important result:Theorem 4.1. For ea
h �xed x ∈ Bn the measure dµx(ξ) on the bound-ary Sn−1 given by

dµx(ξ) = PS(x, ξ)dSn−1(ξ)is invariant under the transformations of type (3), that is,
dµϕa(x)(ϕa(ξ)) = dµx(ξ).Proof. Using relation (5) we have

dSn−1(ϕa(ξ)) =

(
1 − |a|2

|1 − aξ|2

)n−1

dSn−1(ξ).Now it is easily seen that
PS(ϕa(x), ϕa(ξ)) dSn−1(φa(ξ)) =

PS(x, ξ)

PS(a, ξ)

(
1 − |a|2

|1 − aξ|2

)n−1

dSn−1(ξ)

= PS(x, ξ) dSn−1(ξ).A simple 
al
ulation shows that −DD = ∆, where ∆ denotes the Lapla-
ian in R
n. Therefore, one 
an regard monogeni
 fun
tions as an analogue toholomorphi
 fun
tions. The linkage of monogeni
 fun
tions with harmoni
fun
tions tells us that every monogeni
 fun
tion is harmoni
. It is well-knownthat harmoni
 fun
tions 
an be represented by Poisson integrals. Unfortu-nately, in higher dimensions the Poisson integral is no longer invariant under
onformal transformations. This leads to the 
onsideration of hyperboli
allyharmoni
 fun
tions whi
h are not only 
onformally invariant but 
an berepresented by Poisson�Szeg® integrals.5. Carleson measures. In this se
tion we shall 
onsider the spa
e ofall real-valued f ∈ Lp(S

n−1), p ≥ 1, su
h that the Poisson�Szeg® transform
PS[f ](x) =

\
Sn−1

f(ξ)PS(x, ξ) dSn−1(ξ), |x| < 1,is a hyperboli
ally harmoni
 fun
tion. By abuse of language we shall denotehen
eforth these spa
es as hp, that is,
hp = {f ∈ Lp(S

n−1) : (∃g : Bn → Cℓ0,n) ∆LBg = 0

& sup
0≤r<1

‖g(r·)‖Lp(Sn−1) < ∞}.



18 S. Bernstein and P. CerejeirasFor the 
onsisten
e of su
h a 
onstru
tion, we refer to [10, The-orem 3.3.4(b) and Theorem 4.4.3℄. Finally, we shall prove that for every
f ∈ hp, its Lp-norm in the unit ball (with respe
t to a given measure ν) 
anbe estimated in terms of its Lp-norm on the unit sphere if ν is a Carlesonmeasure.Definition 5.1. A positive measure ν de�ned on the unit ball Bn in R

nis a p-Carleson measure if there exists a 
onstant A > 0 su
h that
ν(Qh(ξ)) ≤ Ah(n−1)pfor any subset

Qh(ξ) := {x ∈ Bn : |x − ξ| < h},where h > 0 and ξ ∈ Sn−1.In the 
ase of 
omplex fun
tions de�ned on the unit 
ir
le we make useof a Carleson box
{z = reiθ : 1 − h ≤ r < 1, θ0 ≤ θ ≤ θ0 + h}instead of Qh(ξ).The importan
e of Carleson measures is highlighted in the theorems tobe proved later in this se
tion. We will also need a 
overing lemma whi
h
an be found in [11℄.Lemma 5.2. Let F = {B(xσ, rσ) : σ ∈ Λ} be a family of balls withbounded radii. Then for ea
h 
onstant c > 0 there exists a 
ountable subfamily

{B(xi, ri) : i ∈ N} 
onsisting of pairwise disjoint balls su
h that ea
h ball in
F is 
ontained in one of the balls B(xi, cri).We de�ne the surfa
e ball E(x, r), x ∈ Sn−1 and r > 0, as the interse
tionof the ball B(x, r) with the unit sphere Sn−1. For ea
h a ∈ Bn we now
onsider the parti
ular family of surfa
e balls

Em(a) := E(a/|a|, 2m(1 − |a|))

= B(a/|a|, 2m(1 − |a|)) ∩ Sn−1, m = 0, 1, 2, . . . ,with Em(a) = Sn−1 for all m ≥ M, where M is the smallest natural numbersatisfying 2M (1 − |a|) ≥ 2 (see Figure 1). Moreover, it 
an be proved thatthis family has the following additional properties (see [2℄):(9) C(n)2n−2(1 − |a|)n−1

(n − 1)πn−2
≤ µ(E0(a)) ≤

C(n)2n−1(1 − |a|)n−1

n − 1and
µ(E(x0, tr)) ≤ ctn−1µ(E(x0, r)),from whi
h it follows that µ(Em(a)) ≤ c2m(n−1)µ(E0(a)).
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a/|a| ∈ Sn−1

Bn ⊂ R
n

E1 = E(a/|a|, 2(1 − |a|))

E0 = E(a/|a|, 1 − |a|)

a

Fig. 1. Surfa
e ballsThe following theorem provides a ne
essary and su�
ient 
ondition for apositive measure to be a Carleson measure, given in terms of the Poisson�Szeg® kernel.Theorem 5.3. A positive measure ν de�ned on the unit ball Bn is a
p-Carleson measure if and only if

sup
a∈Bn

\
Bn

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν < ∞.Proof. In a �rst step we assume
sup
a∈Bn

\
Bn

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν < Cp < ∞.For all a ∈ Bn we write a = |a| a
|a| = (1− δ)ξ, where ξ ∈ Sn−1 and 0 < δ < 1.Then for all x ∈ Qδ(ξ) we have

(10) |1−ax| = |1−ξx+δξx| ≤ |1−ξx|+δ|x| = |ξ−x|+δ|x| < δ+δ|x| ≤ 2δand, on the other hand,
1 − |a|2 = 1 − (1 − δ)2 = 2δ − δ2 = δ(2 − δ) ≥ δ.Therefore, we obtain the estimate

ν(Qδ(ξ)) ≤

(
(2δ)2

δ

)(n−1)p \
Bn

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν ≤ 4(n−1)pCpδ
(n−1)p.This ends the �rst part of the proof.Conversely, we now assume ν to be a Carleson measure, i.e.(11) sup

δ,ξ

ν(Qδ(ξ))

δ(n−1)p
= K(n, p) < ∞,and therefore ν is a �nite measure.



20 S. Bernstein and P. CerejeirasWe �rst assume |a| ≤ 3/4, so that(12) |1 − ax| ≥ 1 −
3

4
|x| ≥

1

4
.Note that Bn ⊆ Qδ(ξ) for all δ ≥ 2. Now(13) \

Bn

dν ≤ ν(Q2(ξ)) ≤ 2(n−1)pK(n, p),

and we obtain
sup

|a|≤3/4

\
Bn

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν ≤ 42(n−1)p sup
|a|≤3/4

\
Bn

dν

≤ 24(n−1)pν(Q2(ξ))

≤ 25(n−1)pK(n, p) < ∞.It remains to 
onsider the 
ase of |a| > 3/4. We de�ne for ξ = a/|a| thefamily of sets
F0 = Q2(1−|a|)(ξ) and Fk = Q2k+1(1−|a|)(ξ) \ Q2k(1−|a|)(ξ).(14)Hen
e, we get
ν(Fk) ≤ ν(Q2k+1(1−|a|)(ξ)) ≤ K(n, p)(2k+1(1 − |a|))(n−1)p.Furthermore,
|1 − ax| =

∣∣∣∣
a

|a|
− |a|x

∣∣∣∣ = |ξ − x + x − |a|x|(15)
≥ |ξ − x| − (1 − |a|)|x| ≥ 2k(1 − |a|) − (1 − |a|)|x|

≥ 2k−1(1 − |a|), ∀x ∈ Fk, k ≥ 1,while for x ∈ F0 we have 1/2 < |x| ≤ 1 so that
|1 − ax| ≥ 1 − |a| |x| = (1 − |x|) + |x|(1 − |a|) ≥ 1

2(1 − |a|),thus proving the validity of estimate (15) for all k ≥ 0. We then obtain\
Fk

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν ≤
(1 + |a|)(n−1)p(1 − |a|)(n−1)p

(2k−1(1 − |a|))2(n−1)p

\
Fk

dν

≤
2p(n−1)(3−2k)

(1 − |a|)(n−1)p
K(n, p)2p(n−1)(1 − |a|)(n−1)p

= K(n, p)22p(n−1)(2−k)
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tions 21and we 
on
lude the proof with
sup

|a|>3/4

\
Bn

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν = sup
|a|>3/4

∞∑

k=0

\
Fk

(
1 − |a|2

|1 − ax|2

)(n−1)p

dν

≤ K(n, p)24p(n−1)
∞∑

k=0

(2−2p(n−1))k < ∞.Finally, we present a ne
essary 
riterion for a positive measure to be aCarleson measure, based on estimates of the Lp-norm of the boundary valuesof f ∈ hp. For that purpose, we �rst prove the following result regarding anestimation of the values of a hyperboli
ally harmoni
 fun
tion by means ofits boundary values.Theorem 5.4. For every f ∈ h1,(16) |f(a)| . f̃(a) + ‖f‖1, ∀|a| < 1,where(17) f̃(a) := sup
m=0,1,...,M

1

µ(Em(a))

\
Em(a)

|f(y)| dSn−1
y .

Proof. Under the theorem's 
onditions we have (see e.g. [5, p. 34℄ for aproof in the harmoni
 
omplex 
ase)
|f(a)| ≤

\
Sn−1

PS(a, y)|f(y)| dSn−1
y .

For simpli
ity, write θ = ∠(x, a). For ea
h x ∈ Sn−1 and a ∈ Bn we havethe initial estimate
1 − |a|2

1 + |a|2 − 2|a| cos θ
≤

1 + |a|

1 − |a|
≤

2

1 − |a|
,whi
h 
an be improved, for |a| ≥ 1/2 and x ∈ Em+1(a) \ Em(a), to

1 − |a|2

1 + |a|2 − 2|a| cos θ
≤

22−2m

1 − |a|
.Applying the Poisson�Szeg® formula and inequality (9) we obtain, for

|a| ≥ 1/2,
|f(a)| ≤

1

ωn

\
Sn−1

|f |

(
1 − |a|2

1 + |a|2 − 2|a| cos θ

)n−1

dSn−1

≤
1

ωn

[ \
E0(a)

2n−1|f |

(1−|a|)n−1
dSn−1 +

M−1∑

m=0

\
Em+1(a)\Em(a)

22(n−1)(1−m)|f |

(1−|a|)n−1
dSn−1

]
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≤

1

ωn

[
C(n)22(n−1)

µ(E0(a))(n − 1)

\
E0(a)

|f | dSn−1

+
M−1∑

m=0

c2(m+1)(n−1)C(n)2n−1

µ(Em+1(a))(n − 1)

\
Em+1(a)\Em(a)

22(n−1)(1−m)|f | dSn−1

]

=
C(n)22(n−1)

(n − 1)ωn

[
1

µ(E0(a))

\
E0(a)

|f | dSn−1

+
M−1∑

m=0

c22−m/2 1

µ(Em+1(a))

\
Em+1(a)

|f | dSn−1

]

≤
C(n)22(n−1)

(n − 1)ωn

(
1 + 4c

M−1∑

m=0

2−m/2
)
f̃(a).In the 
ase of |a| < 1/2, we have the following estimate for the Poisson�Szeg® kernel:

PS(a, y) ≤

[
1 − |a|2

(1 − |a|)2

]n−1

≤ 2n−1, y ∈ Sn−1,and, therefore,
|f(a)| ≤

\
Sn−1

PS(a, y)|f(y)| dSn−1 ≤
2n

ωn

\
Sn−1

|f(y)| dSn−1 ≤ K‖f‖1.Combining the above estimates we get the desired result
|f(a)| . f̃(a) + ‖f‖1 for all |a| < 1.Theorem 5.5. If the positive measure ν de�ned on the unit ball Bn isa Carleson measure then for all 1 < p < ∞ there exists a 
onstant C > 0su
h that

( \
Bn

|f(x)|p dν(x)
)1/p

≤ C‖f‖p for all f ∈ hp.

Proof. In a �rst step, we shall prove that the mapping f 7→ f̃ is of weaktype (1, 1), i.e. the Carleson measure of the set Ms := {x ∈ Bn : f̃(x) > s}satis�es(18) ν(Ms) . s−1‖f‖1.Let Ks be a 
ompa
t subset of Ms. Consider the 
overing of Ks by thefamily of balls B(x/|x|, r), where x ∈ Ks and r = 2(1 − |x|). Note that
• B(x/|x|, r) ∩ Sn−1 = E(x/|x|, r);

•

∣∣∣∣
x

|x|
− x

∣∣∣∣ =

∣∣∣∣
x

|x|
(1 − |x|)

∣∣∣∣ = (1 − |x|), hen
e x ∈ B(x/|x|, r).
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tions 23Due to Lemma 5.2 (we will assume the 
onstant c = 4) and be
ause Ksis 
ompa
t we 
an extra
t a �nite subfamily {B(xi/|xi|, ri) : i = 1, . . . , l}satisfying
l⋃

i=1

B(xi/|xi|, ri) ∩ Bn ⊆ Ks ⊆

l⋃

i=1

B(xi/|xi|, 4ri) ∩ Bn.

In a

ordan
e with De�nition 5.1 we write Qri
(xi/|xi|) = B(xi/|xi|, ri)∩Bn.Sin
e ν is a Carleson measure we have

ν(Ks) ≤ ν
( l⋃

i=1

Q4ri
(xi/|xi|)

)
≤

l∑

i=1

ν(Q4ri
(xi/|xi|))

≤ A
l∑

i=1

(4ri)
n−1 = A8n−1

l∑

i=1

(1 − |xi|)
n−1.

Due to estimate (9), we get
A8n−1

l∑

i=1

(1 − |xi|)
n−1 ≤

A(n − 1)πn−2

21−2nC(n)

l∑

i=1

µ(E0(xi)).(19)
For ea
h xi ∈ Ks ⊂ Ms we have

s < sup
m=0,...,M

1

µ(Em(xi))

\
Em(xi)

|f | dSn−1 = f̃(xi),

µ(E0(xi)) ≤
1

s
sup

m=0,...,M

µ(E0(xi))

µ(Em(xi))

\
Em(xi)

|f | dSn−1 ≤
1

s
‖f‖1.

Inserting now this estimate in (19), we obtain
ν(Ks) ≤

A(n − 1)πn−2

21−2nC(n)

l∑

i=1

µ(E(xi/|xi|, 1 − |xi|))

<
A(n − 1)πn−2

21−2nC(n)

l

s
‖f‖1,and, therefore, ν(Ms) = supKs⊂Ms

ν(Ks) . s−1‖f‖1, whi
h 
on
ludes the�rst part of the proof.In a se
ond step, we shall prove that the mapping f 7→ f̃ is of weak type
(p, p) for p > 1, that is, ν(Ms) . ‖f‖p

p. For that we introdu
e the auxiliaryfun
tion
f1(x) =

{
f(x), |f(x)| > s/2,
0, otherwise,
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s

2
< sup

m=0,...,M

1

µ(Em(x))

\
Em(x)

|f1(y)| dSn−1
y ≤ f̃(x),

that is, Ms ⊂ M̃s/2 = {x ∈ Bn : f̃1 > s/2}. Therefore, ν(Ms) ≤ ν(M̃s/2)implies
ν(Ms) ≤ c‖f1‖1 ≤

c

s

\
Sn−1

|f1| dS
n−1 =

c

s

\
{x∈Sn−1 : |f |>s/2}

|f | dSn−1.

Using (18) we have
sp−1ν(Ms) ≤ Csp−2‖f‖1,whi
h leads to

2|f |\
0

sp−1ν(Ms) ds ≤ C

2|f |\
0

sp−2‖f‖1 ds = C
\

Sn−1

|f |

2|f |\
0

sp−2 ds dSn−1

= C
2p−1

p − 1

\
Sn−1

|f |p dSn−1 = C
2p−1

p − 1
‖f‖p

pfor all p > 1. Sin
e f̃ is ν-measurable in Ms we now apply the formula
sp

p
ν(Ms) ≤

1

p

\
Ms

|f̃ |p dν =

2|f |\
0

sp−1ν(Ms) dsto obtain the desired result.By the Mar
inkiewi
z interpolation theorem ([10℄), we 
on
lude that themapping f 7→ f̃ is of strong type (p, p) for all 1 < p < ∞, that is,(20) ‖f̃‖p
ν,p =

\
Bn

|f̃ |p dν . ‖f‖p
p.Finally, we 
on
lude our proof with the help of Theorem 5.4 and of (20).In fa
t,

( \
Bn

|f |p dν
)1/p

= ‖f‖ν,p ≤ K‖f̃ + ‖f‖1‖ν,p

≤ K(‖f̃‖ν,p + ‖f‖1ν(Bn)) . ‖f‖p,sin
e ‖f‖1 ≤ ‖f‖p for p > 1.6. Con
lusion. We must remark that this paper leaves several openquestions. First, it remains to establish a generalization of the 
lassi
al har-moni
 Hardy spa
es to Cℓ0,n-valued fun
tions. Se
ond, one should investigatethe possible 
onne
tion between these spa
es and the 
lassi
al harmoni
 hp,as well as its relation to already existing monogeni
 Hardy-type spa
es.
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