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Stability of the index of a linear relation
under compact perturbations

by

DANA GHEORGHE (Pitesti and Lille)

Abstract. We prove the stability under compact perturbations of the algebraic index
of a Fredholm linear relation with closed range acting between normed spaces. Our main
tool is a result concerning the stability of the index of a complex of Banach spaces under
compact perturbations.

1. Introduction. The purpose of this paper is to show that the alge-
braic index of a Fredholm linear relation with closed range acting between
normed spaces is stable under compact perturbations.

Let X and Y be two normed spaces. We denote by B(X,Y’) the normed
space of bounded linear operators from X into Y and by (X, Y’) the normed
space of compact operators from X into Y. A linear relation is a map T
from X into P(Y) :={A CY : A # 0} such that

Ter+Ty=T(x+vy), oTx=T(ax), Vz,ye X,VaecC)\{0}.

We denote by LR(X,Y) the set of all linear relations from X into Y. The
kernel of T € LR(X,Y) is the set N(T) = {z € X : 0 € Tz} and the range
of T'is the set R(T) = |J,cx T. The linear relation 7" is called Fredholm if
dim N(T') < oo and codim R(T") < co. In this case, the integer

ind(T) := dim N(T") — codim R(T)
is called, as usual, the indexr of T. The main result of this article is the
following.

THEOREM 1. Let T € LR(X,Y) be a Fredholm linear relation with closed
range. If K € K(X,Y) is such that the range of T+ K is closed, then T+ K
is Fredholm and ind(T) = ind(T + K).

Note that if T' is a continuous Fredholm operator between Banach spaces,

then R(T') and R(T + K) are closed linear subspaces of Y. In our case, the
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condition “R(T+ K) is closed” becomes a hypothesis because of the possible
lack of continuity of T

Our main tool is a result of Ambrozie [1, Theorem 5] concerning the
stability of the index of a complex of Banach spaces under compact pertur-
bations. We state a particular case of this theorem in Section 2. To relate the
index of a linear relation between normed spaces to the index of a complex
of normed spaces we use an idea of H. Zhang [8]. A similar result for the
stability of the algebraic index of a linear relation under small perturbations
has been proved in [4].

Acknowledgements. The author is grateful to Professor F.-H. Vasi-
lescu for his constant help and encouragement.

2. Notation and preliminaries. Let X; (i = 1,2, 3) be normed spaces,
and «; € B(X;, X;4+1) (i = 1,2). The sequence
(1) 0—X; 5 Xy %5 X3 -0
is called a complez if R(a1) C N(a). The complex (1) is said to be Fredholm
if dim N (o), dim N(ag)/R(a1) and codim R(a2) are finite. Define the index
of (1) by
(2) ind(1) := dim N (o) — dim N (a2)/R(a1) + codim R(ag).
The next result is a particular case of Theorem 5 in [1] (see also [2]), and

will be used to prove our main result.

THEOREM 2. Let X; (i = 1,2,3) be Banach spaces. Assume that the
complex (1) is Fredholm and (; € B(X;, Xit1) (¢ = 1,2) are such that the
sequence

(3) 0— X1 3 X 2 x50
is a complex. If B; —a; € K(Xi, Xit1) (i = 1,2), then (3) is Fredholm and
ind(3) = ind(1).
REMARK 1. The above theorem is due to A. S. Fainshtein and V. S. Shul’-
man. On the other hand, to prove our main result we may also use a result

of F.-H. Vasilescu [7] where «;,5; (i = 1,2) are as above and satisfy the
supplementary condition that (82 — a2)(81 — aq) is of finite rank.

Let X and Y be normed spaces, Xg C X a closed linear subspace and
Yy C Y a linear subspace. Let Ty : X — Y be a linear operator such that
To(Xo) C Yp. Then Tp induces the linear transformation 7' : X/ Xy — Y/Y)
defined by
T(x+ Xo) =Tox+ Yy, VaelX.

Let N(T) be the kernel of T, R(T) the range of T, G(T) the graph
of T, Go(T) := {(z,y) € X xY : T(x + Xo) = y+ Yo} and Ry(T) :=
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{y e Y :y+Yy € R(T)} Notice that R(T) = Ro(T)/Yy, Go(T) =
G(Ty) + Xo x Yp and Ro(T) = R(Tp) + Yo. The transformation 7' is said
to be Fredholm if dim N(T') and codim R(T') := dim(Y/Yp)/R(T") are finite,
and we define

ind(T) = dim N(T) — codim R(T)

to be the index of T.
We associate to T the sequence of normed spaces
(4) 0— X5 X x Yy 25 Y — 0,

where
ir(z0) = (20, Towo), Vo € Xo,

jr(@,y0) = Tox —yo, VY € X, yo € Yo.
It is easy to see that (4) is a complex.

LEMMA 1. The linear transformation T is Fredholm iff the complex (4)

18 Fredholm, and in this case,
ind(T') = —ind(4).
Proof. Define
Qo N(_]T) —>X/X0, Oz((ﬂ?,To.%)) :x—i-X[).
Clearly R(ar) = N(T') and N(«) = R(ir), thus N(jr)/R(ir) is algebraically
isomorphic to N(T'). Define
B:Y = Y/Ro(T), Bly) =y+ Ro(T).

The map £ is surjective and N(5) = R(jr), thus Y/R(jr) is algebraically
isomorphic to Y/Ro(T) = (Y/Yy)/R(T). The proof is complete. m

LEMMA 2. Let X, Y be normed spaces, M C X a linear subspace of X,
A C X an arbitrary subset of X, T € B(X,Y) and T' € B(Y', X') the ad-
joint of T. Let Bx and By be the closed unit balls in X and Y, respectively.
Then

(i) N(T') = R(T)* and N(T) = R(T")* (where L denotes the annihi-
lator or preannihilator of a set).

(ii) (BxNM)° = B%+M*, (M+A)° =M+NA°, T(Bx)° =T"YB%)
and [T~1(By)]° = T'(By) (where the circle denotes the polar of a
set).

Proof. The proof of (i) is classical and for the proof of (ii) see [6]. =

DEFINITION 1. Let X, Y be normed spaces and T : X — Y a linear
operator. We say that the operator T is open if there exists ¢ > 0 such that

(5) 0By N R(T) C T(Bx).
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REMARK 2. If XY are normed spaces and T' € B(X,Y) then T is open
if and only if the map X 3 2 — Tx € R(T) takes open sets in X into open
sets in R(T).

PROPOSITION 1. Let X, Y be normed spaces, T € B(X,Y) and K €
K(X,Y). If T is open and codim R(T") < oo, then T + K is open.

Proof. First of all we show that the adjoint 77 € B(Y’, X’) is open.
Because T is open, from Lemma 2 it follows that there exists ¢ > 0 such
that

[¢] o] 1 o

(6) T(Bx)° C [eBy NR(T) = R(T)™ + _ By
Using again Lemma 2 and (6) we deduce that

1

T-YB%) c N(T') + - By..

0

Hence,
eBx NR(T") ¢ T'(By),

that is, 7" is open. Remark 2 implies that R(T") is closed. From

dim N(T") = codim R(T) < codim R(T) < oo
it follows that 7" has an index. Applying [5, Corollary V.2.2] we find that
R(T" + K') is closed, and because T + K’ is continuous, it follows that
T'+K':Y' — R(T'+ K') is open. This implies that there exists o > 0 such
that

(7) 0B NR(T'+ K') c (T"+ K')(By,).
Using (7), Lemma 2 and the closedness of R(T" 4+ K') we obtain
(8) o[Bx + N(T + K)° € (T + K)™"(By)]".

Taking the polars of both sides in (8) and using the bipolar theorem it
follows that

o(T + K)™H(By) = ol(T + K) ™' (By)]” C [Bx + N(T + K)|*°
=Bx+N(T'+ K) C2Bx + N(T + K),

which yields
0By NR(T + K) C 2(T + K)(Bx),

that is, T+ K is open. =

REMARK 3. If T € B(X,Y) is open then the proof above shows that
R(T") is closed.
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3. Proof of the main result. The product of two normed spaces X3
and X5 will be endowed with the norm

(21, 22l = (1| + lz2l®)/2, (w1, 22) € X1 X Xa.

LEMMA 3. Let X andY be normed spaces, Xog C X a closed linear sub-
space and Yo CY a linear subspace. Let Ty € B(X,Y) and Ky € K(X,Y)
be such that To(Xo) C Yo and Ko(Xo) C Yo. Suppose that Ty is open,
Ko|Xo : Xo — Yo is compact, and R(Tp) + Yy, R(To + Ko) + Yo are closed
subspaces of Y. Let T, K : X/Xo — Y/Yy induced by Ty and Ky respec-
tively. If T is Fredholm, then T + K is Fredholm and ind(T") = ind(T + K).

Proof. Associate to T+ K, as in the case of T, the sequence of normed
spaces

9) 0— Xo T, X x vy Ty o,
where
iT+Kk(20) = (20, (To + Ko)zo), Vzo € Xo,
Jr+i(x,90) = (To + Ko)r —yo, Vo € X, yo € Yp.

It is easy to check that (9) is a complex.
(a) Some properties of ip, jr, ir+Kx and jpig. It is clear that ip €
B(Xo,X xYp) and R(ir) is closed. On the other hand,

[zoll < ll(zo, Towo)| = [liz (o)l
It follows that
BX><Y0 N R(iT) C iT(BXO)a
hence i is open. Clearly, jp € B(X x Yy, Y'). Because R(Tp) + Y is closed,
the map [ from the proof of Lemma 1 is continuous. As R(jr) = N(B), it
follows that R(jr) is closed. Consider the maps

s: X x Yy — R(To) x Yo, s(x,y0) = (Tox, %),
t:R(To) x Yo =Y, t(Tox,y) = Tox — yo.

Notice that t is open. Because Ty is open, it follows easily that s is open.
Hence, jp = tos is open. On the other hand, codim R(Tp) = codim R(T') < oo.
Hence, Proposition 1 shows that 1o+ Kq is open. So, we can replace T with
Ty + Ko to conclude that i1 and jryx have the same properties as i1
and jp.

(b) The adjoints of complezes (4) and (9). We consider the sequences

(10) 0—Y I X' x v L X} — 0,
(11) 0— Y I X v T XY 0.,

Using Lemma 2 and Remark 3 it follows that (10), (11) are complexes, (10)
is Fredholm, and

(12) ind(4) = ind(10).
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Moreover, (9) is Fredholm iff (11) is Fredholm, and in this case,
(13) ind(9) = ind(11).

We will use Theorem 2 to prove that (11) is Fredholm and ind(10) = ind(11).
To do this, we write (11) as a compact perturbation of (10) as follows.
Consider the compact operators

7 X() — X X }/0, Z(.T}o) = (O,Ko.%'o),
J:XxYo—=Y,  j(z,y)= Koz

Note that i74x = i + ¢ and jr4x = jr + j. Because ¢ and j are compact
it follows that i7., p- — i and ji., g — j7- are compact. Applying Theorem 2
we deduce that (11) is Fredholm and

(14) ind(10) = ind(11).
(c) End of proof. Using Lemma 1 and (12)—(14) we find that
ind(7) =ind(T’+ K). »
Let X be a normed space and M := {z € X : ||z|| = 1}. Define
I3(M) :={\: M — C : supp \ is finite},

where supp A = {z € M : \(z) # 0}. We endow the vector space [}(M) with
the norm [[A]| = > .,/ [A(z)]. Consider the linear operator

So:lg(M) — X, SoA= ) Aa)z.
xeM
Obviously, Sy € B(I{(M), X) and Sy is surjective. Define the linear operator
S :I§(M)/N(Sp) — X,  S(A+ N(Sp)) = So.

Then S is continuous and bijective.

Let T € LR(X,Y) be a linear relation and ¢r : ¥ — Y/T(0) be the
canonical surjection. Associate to T', as in [3, Section 1.6], the linear trans-
formation

qrT : X = Y/T(0), (qrT)(x) =y +T(0),
where y € Tz is arbitrarily chosen. We see that Ro(q7T) = R(T) and
(15) T is Fredholm iff ¢rT is Fredholm, and ind(T) = ind(qrT).

Proof of Theorem 1. We denote N(Sp) by Xo and 7'(0) by Yy. Con-
sider the linear relation T'S € LR(I}(M)/X,Y). Because S is bijective, we
have T'(0) = (7'S)(0), and hence (15) shows that ind(T) = ind(¢rT) =
ind(qr(7S)) = ind(Q), where Q = qrT'S. Thus

(16) ind(Q) = ind(T).
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Consider

1 :Go(Q) — (M), ai(\y) = A,

a2 Go(Q) = Y, @2\ y) =y.
Clearly q1, g2 are continuous and ¢ is open. On the other hand, the map ¢;
takes open sets in Go(Q) to open sets in R(q1), hence

Y(q1) == sup{d > 0:0d(&, N(q1)) < [|q:&]l, V€ € Go(Q)} > 0.
Let
Q1: Go(Q)/(Xo x Yo) = Ig(M)/Xo,  Qa2:Go(Q)/(Xo x Yo) = Y/Yp

be induced by ¢ and ¢s. It follows easily that ()1 is bijective and QQ = @5 o
Q"' For x € M, let e, € I;(M) be such that e,(z) = 1 and suppe, = {z}.
Using the fact that ¢; is surjective and ~(q1) > 0 we deduce that for all
x € M there exists & = (ez,¥yz) € Go(Q) such that [|;]] < r, where
r > ~(q1)~!. Define the linear operator

G : (M) = Go(R),  a(\) =3 A@)& = ()\, 3 )\(x)yz).
zeM zeM
From the choice of £, it follows that ¢ is continuous and a simple compu-
tation shows that qg is open. Let

Ty : lo(M) =Y, Ty=qa0q.
The linear operator Ty is continuous open and because g» induces ()2 and
qo induces Ql_l, we deduce that Tp induces Q). Using
R(T) = R(TS) = Ro(Q) = R(Tp) + Yo
and the closedness of R(T) it follows that R(Tp) + Yp is closed.
Let 7: (M) — I§(M)/ X0 be the canonical surjection and
Ko:l}(M)—Y, Ko=KST.
Note that Ky is compact and K| Xy is identically zero. Let
Q = qr1x)5(T + K)S = qr(T + K)S.
We have
QA + Xo) = [qr(T + K)S|(A + Xo) = QA + Xo) + qr KST())
=To(A) + Yo + qrKo(A) = To(A) + Ko(A) + Yo,
that is, Q is induced by Tp + Ko. From
R(T + K) = R((T + K)S) = Ro(Q) = R(To + Ko) + Yo

and the closedness of R(T + K) it follows that R(Tp + Ko) + Yo is closed.
We are now in a position to apply Lemma 3 to the operators Tp and Kp.
It follows that () is Fredholm and

(17) ind(Q) = ind(Q).
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On the other hand, using (15) we see that (T + K)S is Fredholm iff Q is
Fredholm, and

(18) ind((T + K)S) = ind(Q).

From the bijectivity of S and (16)—(18) the conclusion of the theorem fol-
lows. =

REMARK 4. Let X be anormed space. If K € K(X), then ind(I — K) =0.
In particular I — K is injective iff I — K is surjective.

REMARK 5. Let X, Y be normed spaces, T : X — Y a linear bijection
and K € K(X,Y). Suppose that the equation

Ter+Kxr=0

has at least one nontrivial solution. Then there exists y € Y such that the
equation
Te+ Kx=vy

has no solution.
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