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Interpolating discrete multiplicity varieties for Ag((C")
by

Bao QIN L1 and ENRIQUE VILLAMOR (Miami, FL)

Abstract. A necessary and sufficient condition is obtained for a discrete multiplicity
variety to be an interpolating variety for the space Ag((C" ).

1. Introduction. In this paper, we will consider interpolation problems
for the space AY(C™), which is the ring of entire functions in C" with the
property that for every € > 0, there exists a constant A. > 0 such that
1£(2)] < AceP®) for all z € C", i.e., sup,ecn|f(2)|e™PZ) < oo, where p is
a weight (see §2). AJ(C™) is an important class of entire functions. When
p(z) = |z, A?Z‘(C”) is, via the Fourier-Borel transformation, topologically
isomorphic to the ring of infinite order differential operators. The space
Ag((C”) has a natural projective limit structure. This kind of spaces appear
naturally in complex, harmonic, and functional analysis.

Let V' = {(Ck,mk)} be a discrete multiplicity variety in C™ (cf. §2)
and Ag(V) be the space of multi-indexed sequences {ak,l}keN,OS\IKmk of
complex numbers with the property that for every € > 0, there exists a
constant A; > 0 such that

mi—1
D lana| < AceP) for all k € N,
11]=0
where I = (i1,...,i,) € (ZT)" and |I| = iy + - - + ip. If for any sequence

{ak,1} ke, 0<|1j<m, in Ag(V), there always exists an entire function f in
AY(C™) such that

I
(1.1) 191 f(Ck)
I 921
we will say that V' is an interpolating (multiplicity) variety for Ag((C”).
Clearly, condition (1.1) means that f has a prescribed finite collection of
Taylor coefficients at each (.

= ak,1 fOTkﬁEN,0§|I|<mk,
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Note that the constant A. in the definition of A)(C") depends on the
arbitrarily given €, which makes the growth condition for Ag((C") more re-
strictive than that for the Hérmander algebra A,(C"), the space of entire
functions in C" satisfying |f(z)| < AeBP*), 2 € C", for some A, B > 0, or
simply |f(2)] < Ae#P?), z € C, for some A > 0. The space AS(C") has a
different topological structure from the one of A,(C"), and there is no weight
q such that AY(C™) becomes a space Aq(C™). We refer to [2, pp. 294-299]
for a discussion of relations and differences between A,(C™) and A9(C™).

To study problems such as analytic continuation for Dirichlet series and
representation of analytic solutions of partial differential equations of infinite
order, one needs to consider interpolation problems for the space Ag((C”) in-
stead of 4, (C™) (see e.g. [1], [2], [4] and references therein). In [2], a sufficient
interpolation condition for A?Z‘ (C™), using distribution of points of V' in a
“tube neighborhood” of V' (cf. (2.4) and Remark 2.6 below), was obtained
by Berenstein—Kawai—Struppa by expressing A|OZ\ (C™) as a sort of inductive
limit of A,(C™). It however does not provide necessary interpolation con-
ditions. The main purpose of this paper is to give a similar interpolation
condition, which is however both necessary and sufficient for interpolation
in Ag((C") and applies to arbitrary discrete multiplicity varieties in C™. The
proof of the result will use some existing interpolation results and methods,
especially those in [5], [11] and [12]. We state the theorem in §2 and give its
proof in §3.

Acknowledgments. The authors are grateful to the referee for helpful
suggestions.

2. Definitions and results. We first fix some notions and notations
which will be used throughout the paper.

DEFINITION 2.1. A plurisubharmonic function p : C* — [0, 00) is called
a weight (function) if it satisfies the following conditions:

(2.1) log(1 +|2|%) = o{p(2)},
(2.2) p(z) =p(lz]),  p(2z) = Ofp(2)}.

DEFINITION 2.2. Let A(C™) be the ring of all entire functions on C™.
Then

AY(C™) ={f € A(C™) : V¥e > 0, JA. > 0 such that

[f(2)] < Acexp(ep(2)), z € C"}.
A simple but important example of weighted spaces Ag(@”) is A|OZ\ (Cm),

which is the space of entire functions of infraexponential type; it plays im-
portant roles in Dirichlet series, Fabry-type gap theorems, etc. (see e.g. [2]).
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Let f # 0 be a holomorphic function on an open connected neighborhood
of ( € C™. Then a series Zj’;u P;(z — () converges uniformly on some
neighborhood of ¢ and represents f on this neighborhood. Here P; is a
homogeneous polynomial of degree j and P, # 0. The nonnegative integer
v, uniquely determined by f and (, is called the zero multiplicity, or zero
dwisor, of f at ¢, denoted by divs(().

Let V' = {(Ck, mi)} be a multiplicity variety, that is, a discrete set {(;} C
C™ with |(x| — oo together with a sequence {my} of positive integers. We
write V' C f71(0) if div(Cx) > my for each k, i.e., each (i is a zero of f
of multiplicity at least my. Associated to V', there is a unique closed ideal
in A(C"),

J=J(V):={f € AC") : divy (k) > my, Vk}.
Two entire functions g, h in C” can be identified modulo J if and only if
Mg(¢e)  OMh()
oz 0
here and throughout the paper, we use I to denote a multi-index, that is,
I = (i1,...,in) € (ZT)", ZT = {0,1,...}. The quotient space A(C™)/J
can be identified with the space A(V') of all sequences {ar,1}ren, o<|1|<my
of complex numbers. The map

0<|I| <myg, keN;

|1]
(2.3) f o) = {w

1921 }kEN,0§|I|<mk
is the natural restriction map from A(C") into A(V).

DEFINITION 2.3. Let V' = {((x, mi)} be a multiplicity variety on C™.
Then we define

AV = {a = {ars} € A(V) :Ve >0, 3A. > 0

mk—l

such that Z lak.1| < Ac exp(ep(Cr)), k € N}.
|1|=0

Using Cauchy’s estimates, it is easy to check that ¢ is a map from Ag(C”)
to AY(V). But, in general, the space A)(V) is larger.

DEFINITION 2.4. A multiplicity variety V' = {((x, mx)} is an interpolat-
ing variety for AJ(C™) if the restriction map ¢ is surjective from A9(C") to
AY(V).

Clearly, that V is an interpolating variety for Ag((C") means that for
any multi-indexed sequence {ay,;} € AY(V), there exists an entire function

f € AY(C™) such that 91 f(() /102" = ayr for all k € Nand 0 < |I| < my,
i.e., f has a described finite collection of Taylor coefficients.
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We obtain the following both necessary and sufficient interpolation con-
dition, which applies to arbitrary multiplicity varieties in C™.

THEOREM 2.5. Let V = {(Cx, mi)} be a multiplicity variety in C" and
N > n a positive integer. Then V is an interpolating variety for Ag((C") if
and only if there exist an entire holomorphic mapping f = (f1,..., fn) with
fi € AY(C") and a positive function q(z) = o{p(z)} such that V C f~1(0)
and, for some constants €,C > 0, each connected component of the set
(2.4) Sy(f;6,C) == {2z € C": |f(2)] < ee”C1=)}
contains at most one point in V and has diameter at most one.

REMARK 2.6. The above condition is given by means of distribution of
points of V' in a “tube neighborhood” S,(f;e,c) of the variety V, which
bears a resemblance to the interpolation condition for the Hérmander alge-
bra A,(C™) in [12]. Such a geometric condition has been fundamental in the
study of interpolation problems, slowly decreasing ideals, division problems,
etc. (see [1], [2], [5], [7], etc. and references therein). A similar sufficient con-
dition was given in [2, Theorem 3.2] when V' is the complete intersection of
zero sets of some locally slowly decreasing functions in Ag(C”), which is the
main interpolation theorem used to prove the Fabry-type gap theorems in [2,
§4]. Note that the multiplicity varieties in Theorem 2.5 are arbitrarily given.
If no multiplicities are involved, the condition in Theorem 2.5 is equivalent
to an estimate of the Jacobian of the entire holomorphic mapping f in the
theorem and was given in [11]. Some other related results can be found in
[1]-[5], etc.

We conclude this section by the following corollary, which uses the nec-
essary and sufficient condition of Theorem 2.5. It does not seem trivial to
see whether an interpolating variety for A?ZI(C”) is an interpolating vari-
ety for AJ(C™), where ¢ > |z| is another weight. This is, however, a trivial
consequence of the following general result.

COROLLARY 2.7. If a multiplicity variety V- = {(Cx,mi)} in C" is an
interpolating variety for Ag((C"), then it is also an interpolating variety for
AS(C") for any weight ¢ > p.

Proof. By the necessary condition of Theorem 2.5, there exist an en-
tire holomorphic mapping f = (f1,..., fn) and a positive function ¢;(z) =
o{p(z)} satisfying the conditions in Theorem 2.5. Since ¢ > p, we have
AD(C™) € AY(C™) and q1(2) = o{q(z)}. Thus, the conditions in Theorem 2.5
also hold for AS(C”). By the sufficiency of the condition in Theorem 2.5,
V is an interpolating variety for A9(C™).

3. Proof of Theorem 2.5. For convenience, in the following proof we
will use 0 < € < 1,¢ > 0 to denote numerical constants, which may depend
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on n and the actual value of which may vary from one occurrence to the
next.

To prove the necessity, we first write down explicitly the projective limit
topologies of Ag((@”) and AS(V) by specifying their neighborhood bases,
which will be needed later. For each positive integer m, let A,, = {f €
A(C™) || fllm.co < 00}, where || f]lm.co := SUp,cen | f(2)|e 7P/ ™ The space
AO((C”) is endowed with the natural projective limit topology (see e.g. [13]
for basics of projective limit topology). A neighborhood base of f € AJ(C")
is given by all the intersections

(3.1) A€ () Unm,
meH

where U, is any neighborhood of f in A,, with respect to the topology
induced by || f|lm,cc and H is any finite subset of N. The space A)(C") is
metrizable and complete as a projective limit of complete locally convex
spaces.

In the same way we set A, (V) = {a = {ar,1} : ||a|lm,00 < 00}, where
llallm,oo := SUPLeN Zr;f:_ol |lax.r]e P()/™ Then a neighborhood base of a €
AY(V) is given by all the intersections

(3.2) AV () Vi,
mel

where V,,, is any neighborhood of a with respect to the topology in A, (V)
induced by [|a|lm,c and I is any finite subset of N. The space A%(V) is also
metrizable and complete.

Consider now the map ¢ : A)(C") — AY(V) defined in (2.3). It is surjec-
tive since V is an interpolating variety for AO »(C™). Tt is easy to check that

 is linear and continuous. Thus, by the open mapping theorem (see e.g. [9,

p 294]), ¢ maps every neighborhood of 0 in AO((C”) onto a neighborhood
of 0 in A)(V).

For each positive integer m, let Uy, = {f € AJ(C") : || fllm,0o < L},
where L,, > 1 is a positive number. One can take L., properly so that

33 o((UF) 2 Wi ={a={aes} € AYV) : fall, 0 < )

for some positive numbers I,,,, ¥y, with v, > 1 (cf. [11]). We include the
proof of (3.3) for completeness. In fact, UD, = Uy, N AY(C"), where Uy,

{f € A(C") : | fllmoo < Lm}. By (3. 1) ﬂ] L U} is a neighborhood of 0
in AY(C™). Thus, go(ﬂ]: U?) contains a neighborhood of 0 in A%(V) and
s0, by (3.2), contains an open set of the form ((,,c; Vin) N Ap(V), where
Vin is defined as in (3.2) and I is a finite subset of N. We then deduce that
there exist an integer /,,, > 0 and a -, > 0 such that gp(ﬂ?zl UJQ) contains
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the set W2 of (3.3). The positive constant 7, obtained above might not
satisfy the required condition that ~,, > 1. If this happens for some m, we
can revise the above sets. Suppose that m is the smallest positive integer so
that 7, < 1 (m might be 1). We then replace L; by (1/vm)l;, UJQ by

~ 1 1 1

U]Q = ’V_mU]Q = {—mf fe U]Q} = {f EAg((C”) oo < ’Y_mLJ}
for 1 < j < m, and W2 by Wio = (1/9m)W} for each 1 < i < m, which
satisfies the desired requirement that 7; := 7; /vm > 1 for each 1 < i < m.
We can continue this process and eventually obtain a sequence of sets in
AY(C™), still denoted by U, and a sequence of sets in A)(V), still denoted
by W,,, which satisfy (]2, UJ) 2 Wy, and ,, > 1 for each integer m > 1.
This shows (3.3).

Next, we will use the fact that go(ﬂ;n:l U?) 2 W), to produce a sequence
of functions with certain “good” properties, which will help us to construct
the mapping desired in the theorem (compare [12]). For each fixed k € N
and 1 < ¢ < n, (3.3) implies that there exists a sequence {g; k.m oo, of
entire functions such that g; j m € ﬂ;n:l U ]0 and

3u|gi,k,m<cl)
Qp(gi,k,m) = { T 9.

with all the entries in this sequence being zero except one which is 1, specified
as follows:

} ew?
leN, 0<|I|<my

alll i,k,m
i"’#f@l) =0, VI, V0<|[I] <my except that
3.4 !
SO eganta)
151022 ’

where [, = my/2 if my is even and I, = (my —1)/2 if my, is odd. (This
sequence clearly belongs to WY . And it is here where we used the fact that
Ym > 1.) Since g; g.m € ﬂ;nzl U]O, we have [|g; kmlljco < Lj for 1 <j <m
and so

(3.5) \Gikom (2)| < Lje?®/i 1 <j<m, zeC"

In particular, |g; x.m(2)| < L1eP*), 2 € C". By (2.2), it is easy to check that
there are two constants A, B > 1 such that

(3.6) p(w) < Ap(2) + B

whenever |w — z| < 2¢/n.
Thus, we see that {g; k.m }oo_; is uniformly bounded on compact sets in
C™ and so that {g; km } is a normal family by Montel’s theorem (see e.g. [8]).
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By passing to a subsequence we can assume that {gzkm} converges to a
function g; , in C" as m — oo, which is an entire function in C" by the
Weierstrass theorem. Clearly, g; ; also satisfies

Mg x(¢)
0z!

0" gin(Ck)

1ozl

=0, VI, V0 <|I| <m except that
(3.7)

)

since each g;m satisfies (3.4). From the fact that lim,, .o ¢i km(2) =
gi.x(2) and from (3.5) it follows that for each m and each z € C" there
exists an integer mg > m such that
196,k (2)] < 1936 (2) = i kmo (2)] + |9ikmo (2))]
<1+ |gikmo (2)] < 14 Lye?)/

for each 1 < j < mg. In particular,
19ix(2)] < 14 LpeP®/™ < 2L, ePR/™,
Note that this inequality is true for each m. We have
(3.8) 195,k (2)] < exp(inf{log(2Lyn) + p(2)/m}) = exp(qi(2)),

where ¢1(z) = inf,,,{log(2L,,) + p(2)/m}. Clearly, q1(z) = o{p(z)}.
Take a large positive number K and define, for each fixed integer i (1 <
i <n),

39) £ =Y bl L exp(—2nAq(G), zeCn

K+1
2 T+ 1G]

where h; , = gzk if my, is even and h; , = (z; — Ck,i)g?’k if my, is odd; here
z=1(21,...,2n), ¢t = (Ck15---,Ckn), and A is the number in (3.6). We will
prove that f; € A)(C™). We denote by f; . the general term of the series in
(3.9). We then have, by virtue of (3.8),

310) 1l < (2] + 16D ) oy ep(—2n A (G1)
< (1+ \z\)eQ‘“(z) m exp(—2nAqi (Cx))-

Write d;, = min{1,inf;+; | — (x|}, and Dy = B((k,dr/2), the ball
centered at (j with radius dy /2. Then dy, < 1 and D ND; = ) for k # 1. By
(3.6), when |z — w| < 24/n, we have

(3.11) q(z) < Aigf{log@Lm) + p(w)/m} + B = Aq:(w) + B,
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where A and B are the numbers in (3.6). If d;, < 1, then there is a (; €
V N B({k, 1) such that ¢; # ¢ and dy, = |{; — (k|- By (3.7) we know that

Ol i i (Gl Ol i
g »J (lC]) =1 and g »J (ICk) = 0.
lj!(?zif l]'azl’
Also, by Cauchy’s estimate, we know that
Lj. .
T00D) <o maxlgus(w)] < cetn@8,
lj!azij weCn : lw—z|<1

in view of (3.8) and (3.11). Thus, by the Schwarz lemma ([8, p. 7]), we have

oYa;
'7%’{,(2) < ceAnC)FTB 1, | for |z — G < 1,
0z;
and in particular,
lin. (.
1: 8.917](4-]) <CeAq1(§k)+B’<_Ck|
D25 N ! 7
or di = [(; — Ck| > ge~ A0 () This inequality is obviously also true if

dr = 1. Therefore in any case the volume of the ball Dy satisfies vol D =
7™(dy, /2)%" /n! > ee~ 2401 (&) We thus deduce, by (3.10), that

. 201 ()L 1 o
312) a0+ B0 T | e ep(-2ndn (60) do
1

(1 + ¢ ™
where do is the Euclidean volume element in C". Note that if z € Dy,

L+ 2] <1+ |z = Gl + |Gl <2+ |Gl < 2(1 + |Ckl)-
Therefore, in view of the fact that Dy, N'D; = () for k # [, we have

<c(l+ |Z|)62q1(3) S
Dy

do,

> 1 > 2K
(3.13) Z S 7@32 S — = do
=D (14 [Ck)E =D, (1+[z))&
1
<K\ —— ___do=:2K[
~ (cSn (1—|—|Z|)K g < 0

if we take K sufficiently large. Also, by (3.11), g(w) < A¢i(z) + B whenever
|lw—z| < 1.

We have thus showed that the series f; = Y 7~ | fi x converges uniformly
on compact sets in C™ and so that f; is an entire function in C". Moreover,
by virtue of (3.12) and (3.13), we have

(3.14) [fi(2)] < e(1+ [z])e*n ).
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But (14 |2])e?0(?) = elog(1+12D+2a1(2) — co{p(2)} by (2.1). We thus conclude
that f; € AY(C™).

Let f = (f1,..., fa). It is obvious that V' C f~1(0) by the construction
of each f; (see (3.7) and (3.9)). Next we will find a positive function g such
that a tube neighborhood S, (f; e, C) satisfies the conditions in the theorem.
By (3.9) and (3.7) one can check that f;, 1 < i < n, can be expanded into
the following power series at each (:

(3.15)  fi(2) = ez — Cri)™

o0

+ Z Ciyrooin (0= Ce)™ -+ (20 = i) -+ (G = Cn)™

i1+t 2mgtng

where
1
3.16 = —2nA
Ci,,...i,’s are complex numbers, and n, = my/2 if my, is even and nj =

(mg 4+ 1)/2 if my, is odd.

Next, we let w = (uq,...,u,) be a unit vector in C™. Then there exists
an ¢ (1 < i < n) such that u; > 1/y/n. For this fixed i, we see, by (3.15),
that for w € C,

(3.17) Fi(w) := fi(¢e + vVnuw)
= (vVn)™ cpu ™ w™ 4+ nrwst + Z bjwj,
J>sk
where s > 3my/2 is an integer, and 7, and b; are complex numbers.

Let Gi(w) = Fi(w)/w™. Then G;(0) = (v/n)™*cxuj™ > cx. By (3.14)
and (3.11) we have |G;(w)| < ¢(1 + |&|)e?A0 () for |w| = 1, which is
also true in |w| < 1 by the maximum modulus theorem. Also let H;(w) =
G;i(w) — G;(0). Then by (3.17), we see that H,;(w) has a zero at w = 0 of
order at least my, /2. Note that |H;(w)| < 2¢(1 + ||)e?A0 (k) on |w| < 1.
We have, by the Schwarz lemma, |H;(w)| < 2¢(1 + |(g])e249 (€ jw|™+/2 on
|lw| < 1. Thus, if a # 0 is a zero of F;(w) in |w| < 1, then G;(a) = 0 and
thus

2¢(1 + |Gl )e* A0 o] ™/2 > | Hy(a)| = |Gi(0)] = (V)™ exui™ > e,
or by (3.16),

la|™*/2 > (2¢) 711 + | |) TET2e2ACFDGG) > o (1 4| ¢ ]) e en(or)

for some e,¢ > 0. If we let d, = min{1,dist(0, F; 1(0) \ {0})}, we have
showed that

(3.18) d™e > e(1 4 |G]) ~Ce e ) = (24/n 6;,) ™.
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Note that G;(w) has no zero in |w| < 265, < d,, < 1 by the definition of d,,.
Recall the following result from the Carathéodory theorem (see e.g. [10]): If
h is holomorphic and has no zero in |w| < R with h(0) = 1, then

2
log |h(w)| > ~7 j " log ma>1(2|h(w)| for |lw| <r < R.

lw|=
Applying it to G;(w) in |w| < 2d;, we deduce that for |w| < dy,

e a)

lo
g |w|:26k

> =2 log( max

which implies that
log |G;(w)| > —2log( max |G;(w)|) + 3log|G;(0)|
k

|w|=28
and so that

[Giw)] = ( max |Gi(w))2|Gi(0)?

> e (L [Gel) e AN ) > e(1 4 |Gf) e en )
for some e, ¢ > 0. By (3.18) we have, for |w| = dj,
|Fi(w)] = [ Gi(w)| = §;7*|Gs(w)] = (1/2v/n) ™ (L + [¢ul) e ().
On the other hand, by (3.15), (3.14), (3.6), and by the Cauchy estimates,
1 0™ fi(Gr)

(mg)!  0z"*

Cr —

c c
< @y R < G (G,

where P, = {z€C":|z; — (1 | <2y/n, 1 <j <n}. Hence, (1/2\/n)™*
> e(1 + [C) e () and we finally conclude that on |w| = J,
1£i(Ce + Vnuw)| = |Fy(w)] > e~ for some €,¢ > 0 independent of
u and k, where g(z) = log(1 + |z|) + q1(2) = o{p(2)} by (2.1) and the fact
that ¢1(z) = o{p(2)}.

Since the above u is an arbitrary unit vector, we have thus showed that

1F(Ch + 2)| > [ £i(Ch + 2)| > eecalw)

for |z| = /ndg. By virtue of (3.11) we have |f(z)] > ee~“4*) for some
e,C > 0on |z — (x| = v/ndk. Note that /ndy < %du < % in view of (3.18).
We have thus showed that the connected component Uy, of S(f;¢e,¢) ={z €
C™ : |f(2)| < ee~ €4} containing ¢, must be completely contained in
the ball |z — (x| = /ndk, which has diameter at most 1 and does not
contain any other points of V. This shows the necessity of the theorem when
N =n.If N > n, we can easily add N —n entire functions f,,41,...,fn €
AJ(C") satisfying V C f;1(0), n+1<j < N.Let F = (fi,..., fn). Then
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Sq(F;e,C) C S¢(f;¢e,C). Thus, the mapping F' satisfies the conclusion of
the theorem.

To prove the sufficiency, let {ar,1}ren, 0<|7j<m, De any given sequence in
AY(V). For any integer m there exists a ¢, > 1 such that er?"“:_ol lak, 1| <
cmeP)/™ for each k € N since {ay s} € A)(V) and, meanwhile, |f(z)| <
CmeP &)™ for each z € C", since f € AY(C™). Thus,

mi—1
(3.19) Z lak,r| < exp(inf{log c,, + p(x)/m})
|1]=0 "

for each k£ and
(3.20) |[F(2)] < exp(inf{log ey, +p(z)/m})
for z € C". Define
9a(2) = inf{log cm + p(2)/m},  a(z) = max{q(2), ga(2)}-

Then «a(z) = ofp(2)}.

We recall the following theorem [6, 1.7 and 1.8]: For any continuous and
increasing function w(r), if w(r) satisfies (2.1) and (2.2), and w(e") is convex,
then for any function h(r) : [0,00) — [0, 00) satisfying h(r) = o(w(r)) there
exists an increasing function g(r) such that g satisfies (2.1) and (2.2), g(e")
is convex, and h(r) = o{g(r)} and g(r) = o{w(r)}. Applying this result
with w = p and h = « we obtain an increasing function g, (r) such that
(2.1) and (2.2) are satisfied, g,(e") is convex, and a(r) = o0{q.(r)} and
qa(r) = o{p(r)}. Then q4(|z]) = ga(e™!?!) is plurisubharmonic and thus a
weight. Also, there exists a ¢ > 0 such that a(z) < g.(|z|) + c¢. We see,
by (3.19) and (3.20), that Z‘”}Ll’;_ol |lax.1| < edalSDFe for each k and some

¢ > 0, and |f(2)] < e®(zD+e for each 2 € C", which implies that f €
Ay, (C") C AY(C™). Also, it is easy to see that Sy, (f;e0,C) C S4(f;e,O),
where g9 = e~°“e. Thus, by the hypotheses of the theorem, each connected
component of Sy, (f;e9,C) contains at most one point in V' and such a
component has diameter at most 1. Then the proof of the sufficiency can be
finished using the interpolation for the space A,, (C"), or by the following
argument.

Let Uy, be the connected component of S, (f;e0,C) containing (. We

define an analytic function A : Sy, (f;€0,C) — C by

A(z) = Sito awi(z =)' if z € Uy,
0 ifZESqa(f;g[)?C)\UkeNUk.

Then it is clear that
1 OMING)
n oz G.T
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for all £ € N and all 0 < |I| < my. Moreover, on Uy we have |z — ;| < 1,
since the diameter of Uy is at most 1, and thus

mk—l
(3.21) IA(2)| < Z lag, 1| < e9() < gAta(2)+B

11]=0

for some A, B > 0 by virtue of the property (2.2) of a weight, which implies
that g,(w) < Aqq(z) + B whenever |w — z| < 1. By the definition of A,
estimate (3.21) holds for all z in Sy, (f;€0,C). We then use the following
result [5, Theorem 2.2]: If \ is analytic and satisfies |\(2)| < eA9(*) T8 for
some A, B > 0 on S4(f;¢,C), where ¢ is a weight and f = (f1,..., fm) :
C™ — C™ is an entire holomorphic mapping with f; € A,(C™), then there
exists an entire function F' € A,(C") such that F(z) = A(z) on the variety
f(z) = 0. Applying this result to our function A, we obtain a function
F e A, (C") C AY(C™) such that F(z) = A(z) on f~1(0) 2 V. In particular,

1 OMFP(G) 1 OMIN(G)

9 1 9. MM
for all £ € N and all 0 < |I| < my. This shows that V is an interpolating
variety for A)(C"), and thus concludes the proof.
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