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On the boundedness of the differentiation
operator between weighted spaces of holomorphic functions

by

ANAHIT HARUTYUNYAN (Yerevan) and WOLFGANG LUSKY (Paderborn)

Abstract. We give necessary and sufficient conditions on the weights v and w such
that the differentiation operator D : Hv(2) — Hw({2) between two weighted spaces of
holomorphic functions is bounded and onto. Here 2 = C or 2 = D. In particular we
characterize all weights v such that D : Hv(£2) — Hw(S2) is bounded and onto where
w(r) =v(r)(1 —r) if 2 =D and w = v if 2 = C. This leads to a new description of
normal weights.

1. Introduction. Let {2 be the complex plane C or the open unit disk
D ={z € C: |z| < 1}. A weight v on {2 is a continuous non-increasing
function v : [0,a[ — ]0,00] where a = 1 if 2 =D and a = oo if 2 =C. We
assume that lim, ,qv(r) = 0 if a = 1 and lim,_, 7™ v(r) = 0 for all m > 0
if @ = oo. For a function h : 2 — C and r € [0, a[ put
Muo(h,r) = sup |h(z)] and ||hll, = sup M (h,r)v(r).

|z|=r 0<r<a
We consider the Banach space
Huv(2) = {h: 2 — C holomorphic: ||h]|, < co}

endowed with the norm || - ||,. Hence, a holomorphic function h satisfies
h € Hv(82) if and only if Mo (h,7) = O(1/v(r)) as r — a.

There is an extensive literature about the Banach spaces Hv({2) and
their generalisations to other domains {2 C C™ or to corresponding spaces of
harmonic functions (see e.g. [19, 20, 21, 2, 11, 8, 12, 15, 16, 14]). Moreover,
many authors study special classes of operators between such spaces. For
example, the authors of [3, 6, 9] discuss multiplication operators M, f = ¢- f,
f € Hu(£2), where ¢ is a fixed holomorphic function. Other papers ([7, 5, 22]
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and many more) deal with composition operators C,f = fo, f € Hv({2),
where ¢ : {2 — {2 is again a fixed holomorphic function.

Also, there is a vast literature on interpolation and sampling in these
weighted spaces of holomorphic functions (e.g. [17, 18, 1, 10]). Here the
operators

T : HU(D) - lOO? f = (f(Zn)U(Zn))n,
are studied where (z,,), C D is a given sequence, which is called a set of
interpolation if T is surjective and a sampling set if 7" is a monomorphism.
A nice survey of all these results is given in [4].

In our paper we discuss the question of what kind of growth condition
the derivative Dh = h’ satisfies. In Section 2 we introduce necessary and
sufficient conditions on weights v and w such that D : Hv(£2) — Hw({2) is
bounded and sometimes onto. In Section 3 we investigate the case 2 = D
and w(r) = (1 — r)v(r) while in Section 4 we focus on 2 = C and w = v.

To this end we make some further assumptions on v which do not restrict
generality. We can always fix radii 11 < ro < --- < a such that v(r,) =
2v(rp41) for all n and change v(r) keeping monotonicity for r, < r <
Tnt1 Without changing Hv(S2). Therefore we can always assume that v is
continuously differentiable. Moreover in the following, for any n > 0, the
function v, (r) = r"v(r) plays an important role. Put

rnp, = min{r : r is a global maximum point of v, },
sp, = max{r : r is a global maximum point of 7, }.
1.1. LEMMA. If m <n then s, < 1,.
Proof. We have
m

spv(sm) < rpv(ry) <rr s u(sm,).

n—m

Hence s},

< 7P~ ™ and thus sy, < 7rp,. =

So, if r,, < r < 8y, then r cannot be a global maximum point for -,
for any n # m. For those m with r,, < s, we change v on the interval
[Tm, Sm). Define 0(r) = (7, /7)™ v(rm) if 7 < r < $p. Then all r € [ry,, spm]
are global maximum points of r™v(r) and we obtain r™v(r) = rv(ry,).
Moreover, v(ry,) = v(ry,) and 0(sy,) = v(sm). According to [16, Corollary
5.4], || - || is equivalent to a norm which depends exclusively on the global
maximum points of the functions 7,,. So in the following we assume that
any r € [rm,Sm|, for any m > 0, is a global maximum point of ~,,. This
is no loss of generality, otherwise we go over to v where | - ||5 is equivalent
o |- -

1.2. LEMMA. We have lim,,—oo T, = a.

Proof. According to Lemma 1.1, r, is increasing. Put » = lim, o 7
and assume r < a.
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CASE a = 1. Here we obtain
. (2_1(1 + 7‘))” v(27H(1 + 7))

Tn v(ry)

Since

im (L L+ 2)) = d  lim v(ry) = o(r)

Jim s\t =00 an Jim w(ry) = v(r
we arrive at a contradiction.

CASE a = co. Here we have
1> (1 +r)nv(r+ 1) > (1 N 1)“1}(7’—1— 1).
T v(ry) r v(ry)

Again we get a contradiction for large n. =

According to our assumptions, any r in [0, a] is a global maximum point
for some 7,,. We have 7/,(r) = 0 if and only if —rv'(r)/v(r) = n. Hence if
i (r) = 0 then ~/,(r) # 0 for any m # n. This means that r is a global
maximum point of ~, and all local maximum points of v, are also global.

2. The differentiation and integration operators Hv(2) — Hw({2)
for general w. Let v and w be two weights. Assume that Hw({2) is iso-
morphic to . For each n fix a maximum point r,, of r"w(r). According to
[16] there are numbers 0 < m; < mg < ---, t, 1 € R and operators

(Thh)(2) = Z toponz®  for h(z2) = Zakzk
k

Mnp—1 Sk<mn+l

such that
(1)  cisup sup Moo (Trh, m)w(r) < [[Alw

o Tmg, g STSTmn+1

< cosup sup Moo (Thyr)w(r)

o Tmg, g STSTmn+1

for all h € Hw(f2) and some c1,ca > 0. Moreover there is a universal
constant v > 0 such that

(2) Moo (Toh,r) < yMoo(h,r) for all n,h and r.
Finally, either

5 s (2 ) ) (1" )
n Tmp_1 W(Tm, ;) Tmy, w(Tm,)
and
(3 0<mfw§supw<oo7
" My — Mp—1 n Mp — Mp-1
or

(4) sup(mp4+1 — mp—1) < 00.
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In the latter case we can split T}, further, i.e. we can assume

(5) dy sup |ag|rhw(ry) < ||hlly < dg sup |ag,|rpw(ry,)
n€Z+ HEZ+

for some dy,dy > 0 and all h = >, axz* € Hw(£). ((4) is not possible for
2 =D, see [15].)
If (3) holds then we have

r Mnp—"Mnp—1
(6) Sup< o ) < 0.

n rmnfl

Now [16, Lemma 3.1} implies, for any 7 € [T, "myyq)

Moo (Trh, r)w(r) <2 (L) - w“’& Moo (Tnh, Ty iy Jw(rm, 1)

Tmnt1 (Tmn-H)
Mn—1
Tmp_1 w(rm _1)
<2 — = Moo (T, 7 w(r
B <rmn+1> U/(’I“mn+1) oo( 7 mn+1) (mn+1)

p— (’rmn—l )mn_l w(rmn—l) < Tmn )mn w(rmn) (Tmn+1 )mnmn_l
Tmn w (Tmn ) Tmn+1 w (Tmn+1 ) ’rmn
X My (Tnha ""mn+1)w(rmn+1)

< dMs (Tnhv M4 )w(rmn+1)

for some universal constant d > 0.

For the last inequality we used (3), (3’) and (6). (According to (3") there
is a universal constant ¢ with m,, — m,—1 < ¢(my4+1 — my,) for all n. Hence

rmn+1 Mp—Mn—1 - rmn+1 Mnt1—Mn\ C
T, - T, ’
and this is uniformly bounded by (6).)
Therefore, in this case, (1) implies
(7)) crsup Moo(Tnh, Ty Jw(rm,, 1) < [[2]Jw
n
S E2 sup Moo (Tnha 7"mn+1)w(rmn-q-l)
n
for some ¢1, ¢y > 0.

It is known that Hw({2) is isomorphic to l if and only if
Vb >1dby >1dec>0Vm,n > c,

lm —n|>c¢ and (r_m> w(rm) <b

Tn
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Examples include (1 — )%, a > 0, exp(—(1 — 7)~!) on D, exp(—ar),
exp(—log®r) on C.

If Hw({2) is not isomorphic to [ then it is isomorphic to the space
Hy = {h:D — C: h holomorphic and bounded} (see [16]). Here we still
obtain estimates similar to (1) but (2)—(4) will fail to hold.

Now we investigate the differentiation operator D : Hv(§2) — Hw({2).
Let h(2) = Y, axz*. For n > 0 define the Cesaro mean a,, by

(onh)(z) =

=

where [n] is the largest integer < n. Moreover, for j € Z, define the shift U;
by
(Ujh)(rew) = Zakrkei(kﬂ)“’.
k

We formally extend the definition of T;, to T;,U;h by putting
(T,U;h)(re¥) = Z tmkakrkei(kﬂ)“’.
Mp—1<k+j<mn
Define g(0e'?) = (U;h)(gre'#). Then (2) applied to g with o = 1 implies
Mo (TUjh,r) < yMoo(Ujh,r) < vMs(h,r)  for all r and n.
2.1. THEOREM.
(a) Let Hw(§2) be isomorphic to l. If
(<) <

then D : Hv(§2) — Hw(£2) is bounded.
(b) Let sy, be a global mazimum point of r™v(r). If D : Hv(§2) — Hw({2)
s bounded then

) V' (sn)
lim sup <— w(sn)) < 0.
n€Zy,n—00 ’U2(Sn)

If, in addition, limsup,cy o0 Sp+1/Sn < 00, then also

lim sup (— vi(r) w(r)) < 0.

r—a v2 (7“)
(In (b), Hw(2) need not be isomorphic to l.)
Proof. (a) Fix n. Assume that (7) holds. Then it suffices to consider
Moo (T Dh, vy, )W (T4, ). We have

(T Dh)(z) = L

(Ufl(id — O‘mn+1)U1TnU71h)(z)

/r.mn+l
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if |z| = 7,4, The operators Uy, k = 1, T,,U_; and o, ,, are uniformly
bounded with respect to My (+,r) for all » and the operator norms do not
depend on r. Hence there is a universal constant ¢ with

Moo(Tn Dl T )W (T yy) < € Tt

MOO(ha Tmn+1)IU(7“mn+1)-
Mn+1

On the other hand we have (r"™'w(r))|r=r,,

global maximum point of r""+1w(r). This implies My 1W (T, )/ Tmay, =

—w' (T, ). Fix some ro > 0. A change of v and w on [0, 7] does not af-

fect Hu(§2) and Hw(S2). Therefore we can assume that there is d > 0 with

—w'(r)/v(r) < d for all r. Then we obtain

Moo(TnDha rmn+1)w(rmn+1) § CdMOO(hvrmn+1)U(rmn+1) S CdHth

By (7), D is bounded. The proof for the case (5) is the same.
(b) Fix r > 0. According to our general assumption r is a global max-
imum point for some function r"v(r). Hence we have sp,) < 7 < Spyjq

with n = —rv/(r)/v(r). Assume that r is so large that 1 < [n]. Consider
h(z) = 2I"l. We have

= 0 since 71, ., IS a

) P\
Il = slo(sp) < (?) rlilu(r)
and
] -1 P\
lr () < DAL < 1] il < 1005 o),
Hence

and therefore

_Z;((:)) w(r) < LD (%)WM < ool (%)n_m

For 7 = sp,; we obtain the first assertion of (b). If sup,, s[nj4+1/5}, < oo then
the second assertion of (b) follows. m

Recall that limsup,,cz. , oo Sn+1 /sn < oo always holds if 2 = D.
Let I be the integration operator, i.e. for a holomorphic function h we
put

(Ih)(2) = | h(u) du
0

To decide whether the differentiation operator is surjective we prove
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2.2. PROPOSITION.
(a) Let Hw({2) be isomorphic to lo. Moreover, assume that
w?(r)
li _—— .
e (<t ) <
Then I : Hv(§2) — Hw($2) is bounded.
(b) Let sy, be a global maximum point of r™v(r). If I : Hv(§2) — Hw({2)

is bounded then
lim sup (_w(sn)> < 00.

Nn€Zy,n—00 U/(Sn)

If, moreover, imsup,,cz., n— oo Sn+1/8n < 00 then also

lim sup _w(r) < 00
r—a ’U/(T')
(In (b), Hw(2) need not be isomorphic to ls.)

Proof. (a) We use (7) again. (The proof for the case (5) is the same.)
Fix n and consider h € Hv({2). We have
(TuIh)(re™?) =\ (T,ULh)(se™) ds.
0

Using [16, Lemma 3.1(a)], we see that, for any s € [rm,, 1 Tmni1)s

Mn+41
Moo (T Urh, s) = Moo(U-1T,Urh, s) < ( > Moo (T Urhy i, )-

Tmn—l

In particular,
Moo (TnUlhv T mpt1 )w(?’anrl )

< <W_n+1>mn+lwé”m"+l) o (ToUrh, T W ()
w(

Tmnfl rmn l)
= (Tmn+l ) et Tmn+l) ( Mn ) mn w(rmn)
rmn w(rmn) rmnfl w(rmnfl)

rm Mn++1—Mn
. < = ) Moo(TnUlhﬂamnfl)w(rmn—l)

Tmn,1

S dMoo (TnUlha 7"mn—1)w(rmn—l)

for some universal constant d. (As before, the last inequality follows from
(3), (3’) and (6).) Hence in view of (7) it suffices to consider the right-hand
side of the preceding inequality. We have, using [16, Lemma 3.1(b)],

Mp—1—1
Moo(TnUlh, S) < 2( > Moo(TnUlha rmn—1)

rmnfl
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if s < 7m, ;. (Recall that Moo(T,Urh, 1) = Moo (U-1T,Urh,r) for any r,
and U_1T,,U1h has the form (U_1T,,Uih)(re'?) = Z,anil_l agrFe*? for
some ay.) This implies

Tmg, 1
Moo (ToIh, Py Jw(rm, 1) < | Moo(ToUnh, 8) dsw(rm, )
0
Tmp, 1 s Mp—1—1
< 2]Woo(TnUlhy rmn—l) S < > dsw(rm”—l)
0 rmn—l
Ty,
< CMoo(ha""mn—J S w(rmn—l)
mnp—1
where ¢ is a universal constant. Since 7y, _, /mp—1 = —w(rm, ) /W' (rm, ;)

we conclude that
w?(r )
Mo (T Ih, 7o, - < cMyo(h,Tm R Lt YA
( T nfl)w(r n—l) =>c ( r "1)< wl(rmn1)>

Our assumptions yield a universal constant ¢; and ro > 0 with —w?(r) /w'(r)
< cyu(r) for all » > rg. We may assume again ro = 0 (and perhaps change
v and w on [0,79]). Then ||Ih||y < di||h||, for some universal constant d;.
(b) Fix r > 0. Then there is n > 0 such that r is a global maximum
point of r"v(r). We have sy, < r < spyqq. With h(z) = 2" we obtain

Il = smv(s[n}) and
_1
[n] +1
This yields

n n T n
HW()ﬂmm<ww]mﬂ<Mm— [1>

[n] S [

n—[n] n—[n]
r w(r) < [n] +1 (L) 1 < n] +1 <s[n]+1> T
n v(r) n S[n] n S[n]
and hence
n—[n] n—[n]
o) AL N gy I )
v'(r) n n] n S[n]

which implies (b). =

2.3. COROLLARY. Assume that Hv(§2) and Hw(S2) are isomorphic
to loo. If

lim sup <—w/(r)) <oo and limsup <_U,L(7“)()) < 00

r—a ’U(?") r—a r)w r

then D : Hu(§2) — Hw(12) is bounded and surjective.
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Proof. The boundedness follows from Theorem 2.1. According to Propo-
sition 2.2. the integration operator I : Hw({2) — Huv({2) is bounded, which
yields the surjectivity of D. =

We deduce that, in view of the open mapping theorem, under the as-
sumptions of Corollary 2.3 there are universal constants ¢ and d such that
cllhlly < |W||w < d||h||, whenever h € Hv(£2) and h(0) =

3. The differentiation operator on holomorphic functions over
the unit disk. Here we consider {2 = D. First we show that D is never a
bounded endomorphism Hv(D) — Hu(D).

3.1. PROPOSITION. For any weight v there exists a function h € Hv(D)
such that h' ¢ Hu(D).

Proof. Otherwise we would have D(Hv(D)) C Hv(D) and, in view of the
closed graph theorem, D : Hv(D) — Hv(D) would be bounded. If r, is a
global maximum point of 7v(r) we would obtain nr?~1v(r,) < || D||r"v(r,)
for any n € Zy. Hence n/||D|| < r, <1 for all n, a contradiction. m

If we consider w(r) = (1 — r)v(r) we obtain positive results. We extend
Theorem 3.1 of [13].

3.2. THEOREM. Let v : [0,1] — ]0,00[ be a weight and put w(r) =
(1 —r)v(r). Then the following are equivalent:
(i) If h € Hv(D) then h' € Hw(D).
(ii)) D : Hv(D) — Hw(D) is bounded.

1 _ /

(iii) limsup (—%) < 00
(iv) v(r)/(1 —r)® is increasing on [ro, 1] for some a > 0 and ro > 0.
vl —27")
() sup =5ty

Proof. (1)=(ii) follows from the closed graph theorem; (ii)=-(i) is obvi-
ous; (ii)=-(iii) is a consequence of Theorem 2.1(b).

(iii)<(iv): Consider f(r) =log(v(r)(1 —7)~%). Then

o =(a+a-ntH) L

< 0.

which proves the claim.

(iv)=(v) follows from [10, Lemma 1(a)], and (v)=-(i) from [13, Theo-
rem 3.1]. =

Property (iv) of the preceding theorem is known as property (U) (see [10]).

To round out the discussion we mention the following result which was
essentially proved in [13].
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3.3. THEOREM. Let v : [0,1] — ]0,00[ be a weight and put w(r) =
(1 —r)v(r). Then the following are equivalent:

(i) h € Hu(D) if and only if k' € Hw(D).
S ()
(11)0<h£n—>1f< () ><lralp( o) >< .

(iii) v(r)/(1 —r)® is increasing and v(r) /(1 — )P is decreasing on [ro, 1]
for some a >0, B> 0 and ro > 0.

. v(l —277) _ v(l —27"7F)
— < d1 — <1
(iv) :ép %(1 —5n 1) 00 an 1mnsup o1 =37 for some
€Z,.

Proof. (ii)<(iii): Put

f(r):10g<(1”_—r)a> and g(r)zlog<(1v_(72)ﬁ>.

Then
! 1 ! 1
fl(r)= <a+ (1-r) 1:}((:))>—1 — and ¢'(r) = <B+ (1-r)> (T)>
From this we derive the claim.
(iii)<(iv) is [10, Lemma 1].
(iv)=(i) is [13, Theorem 3.1].
(i)=(iv): According to Theorem 3.2 we have

v(l—27") -
sup ———m————— 0.
W u(l—2-n-1)

Then [13, Theorem 3.1] yields (iv). =

Weights v with property (iii) of the preceding theorem are called normal
(see [19]). Note that here ||h[|, is equivalent to |h(0)| + supg<,<1 Moo (h',7)

x (1 —=r)v(r).

EXAMPLES. v(r) = (1 —r)® for some o > 0 satisfies the assumptions
of Theorem 3.3; v(r) = (1 —log(1 — r))~! satisfies the assumptions of The-
orem 3.2 but not of Theorem 3.3; v(r) = exp(—(1 — r)~!) does not even
satisfy the assumptions of Theorem 3.2.

4. The differentiation operator on entire functions. In contrast
to D, for 2 = C, we may have DHv(f2) C Hv({2). We characterize these
weights. To this end we recall some facts for general weights v. Proposi-
tion 5.2 and Lemma 5.3 of [16] imply that there are constants ci,c2 > 0,
integers 0 < k1 < ko < ---, radii 0 < t; < t2 < --- and numbers s, ; > 0
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such that the operators T,, with
(Thh)(2) = Z snja;2  for h(z) = Zajzj
kn—2<j§kn+l ]
satisfy
(8) 1 8up Moo (Th, ty)v(ty) < ||hlly < casup Moo (Thh, tn)v(ty)
n n

for all h € Hv(S2). Moreover

9) lhlle < coMoo(h, tn)v(ty)  whenever h € T,Huv({2)

and n =1,2,... (see also [16, Corollary 4.4]). Finally, the numbers s,, ; are
such that the shifts Uy satisfy

(10)

Mo (T, — U_kT,Ug)h, 1) < yMoo(h,r) for alln, h, r and k = +£1
where v > 0 is a universal constant. (See the operators of [16, Lemma 5.3].)

4.1. THEOREM. Let v : [0,00[ — ]0, 00| be a weight. Then the following

are equivalent:
(i) D: Hv(C) — Hv(C) is bounded,

(i) Timsup, _oo(—0/(r)/0(r)) < o0,

(iii) There are 3,79 > 0 such that v(r)e’" is increasing on [ro, oo[.

Proof. Let 1, be a global maximum point of r"v(r).

(i)=(ii): Theorem 2.1(b) implies n/r, = —v'(r,)/v(r,) < B for some
[ and large enough n € Z,. Now fix some r, say r, < r < r,41 for some
n € Z4. According to our assumptions on v there is m € [n,n+ 1] such that
r is a maximum point for the function s™v(s). We have

v(rn) _ _ ()
—n ) =r,<r=-m o)
This implies
V() Smﬁﬁ n+1ﬁ
o(r) — n n

and hence (ii).
(i) (iii): Put f(r) = log(v(r)e’"). Then f'(r) = v'(r)/v(r) + 8. Hence
v(r)elT is increasing if and only if (ii) holds. This proves the claim.
(ii)=(i): We proceed as in the proof of 2.1 to show that D : Hv(C) —
Hv(C) is bounded. Fix n and consider the operator T), of (8). We have

(11) (T,Dh)(z) = k’tl“ (U_1(id = o, UL T U_1h)(2)

n

n+1

if |z| = t,. We claim that k;,41/t, is uniformly bounded. First, (ii) implies

<p

no _v’(rn)

rno v(ry)
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for all n > 0 and some [ > 0. Hence n/( < r,,. We may take (3 so large that
it satisfies the assertion of (iii) as well. Now fix n and assume k,1+1/8 > tp.
Using (9) with h(z) = 2F2+1 we see that

(Tk"“ >k”+1 Y > (k"+1>kn+1 v(knt1/8)
v(tn) — \ Bta v(tn)

kn—‘rl Fnt1 kn—f—l
= (5) o)

Here the second inequality follows by comparing the function r*»+1v(r) at
7 = kp+1/0 and at the maximum point r = 7, ,. Using (iii), since kp4+1/8 >
t, we obtain the last inequality.

Hence

n+1"°

k
—’t‘“ < Bey/ ™ exp(1).

n

If kpny1/B < t, then k,y1/t, < 5. So (11) together with (10) imply

_kn
Moo (T, Dh, t)v(t,) < & 2t

MOO(UlTnUflh, tn)v(tn)

< FRnL (b t)

+ Moo(Ty, — Uh T U—1h, t)u (L)
< Cﬁ(Moo(Tnh’ tn) + MOO(hv tﬂ))v(tn)

where ¢ and ¢ are universal constants. Here we used again the fact that Uy
and oy, , are uniformly bounded with respect to M (-, ,) and the operator
norms do not depend on n. Finally, (8) shows that D is bounded. =

4.2. THEOREM. Let v : [0,00[ — ]0, 00| be a weight. Then the following
are equivalent:

(i) h € Hu(C) if and only if k' € Hv(C).
(i) D : Hv(C) — Hv(C) is bounded and surjective.
(iii) There are c1,co > 0 such that, for all h € Hv(C),

ct(I0 o + [R(O)]) < (Al < c2([R o + [R(0)]).

(iv) 0 < liminf, o (=0'(r)/v(r)) <limsup,_, . (=v'(r)/v(r)) < oo.
(v) There are o, 3,19 > 0 such that v(r)e® is decreasing and v(r)e
is increasing on [rg, ool

T

Proof. The first three items are equivalent by the closed graph theorem
and the open mapping theorem.

Let 7, be a global maximum point of r"v(r).

(iv)e(v): Put f(r) = log(v(r)e®) and g(r) = log(v(r)e”"). Then we
have f'(r) = v'(r)/v(r) + a and ¢'(r) = V/'(r)/v(r) + 8. Hence v(r)e*” is
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decreasing if and only if —v/(r)/v(r) > «a, and v(r)eP" is increasing if and
only if —v'(r)/v(r) < 3. This proves the claim.

(ii)=(iv): That limsup,_,..(—v'(r)/v(r)) < oo follows from Theorem
4.1. Proposition 2.2(b) yields 0 <liminf,cz, n—oo(—0'(rp)/v(rp)). Fix >0
and n € Z4 such that r,_1 < r <r,. Then r is a global maximum point of
t™v(t) for some m € [n — 1,n]. We have

A T
Vi) ()’
which implies
_v’(r) ~m V' (1) n-—1 V' (1)
v(r) = n v(ry) = n - v(ry)

This proves (iv).

(iv)=-(ii): According to Theorem 4.1, D is bounded. Finally, we show
that the integration operatotion I : Hv(C) — Hv(C) is bounded. Fix n and
consider the operator T}, of (8). By Lemma 3.1(b) of [16], we have

kn—2—1
Moo(T,Urh, s) < 2(?) Moo(T,Urh,ty)  if ty > s.

n

Hence
[29

(12)  Moo(TuIh,t)v(tn) < | Moo(TalUnh, s) ds o(tn)
0

tn s kpn_o—1
< 2Moo(TnUsh, t) | (7) dsv(ty,)
0 n
In
< QMOO(U_lTnUlh, tn) k— v(tn)

n—1

< C(Moo(Tnha tn)

In
+Moo(Tn — U_lTnUlh,tn)) A U(tn)
n—2
128
< (Moo (Thh,ty) + Moo (h,ty)) : v(tn)
n—2

where c is a universal constant. (We have used (10).)

We claim that t,,/ky,—2 is uniformly bounded. Fix n and let a be the
constant of (v). Using (9) with h(z) = 2¥ where k = k,,_o + 1 we see that,
in view of (iv),

o (2) 36 () 8

k
> (;) exp(altn — tn/2)) = exp(—klog2 + at,/2)
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For the last inequality we have used v(t,/2)e®/2 > v(t,)e®*, which holds
according to (v). So, for large n we have t,, < 3a~'klog 2 and hence t,, /k, o
is uniformly bounded. Now (12) together with (8) shows that I is bounded. m

Of course the standard example for Theorem 4.1 is v(r) = e~". Moreover,

for v(r) = exp(—log?r) the differentiation operator D : Hv(C) — Huv(C) is
bounded (in view of Theorem 2.1) but not surjective. For v(r) = exp(—e")
the differentiation operator is unbounded since

lim —v'(s,)/v(sy) = lim e** = oo
n—oo n—oo

for the global maximum points s, of r"v(r) (Lemma 1.2).
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