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Dual Banach algebras: representations and injectivity
by

MATTHEW Daws (Oxford)

Abstract. We study representations of Banach algebras on reflexive Banach spaces.
Algebras which admit such representations which are bounded below seem to be a good
generalisation of Arens regular Banach algebras; this class includes dual Banach algebras
as defined by Runde, but also all group algebras, and all discrete (weakly cancellative)
semigroup algebras. Such algebras also behave in a similar way to C*- and W*-algebras;
we show that interpolation space techniques can be used in place of GNS type arguments.
We define a notion of injectivity for dual Banach algebras, and show that this is equivalent
to Connes-amenability. We conclude by looking at the problem of defining a well-behaved
tensor product for dual Banach algebras.

1. Introduction. It has been known for some time (see [20] and [37])
that a Banach algebra A which admits a faithful representation on a reflex-
ive Banach space has an intrinsic characterisation, namely that the weakly
almost periodic functionals, written WAP(A’) (see below for the definition),
separate the points of A. Similarly, if we wish to find an isometric representa-
tion of this kind, we need only ask that WAP(A") form a norming set for A.
We shall call A a WA P-algebra when A admits an isomorphic representation
on a reflexive Banach space. Such algebras seem not to have been studied
abstractly before, but they seem to be a good generalisation of Arens regular
Banach algebras, and to form a good framework for studying dual Banach
algebras.

We follow the notation of [8], writing (-,-) for the dual pairing between
a Banach space E and its dual, /. We write kg : E — E” for the canonical
map given by (kg(z), ) = (u,x) for x € F and p € E'. When F is reflexive,
we tend to identify E with E”. We write B(E, F') for the space of all bounded
linear operators between Banach spaces E and F', and we denote by F(E, F),
A(E,F), K(E,F) and W(E, F) the subspaces of, respectively, finite-rank,
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approximable, compact and weakly compact operators (so A(E, F) is the
operator-norm closure of F(E, F') in B(E, F')). We write B(E) for B(E, E),
and so forth.

A dual Banach algebra is a Banach algebra A such that A = F’, as a
Banach space, for some Banach space E/, and such that the multiplication on
A is separately weak*-continuous. Recall that a W*-algebra is a C*-algebra
which is a dual Banach algebra. However, it is known that the multiplication
(and the involution) are automatically weak*-continuous in this case. We use
[32] as general references for C*- and W*-algebras. Dual Banach algebras
were introduced in [30], but had been studied previously under different
names.

For a Banach algebra A, we turn A’ into an A-bimodule in the obvious
way, by setting

(a‘l%b>:</%ba>v <N'aab> :<:U’7ab> (a7b€~’47:u’€“4/)‘

We may then check, for a dual Banach algebra A = FE’, that kg(F) is a
submodule of A" = E”. We call E the predual of A, and write (A, E) if we
wish to stress which predual we are using, and often write A, for E. In this
special case, we shall often suppress the map k4, , and speak of A, as being
a subspace of A’ (see Definition 2.6 for a justification of this). We later study
when such preduals are unique, both in the isometric sense (as is well-known
for W*-algebras) and the isomorphic sense, which seems more natural for
Banach algebras.

When F is a reflexive Banach space, the projective tensor product of E
with its dual E’, denoted by E’ ® E, is the canonical predual for B(E) (see
[30]). This induces a weak*-topology on B(E). Recall that the norm on F'®E
is m(-), defined by

n(r) = mf{ 3" ol el : 7= Y v @} (reE @E).
k=1 k=1

We write £/ ® F and not E ® E’' as the former makes more sense when
FE is not necessarily reflexive; the two spaces are isometrically isomorphic.
Here and elsewhere, we refer the reader to [31], [13] or [14, Chapter VIII] for
further details on tensor products of Banach spaces.

Let A be a Banach algebra, and for 4 € A, define L,,, R, € B(A, A") by

Lu(a)=p-a, Rya)=a-p (acA)

Then p € WAP(A) if and only if L, € W(A, A") (which is equivalent to
R, € W(A, A)). This notation differs from that sometimes used, but follows
[28, Section 4], for example. It may be easily checked (as we do below) that
for a dual Banach algebra (A4, A), we have A, C WAP(A’). It hence imme-
diately follows from [37] that there exists a reflexive Banach space F and an
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isometric representation 7 : A — B(FE) (here representation simply means a
homomorphism to a Banach algebra of the form B(F)). However, it is not
immediately apparent if such a representation need be weak*-continuous. As
usual, we may regard representations and left modules as interchangeable,
so this question is equivalent to E being normal in the sense of [28]. We
show below that we can indeed choose E to be normal (actually, our argu-
ment is very similar to that used by Kaijser and Young, but the required
machinery, interpolation spaces, shall be needed later anyway). This shows
that dual Banach algebras can be thought of as “abstract” weak*-closed sub-
algebras of B(E) for reflexive Banach spaces E. This exactly mirrors the fact
that W*-algebras are abstract von Neumann algebras, that is, weak*-closed
(which in this context agrees with weak operator topology closed) self-adjoint
subalgebras of B(H) for a Hilbert space H.

A derivation from a Banach algebra A to an A-bimodule E is a bounded
linear map d such that d(ab) = a - d(b) + d(a) - b. Fix x € E, and define
d by d(a) = a-x — x-a. Then d is a derivation, called an inner deriva-
tion. We say that A is amenable if every derivation from A to a dual A-
bimodule E’ is inner. We refer the reader to [29] for details on amenabil-
ity. Similarly, Runde defines a dual Banach algebra (A, A.) to be Connes-
amenable if every weak™-continuous derivation to a normal, dual A-bimodule
is inner.

For a W*-algebra A, it is this notion of amenability which seems most
natural. One of the major achievements of C*-algebra theory has been to
give equivalent natural conditions for a W*-algebra to be Connes-amenable
(see [29, Chapter 6]). One of these is the notion of injectivity. We define a
similar (though weaker) notion for dual Banach algebras, and show that it
is equivalent to Connes-amenability.

We finish the paper with a study of tensor products of dual Banach alge-
bras. This last section is slightly more speculative, but it is the author’s opin-
ion that fully understanding tensor products seems central to understanding
notions of amenability: certainly the rather well-behaved tensor products of
C*-algebras play a central role in the theory of amenability for such algebras
(for example, the fact that amenability is equivalent to nuclearity).

2. Basic properties of WAP and dual Banach algebras. In this
section, we shall study the basic properties of dual Banach algebras, and

define WAP-algebras.

Following, for example, [8], in dealing with Banach algebras, we assume,
by means of standard renormings, that the product is contractive (and not
merely bounded) and that a unit always has norm one. This philosophy is
compatible with dual Banach algebras:
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PROPOSITION 2.1. Let E be a Banach space such that A = E' admits a
bounded algebra product. Then there is an equivalent norm on E such that
A becomes a Banach algebra. If A has a unit e, we may choose this norm
such that ||e4|| = 1.

Proof. Suppose that 1 < M = sup{||lab| : a,b € A, |a|| = ||b|| = 1}, for
if M < 1, we have nothing to do. Then define |ullo = M ~Y||u|| for u € E.
For a € A, we then have ||allo = sup{|{a, p)| : ||p| < M} = M]|a||, so that
labllo = Mllab|| < M>[|a] [[b]] = l|allo]|o]o-
Now suppose that A has a unit e 4. Let
X = convex{a- p: flallo = allo < 1} € B,

so that for y € E, we have pp = e - € [leallo|lp|loX. Thus we can define
I [ly on E by _
[l =inf{t >0:petX} (neE),

and find that ||p||1 < ||eallol/s]|o.- Conversely, we have X C{ue E : ||ullo <1},
so if ||u|l1 = 1, then for each £ > 0, we see that p € (1+&)X C{(1+¢e)A:
A€ E, Ao <1}, and so ||p]lo < 1. Thus || - ||1 is equivalent to || - || and
hence also equivalent to || - ||.

Then, for a € A, we have

Jalls = sup{l{a. ) 0 € X3 = sup{ |3 Gaby - )| 3 Wlolls o < 1)
j=1 J=1
= sup{[(a,b- p)| : [[bllo = [lullo < 1} = sup{f|abllo : [|bllo = 1}-
Note that ||abljo < ||a||1]/b]|o for a,b € A. Hence
llablly = sup{[labelo : [lello = 1} < [lally sup{[lbcllo = [[ello = 1} = [lall1][bll1,
and clearly ||e4|l1 = 1, as required. m
Let (A, A,) be a dual Banach algebra, and let A’ be the Banach space
A, @ C with norm
(1, )| = max(llpl, [a]) (1 € As, @ € C).
Then (A}) = A® C = A’ with norm
(@, D)l = llall + 18] (a€ A, BeC).

We turn A” into a Banach algebra by setting (a, a)(b, ) = (ab+Ba+ab, af).
It is a simple verification that then (A’ A2) is a dual Banach algebra.

We set (A, A.)f to be (A, A,) when A is unital, and to be (A%, A%)
otherwise. This gives us a (rather crude, it turns out) way to unitise a dual
Banach algebra.

LEMMA 2.2. Let E be a Banach space such that A = E’ is a Banach
algebra. Then (A, E) is a dual Banach algebra if and only if kp(E) C A’ is
a sub-A-bimodule.
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Proof. This is a routine calculation showing that the product is sepa-
rately weak*-continuous if and only if F is an A-bimodule. =

We shall now recall the Arens products which shall allow us to prove some
simple facts about dual Banach algebras (much in the spirit of [26]). Most of
the following results are folklore (compare, for example, with [22, Section 1])
but do not appear to have formally been collected together before.

For a Banach algebra A, we turn A’ into a Banach A-bimodule in the
standard way (and hence A" as well). We then define bilinear maps A" x A’
— A and A’ x A" — A’ by

(D p,a)y = (D, pu-a), {(u-®,a)=(P,a-p) (acApucA, d&cA).
We then define two bilinear maps [J, { : A” x A" — A" by
(@O, p)y = (P, W-p), (PO, u)=W,u-d (neA,d,¥veA).
We can then calculate
(- ®)T=p-(20¥), & (¥ -p)=(@0¥)-p (neA, o,¥eA),

from which it follows that [0 and { are Banach algebra products, called
the first and second Arens products respectively (see [25, Section 1.4] or
[8, Theorem 2.6.15] for further details). Furthermore, kg(a) O® = a - P =
ka(a) O @ fora e A, @ € A", and similarly @ Ok y(a) =P -a =P O k4(a).
When O = , we say that A is Arens regular, and in this case, we may check
that (A", A") becomes a dual Banach algebra.

LEMMA 2.3. Let A be a Banach algebra, and let y € A'. Then u €
WAP(A') if and only if R, € W(A, A"), which happens if and only if
(@OW, p) = (PO, ) for d, W € A”.

Proof. This is a simple calculation: see |9, Proposition 3.11]. A key tool

is Gantmacher’s theorem, which states that 7' € W(E, F) if and only if
T"(E") C kp(F). u

We also define the two topological centres (see [23] or [9]) by
VU ={pe A dO0W=00W (e A")},
3PU) = {pe A VOB =0Od (e A")).
Then the Arens products agree on either of the topological centres, each
topological centre is an algebra, and 3,51)(.4”) m3§2) (A") D ka(A) is an ideal
in A” with respect to either Arens product.

For a Banach space E, a subspace F' of E, and a subspace G of E’, we
define

Ft={pecE : (nz)y=0@xecF), TG={zcE:{(uz)=0(uca)}.
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It is then standard that, when F is closed, F’ is isometrically isomorphic to
E'/F+, while (E/F)" is isometrically isomorphic to F'+. The weak*-closure
of G in E' is (+G)*.

PROPOSITION 2.4. Let A be a Banach algebra, and let X C A’ be a
closed submodule. Then the following are equivalent:

(1) the first Arens product drops to a well-defined product on X' =
A"/ X+ turning (X', X) into a dual Banach algebra;
(2) X C WAP(A').

Furthermore, let 2 be a subalgebra of SEI)(A”) N SEQ) (A", and suppose that
the natural map A — X' is surjective. Then (1) and (2) hold, and the algebra
product given by (1) agrees with the product induced by the map A — X'.

Proof. For & € A” and u € X, suppose that ¥ € A” is such that
b+ X+ =0+ Xt sothat

@'Maa):@7#'@:@:#'@:@'%@ (CLEA),

as X is a submodule. Hence there is a well-defined map (A”/X+) x A" — A’
given by (® 4+ X+) - u = &, and similarly with orders reversed. It is hence
clear that [J gives a well-defined product on A” /X" if and only if ®- € X
for ® € A” and p € X. If this holds, then X is an X’-module if and only if, for
each u € X and ¢ € A", there exists A € X such that (0¥, u) = (¥, \)
for ¥ € A”. In particular, we see that (\,a) = (?-a,u) = (u-P,a) for
a € A, that is, A = - @, and so we conclude that (PO, u) = (PO ¥, u)
for &, € A” 1 € X, which is equivalent to X C WAP(A’). Conversely,
if (2) holds, then for & € A", y € X and ¥ € X, we have (¥, & - ) =
(@O P, u) = (P, u-¥)=0as ¥ =0, which implies that & - u € X. Hence
conditions (1) and (2) are equivalent.

If A — X' is surjective, then for ®,¥ € A", we can choose a,b € 2 such
that a + X+ =&+ X1+ and b+ X+ =¥ + X+ Then, for ;€ X,

=(b,pu-a) =(aQb,p)=(alIb,p),

where we use the fact that b € 3&2) (A"). Thus the map A — X' gives a
well-defined product on X’. We also see that

(ab,p) = (a,b- p) = (a,¥ - p) = (a0 ¥, ) = (@O ¥, )
= <JI7:UJ'0’> = <wnu'¢> = <¢<>u7,,u>,
as a € BEI)(A"). Hence u € WAP(A'), and (2) holds, as required. =

We note that in [20, Proposition 4.9], Kaijser explores similar ideas to the
above proposition. Furthermore, the equivalence of (1) and (2) is established
in |22, Lemma 1.4] in the case of commutative Banach algebras.
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COROLLARY 2.5. Let A be a Banach algebra. Then WAP(A') is a dual
Banach algebra. Let A, C A’ be a closed submodule such that, if 7 : A" —
A" AL = A is the quotient map, then mok 4 : A — A, is an isomorphism.
Then A, is a dual Banach algebra.

Conversely, suppose that (A, .A,) is a dual Banach algebra. Then it is
a simple calculation (see [26]) that x/y : A” — A is an algebra homomor-
phism for either Arens product. Hence we may (and shall) make the following
equivalent definition:

DEFINITION 2.6. Let A be a Banach algebra, let A, be a closed sub-
module of A’, and let 74, : A” — A"/ A+ = A’ be the quotient map. When
a4, 0 kg i A — A, is an isomorphism, we say that A is a dual Banach
algebra with predual A..

LEMMA 2.7. Let A be a Banach algebra, and let B = WAP(A')'. Then
B is unital if and only if there exists ® € A" with ® -y = p-P = u for each
p € WAP(A'). When (A, Ay) is a dual Banach algebra, B is unital if and
only if A is unital.

Proof. Let ep be the unit of B, so that for some & € A", we have (@, u) =
(es, ) for p € WAP(A). Thus, for ¥ € A",
(Top) = (00O, ) = (0,0 p) =(PO¥, ) = (T, n-P) (n€ WAP(A)),

as required.

Now suppose that A is a dual Banach algebra, and let (a,,) be a bounded
net in A tending to @ € A” in the weak*-topology. Let e € A be a weak*-limit
point of (a,). Then, for a € A and p € A, C WAP(A)

<a67/1’> = <67:u‘ ’ a> = h@l}l(CLa,M‘ a’> = <¢7N' a> = <CL,;,L>,

3

so that ae = a. Similarly, ea = a, so that e is a unit for A. =

Thus looking at WAP(A")’ is not useful for unitising a dual Banach al-
gebra; instead, WAP(A")’ is a useful way for embedding a Banach algebra
in a dual Banach algebra.

LEMMA 2.8. Let A and B be Banach algebras, and let 7 : A — B be a
homomorphism. Then ©'(WAP(B')) C WAP(A').

Proof. Let p € WAP(B'), and let A = 7/(u) € A’ so that
(La(a),b) = (- a,b) = (u,m(ab)) = (- 7(a), w(b)) = (x'Lum(a),b).
So Ly =7’ oL, o is weakly compact, as L, is weakly compact. m

Weak*-continuous representations of WAP(A")’ are closely related to con-
tinuous representations of A, a fact first noted by Runde. The following is
[28, Theorem 4.10].



238 M. Daws

PROPOSITION 2.9. Let A be a Banach algebra, let (B, B,) be a dual Ba-
nach algebra, and let m : A — B be a homomorphism. Then there is a unique
weak*-continuous homomorphism © : WAP(A") — B such that T o k4 = 7.
In particular, a weak®-continuous homomorphism 6 : WAP(A')Y — B is
uniquely determined by its restriction to A.

DEFINITION 2.10. Let A be a Banach algebra. We call WAP(A')’ the
dual Banach algebra (DBA) enveloping algebra of A. When the natural map
of A into WAP(A’)" is bounded below, we say that A is a WAP algebra.

We note that every dual Banach algebra, and every Arens regular Banach
algebra, is a WAP algebra. We shall shortly see that group algebras are also
always WAP algebras, even in the non-discrete case, in which case they
are neither dual Banach algebras, nor Arens regular. The above proposition
shows us that the weak*-continuous theory of the DBA enveloping algebra
is determined by A. We see from this, and from later results, that the DBA
enveloping algebra plays much the same role as the enveloping W*-algebra
of a C*-algebra does (see [32, Chapter III, Section 2|).

3. Representations for WAP algebras. We have already noted that
work of Young shows that a WAP algebra A admits a representation 7 : 4 —
B(E) for some reflexive Banach space E, such that 7 is bounded below. In
fact, Young effectively shows that u € WAP(A’) if and only if there exists a
reflexive Banach space E, a representation 7 : A — B(E), 2 € E and A € E’
with ||z Al = [|u|| and such that 7'k g (A @) = p. In particular, we see
that 'k 5, maps £ ® E onto WAP(A').

In this section, we shall use some interpolation space theory to prove an
analogous result for dual Banach algebras which does not seem to immedi-
ately follow from the results of Young (although the method of proof is much
the same). We shall later use interpolation space theory for other reasons,
so it is useful to define some concepts now. Interpolation space arguments
in this area go back to [10]; we follow the text [3] for results on interpolation
spaces.

DEFINITION 3.1. Let (A, A) be a dual Banach algebra, and let p € A,.
Suppose that there exists a norm || - ||, on A-pu = {a-p:a € A} such that
the completion of (A -, || - ||.), denoted by E,, is reflexive, and such that

lab- plle < llall b gl lla-pll <lla-ple < llall el (a,0€ A).

Let ¢ : B, — A, be the norm-decreasing inclusion map, and suppose further
that ¢ is injective. Then we say that || - ||, is an admissible norm for p.

EXAMPLE 3.2. Let (A, A.) be a W*-algebra, and let u € A, be a state.
Then it is simple to check that the usual GNS construction for p (see [32,
Chapter I, Section 9]) induces an admissible norm on A - p.
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ExAMPLE 3.3. We note that || - ||, need not be unique (even in an iso-
morphic sense). For example, let A = ¢2(N) with pointwise multiplication,
and let y € A’ = £? be such that the map A — A’, a — a - p, is injective
and ||u|| = 1 (for example, = (27"/2),59 € £?). Then define

la-plluy =la-pl, lla-plluz=lall (a€A)),
and let £, 1 and E, 2 be associated with ||-]/, 1 and ||-|| .2 respectively. Then
E, 1 is the closure of A -y in 22, while E,» = A, which are both reflexive,
as ¢? is reflexive. We then check that

lab - pllu = sup{[{ab - p, )| + [le]| <1} = sup{[(b- p, d)| : d = ca, || < 1}
< sup{[(b- p, d)| - [|d]| <[lall} = llall 1o~ pll = llall1b- pllu1,

while clearly ||ab - | 2 < |la|l||b- ]| ,,2- Hence both || - ||,1 and || - ||,,2 are
admissible, but clearly they are not equivalent norms.

LEMMA 3.4. Let (A, A.) be a dual Banach algebra, let u € A. have
an admissible norm, and let E,, be a space as defined above using some
admissible norm for p. Then ' : A — Elli has dense range, the module action
of A on E,, induces a weak™-continuous representation A — B(E,,), and there
evist x € B, and \ € E, such that ||z|| [|[A]| = ||u]| and (\,a-z) = (a, ) for
a €A

Proof. We may suppose that ||n|| = 1. By the condition on || - ||, we see
that ¢ is norm-decreasing, and the module action inherited from A, induces
a Banach left A-module action on E,. Furthermore, /' has dense range if
and only if // : E}} — A’ is injective, which, as E, is reflexive, is in turn

equivalent to ¢ being injective. We define 1), : EL ® E, — A, by
V(L (a)@b-p)=b-pu-a (a€Ab-uekE,).

Assuming this is bounded, 1, extends by linearity and continuity to E,IIL®EH
Indeed, we have

[b- 2~ all = sup{|(ach, )| : fle] < 1} = sup{[{a,cb- )| : [l < 1}
< sup{l(a,d- @)l < |d- plle, < 1b-pls,} = 14(@) e 1b- .

as ||cb- pllg, < el [|b- ] g, Thus 1, is norm-decreasing. Then let 0, = 1, :
A — B(E,), so that for a,b,c € A,

('(5), Ou(a)(c - p)) = (a, (' (b) @ ¢+ ) = (b,ac- p) = (/'(b),a (c- p));
hence 0, agrees with the left-module action of A on E,, as required.
Finally, we see that v,,(:/(e4) ® ea - ) = p, where

1/ (ea)ll iy, = sup{l{ea,a- )] : [la- pllg, <1}
<sup{[{ea,a- @] :lla-pl <1} <fleal =1,
and [leq - plle, < lleall flull =1. =
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THEOREM 3.5. Let (A, Ay) be a dual Banach algebra such that each
norm-one member of A, has an admissible norm. Then A is isometric, via a
weak™ -weak™-continuous map, to a weak*-closed subalgebra of B(E) for some
reflerive Banach space E.

Proof. We may suppose that A is unital, as otherwise we may work
with (A, A.)!f, and then restrict the resulting representation to A. Let X =

{p € As . ||p|| = 1}, and let E = E2(®MEX E,), so that E is a reflexive

Banach space. Define ¢ : B/ ® E — A, by
D(A) @ (1) = D uMu @) (N € E, (z) € B).
pneX

This is norm-decreasing, as

|30 v ]| € 3 bl < (30 W) (32 ul?) ™
pex pex = =~

Then let § =4’ : A — B(E), so that 0 is weak*-continuous, and for a,b € A,
(z,) € E and ()\,) € E’, we have

(M), 0(b) () = Z (0, hu( Ay @ 24)) = Z (Aps O (b) (210));
pneX pneX
therefore 6(b)(x,) = (0,(b)(x,)), and so # is a homomorphism, as each §,, is
a homomorphism.

It is a standard result that § = 1)’ has a weak*-closed image if and only
if 6 has a closed image, which happens if and only if 6 is bounded below. For
a € Aand ¢ > 0, there exists u € X such that |(a, u)| > (1 — ¢)||a||. Then
p=vY(\, ®x,) for some A\, € E}, and x;, € E), with |||l [lz.] = 1. Thus

10(a)]l = (16 (a)]l = [(a, (A @ )| > (1= &)[lal.
As € > 0 was arbitrary, we see that # is an isometry onto its range. m

Of course, we have not shown that any dual Banach algebra (other than
a W*-algebra) admits such a representation. We now remedy this situation
by using some interpolation space theory.

THEOREM 3.6. Let A be a unital dual Banach algebra with predual A, .
Then each norm-one member of A, has an admissible norm.

Proof. Let u € A, be such that ||u|]| = 1, and for n € N define a new
norm on A’ by

Ml = inf (272 ([b]] + 272N = b-pll b€ A} (A€ A).

Then, for a,b € Aand X € A, we have | All, < 22| ||, [|a-plln < 277/?|al],
and [[All < [A=b- gl +[[b- gl < 27 A—b-pul| +[[b]| s0 that 27/(IX[| < [|A[]-
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We then define
! = 2 1/2
Ep={xed:|\u= (3 INE) " < oo}
n=1

If A\ € E,,, then there exists some sequence (by,) in A with 2" |A—b,,-u||* — 0
as n — oo. In particular, A - p is dense in E,,. Thus, for a € A, we have
lla - p|l < lla-pllp <|lal|. We can also easily check that ||a - Al[, < |la|l [|All,
for a € Aand A € E,,. Hence we need only show that F, is reflexive to verify
the conditions of Definition 3.1.

Recall that R, : A — A’ is defined by R, (a) = a-p. Then R, maps into
A, and is weakly compact, as A, C WAP(A'). It follows from the work in
[10] (see [25, Section 1.7.8] for a sketch) that E,, is reflexive, as the map R,
is weakly compact. =

Notice that the above proof will work for any u € WAP(A’), which
re-creates Young’s result.

REMARK 3.7. The above construction of E, is actually a Lions-Peetre
interpolation space. Let A-p be the subspace of A, spanned by {a-p : a € A}
together with the norm ||a- || 4., = inf{||b|| : b- ¢ = a- pu}. Then we see that
R, : A— A pis norm-decreasing, and the induced map A/ker R, — A
is an isometry, showing that A - i is a Banach space.

Following [3], we let S(A- 1, A,) be the space A, together with the norm

[AMlls = inf{fla- pllap+ ol A=a-p+o} (A€ As).

Then S is a Banach space. Let 1 < p < 00, § < 0 and & > 0, and let
s (p; €0, A - 15 &1, Ax) be the subspace of S such that

I = it {max (3 160 ,) " (3 Besmonl) ™)
n=1 n=1

A=ap -+ ¢n (n>0)}<oo.

In comparison, we see that £, is the subspace of S such that

e 1/2
M = 6] (3@ amsllat 2 6al) X = art o (0> 0)}.
We thus see that s3 (2; — log V2, A p;log /2, A,) is isomorphic to E,.

It follows from [3, Section 1.5, Proposition 1] that E,, is a member of the
isomorphic class (A - p, Ax)1/22, and hence [3, Section 2.3, Proposition 1]
tells us that F, is reflexive if and only if the inclusion A -y — A, is weakly
compact, which happens if and only if R, is weakly compact, as before.

Putting all these results together, we obtain the following.
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COROLLARY 3.8. Let (A, Ay) be a dual Banach algebra. Then A admits
an isometric, weak*-weak”-continuous representation on some reflerive Ba-
nach space.

PROPOSITION 3.9. Let (A, A) be a Walgebra (that is, A is a C*-al-
gebra), and form E as above using only the p € A, which are states. Then
E is isomorphic to a Hilbert space, and our representation agrees with the
usual universal representation for a W*-algebra.

Proof. This follows from work in [12]. =

4. Unique preduals. It is a standard result in the theory of W*algebras
that a W*algebra has a unique predual, up to isometric classification. That
is, if (A, A.) is a W*algebra, F is a Banach space, and 6 : A — FE’ is
an isometric isomorphism, then 6 is automatically weak*-continuous. This
follows as we can use 6 to induce a C*-algebra structure on E’, showing that
FE is also a predual for A.

The theory of isometric preduals in Banach spaces has attracted some
attention (see the survey [15]). However, here we are interested in the iso-
morphic and not isometric theory.

THEOREM 4.1. Let (A, A,) be a commutative W*-algebra, let (B, B.) be
a dual Banach algebra, and let 0 : A — B be a Banach algebra isomorphism.
Then 6 is automatically weak*-continuous.

Proof. By [32, Theorem 1.18|, A can be identified with C({2) where (2 is
the character space of A, which is a hyperstonian space (see |2, Section 8| for
further details). In particular, {2 is Stonian in that the closure of any open
set is open. Then A’ is M (£2), the space of regular Borel measures on {2. We
say that a positive measure p € M(§2) is normal if u(A) = 0 whenever A is
nowhere dense, that is, the closure of A has empty interior. A general mea-
sure is normal when its absolute value is normal. By |2, Theorem 8.2 this
definition agrees with the usual one for W*-algebras (see also [32, Proposi-
tion 1.11]). Then the collection of normal measures forms a closed subspace
of M(£2) which is equal to k4, (Ax).

By reversing the argument which led to Definition 2.6, we need to show
that if £ C A’ is a closed submodule such that the natural map tg : A —
E' = A" /E* is an isomorphism, then E = k4, (A,). The equivalence of this
statement to the statement involving B comes from setting E = ¢'kp, (Bs).

Let E be as stated, and choose A € E. We will show that X\ is normal,
which will complete the proof, as then E C A,, and so necessarily F = A,.
Let A be a closed subset of {2 with empty interior, so we aim to show that
IA|(A) = 0. Consider the family C of closed and open subsets of {2 which
contain A, partially ordered by reverse inclusion. For B € C, let xp be the
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indicator function of B, so that yp € C({2). As F is a predual, there exists
a unique f € C(2) such that

{, f) = lim (. xB) (1 € B).
For C € C, notice that
(myxef) = -xc, f) = lim (- xo, xp) = limy (,xB) = (1, f) (n € E),

so that xof = f, and hence, for x € 2\ C, f(z) = f(x)xc(z) = 0. We
hence see that f vanishes off the set Ay :=(\pce B.

We claim that Ay = A, which follows from some simple topology. Indeed,
clearly A C Ay, and suppose towards a contradiction that there exists x €
Ao \ A. Thus, for each open B C 2 with A C B, we have 2 € B. As (2
is Hausdorff, for each a € A there exist disjoint open sets U, and V, with
a € Uy and z € V,. As A is compact, there exist ai,...,a, in A such
that A C U := Uy U---UU,,. Clearly U is disjoint from the open set
Vi=Vy N---NV,, , hence as x € V, we see that 2 ¢ U, a contradiction.

Consequently, f is supported on A, and as A has empty interior and f is
continuous, we must have f = 0. Let A = A\, + i)\; where A\, and )\; are real
measures. Then, as limpec (A, xp) = 0, we see that

lim (Ar, x5) = lim (A, x) =0,
as x p is real-valued. There exists a Hahn decomposition (see [18, Section 29])
for A;, that is, measurable sets £, and F_ such that 2 = EF, UE_ and with
A(E) = M(ENEL), A(E)=-\ENE) (ECQ),

defining two positive measures Ay and A_ with |\, = Ay + A_ and A\, =
Ap — A_. As |\, | is regular, for each € > 0, there exists an open set U and a
closed set K such that K C Ey C U with |[A\|(U\ K) < €. As {2 is Stonian,
we can find an open and closed set V' such that K C V C U (this follows by
a similar argument to that employed above to show that Ay = A). Then

A (B A\ V) + (VN EL) < [N[(UNK) <e.
We hence see that for B C (2,
AL(B) = A(BAEy) = M(BAV) + A (BN (EAV)) — A(BN(V\ E))
<e+4 A (BNV)|.
Consequently,
< lim (A < lim (A, = lim (A, - xv, =g,
0<lim (A, xp) < e+ Im O, xvxp) =+ Im (A xv, xB) =€

so as € > 0 was arbitrary, limpec (A4, xp) = 0. We then have
0. Xe(4) < jnf Ay (B) = 0.
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A similar argument shows that A_(A) = 0, therefore |\,;|(A) = 0. Similarly,
|Ai](A) = 0, so that |A[(A) = 0. Thus A is normal, as required. m

We note that we cannot drop the assumption that 6 is an algebra ho-
momorphism. This follows as, for example, Pelczynski showed in [27] that
¢ and L°°[0,1] are isomorphic (but not isometric, and not isomorphic
as Banach algebras in their natural products). However, of course, /! and
L'[0,1] are not isomorphic, so no isomorphism ¢ — L*°[0, 1] can be weak*-
continuous.

Continuing the theme of unique preduals, we have the following, which
is [16, Proposition 5.10].

PROPOSITION 4.2. Let E be a reflexive Banach space. Then the predual
E'®E is isometrically unique for B(E), meaning that when ¢ : F' — B(E) is
an isometric isomorphism for some Banach space F', there exists an isometry
Y :E' ®E — F such that ¢/ = ¢.

DEFINITION 4.3. Let E be a Banach space, and suppose that for each
compact set K C FE and each € > 0, there exists a finite-rank operator
T € F(E) such that ||T(z) — || < € for each z € K. Then we say that E has
the approzximation property. When we can choose T' to be uniformly bounded,
FE has the bounded approzimation property, and when we can choose T be a
contraction, E has the metric approrimation property.

See [31, Chapter 4] or [14, Chapter VIII, Section 3] for further details.
When F is a reflexive Banach space, the approximation property implies the
metric approximation property (see [31, Corollary 5.51]). The approximation
property is equivalent to the natural map E' ® F — B(E) being injective.

THEOREM 4.4. Let E be a reflexive Banach space with the approximation
property. Whenever (A, A,) is a dual Banach algebra and 0 : B(E) — A is
a Banach algebra isomorphism, 0 is weak™-continuous.

Proof. Again, we need to show that when X C B(F) is a predual, we
have X = kpgp(E' ® E). As E is reflexive and has the approximation
property, A(E)' = E' ® E and so A(E)" = B(E). We may check that A(FE)
is Arens regular, and that the Arens products on A(F)” agree with the
usual product on B(E). By standard results, as B(F) is unital, there exists
a bounded approximate identity (e,) for A(E) (see [8, Proposition 2.9.16]
or [25, Section 1.7.13] for further details).

Let ¢ : A(E) — B(F) be the inclusion map, so that actually ¢ agrees with
the map # 4(g). Then /' : B(E) — E' ® E satisfies Vegiar = Ipgp As X
is a predual, there exists a unique P € B(E) such that

(, Py = lim (p, 1(ea)) = lim (' (), €a) = (I, (1)) (1 € X).
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Then, for T' € B(E) and p € X,

(1, PT) = (T - 1, P) = i (T - 1, o{ea)) = lim (11 1(eaT)) = lim {¢'(1), eaT)
= lm (T -/ (n), ea) = (I, T - /(1)) = (T, ()

and so, for each «,

(1, Pr(ea)) = (uea), ' (1) = (u t(ea)) (1 € X),
so that Pi(es) = t(eq). Similarly, t(eq) P = t(ey) for every a. Hence

(p, P?) = lim (- P, 1(eq)) = lim (1, Pi(eq)) = lim (1, e(ea)) = (. P)

for p € X, hence P is a projection. As (Pi(eq)) = (t(eq)) is a bounded
approximate identity for A(E) C B(E), the image of P must be the whole
of E, that is, P is the identity. Thus

(1.T) = {11, PT) = (T, (1)) = (kg (0).T) (T € B(E), p € X),

and hence mE,®EL’ is the identity on X. This implies that X C mE,®E(E’®E),
so that X = kg5 p(E ® F), as required. =

It would be nice to remove the condition on E having the approxima-
tion property, but this is utterly integral to the current proof. The general
question of which dual Banach algebras have a unique predual seems very
interesting. We have looked at, but have been unable to answer, the ques-
tion of whether ¢'(Z) has a unique predual. This is equivalent to the very
concrete question: let X C ¢°°(Z) be a shift-invariant subspace such that
X' is naturally identified with ¢}(Z). Is X = ¢(Z)? Of course, as a Banach
space, /1(Z) has plenty of preduals (see [15]) but these do not appear to be
preduals which make the product on ¢!(Z) weak*-continuous.

5. Dual Banach x-algebras. We start by studying dual Banach alge-
bras (A, A.) which admit an involution, which for us will be a continuous,
conjugate-linear map * : A — A such that (ab)* = b*a*. Recall that we may
define an involution * on A’ by

(W'a) = o) (ne A, ae A).
Then the involution is weak*-continuous if and only if A, forms a self-adjoint
subspace of A’.

We shall now sketch some results on Banach spaces which admit a sesqui-
linear form which is not necessarily positive (such spaces are hence gener-
alisations of Hilbert spaces). These are studied by Laustsen and the author
in [12]. Let E be a Banach space and let [-,-] be a sesquilinear form on FE
which is bounded in the sense that for some C' > 0, |[z,y]| < C||z||||y|| for
x,y € E. There hence exists a bounded, conjugate-linear map J : £ — FE’
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such that [z,y] = (J(y), z) for any z,y € E. Suppose that J is a homeomor-
phism (which forces E to be reflexive). Then there is an involution on B(FE)
given equivalently by

T*=J 1 T oJ or [T*(z),y]=[z,T(y)] (x,y€E,TecB(E)).

It is shown in [12] that every bounded involution on B(E) arises in this way.

Now let (A, .A,) be a dual Banach algebra with a continuous involution,
let 1 € A, be self-adjoint and of norm one, and consider the space E, formed
in Theorem 3.6. As this space is isomorphic to a Lions—Peetre interpolation
space, it is isomorphic to the spaces constructed in [12]. In particular, we
may define a bounded form on E, by

[G'Mab'ﬂ]:<b*aaﬂ> (a,b € A)

such that the induced map J : E — E’ is a homeomorphism. It hence follows
that the representation A — B(FE) is actually a *-homomorphism.

The space (E, [-,-]) may certainly fail to be a Hilbert space. However, it is
shown that in the special case when p is a positive linear functional, F is at
least isomorphic to the Hilbert space generated by the GNS representation
for p.

PROPOSITION 5.1. Let (A, Ay) be a dual Banach algebra with a contin-
uous tnvolution. Then the following are equivalent:

(1) the involution is weak*-continuous;

(2) A is weak”-continuously *-isomorphic to a closed subspace of B(E)
for some reflexive Banach space E such that B(E) admits an invo-
lution.

Proof. To show that (1) implies (2), by the preceding discussion, the only
thing to check is that the subset of A, of norm-one self-adjoint functionals
norms A. However, as the involution is weak*-continuous, A, is itself self-
adjoint, and hence every p € A, is of the form u = p, + ip; for self-adjoint
oy i € As. Tt hence follows that the quantity sup{|{(a, u)| : p € As, p* = p,
||| = 1} is at least equivalent to ||al|, as required.

Now suppose that (2) holds. We can then identify .4 with its image in
B(E), so that A, becomes identified with E’ ® E/L.A*. Let 7 € A,, so that
as J is a homeomorphism, 7 has a representation of the form

T:ZJ(xn)@)yn"‘lA*:

n=1

with 352, [l lyall < oo. Let

U:ZJ(yn)(g)xn‘FLA*EA*

n=1
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Then, for T'e A C B(E), we have

(T,7) = Z (J(@n), T(yn)) = Z[T(yn)>xn] = Z [T*(xn), yn] = (T*, 0),

so that (T,0*) = (T*,0) = (T, 7). Therefore c* = 7, so 7* = o, and hence
A, is self-adjoint, as required. =

It would be interesting to know if there exists a dual Banach algebra
(A, A,) which admits a continuous involution which is not weak*-continuous.

LEMMA 5.2. Let (A, Ay) be a dual Banach algebra, and suppose that A
admits a weak*-continuous involution. Then there is an equivalent norm ||-||o
on A, such that the involution becomes isometric on (A, || - ||5), where || - ||§
is the dual norm to || - ||o-

Proof. We would usually define a new norm on A by setting ||af| =
max(||al|,[[a*||); we show here how to dualise this idea. For u € A,, we
define

[lallo = mELAT] + [l = Al = A € As},
where, as A, is self-adjoint, \* € A,. Clearly, ||u| < ||pllo for p € As. As
the involution is continuous, there exists M > 1 such that ||a*|| < M]||a|| for

each a € A. Then ||\*|| < M||A|| for each A € A’, so that also ||A|| < M| *|.
Thus

[l < TAI [l = Al < MN[0 = All < MA[[+ Mlp = Al (A € As)
so that ||u|| < M]||p|lo- Hence || - ||o is equivalent to || - || on A,.
Then, for a € A, we have
lallo = sup{[(a, o+ N)| = g, A € Asy N[ + [|l| < 1}
= sup{[{a, )| + [{(a, )| : 1, A € As, [|A"][ + [[pll < 1}
= max{sup{[(a, )| : [[ull < 1}, sup{[(a, \)| : [X*]| < 1}}
= max{]|al|, sup{[{a”, )| : [[A] < 1}} = max({[al], [la*[}).
Hence ||a*||§ = ||all§, as required. =
Following [8], we shall say that a Banach x-algebra is a Banach algebra
with an isometric involution. We now know that there is no loss of gen-
erality to talk about dual Banach x-algebras as long as the involution is
weak*-continuous, which in light of Proposition 5.1 seems necessary for our
purposes. The next theorem shows that we can always embed a dual Banach

algebra with involution into a dual Banach algebra with weak*-continuous
involution. We remind the reader of Proposition 2.4.

THEOREM 5.3. Let (A, A,) be a dual Banach algebra with a continuous
involution. Then WAP(A") admits a weak®-continuous involution such that
the canonical map A — WAP(A") becomes a x-homomorphism.
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Proof. By Proposition 2.4, the first Arens product on A” drops to a well-
defined product on WAP(A")’ turning WAP(.A’)" into a dual Banach algebra.
As shown in [12], it follows from Grothendieck’s double limit criterion that
WAP(A’) is a self-adjoint subspace of A’; in particular, this means that for
p € Ay, certainly u* € WAP(A').

We define an involution on A” by setting

(@ N\ = (D, \*) (e A, NeA).

We then define an involution on WAP(A’)" by setting

(& + WAP(A)D)* =" + WAP(A)L (@ e A",
which is well-defined, as WAP(A’) is self-adjoint. We may check that, for
a€ A\ € WAP(A') and @ € A”, we have (a-A\)* = A\*-a* and (\-®)* = §* .
We then see that for &,¥ € A” and A € WAP(A'),

(@O9)X) =BT X = (@, (7 X)) = (@82 0)
= (U O &5, N) = (W D6, N,

by Lemma 2.3. Thus WAP(A") has a continuous involution which, by defi-
nition, is weak*-continuous, and extends the involution on A. =

Instead of using WAP(A’) in the above construction, we could instead
have used X = A, + Af C WAP(A’), which has the advantage that if the
involution on A is already weak*-continuous, then X’ = A.

6. Connes-amenability and injectivity. We shall show below that if
A is Connes-amenable, then A is unital. In fact, a stronger result holds.

PROPOSITION 6.1. Let (A, A.) be a dual Banach algebra such that
(A°, A%) is Connes-amenable. Then A is unital.

Proof. Let E = A, as a Banach space, and for u € A,, write i for the
canonical image of p in E (and similarly for elements of A in E’). Then turn
F into an A°-bimodule by setting

(a+a)-fi=a-p+afi, f-(a+a)=aofi (a+ac A, ficE).

We claim that E’ then becomes a normal A"—b/i\module; for example, if
ai + o; — a + a weak* in A’ then, for i € F and b € F/,

lim (b - (a; + i), &) = lim (b, @ -7t + i) = lim (ba; + a;b, )
7 7 (2

= (ba+ ab,p) = (b- (a + ), i),

so that b (a; + ;) — b- (a + a) weak* in E’, as required.
Now let d : A* — E’ be defined by d(a + a) = @. Then

d((a+a)(b+B))=ab+ab+pa=a-(b+08)+ (a+a)-b,
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so that d is a derivation. Clearly d is weak*-continuous, hence as (A”, A°) is
Connes-amenable, d is inner, so that for some e € A, we have

a=dla+a)=¢-(a+a)—(a+a)-e=éa (a€A.

Thus A has a left identity, and in an analogous manner, A has a right
identity, so that A is unital. m

Thus the naive unitisation is useless as far as Connes-amenability is con-
cerned.

Let E be a Banach space, and let A C B(FE) be a subset. We define the
commutant of A to be

A°={T € B(E): TS = 5T (5 € A)},

so that A is a closed subalgebra of B(E). We then define A® = (A°)°, and
see that A C A,

DEFINITION 6.2. Let E be a Banach space, and let A C B(E) be a
subalgebra. A quasi-expectation for A is a projection Q : B(E) — A° such
that Q(cT'd) = cQ(T)d for ¢,d € A° and T € B(E).

PROPOSITION 6.3. Let A be a Banach algebra, and let 7 : A — B(E) be
a homomorphism with E a reflexive Banach space. Suppose that either

(1) A is amenable, or
(2) A is a dual Banach algebra, 7 is weak™-continuous, and A is Connes-
amenable.

C

Then there exists a quasi-expectation Q : B(E) — w(A)°.

Proof. We may either translate, almost verbatim, the proof of [5, Theo-
rem 3], or else look at [29, Theorem 4.4.11]. =

Very similar ideas to the above are considered by Corach and Galé in [7],
and in particular in Section 3 of that paper, where they ask if the existence of
a quasi-expectation is equivalent to some form of amenability. We shall now
answer this question in the affirmative, showing that quasi-expectations and
Connes-amenability are intimately linked (as is true in the von Neumann
algebra case: see [5]).

DEFINITION 6.4. Let (A, A,) be a dual Banach algebra, and let E be a
Banach A-bimodule. Then x € cWC(FE) if and only if the maps A — E,

ar—a-r, a—T-a,
are o(A, A,)-0(E, E') continuous.

It is clear that cWC(E) is a closed submodule of E. The A-bimodule
homomorphism A4 has adjoint A’y : A' — (A® A)'. In [28, Corollary 4.6]
it is shown that A’j(A,) C oWC((A® A)"). Consequently, we can view A’y
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as a map A, — cWC((A® A)'), denoted by Ay, and hence we have a map
Ay o WC((A® A)) — A, = A. The following is [28, Theorem 4.8].
THEOREM 6.5. Let A be a dual Banach algebra with predual Ay. Then
the following are equivalent:
(1) A is Connes-amenable;
(2) A has a oWC-virtual diagonal, which is M € oWC((A® A)) such
that a - M = M - a and aA'y(M) = a for each a € A.

We can identify cWC((A ® A)’) in a slightly more concrete way. First
of all, recall that (A® A) = B(A, A'), where we choose the convention that

(T,a®b) = (T(b),a) (a@bc ARA, T cB(AA)).
Then, for 1 € A, we identify ANA(,u) with the map b+ b - . The following
is [11, Proposition 3.2].
PROPOSITION 6.6. Let (A, A.) be a dual Banach algebra. For T €
B(A,A) = (A® A, define maps ¢,y : AR A — A" by
pr(a®@b) =Tra(a)-b, Pa®@b)=a-T(h) (a@bc AR A).
Then T € cWC(B(A, A")) if and only if ¢, and ¢; are weakly compact and

have ranges contained in k.4, (As).

As the unit ball of A® A is the closure of the convex hull of {a®b : |ja|| =
Ib]] < 1}, we see that, for example, ¢; is weakly compact if and only if the
set {a-T'(b) : ||a|]| = ||b|]] < 1} is relatively weakly (sequentially) compact.

We shall now prove a representation result for maps in cWC(B(A, A")).
Firstly, we again apply some interpolation space theory.

PROPOSITION 6.7. Let (A, Ay) be a unital dual Banach algebra, and let
T € oWC(B(A, A")). Then there exists an absolute constant K > 0, a Ba-
nach left A-module E and a Banach right A-module F' such that E and F
are normal and reflerive, and for some unit vectors pg € E' and \g € F,
we have

[(T(b), a)| < KT |0 - allellb- Aol (a,b € A).

Furthermore, pg - A is dense in E' and A - \g is dense in F’.

Proof. We may suppose that ||T'|| = 1. Form ¢; using T, and for n > 1
define a norm on A, by

lll = inf {27727 + 22|l — gu(7)|| : T € AR A} (1€ A

As in the proof of Theorem 3.6, we may check that || - ||,, is an equivalent
norm on A,, and that we may define

2={ueaulp= (X lnz)"” <o}

n>1
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Then E is a Banach space, ¢;(A® A) is dense in F, and for 7 € A® A, we
have [|¢1(7)|| < [|¢1(7)||lg < ||T]|=. Furthermore, E is a Banach left .A-module
as ¢ is a left A-module homomorphism. Again, it follows from general in-
terpolation space results that F is reflexive, as ¢; is weakly compact.

Again, let 1y : E — A, be the inclusion map, so that i/ : A — E
has dense range. Let u € E, V;(a) € E', and let (by) be a net in A which
converges weak* to b. Then

(tp(a), ba - ) = (aba, i) — (ab, p) = (p(a),b- p),
so we see that the map A — E,b+— b- u, is weak*-continuous, that is, F is

normal. For each n > 1, let || - ||} be the dual norm to || - ||,, defined on .A.
For a € A, we have

lall;, = sup{|{a, i+ ¢u(7))| : 272 || 7|l + 272 ||ul| < 1}
= sup{2"*|(a, )| + 2% |(¢(a), 7)| : |17l + |l < 1}
= max(2~"?||a], 2"/?|| ¢ (a)]])-
As E isometrically embeds into the £2-direct sum of the spaces (Ax, ||||n)n>1,
we see that E’ is isometrically a quotient of the ¢2-direct sum of the spaces

(A, |l - I#)n>1. We hence see that, if we drop the map ¢}, and identify A with
a dense subspace of E’, then for a € A,

/2
lallsr = in ] (3 max(2 /2 an, 22 (an))?) " ra =3 an}.

n>1 n>1

From [3, Section 1.5, Proposition 1] it follows that there is an absolute con-
stant K > 0 such that if we define

) n . 1/2
lally = inf{ (2@ 72la = anll + 2 6i(an))?) " : (an) € A},
n>1
then K4 [y < || e < K| ||
We analogously use ¢, to form a reflexive, normal, Banach right A-
module F', and we find a norm |[|-||2 on A such that K=|-|l2 < |-l < K|-|2.
Notice that for a,b € A, (T'(b),a) = (¢;(a)(b),e4) and
I¢1(a)(®)]| = sup{T'(b), ac)| : [le]| < 1} = sup{[(&.(b)(ea), ac)] : [lc]| < 1}
< &)l |l
For a,b € A and € > 0, choose (ay), (bn) C A such that a =} -, a, and

n n 1/2
(D= max(2=2ljanl, 2" 2l|1(an) )?) < llallr + e,

n>1

n " 1/2
(D@26 = bull + 2216 ba))2) < bl + <.

n>1
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We then use the Cauchy—Schwarz inequality to see that

(T(0),a)] < [I61(@) )]l < D lIi(an) (D)

n>1
<D ldi(an)(bn = b + lI67(an) (ba) |
n>1
<> 22| gq(an) |27 b — bl + > 2% (bn) 27 |
n>1 n>1

< 2([lallz +€)([[bll2 +€)-

As e > 0 was arbitrary, we see that [(T'(b),a)| < 2K||a||g|b||r- We may
hence set pg = t/y(e4) and A\g = /n(e4), so that as ¢j; has dense range, po-.A
is dense in E’, and similarly for A - \g. It remains to check that these are
unit vectors. However, as ¢/ is norm-decreasing, ||| g < 1, while conversely

1B (e)ll = sup{[(ea, du(7))] : l¢u(7)ll e < 1}
> sup{[{ea, i(a @ b))| : la @ bl[x = [la] [|b] < 1}
= sup{[{a, T(0))| : [la| = [|b]] = 1} = [|T]| = 1.

Similarly, || Ao|/7 = 1, and the proof is complete. m

Notice that if T = A4(u) for some p € A,, then ¢j(a®b) =a- (b-p) =
ab - . It hence follows that the space E constructed in the above proof is
equal to the space constructed in Theorem 3.6.

THEOREM 6.8. Let (A, A,) be a unital dual Banach algebra, and let T €
B(A, A'). Then the following are equivalent:

(1) T € oWC(B(A, A));
(2) there exist a normal reflexive Banach left A-module E, x € E, u € E’
and S € B(E) such that (T'(b),a) = (- a,S(b-x)) for each a,b € A.

Furthermore, in this case, there is an absolute constant K > 0 such that we
may choose E, z, p and S with ||x| ||p] [|S|| < K||T|.

Proof. If (2) holds, then let 7 : A — B(E) be the associated represen-
tation, and let 7, : F' ® E — A’ be the restriction of 7’ to F' ® E. As F
is normal, the representation is weak*-continuous, and so 7, maps into A,
and 7/, = 7. For a,b € A, we have

(T(b),a) = (p, 7(a)Sm(b)(x)) = {a, m(S(b)(2) @ p))
= (b, m(z @ S'm(a)' (1)),
so that T'(A) C A, and T'k4(A) C A..

Let (an) and (b,) be bounded sequences in A, and let x € E. As E
is reflexive, the unit ball of E is weakly sequentially compact, and so, by
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moving to subsequences if necessary, we may suppose that for some y € FE,

(, m(an)Sm(bn)(x)) = (1y)  (n € E).
Then, for c € A and p € F,

Tim (a - T(by). ) = lim (i, 7(can)Sr(by) ()
= lim {m(c)/ (), w(an)S(ba) () = (m(e) (1)) = (e maly @ ).

Combining this with the comments after Proposition 6.6, we see that ¢; (as
defined using T') is weakly compact. A similar calculation shows that ¢, is
weakly compact, and so we conclude that T € o WC(B(A, A’)) as required.

Conversely, let T € cWC(B(A, A")), and form the spaces E and F using
Proposition 6.7. The subspace pq-.A is dense in E' and A - )¢ is dense in F”.
Define R € (E'® F') = B(F',E) by

(Rauo'a®b’>‘0> = <T(b)7a> (CL,bGA),

so that | R|| < K||T||. Let G = E @9 F' (that is, the norm on G is || (e, f)|| =
(llell> 4+ [ fI?)Y/? for e € E and f € F) so that G’ = E' @ F, and G is a
normal, reflexive, Banach left A-module. Define S € B(G) by

S(z,0-Xo) = (R(b-X0),0) (2€ E, b X € F),
and let x = (0, \g) € G, 1 = (po,0) € G'. Then, for a,b € A,

(-a,Sb-z)) = ((po-a,0), R(b-X0,0)) = (R, 0 -a®@b-Xg) = (T(b),a),

as required. =

Let A be a Banach algebra and E be a left A-module. Then we write
AB(E) for the collection of left A-module homomorphisms, that is, maps T' €
B(E) such that T'(a-z) = a-T(z) for a € A and x € E. Similarly, we define
BA(FE) and 4B4(F) to be the collection of right A-module homomorphisms
and A-bimodule homomorphisms, respectively.

Suppose now that A is a closed subalgebra of B(FE) for some reflexive
Banach space E. Then B(E) becomes a Banach .A-bimodule and a Banach
AC¢-bimodule in the obvious way. We turn scB4c(B(F)) into a Banach A-
module by setting

(a-S)T)=aS(T), (S-a)(T)=8ST)a (a€ A TeB(E))
for S € pcBac(B(E)). Notice that B(B(E)) is a dual Banach space with
predual B(E) ® (E® E'). Let X C B(E) ® (E ® E') be the closure of the
linear span of
TRrxop-—Texed(un),
Tcez@u—T®c(r) @ p

Then, for example, if S € B(B(E)) satisfies (S,(T @z u—T @z ® ' (n))
=0 for each c € A°,T € B(E),xz € E and p € E', then S§(cT') = ¢S(T). We

: cEAC,TGB(E),xGE,MEE’}.
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hence see that X+ = 4cB4c(B(E)), so that 4cBuc(B(E)) has the predual
B(E)R E® E'/X.
Define 0 : A® A — acB4(B(E)) by

O(axb)(T)=aTb (a,be A, T € B(E)),

so that 6 is an A-bimodule homomorphism. We then define 1 : B(E) ® E &
E'/X — B(A, A') by, fora,be A, z € E, pe€ E' and T € B(E),

WTerxpu+ X),a®b) = (1, 0(a®b)(T)(x)) = (u,aTb(x)).

A simple check shows that this is well-defined, and that ||¢| < 1. We turn
B(E)® E ® E' into a Banach .A-bimodule by setting

a- T@reu)=TRalx)op Treop a=Tezd(w
(ac A,TEB(E),z€ E, uc k).

Then X is a sub-.A-bimodule, and this module action agrees with the module
action already defined on gcB4c(B(E)). We may verify that ¢ is an A-
bimodule homomorphism.

We now aim to construct a Banach space E such that 1 is a bijection
(onto a suitable closed subspace of B(A,.A’)) for this F.

DEFINITION 6.9. For a Banach left A-module E, and = € E, let A-z
be the closure of {a -z : a € A}, so that A -z is a closed submodule of E.
Similarly, for p € E', define y1 - A. We then say that E is cyclic if, for some
zo € E, we have A -z = E; a similar definition holds for E’.

For Banach spaces E and F, we let (?(E @© F) = E @y F be the direct
sum of E and F with the norm ||(e, f)|| = (|le||?+||f||?)/% fore € E, f € F.
When E and F are reflexive, normal, Banach left A-modules, it is clear
that so is E @y F. We similarly define (2(P,, E,), where (E,) is a family of
Banach spaces.

The following lemma is a technical result. It would be easier to define E
to be the ¢2-direct-sum of all reflexive, normal, Banach left A-modules, but
this collection is not in general a set.

LEMMA 6.10. Let £ be a set of reflexive, normal, cyclic, Banach left
A-modules. There exists a reflexive, normal, Banach left A-module E such
that:

(1) each member of £ is isometrically isomorphic to a 1-complemented
submodule of E;

(2) for 1,22 € E and py,puo € E', if X(x1,22) = {a- (x1,22) : a € A}
CA-21P2A - z3 and Y (1, pu2) = {(p1,p2) -a:a€ A} C pg - A®o
wa - A, then X (x1,x2) ®2 Y (1, pe) is isometrically isomorphic to a
1-complemented submodule of E.
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Proof. Let & = £, and then use transfinite induction to define &, for an
ordinal o, as follows. If o is a limit ordinal, we let &, = |J,.,, €x. Otherwise,
let E, = €2(®E65a E) and for x1,29 € E, and p1, po € E.,, form X (x1, 22)
and Y (u1,pe2) as above. Then let £,41 be &, unioned with the collection
of all such spaces X (z1,x2) @2 Y (u1,p2)’. Notice that each member of &,
is canonically a reflexive, normal, Banach A-module. Notice that X (z1,z2)
is always a cyclic module, while Y (u1,p2)" is the dual of a cyclic (right)
module.

We then let F = £2(®E65N1 E) and give E the obvious left .4-module
structure. Then each member of £ is a 1-complemented subspace of E. In-
deed, we may view E, = (*(@gce. E) and E], as submodules of E and E’,
respectively, for each o <R;. For notational convenience, let &y, ={E; : i€}
for some indexing set I. Then let x1,20 € E and pui,us € E’, so that, for
k=1,2 25 = @M)ies with [Jagl| = (Cie; [25)12)1/2, and similarly for
As Ny is the first uncountable ordinal, we see that for some a < Ny, for
each k = 1,2 the condition .T,'l(»k) %0 or ul(»k) = 0 implies that E; € &,. Hence
x1,29 € Eq and p1, po € E! ), so that by construction, X (x1, 22)®2Y (11, p2)’
is a 1-complemented submodule of E,;; C E as required. =

THEOREM 6.11. Let (A, A.) be a unital dual Banach algebra. There
exists an isometric, weak®-continuous representation ™ : A — B(FE) such
that v (as associated with 7) maps into cWC(B(A, A")) and is a bijection.

Proof. By Theorem 6.8, we see that ¢ maps into cWC(B(A, A")) for
any isometric weak*-continuous representation 7 : A — B(FE). Let £ be
the collection of Banach spaces constructed in Theorem 6.8 for each norm-
one member of cWC(B(A, A")). Then let E be the Banach space given by
Lemma 6.10, so that it is clear that ¢ is surjective, by Theorem 6.8. Hence
1)’ is an isomorphism onto its range. We shall now show that 1)’ is surjective,
which will complete the proof.

Fix § € gcBac(B(E)), and define M € cWC(B(A, A")) in the following
way. For each T € ocWC(B(A, A")), let z € E, p € E' and S € B(E)
be such that (T,a®0b) = (u-a,S(b-z)) for each a,b € A. Then define
(M, T) = (u,S(S)(x)). Suppose that this is well-defined. Then, for each
r € E,ue€ E and S € B(E),

W(M),S@r®u+X) = (M Sz p+ X)) = (1n,S(9)(x))
= (S,S®@z®u+ X),
so that ¢/(M) = S as required.

We shall now show that M is well-defined, at least for our specific F.
Let T € oWC(B(A, A’)), and suppose that, for i = 1,2, we have z; € E,
wi € E' and S; € B(E) such that (T, a ® b) = (u; - a, Si(b- z;)) for a,b € A.
Pick t € (0, 1) such that ¢[|S1]| = (1—1)||S2||. A quick calculation shows that
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then K := t||S1]| = ||S1]| [IS2||(|[S1]| + [|S2]|)~!. For each a,b € A, by the
Cauchy—Schwarz inequality,
Ty a @) = (- a, S1(b- 20| + (1~ )] {2 - @, Salb - 22)|
< tlSullllpn - all 1o~ |l + (1 = ) 1S2[ | n2 - all |- 2|
< K(Jlp - all® + 2 - a2 (b - 21 ]|* + b - 2a*) 2.

Let F be the closure of A - (z1,22) in A-x1 @2 A x9, and let G be the
closure of (p1, p2) - Ain py - A@g us - A. The above calculation allows us to
define R € (G ® F)' = B(F,G") by

<R7 (Nl CQ, Y2 ‘CL) ® (b‘.fl?l,b'flfg» = <T7a®b> (a’vb € A)7
and we see that ||R| < K. Then set H = G' @2 F, and let Pr and Py be
the projections onto F' and G’ respectively. As H' = G @9 I, let Pg and Pp/
be defined similarly, so Pg = P}, and Ppr = Pp,. Let 29 = (0, (z1,22)) € H,
po = ((p1, 2),0) € H', and define Sy € B(H) by So(g*, f) = (R(f),0) for
g* € G' and f € F. Then, for a,b € A,
<N0 ) S()(b ’ ‘TO)> = ((Nl Ca, Y2 - a)7 R(b x1,b- x2)> = <T7 a® b>

By Lemma 6.10, H is a 1-complemented submodule of E, so we can find
norm-decreasing left .A-module homomorphisms P: ¥ — H and v: H — E
such that P. = Iy. For i = 1,2, we may define maps U; € 4B(H, A - z;) and

Vi€ B4(H',pi - A) by, for a € A, f* € F' and g* € &,
Ui(g*,a- (z1,22)) = a-xi,  Vi((p1, p2) - a, f*) = pi - a.

Then, by construction, U; and V; are norm-decreasing. For a,b € A, we see
that

(T,a®b) = (u; - a,Si(b-z;)) = (o - a, V{ S;Ui(b - x0))
= (o - a, PV SiUiPr(b - 20)) = (o - a, PgrSoPr (b - x0)).
As A-zg is dense in F and f9-A is dense in G, we conclude that Pg/ V' S;U; Pp
= PrSoPr. As S € pcBac(B(E)), we see that
(i, S(50) () = (ViPas(10), S(S)Us P (o))
= <,u0,PLpglV;/S(Si)UZ'PFPL(SL‘O»
= <,u,0,PS(LPG/V;/SZ'UZ'PFP)L(.Z'O»
= <,u0, PS(LPG/SOPFP)L(xQ)>.

We hence conclude that (u;, S(S;)(z;)) has the same value for i = 1 as for
1 = 2, and hence that M is well-defined, as required. =

DEFINITION 6.12. Let (A, A,) be a dual Banach algebra. We say that
A is injective if whenever 7 : A — B(FE) is a weak*-continuous, unital
representation, there is a quasi-expectation Q : B(E) — 7(A)°.
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THEOREM 6.13. Let (A, A,) be a unital dual Banach algebra. Then A is
Connes-amenable if and only if A is injective.

Proof. We have already seen that when A is Connes-amenable, A is
injective. Conversely, consider the weak*-continuous representation 7 : 4 —
B(E) constructed in Theorem 6.11, so that ¢/ is an isomorphism. As A is
injective, there exists a quasi-expectation Q : B(E) — w(A)°. Let M =
(¥ 1(Q) € cWC((A® A))'. As Q maps into w(A)°, it follows that a- Q =
Q-aforac A sothat a- M = M - a.

The unit ball of A® A is weak*-dense in the unit ball of cWC((AR.A)"Y,
so there exists a bounded net (7,) in A ® A such that M is the weak*-limit

of (74). For each o, let 7, =3 5, a a!® @ ™. For z € E and p € E', there
exists A € A, such that (a,\) = (u 7r( )(z)) for a € A. We then see that for
a,be A,

(ab, ) = (Aa(\),a @ b) = (p, m(ab)(x)) = (u, w(a)Tem () (1)).
Then, from the proof of Theorem 6.11, we deduce that

(1, QUE)(@)) = (M, Ag(N)) = (A (M), \) = lim Y _ (u, w(af b)) (@)).

n>1

As Q is a projection onto 7(A)¢ and Ig € 7(A)°, we see Q(Ig) = Ig, and
(@)

so, as « and p were arbitrary, we must have lim, Y~ a%a)bn = ey in the

weak*-topology on A. That is, A~:4(M) = ey, showing that M is a cWC-
virtual diagonal, which implies that A is Connes-amenable, as required. =

There exists a rather strong decomposition theory for weak*-continuous
homomorphisms between von Neumann algebras (see [32, Theorem 5.5]).
From this, it follows that if A C B(H) is a von Neumann algebra admitting
a quasi-expectation, and A is isomorphic to B C B(K), then B admits a
quasi-expectation (see [29, Lemma 6.1.2]). Hence we need only look at one
representation for A to decide if A is Connes-amenable.

In contrast, it follows from [30, Corollary 4.5] that A = B(¢ @ ¢7) is not
Connes-amenable when p, ¢ € (1,00) \ {2} are distinct, while trivially, there
is a quasi-expectation for A under the trivial representation to B(¢P @ (9).
Our theorem shows that there exists some reflexive Banach space E and
some weak*-continuous representation 7 : A — B(E) such that A has no
quasi-expectation for B(FE). It would be interesting to determine the Banach
space properties of F.

There exists a more category-theoretic definition of injectivity for von
Neumann algebras (see [33, Chapter XV, Section 1|): namely, they are in-
jective in the usual mapping sense, with respect to completely positive maps.
Does a similar definition hold for dual Banach algebras?
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REMARK 6.14. Let (A, A,) be a dual Banach algebra, and let 7 : A —
B(E) be the representation given by Theorem 6.11. Then suppose that B =
A is Connes-amenable, so that there exists a quasi-projection Q : B —
(A%)¢ = A°. Thus A* is Connes-amenable by Theorem 6.13, which implies
in particular that A is unital. Hence, if we wish to unitise A by using A€,
then we need to consider “smaller” representations.

PROPOSITION 6.15. Let A be a Banach algebra. Then the following are
equivalent:
(1) WAP(A') is Connes-amenable;
(2) whenever m: A — B(E) is a continuous representation on a reflexive
Banach space E, there exists a quasi-ezpectation Q : B(E) — w(A)°.

Proof. Let m : A — B(F) be a continuous representation on a reflex-
ive Banach space FE, so that by Proposition 2.9, there is a unique weak™*-
continuous representation 7 : WAP(A') — B(F) extending 7. It is hence

sufficient to show that 7(A)° = 7(WAP(A"))¢. The inclusion D is clear.
Conversely, let T' € 7(A)¢, so that

(Tr(a),7) = (n(a)T,7) (a€ A, 1€FE &E).

Then let ® € WAP(A')" and let (a,) be a bounded net in A which converges
to @ in the weak*-topology on WAP(A’)’. Consequently, for x € E, € E'
and T € 7(A)°,

(1, TR(®)(2)) = (&, 7. (T (1) © 2))
= lim {1, Tr(a)(2)) = I

=)

lim (7. (T" (1) ® @), aa)
(1, 7(aa) T (x))

(@, mi(p @ T(x)))

Q

I =2

)
= lim (m (4 ® T(2)), aq) (
= (1, 7(2)T (2)),
so that T € T(WAP(A')")¢, as required. m

7. WAP-compactifications for semigroups. Semigroup algebras fit
very nicely into our framework, and the theory is well-explored. Here we
shall sketch some results on compactifications; for further details, see [4].

Let S be a semigroup which is also a topological space. Then S is a
semitopological semigroup when the left and right actions of S are continuous,
while S is a topological semigroup when the multiplication map S x § — S
is continuous.

We write £°°(S) for the commutative C*-algebra of all bounded functions
on S. For s € S, define g5 : S — S by ps(t) = ts for t € S. Define R; :
1°(S) — £2°(S) by

Rs(f) = foos (s€S5, felX(9)),
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Let C'(S) C £°(S) be the space of continuous, bounded functions on S.
For f € ¢°°(S), we say that f is weakly almost periodic, denoted by f €
WAP(S), when f € C(5), and Rg(f) := {Rs(f) : s € S} is relatively
weakly compact in ¢°°(S). As noted in [4, Chapter 4], if Sq denotes the
semigroup S with the discrete topology, then WAP(S) = WAP(Sq)NC(S).

THEOREM 7.1. Let S be a semitopological semigroup, and let f € C(S).
Then f € WAP(S) if and only if

lim lim f(spt,) = lm lim f(sm,tn)
n—oo m—oo m—0o0 nN—0o0

whenever (sp,) and (t,) are sequences of distinct elements of S, and the

iterated limits exist. Then WAP(S) is a translation invariant sub-C*-algebra

of £>(S) which contains the constant functions.

We shall now concentrate on the case when S is discrete. We turn £1(S)
into a Banach algebra with the convolution product in the usual way (see
[9] for further details about such algebras). Using the double limit criterion
above, it is a simple matter to check that WAP(S) = WAP(£>°(S)) where
we treat £°°(S) as an £!(S)-bimodule. Thus, we see that the Arens products
drop to a well-defined product on WAP(S)" turning WAP(S)" into a dual
Banach algebra.

Similar conclusions can be drawn when S is a locally compact group (see
[9, Chapter 7| for example) but the arguments involved are more intricate.
For example, in [36], it is shown that WAP(L*>(G)) = WAP(G) for a locally
compact group G. The argument there seems to rely upon certain properties
of groups, and it is far from clear that an analogous result will hold in
situations where L'(T') makes sense for a topological semigroup T See [21]
for recent progress in the study of when L!(T') makes sense for such a semi-
group T

Let SYAP be the character space of the C*-algebra W.AP(S). Define a
map € : S — S™WAP by letting e(s) be point evaluation at s € S. We may
check that the product on WAP(S) restricts to the character space SWAP
so that S"AP hecomes a semigroup, and € becomes a homomorphism.

For a semitopological semigroup S, a semitopological semigroup compact-
ification of S is a pair (¢, T)) where T is a compact, Hausdorff, semitopolog-
ical semigroup, and ¢ : S — T is a continuous homomorphism with dense
range. We do not require that ¢ be injective, so this differs from the notion
of a compactification of a topological group. A semitopological semigroup
compactification (1, T") is universal if whenever R is another compact semi-
topological semigroup and ¢ : S — R is a homomorphism, ¢ factors through
(¢, T). Clearly any two universal compactifications are isomorphic.

THEOREM 7.2. With notation as above, (¢, S™VAP) is a universal semi-
topological semigroup compactification of S.
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We shall henceforth drop the e and write SYWAP for the WAP-compact-
ification of S. Notice that WAP(S) is isomorphic to C(SYWAP) and so
WAP(S)' is isomorphic to M(S"AP). We may check that the product on
WAP(S) agrees with the natural convolution product on M (SVWAP).

EXAMPLE 7.3. Let S be a discrete semigroup. Then ¢!(S) is a Banach
algebra, and co(9) is a predual for the Banach space ¢1(S). We see that the
product is weak*-continuous if and only if S is a weakly cancellative discrete
semigroup, that is, the left and right actions are finite-to-one maps. This
follows by an easy calculation: see [11, Proposition 5.1] for example.

EXAMPLE 7.4. Let S = (N, max), so that £}(S) is a dual Banach algebra
with predual ¢o(S). Then SWAP is a compact semitopological semigroup
containing S as a dense subsemigroup. We may check that SYAP is equal
to S with an adjoined zero, denoted by oo, which satisfies con = noo = oo
for n € AP, The topology is then simply the one-point compactification.

EXAMPLE 7.5. Let S = (N, min), so that ¢!(S) is a Banach algebra, but
as S is not weakly cancellative, ¢1(S) is not a dual Banach algebra with
respect to ¢o(S). We may check that S"VA is equal to S with an adjoined
identity, denoted again by oo, so that con = noo = n for n € SWAP. The
topology is again the one-point compactification.

For example, the W.AP-compactification of (Z, +) is a much more mys-
terious object.

7.1. Injectivity and semigroup algebras. We now apply the idea of in-
jectivity to some semigroup algebras. As will be seen, the results we get are
rather simple, while the necessary Banach space machinery is fairly involved,
all suggesting that we really need some further tools to make this approach
worthwhile.

Let E be a Banach space with a normalised basis (ey,). See [24] for further
details on bases in Banach spaces. For each n, there is a linear functional
er € E' given by (e}, > . x;e;) = =,,. By a standard renorming of E, we may
suppose that the projection onto the linear span of (e;)?_; is norm-decreasing.

Let S = (N, min). There is then a natural representation 7 : £1(S) —
B(E) given by

€m, M <M,
(0n)(em) = { (n,m € N)

0, m > n,

and linearity. That is, 7(d,,) is the projection onto the linear span of the first
n basis elements. Let A = 7(¢1(S)) C B(E).

Each element of B(E) has a natural representation as a matrix with
respect to the basis (e,). We claim that A° is just the diagonal matrices
in B(E). Clearly a diagonal matrix is in .A°, while conversely, since m(n) —
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m(n—1) = e} ® ey, we see that for T' € A°,
T(e,®en)(em) = dnmT (en) = (ep,@en)T(em) = (e, T'(em))en  (n,m € N);

here ¢ denotes the Kronecker delta. We hence see that T'(e,,) € Ce,, for each
n € N, as required.

We now claim that if there exists a quasi-expectation Q : B(E) — A°,
then Q must be the canonical projection onto the diagonal of B(E). Let
n,meN leta=e}®e,, b=¢e, e, € A and let T € B(E). Then

(en, T(em)) Qe @ en) = Q(aTb) = aQ(T)b = (e, Q(T)(em))ern, @ en,

so that, if n # m, then €}, ® e, & A°, so (e, 9(T)(em)) = 0. Thus
Q(T')(en) € Cey, for each n, and we see that

(en, T(en))er, ® en = (en, T(en)) Qe @ en) = (e, QT)(en))ep, @ en,
and hence Q(T)(ey,) = (e}, T(en)), as required.

n’

THEOREM 7.6. Let S = (N,min). Then WAP(¢1(S)")" is not Connes-
amenable.

Proof. By Proposition 6.15 (but really by Proposition 6.3) it suffices
to find a reflexive Banach space with a basis (e;,) such that the canonical
projection from B(FE) onto its diagonal is not bounded.

Following [24, Proposition 2.b.11], there exists a sequence (f,)nen of
positive reals tending to infinity such that, for each n € N, we can find a
Banach space H,, such that:

1. there is an isomorphism ¢,, : H, — f%n (that is, the space C?" with the
usual Euclidean norm) such that [|¢,]| [|¢,, ]| < K for some absolute
constant K > 0;

2. H, has a normalised basis (in our sense, as above) (eg)2";

3. there exists (i), C C with

H ia%—le%—lu > Bn QZnakekH-
k=1 k=1

Let K, be the subspace spanned by (eax—1)}_;.- As H,, is isomorphic to
Egn, let P, be the orthogonal projection onto K, (pulled back by ¢,), so
that ||P,|| < K. Then P,(e;) = e when k is odd, while for even k, clearly
(€f, Pu(er)) = 0, as Py(e) € K,. Let Q, be the canonical projection of
B(H,) onto its diagonal, so that Qn(P,) = > j_;e5 | ® ezp—1. Then let
T = Zzil ape, so that

10 (P@I = |3 a2k reai | = Bulal
k=1

$0 ||Qn(Py)|| > Bn, and hence || Q|| > K~ 1f,.
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Let E be the ¢%-direct sum of the H,, so that if Q is the canonical
projection from B(FE) onto its diagonal, we see that ||Q]|| > 3, for every n,
which gives a contradiction. We hence see that WAP(¢1(S))’ is not Connes-
amenable when S = (N, min). =

Notice that when 7 : £}(N,min) — B(E) is a representation, then 7 is
a well-defined linear operator /}(N, max) — B(E), and it is easily checked
that the map ¢!(N,max) — B(E), §, — Ig — 7(n), is a homomorphism.
The commutant for either of these maps is equal, and hence we see that
WAP (¢*(N, max)’)’ is also not Connes-amenable.

It seems quite possible that various interesting Banach spaces will be
generated by starting with a complex semigroup S for which we know that
WAP(¢1(S)") is not Connes-amenable, and then looking at the representa-
tions generated by our results.

We now briefly mention how to use the notion of injectivity to show that a
dual Banach algebra is Connes-amenable. For example, let 7 : ¢*(Z) — B(E)
be a representation on some reflexive Banach space E. We construct a quasi-
expectation Q : B(E) — w(¢*(Z))¢ by

n

o(T) = lim =37 (6T ()
k=1

where the limit is in the weak*-topology on B(E). Then, for m > 0,
17 (6m) Q(T) — Q(T) 7 (6m) |

It &
= Jin | 45 (50 T(0) - 7))
k=1
) 1 & .oom
=t |3 Syt < Jm TPl = o0

and a similar argument holds when m < 0. Thus Q is a projection onto
7(£1(Z))¢, and it is simple to verify that Q is a quasi-projection. Of course,
in this argument, we have really used, rather directly, the fact that Z is an
amenable group.

It seems more natural and profitable to study the Connes-amenability of
algebras of operators via injectivity, something we hope to pursue in future
research.

8. Tensor products. In this section, we shall sketch some ideas about
tensor products of Banach algebras which behave well with respect to weakly
almost periodic functionals, and then go on to give a theory of tensor prod-
ucts of dual Banach algebras.

We start by sketching some results on tensor products of Banach spaces.



Dual Banach algebras: representations and injectivity 263

We follow the notation used in Banach space theory, namely that found
in [31], and in [13]| (except where this clashes with notation in [31]). Note
that this notation is different from that found in [32], for example.

Let E¥ and F' be Banach spaces. We have previously defined the projective
tensor product E ® F. The injective tensor norm, €, is defined by, for 7 =
Zzzlxkg’yk EEQF,

n
e(r) =sup{ |3 G d | € B A€ B Jlull = ) = 1},
k=1

We write E & F for the completion of E ® F with respect to e. Notice that
if we identify £ ® F with a subspace of the finite rank operators F(E', F),
then € is the norm induced by the operator norm under this identification.

Let o be a norm on E® F. Then « is a reasonable crossnorm when €(7) <
a(t) < m(7) for each 7 € E ® F. In this case, clearly a(z ®@ y) = ||z|| ||y]
for x € E and y € F. We write E ®, F for the completion of £ ® F with
respect to a.

A uniform crossnorm is an assignment, to each pair of Banach spaces
FE and F, of a norm « with the following mapping property. Let G and H
be Banach spaces, let T' € B(E,G) and S € B(F,H), and define T ® S :
E®F — G®H by (T®S)(r®y) =T(x)®S5(y) and linearity. Then we insist
that T® S extends by continuity to a bounded linear map E®, F — G®4 H
with norm ||T|| ||S||. In the special case when this mapping property holds
with £ = G, F = H and « a reasonable crossnorm on E ® F, we say (in a
non-standard way) that « is a quasi-uniform crossnorm.

We define an action of E' ® F' on E ® F by setting

(noXrey) = (ur)\y) (@eB yeF pek Nel),
and extending by linearity. We define the dual norm o® on E’ @ F’ by
(o) =sup{|{o,7)|:TEE®F,a(r) <1} (c€eE @F).

Then it may be checked that o° is a reasonable crossnorm when « is, and
similarly for uniform crossnorms. When E and F' are reflexive, and « is a
quasi-uniform crossnorm, then o® is also quasi-uniform. Then 7° = € for all
Banach spaces, but € = 7 only in special cases.

A tensor norm is then a uniform crossnorm which respects finite-dimen-
sional subspaces in a certain sense. We shall not have use of this idea, but
do note that many of the norms we construct in this section are not as
well-behaved as those studied in [31] and [13].

As explained before, it is standard that (F ® F)' = B(E, F') for Banach
spaces E and F. For any reasonable crossnorm « on £ ® F', as the formal
inclusion map E ® F — E @, F is norm-decreasing, we may use the adjoint
to identify (E &, F)' with a subspace of B(E, F'), together with the dual
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norm. For example, the dual of F @ F is Z(E,F'"), the integral operators
from E to F’ (see [31, Chapter 3] for further details).

As explained above, €6 = 7 only in special cases, which means that in gen-
eral, the natural map E'®@F' — (E®F)' = Z(E, F') is only norm-decreasing.
An important special case is when E or F has the metric approximation prop-
erty, in which case E'®@F" is, isometrically, a closed subspace of Z(E, F’). See
[31, Section 4] for further details. Another way to state this result is to con-
sider the natural map from E' ® F' to B(E, F"), which has range N (E, F'),
the nuclear operators. Thus N'(E, F') is closed in Z(E, F') when E or F has
the metric approximation property.

ExamMpPLE 8.1. Let X and Y be locally compact Hausdorff spaces. Then
Co(X) & Co(Y) = Co(X x Y) under the obvious identification (see [31,
Section 3.2|). As C'(X) has the metric approximation property, we find that
M(X)® M(Y) forms a closed subspace of M (X x Y). We shall see below
that we can fail to have equality.

Similarly, let 4 and v be measures. Then L'(u) ® L'(v) = L'(u x v)
under the obvious identification (see [31, Chapter 2]).

Hence, if X and Y are discrete sets, then co(X) @ ¢o(Y) = ¢o(X x Y)
and ¢o(X) @ co(Y) = (X))@ LH(Y) =1 X xY) = co(X x Y.

8.1. Tensor products of algebras

DEFINITION 8.2. Let A and B be Banach algebras, and define an algebra
product on A® B by (a®b)(c®d) = ac® bd, and linearity, for a,c € A and
b,d € B. Then an algebra crossnorm on A ® B is a reasonable crossnorm «
such that A ®, B becomes a Banach algebra.

Notice that the projective tensor norm is always an algebra crossnorm,
but that the injective tensor norm may not be (indeed, it is shown in [6]
that only four of Grothendieck’s fourteen “natural” tensor norms are always
algebra crossnorms).

We have shown that WAP algebras are isomorphic (but maybe not iso-
metric) to closed subalgebras of B(E) for suitable reflexive E. In this section,
it is convenient to suppose that a WAP algebra A is isometric to a closed sub-
algebra of B(F) for suitable E. This can clearly be achieved by considering
a suitable renorming of A.

DEFINITION 8.3. Let A and B be WAP algebras. A WA P-crossnorm on
A ® B is an algebra crossnorm « such that, if we form the natural chain
of natural inclusion maps WAP(A') @ WAP(B') C A/ @ B C A' ®4: B’ C
(A®,B)’, then we actually map into WAP((A®,B)"), and that furthermore,
WAP(A') ® WAP(B') is norming for A &, B.

We shall see that the condition on WAP(A’) ® WAP(B’) is natural when
we come to consider dual Banach algebras.
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ExamMpPLE 8.4. Let K and L be compact Hausdorff spaces, and consider
the injective tensor product C(K) ® C(L) = C(K x L). As these are commu-
tative C*-algebras, they are Arens regular, and so WAP(C(K)') = M(K),
WAP(C(L)") = M(L), and hence M(K) ® M(L) C WAP(C(K x L)). As
explained above, we induce the projective tensor norm on M(K) ® M(L)
by embedding it into C(K x L) = M(K x L). Then (M(K) & M(L))" =
B(M(K),M(L)"), and so we get the chain of isometric inclusions

C(K)  C(L) € AM(K), C(L) € AM(K), M(L))
C B(M(K),M(L)").

Thus M (K)® M (L) is norming for C(K x L). We could also see this directly
by considering point masses in M (K) and M (L).

However, M(K) ® M(L) is not in general dense in M (K x L). Let L
be a compact Hausdorff space such that M (L) does not have the Radon-
Nikodym property (see [14] for what this technical condition is). For example,
[14, Chapter VII| shows that this holds when there is a separable subspace
of C'(L) without a separable dual. As indicated in [14, Chapter VI, Corol-
lary 6], there then exists an integral, non-nuclear operator from C(K) to
M (L) whenever K contains a perfect subset (that is, a closed subset with no
isolated points). For example, let T = {z € C: |z| = 1}, so that T is perfect,
and M (T) does not have the Radon-Nikodym property. Thus M (T)® M (T)
is not dense in (C(T) & C(T))’.

EXAMPLE 8.5. Let S and T be discrete semigroups, so that WAP (¢1(.5)")
= C(S™AP). Then ¢'(S) & £1(T) = £(S x T) as a Banach algebra, and so
WAP((1(Sx T)') = C((S x T)VAP). We claim that (S x T)"WAP = SWAP x
TWAP which follows easily by the universality property of (S x T)VAP. We
then see that

WAP(£1(S)) @ WAP((1(T)) = C(S"AP) & C(TWAP)
— C(SWAP > TWAP) _ C((S > T)WAP)
= WAP((£'(S) ® ¢1(1))"),
so certainly WAP(£1(S)") @ WAP(¢£1(T)") is dense in WAP((£1(S)®£Y(T))").

As before, this argument also works for general locally compact groups
G and H.

ExaMPLE 8.6. Let S and T be discrete weakly cancellative semigroups,
so that co(S) @ co(T) = co(S x T), and hence (c(S) @ ¢o(T))" = (S xT) =
(Y(S) ® £X(T) is a dual Banach algebra.

Similarly, let S and T be locally compact groups, so that M (S) has the
predual Cy(S), and similarly for M(T') (see [30]). Then, as above, we see

that M (S) ® M(T) is a closed, norming (and hence weak*-dense) subspace
of M(S xT)=Co(SxT) =(Co(S) @ Co(T))".
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PRrROPOSITION 8.7. Let A and B be Banach algebras. Then the natural
map WAP(A') @ WAP(B') — A’ @ys B' maps into WAP((A®B)'). If A and
B are Arens regular and one has the metric approrimation property, then 7
is a WAP-crossnorm on AQ B.

Proof. Recall that 7° = ¢, and let 4 € WAP(A’) and A € WAP(B'). Then
there exists a reflexive Banach space F and maps S;,: A — Fand T}, : & —
A’ such that T,,S,, = L, that is, T,,S,,(a) = a - p for a € A. Similarly there
exists a reflexive Banach space F' and maps Sy and 7). We shall see below
that there exists a uniform crossnorm « such that E @, F is reflexive. As
¢ < o < T, we see that we can factor the map L, ® Ly : AQB — A’ @ B as

ABB P ERF 2 B F 2N 8B~ A& B,
and so L, ® Ly = L, is weakly compact. By linearity, the argument is
complete.

Suppose now that A has the metric approximation property. By [31,
Theorem 4.14], the canonical map A& B — (A’ ® B') is an isometry, so
that A’ ® B’ is norming for A ® B. As A and B are Arens regular, we see
that 7 is indeed a WAP-crossnorm on A ® B. The case for B follows by
symmetry. m

EXAMPLE 8.8. Let ¢ = C'(Ny) be the space of convergent sequences,
where N is the one-point compactification of N. Then ¢ = ¢! naturally,
and so (¢ ® c) = Ble, /') = A(c, £') = £' @ ¢'. Then 7 is a WAP-crossnorm
for ¢ ® c as ¢ is Arens regular. In fact, ¢ ® ¢ is Arens regular.

For general compact Hausdorff spaces K and L, by the above proposition,
we see that 7w is a WAP-crossnorm on C(K) ® C(L). However, as noted in
[34], when G is a compact group, the algebra C(G) ® C(G) contains a copy
of A(G), the Fourier algebra of G, so that C'(G)® C(G) is not Arens regular.
Hence M (G) ® M(G) C (C(G) ® C(@G)) cannot be dense.

See [35] for details about when A ® B is Arens regular, but bear in mind
the correction [34].

It seems that in general, WAP(A’) ©@ WAP(B') need not be norming for
A® B. Also, we see no way to adapt the above proof to the case A @g B for
an arbitrary algebra crossnorm /.

PROPOSITION 8.9. Given reflexive Banach spaces E and F, there erists
a tensor norm o on E ® F such that E ®y F s reflexive, and such that
E' @ F' is dense in (E ®4 F)'.

Proof. For example, for 1 < p < oo, let g, and d, be the Chevet-Saphar
tensor norms, as defined in [31, Chapter 6] or [1]. Then, by [1, Corollary 3.2],
we find that F @)gp F' is reflexive whenever F and [’ are, and similarly for d,,.
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Furthermore, E/® I’ is indeed dense in (E®y, F')’ and (E@dp F)Y.As E'®F’
is dense in (E ®, F)', we see that (E @4 F) = E' @4 F'. u

REMARK 8.10. One disadvantage of the Chevet—Saphar tensor norms is
that they are not symmetric, in that £ (/Eégp F' is not in general isomorphic to
F @)gp E (in contrast to the injective or projective tensor norms). However,
do and go behave rather nicely, in that d5 = g2, g5 = d2, and H ®d2 K =
H (§>g2 K = H ®y K whenever H and K are Hilbert spaces (here H ® K
is the usual Hilbertian tensor product). If we interpolate between ds and g
then we can verify that we end up with a symmetric tensor norm « such that
E ®, F is reflexive when E and F are, and such that H®,K = H® K for
Hilbert spaces H and K.

Let A be a Banach algebra such that there is a reflexive Banach space
E and an isometric representation w4 : A — B(E) such that 7/ 5 5 takes
the unit ball of E’ ® E onto the unit ball of WAP(A’). From our previous
work, this is equivalent to WAP(A’) being norming for A. Suppose that
B is similar, with 75 : B — B(F'), say. Now let a be some quasi-uniform
crossnorm satisfying the conclusions of Proposition 8.9. Then 7 = 74 ® 73 :

A® B — B(E &, F), defined by
r(a®b)(z ®y) = Tale)(r) © EB)(y) (A bEB, x e B,y e F)

is a representation. Use this to induce a norm || - ||, on A ® B, and denote
the completion by A ® o B.

PROPOSITION 8.11. With notation as above, ||- ||z« is a WAP-crossnorm
on A® B.

Proof. By assumption, [a®bl}r.a = [m.a(a)] [75(8)]) = lall ] for a € A
and b € B, so the triangle inequality implies that || ||z.o < 7(-). Let A g € A’
and A\g € B’ be such that [|[A4]] = || Ag]| = 1. As WAP(A’) is norming
for A, the unit ball of WAP(A’) is weak*-dense in the unit ball of A’, and so
there exists a net (p)) in WAP(A’) such that ||z < ||[A4]| for each «, and
limg, (A, a) = (\a, > for a € A. By the assumption on 74, for each «, we
can find 02! € E'® E with |lo2| = ||p|| and 7T:4I£E,®E(O'a4) = pZt. Similarly,
we can find (JE) C F'® F for Ag. Then, for 7 = Yo ar @b e AR B,

<>\.A ® AB? Z hm :uoz ) hm <Nﬂa bk)

= th 7T.A(ak)7 Oy > hm (ﬂ-B(bk) U,B>
k=1
= lim hén (m(1), 0 @ JE).

«



268 M. Daws

By taking the supremum over |[A 4| = || As|| = 1, we consequently conclude
that €(-) < |- ||lz,a- Thus || - ||« is a reasonable crossnorm, and so clearly it
is an algebra crossnorm.

Now let G = E®y F and C = A @)W,a B. We may treat 7w as an isometry
from C into B(G), and so ﬂ’/iG,@G is a norm-decreasing map from G' ® G
to C'. Define

X:{WIKG/®G((ME®/LF)®($E®J}F)) TUE € El, M € F,7 TR € E, TE € F},

so that clearly X C WAP(C'). For ug € F', up € F', xgp € F and zp € F,
we have, for a € A and b € B,

(Mkgaa((be ® pr) ® (2 @ 2F)),a @ b)
= (mu(ue ® vp), a)(rp(ur @ TF), ).
Hence, by the assumptions on 74 and 73, the linear span of X is dense in
WAP(A)@WAP(B'), and so WAP(A")@ WAP(B') C WAP((’), as required.
Finally, almost by definition, the linear span of X is norming for 7(A ® B),
and so || - [|x,o is @ WAP-crossnorm. m

Conversely, suppose that 3 is some WAP-crossnorm on A ® B, so that
there exists a reflexive Banach space G and an isometric representation 7 :
A®pB — B(G). However, it need not be the case that G = E ®, F for some
Banach spaces E¥ and F', and some uniform crossnorm «, with 7 = 74 ® 75
for suitable 74 : A — B(F) and 75 : A — B(F).

This mirrors the behaviour of C*-algebras. Recall that the minimal C*-
tensor product of two C*-algebras A and B is that defined by taking faithful
x-representations of A and B on Hilbert spaces H and K, respectively, and
letting A ®pin B be the closure of A® B in B(E ®9 F'). It turns out that this
is independent of the x-representations taken (as long as they are faithful).
The mazximal C*-tensor product is that defined by taking the supremum over
any x-representation of A4 ® B. As indicated by their names, the minimal
and maximal C*-tensor norms are indeed the smallest and greatest norms
on A ® B which satisfy the C*-condition ||7*7|| = ||7||? for 7 € A® B. Then
a C*-algebra A is nuclear if ARmupin B = A®max B for all C*-algebras B. This
is actually equivalent to A being amenable (see [29]).

As C*-algebras are always Arens regular, we see that a C*-tensor norm
a on A® B is a WAP-crossnorm if and only if A’ ® 8’ is norming for A®, B.
However, this is always true for A’ @iy B’, essentially for the same reasons as
in the proof of Proposition 8.11. By [32, Proposition 4.10|, the norm induced
on A @B’ by A®maxB always agrees with that induced by AQuinB, soif ais a
C*-tensor norm, then as min < o < max, we see that A'@qs B’ = A’ Q@uins B'.
Hence « is a WAP-crossnorm, as we might hope.

We may be tempted to define the minimal and maximal WAP-crossnorms
in a similar fashion, given that we know that at least one WAP-crossnorm
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must exist. However, it is rather unclear if such minimal and maximal norms
exist.

PROPOSITION 8.12. Let A and B be Banach algebras. There exists an
algebra crossmorm max on A ® B such that if a is any WAP-crossnorm on
A® B, then a < max, and such that A @max B is a WAP-algebra.

Proof. Define max on A ® B by max(7) = sup{||=(7)||}, the supremum
being taken over all algebra homomorphisms 7 : A ® B — B(FE), where
E is a reflexive Banach space, and ||7(a ® b)|| = ||a|| ||b]| for a € A and
be B. Let || - ||r,o be a WAP-crossnorm given by Proposition 8.11, so that
€ < |lra < max. As max(a ® b) = ||a]| ||b]| for a € A and b € B, we see
that max < 7, so that max is a reasonable crossnorm. Clearly then max is
an algebra crossnorm.

Let « be some WAP-crossnorm on A® B, so we can find a representation
7 : A®q B — B(E) for some reflexive Banach space E, such that 7/ takes
the unit ball of £/ ® E onto the unit ball of WAP((A®4B)’). As WAP(A)®
WAP(B') € WAP((A &, B)') is norming for A &, B, we see that 7 is an
isometry. Consequently, a < max.

For each 7 € A® B and each € > 0, let .. : A® B — B(E; ) be some
representation on a reflexive Banach space such that |7, .(7)| > max(7)—e.
Let F = (>(D, . Er.), so that m = @ 7, is a representation of A ® B on
B(F). Clearly then, for € A® B, ||x(7)|| = sup ||7rc(7)|| = max(r), and
so 7 extends to an isometric representation 7 : A @max B— B(F). n

In general, however, we see no way to show that this norm is a WAP-
crossnorm.

8.2. Dual Banach algebras. Recall that for two W*-algebras (A, A,) and
(B, By), we let X = A®pin B, and then regard A, ® B, as a subspace of X’
with closure A, ® B,. Then A ® B, the W*-tensor product of A and B, is
the dual of A, ® B,. It may be checked that A ® B becomes a weak*-dense
subalgebra of A ® B. For example, when H and K are Hilbert spaces, we
have B(H) ® B(K) = B(H ®2 K); in particular, B(H) ® B(K) need not be
norm-dense in B(H) ® B(K) (see [19, Exercise 11.5.7]).

Let (A, A,) and (B, By) be dual Banach algebras, and let 8 be a WAP-
crossnorm on A ® B. By assumption, WAP(A’) ®s WAP(8') is norming for
A &g B and maps into WAP((A ®g B)'). Hence we see that X = A, ®ps B.
is a closed A@g B-submodule of WAP((A @g B)’). Thus, by Proposition 2.4,
(X', X) becomes a dual Banach algebra. Notice that the norm on X =
A, ®gs B. is given by

|7l x = sup{|(m,u)| :u € AR B, B(u) <1} (7€ X).

It is hence immediate that A ® B is weak*-dense in X', so we may regard
X' as a dual Banach algebra tensor product of A and B, and denote X’ by
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A®pzB. When A, ®5s B, is norming for A@@ B, we see that A@@ B is even
a closed subspace of A®g B.

EXAMPLE 8.13. Let G and H be locally compact groups, so that M(G)
is a dual Banach algebra with predual Cy(G), and similarly for H (see Ex-
ample 8.6). By Proposition 8.7, WAP(M(G)") ® WAP(M(H)") maps into
WAP((M(G) & M(H))'). As the map M(G) & M(H) — (Co(G) & Co(H))'
is an isometry, we see that
Co(G) @ Co(H) C Co(G) @ Co(G) C (M(G) @ M(H))' = B(M(G), M(H)')
is norming for M (G)®@M (H). Thus 7 is a WAP-crossnorm on M (G)®@M (H).

We may hence form M (G)®, M (H ). By definition, it is the weak*-closure
of M(G) ® M(H) in the dual of Co(G) & Co(H), that is, in M(G x H).
As explained in Example 8.6, M(G) ® M(H) is certainly weak*-dense in
M(G x H), and so M(G) @, M(H) = M(G x H) as we might hope.

Given dual Banach algebras (A, A,) and (B,B.), we can find weak*-
weak*-continuous representations 74 : A — B(E) and ng : B — B(F). We
may hence define the WAP-crossnorm 3 := || - ||« as in Proposition 8.11,
leading to A (/g\’ma B and hence A ®g B. Alternatively, we may simply define
A®r o B to be the weak*-closure of 7 4(A) ® m5(B) in B(E ®, F).

PROPOSITION 8.14. With notation as above, there is a natural norm-
decreasing map from A, ®ps Bi to (A @z« B)« which has dense range. If
A ®ps By is norming for .A®/3 B, then this map is an isometry.

Proof. We identify A with its weak*-closed image under 74 : A — B(E),
and hence we identify A, with a quotient of E' ® F, namely E' @ E/L A,
and similarly for B. Then A &g B is the closure of A ® B in B(E ®, F).
We deduce that (A ®rq B)s = B(E Ba F)s/*(A® B) where B(E ®, F)s =
(E' ®ps F') ® (E ®q F).

We define a natural map 0 : A, @ B, — (A ®xrq B)« as follows. For
T € Ay, 0 € B, and ¢ > 0, we have representations

e.) o
T=Y al@ul+tAcE'QE/TA o= afeoul+Bec FF&F/'B,
n=1 n=1

where 370°  [lo7[| | | < ll7]l +e and 3202, [l || 11| < lloll +&. Then let

0(r ® o) —u—zz ® (1), ® ) + (A ® B) € (ASra B).,

n=1m=1

so that [lul| <202 Yooy aF b eE | bl < (ol +e)([I7]l + ). For
a € Aand b € B, we see that

a® b,u) ZZCL EouEyb, 2l @ ul’y = (a,7)(b,0) = (a @b, 7 @ o).

n=1m=1
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In particular, uv does not depend upon the choice of representatives for 7
and o, and so 6 is well-defined. Notice also that for ¢ € A, ® By,

B5(1) = sup{|[{(v,v)| :v € AR B, B(v) <1}
= sup{[(8(¥),v)| : v € A® B C B(E @4 F), ||vl| <1} < [[0()]],

so that 6 extends to a norm-decreasing map A, @m Bi — (A®x o B)«. Notice
that if we knew that the unit ball of A® B were weak*-dense in the unit ball
of A®xr o B (that is, A, @55 B, were norming for A@g B), then 6 would even
be an isometry. This is the case for von Neumann algebras, for example, by
the Kaplansky density theorem (|32, Section II, Theorem 4.8]).

We shall now show that A, ® B, is dense in (A ®zq B)., which will
complete the proof. Let 7 € (A &z o B)«, and pick a representation

T—Zun@)vn (A® B),

with (up) C E' ®qs F' and (v,) C E ®, F satisfying S°°0 , a®(up)a(vy,)
< 00. By approximation, we may actually suppose that (u,) C E' ® F’ and
(vp) € E® F. We can then find representations

= Z QZS;C”) ® ¢£n)’ v, = le(cn) ® yl(gn)’
k=1 k=1

where for each n, eventually d);n) = 0, and so forth. For each n, define

qu(”)@xk +hA e A, n_Zu} @y +1B € B.,

noticing that each of these is a finite sum. For a € Aand b e B, we see that

[e9]

(@@ b, ® M) = > (a, 60" @ 1) (b, 0" @ i) = (a @ b,un ® va)
k=1

for n > 1. Consequently, for c € A®; oBand N > 1, as A® B is weak*-dense
in A®@rq B

N 00 oo
@n) = emor)| =] 3 (cumsum)| <l > o*ua(u).
n=1 n=N+1 n=N-+1

Thus A, ® B, is indeed dense in (A ®z o B)s. =

As indicated, the lack of a generalisation of the Kaplansky density theo-
rem shows that in general A®g B and A ®r o B are different. The following
provides an example of a general Banach algebra in which the theory works
well.
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ProOPOSITION 8.15. Let E and F be reflexive Banach spaces, and let «
be a tensor norm on E ® F satisfying the conclusions of Proposition 8.9.
Form the tensor products B(E) @3 B(F') and B(E) ®x,q B(F) by using the
trivial representations of B(E) on itself, and the same for B(F). Then these
tensor products agree with B(E &, F).

Proof. By Proposition 8.14, B(E), @ B(F'), is dense in the predual of
B(E)®z,qoB(F). Furthermore, E'Q EQ F'Q F is dense in both B(E).QB(F).
and B(E®,F),. So if our natural map is an isometry, that is, B(E).& g B(F).
is norming for B(E) @3 B(F), then the proof is complete.

If we identify B(E) ® B(F) as a subalgebra of B(E ®, F) then (3 agrees
with the operator norm. Let v € B(E) ® B(F') and € > 0, so we may find o €
E'®@F and 7 € E® F with o5(0) <1, a(r) <1 and [(o,u(7))| > B(u) —e.

Let n m
Jzz,uz'@)\z’, T:ij@)yj:
i=1 j=1
and define

v="Y (o) eNey) e (E e E) o (F ©F)CB(E),B(F).
i=1 j=1
A simple calculation shows that (w,v) = (o, w(7)) for any w € B(E)QB(F),
so that
B%(v) = sup{|{w,v)| : w € B(E) ® B(F), f(w) <1}
= sup{|(o, w(r))| : w] <1} < o] fI7] < 1.

It hence follows that the norm of w as a member of the dual space of
B(E)« ®@ps B(F) is at least §(u) — €. The proof is complete, as € > 0 was
arbitrary. m

It would be nice if we could find a universal way to take the tensor
product of two dual Banach algebras. For example, the projective tensor
product of two Banach algebras always gives a Banach algebra (although it
is not always the most natural norm to use, for example for C'(K) spaces).
This problem is related to the fact that we cannot find maximal or minimal
WAP-crossnorms.

Let A and B be WAP-algebras, and let a be a WAP-crossnorm on
A ® B. It would be natural if there was some connection between the DBA
enveloping algebra WAP((A ®, B)')’ and the dual Banach algebra ten-
sor product WAP(A') ®, WAP(B')’. However, this latter algebra is the
dual of WAP(A') ®,s WAP(B'), which is only a norming submodule of
WAP((A®q B)'). Hence, in general, WAP(A') ®, WAP(B') is only a quo-
tient of WAP((A ®, B)’). Example 8.4 shows that this is true even for
commutative C*-algebras.
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8.3. Application to Connes-amenability

THEOREM 8.16. Let A and B be Connes-amenable dual Banach algebras,
and let 3 be a reasonable crossnorm on A, ® B, which turns (A @g B.) =
A ® B into a dual Banach algebra containing A @ﬁs B as a weak*-dense
Banach algebra (so that 3° is an algebra crossnorm on A® B). Then A® B
is Connes-amenable.

Proof. Let E be a reflexive Banach space, and let 7 : A® B — B(FE) be
a weak®-continuous representation. As in the proof of Proposition 6.15, we
claim that 7(A® B)® = m(A ® B)¢, which follows as 7 is weak*-continuous
and A ® B is weak*-dense in A ® B. We wish to show that there is a quasi-
expectation Q : B(E) — m(A® B)°.

As A and B are Connes-amenable, they are unital, with units e 4 and ep,
say. We may define a homomorphism ¢ : A — A® B by ¢(a) = a ® e for
a € A. Then, for 7 =31 | i ® Ay € Ay @ By, we see that

n
(¢(a),7) =(a®ep,T) = Z (a, Nk><637 Ak) = (a,¢:(1))  (a €A,
k=1
where ¢.(7) = Y p_; (eB, M) € As. Clearly ¢, is bounded (as 3 is a
reasonable crossnorm), so ¢, extends to A, @g B, = (A® B)., and we see
that ¢, = ¢, so that ¢ is weak*-continuous. A similar remark holds for B.

Consider the representation 74 : A — B(E) given by m4(a) = m(a®ep).
This is weak™-continuous by the preceding paragraph, so identify A with its
image in B(E). As A is Connes-amenable, there is a quasi-expectation Q4 :
B(E) — A°. Analogously, there exists a quasi-expectation Qp : B(E) — B°.
Notice that A C B¢, B C A° and (A® B)¢ = A° N B°.

Let Q = QpQ 4, so that Q is bounded, and Q(a) = a for each a € A°NB°.
Let T € B(E), let x = Q4(T) € A, and let b = Qp(z) = Q(T') € B°. Let
a € A, so that ax = xa, and as A C B€,

Opa(b—x)) =aQp(b—x)=0= 9p(b—1x)a
= Q((b— z)a).
As ab,ba € B°, we see that ab = Qg(ab) = Qp(ba) = ba, so we conclude
that b € A°. Thus Q maps into A° N B¢, and so we conclude that Q is a
projection onto A° N B°. Now let a,b € A° N B° and let T € B(FE), so that
O(aTb) = QpQ(aTh) = Qp(aQA(T)b) = aQ(T)b,
and we conclude that Q is a quasi-expectation, as required. =

Notice that this proof will also show that C is Connes-amenable whenever

C is a dual Banach algebra containing A ® B as a dense subalgebra, and is

such that the map A — C, a — a ® ep, is weak*-continuous (and similarly

for B).
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COROLLARY 8.17. Let r,s € (1,00), and let « be some quasi-uniform
crossnorm on £" ®@ 0 such that {7 @4 €° is reflevive, and (07) @ (£5)' is dense
in (07 @q £5). Then BT @4 %) is Connes-amenable.

Proof. By Proposition 8.15, we have B({" ®, £°) = B({") @4 B(£?). Then
the theorem applies, as B(¢") and B(¢?) are Connes-amenable, by results
in [30]. =

This corollary is comparable to [17, Theorem 2.2], as a quasi-uniform
tensor norm is tight in the sense of [17]|, and by [30], the amenability of
A(E) is equivalent to the Connes-amenability of B(E), at least when E is
reflexive and has the approximation property.

It is interesting to note that our proof of Theorem 8.16 is rather more
algebraic than an analogous von Neumann result (compare to [33, Chap-
ter XV, Proposition 3.2]). Our approach is more in line with that of [29,
Proposition 6.3.17].
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