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Non-smooth atomic decompositions
of anisotropic function spaces and some applications

by

SUuSANA D. MouRA (Coimbra), IWONA PIOTROWSKA (Jena) and
MARI1USZ P1oTROWSKI (Wien)

Abstract. The main purpose of the present paper is to extend the theory of
non-smooth atomic decompositions to anisotropic function spaces of Besov and Triebel—
Lizorkin type. Moreover, the detailed analysis of the anisotropic homogeneity property is
carried out. We also present some results on pointwise multipliers in special anisotropic
function spaces.

1. Introduction. In recent years, many efforts have been made to de-
velop decomposition techniques in function spaces using atoms, quarks or
wavelets as building blocks. All these techniques have found widespread ap-
plications in other branches of the theory of function spaces and still remain
very much alive as subjects of current research. For a deeper discussion of
these techniques, the reader is referred to the recent monograph [13].

In the present paper we are concerned with non-smooth atomic decom-
positions of special anisotropic function spaces of Besov type. Using non-
smooth atoms one can also improve the smoothness assumptions for classi-
cal smooth anisotropic atoms according to W. Farkas [3] in a natural way.
The problem of extending the theory of non-smooth isotropic atoms to the
anisotropic case was posed by H. Triebel in [13, Remark 5.16]. The sec-
ond purpose of this work is to study pointwise multipliers in these function
spaces.

We now describe briefly the contents of the paper. In Section 2 we set
up notation and terminology and summarize some basic facts on anisotropic
function spaces. In Section 3 the homogeneity properties of anisotropic func-
tion spaces are presented. Section 4 is concerned with the non-smooth atomic
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decomposition in some anisotropic spaces of Besov type. These results are
used in Section 5 to obtain some new assertions on pointwise multipliers in
anisotropic function spaces.

2. Preliminaries

2.1. Notation and conventions. For a real number a, let ay := max(a,0).
By ¢, c1, co9, etc. we denote positive constants independent of appropriate
quantities. For two non-negative expressions (i.e. functions or functionals)
A, B, the symbol A < B (or A 2 B) means that A < ¢B (or c A > B). If
A< Band A 2 B, we write A ~ B and say that A and B are equivalent.
For p € [1,00], the conjugate number p’ is defined by 1/p+ 1/p’ = 1 with
the convention that 1/00 = 0. Given two quasi-Banach spaces X and Y,
we write X — Y if X C Y and the natural embedding is bounded. In the
following let both dx and |- | stand for the Lebesgue measure in R". Let

(1) (AN (@) = fle+h) = f(2), (A7 F)(x) = A,(AR (=)
with x, h € R™ and m € N be the iterated differences in R". For z € R™ and
B,v € N§ we put

n
By=18=3 1 md a7 =al -l
j=1
Let S(R™) stand for the Schwartz space of all complex-valued rapidly de-
creasing C'™ functions on R™. Further, we denote by S’(R") its topological
dual, the space of all tempered distributions.

2.2. Anisotropic function spaces. In this subsection we introduce the
anisotropic Besov and Triebel-Lizorkin spaces and describe some of their
important properties. Let us start by recalling briefly the basic ingredi-
ents needed to introduce these spaces by the Fourier-analytical approach.
Throughout the paper we call a vector o = (aq, ..., a;,) with

n
(2) 0<a; < ---<a, <oco and Zaj:n
j=1
an anisotropy in R™. For t > 0, r € R and = = (z1,...,z,) € R™ we put

t% = (tYxq1, ..., t%x,) and "% = (t")%.
For z = (x1,...,2,) € R™, x # 0, let |z, be the unique positive number ¢
such that
2 2
Ty Ly _
(3) $200 +”'+t2an =1

and put |0]o = 0. It turns out that | - |, is an anisotropic distance function
according to [3, Definition 2.1] in C*°(R™\{0}). Note that in the isotropic
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case, which means oy = -+ = o, = 1, |2/, is the Euclidean distance of x to
the origin.
Let ¢* € S(R™) be a function such that

(4) eY(x) =1 for|z|a <1, suppp® C{zeR": |z|, <2}

For each j € N we define

(5) ¢ (z) == *(279%2) — (27U V%), zeR”,
and put ¢f = ¢*. Then since 22, 5 (z) = 1 for all z € R, the sequence

(¢§)jen, is an anisotropic resolution of unity. Recall that (¢ A)V is an entire
function on R™.

DEFINITION 2.1. Let a be an anisotropy as in (2) and let 9 = (¢%)en,
be an anisotropic dyadic resolution of unity in the sense of (5).

(i) For 0 < p,q < oo and s € R the anisotropic Besov space Bpy (R™) is
defined to be the set of all tempered distributions f € S'(R™) such
that

(6) 1S 1By (R = (Zzﬁqu NI L@e)

is finite. In the limiting case ¢ = oo the usual modification is re-
quired.

(ii) For 0 < p < 00, 0 < ¢ < o0 and s € R the anisotropic Triebel-
Lizorkin space Fpg*(R™) is defined to be the set of all tempered
distributions f € S&’(R™) such that

(7) 11 F () ||—H(Z2fsqr (DY Or) " Lo

is finite. In the limiting case ¢ = oo the usual modification is re-
quired.

REMARK 2.2. We occasionally use the symbol A, (R™) to consider the
spaces Bpy (R™) and Fpg™ (R™) simultaneously. It turns out that Apy" (R™) are
quasi-Banach spaces which are independent of %, in the sense of equivalent
quasi-norms, according to either (6) or (7). Taking o = (1,...,1) brings us
back to the isotropic case usually denoted by B, (R") and Fj (R"). The
above Fourier-analytical approach to anisotropic function spaces is due to
H. Triebel [9].

Let us now make a few historical comments on anisotropic function
spaces. A detailed treatment of the history of anisotropic function spaces can
be found in [13, Section 5]. There is quite an extensive literature concern-
ing anisotropic function spaces, beginning with the work of S. M. Nikol’skii
and O. V. Besov. The key objective is to make the smoothness properties
of an element from some function space dependent on the chosen direction
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in R™. Roughly speaking, elements of Bp;*(R™) and F,;"(R") are smooth of
order s/a, in the direction of the rth coordinate with » = 1,...,n. Let us
explain this relationship in detail by discussing classical anisotropic spaces.
Let 1 <p<ooandk = (ky,..., k,) with k, € N, = 1,...,n. The subspace
of all f € L,(R") for which the norm

okr
ﬁkjj Ly(R")

T

(8) LF I R = I1f | LR+
r=1

is finite is called the classical anisotropic Sobolev space Wf (R™). It is easily

seen that if ky = --- = k, = k € N, then the space W} (R™) becomes the well-
known isotropic Sobolev space Wzi“(]R”). We now describe a generalization
of classical anisotropic Sobolev spaces, replacing the smoothness vector k =
(ki,...,ky) consisting of natural numbers by a vector with real entries.
We consider the anisotropic lift operator I$ with o € R, which takes f €
S'(R™) to

n o\ V

120 = ([ +eye]"F)

r=1

Then we refer to
HE(R™) = 12, L,(R")
with § = (s1,...,8,) and s, = s/a,, r = 1,...,n, as anisotropic Sobolev
spaces or anisotropic Bessel potential spaces. In addition, if s, € N for all
r=1,...,n, then
Hy(R™) = W7 (R")
become the classical anisotropic Sobolev spaces with (8).
We proceed by describing the classical anisotropic Besov spaces. Let 1 <

p < oo and 1 < g < oo. Moreover let 5= (s1,...,8,) with 0 < s, < M, € N

and set M = (My,...,M,). The classical anisotropic Besov space consists
of those f € L,(R™) for which

n 1 1/q
191 B @) = 11 @)+ 3§l | 2,0l 5 )
r=1 0
is finite. Here A} f = Aj'f with h = te,, t € R, denote the iterated
differences according to (1) in the direction of the rth coordinate and e,
stands for the corresponding unit vector in R™. Once again putting s; =
- = s, = s > 0, we recover the classical Besov spaces as presented for
instance in [10, Section 1.2.5].
We shall now discuss the relation between the function spaces introduced
in Definition 2.1 and the classical anisotropic function spaces. Given an
anisotropic smoothness vector 5 = (sq,..., s,), we define the so-called mean
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smoothness s and a = (aq,...,ay) by

I 11 s
9 - =— — and a,=—, 7=1,...,n.
) s nz_;sr s,

This makes it possible to recover in Definition 2.1 the classical anisotropic
function spaces. For instance, restricting the range of the indices involved
in Definition 2.1(i) to 1 < p < oo and 1 < ¢ < oo, we obtain Bj (R") =
By (R™). On the other hand, given a function space Ap;"(R") with a suitable
combination of indices, the vector § = (s1,...,s,) is calculated by 5 =
(s/ou1,...,8/an). Let s € R and 1 < p < co. Then it can be shown that

Fpp (R") = Hy(R")
in the sense of equivalent norms. Moreover, we have the following anisotropic
Paley—Littlewood theorem:
F3(R") = Ly(R™).
We conclude this subsection by discussing some characterizations of the
anisotropic spaces Bpy (R™) and Fp*(R") with s > o, in terms of the
quasi-norms of their homogeneous counterparts, denoted by Bf,}]a(R") and

Fp®(R™), respectively. Recall that the latter are equipped with the quasi-
norms given by

a0 BRI = (3 PR LE)
and "
(1) gllf | Fr @)= ||( _Z 295 )Y O1) | L@

respectively. Here we have extended the definition of (¢§) given by (5) to all
j € Z with a minor modification: for j = 0, we put ¢ (z) = *(z) —p*(2%2).
Denoting by Az*(R™) one of the spaces By (R™) or Fj;*(R™), we may state
the next result.

PROPOSITION 2.3. Let 0 < p,q < oo, with p < oo in the F-case, and
s > 0p. Moreover let o be an anisotropy. Then

(12) £ 1AL R~ I 1 LpR™[ + [ | A (R
for all f € Ay (R™).

We will also need a “continuous” version of the above proposition re-
placing the homogeneous quasi-norm on the right-hand side of (12) by its

integral counterpart. Note that the Besov space case can be found in [8,
Theorem 3.3].
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THEOREM 2.4. Let 0 < p,q < 00, s > oy, and let o be an anisotropy.
Moreover, put o®(t€) = @*(t*¢) — p*((2t)*€), where t > 0 and ¢“ is as
in (4). Then

(i)

v —~ 1/q
(13) I 12o@+ (] @ e | L@l T )
0

(modified for ¢ = 00) is an equivalent quasi-norm in Bpy (R™).

(i)
|

N - e\
) IizE | (T eeen or ) e
0
(modified for ¢ = 00) is an equivalent quasi-norm in Fpy” (R™).

t

Both Proposition 2.3 and Theorem 2.4 can be proved in the same way
as in [10, Section 2.3.3]. This will be omitted here.

2.3. Classical atomic decompositions in anisotropic function spaces. As
a preparation, we shall recall some basic notations of atomic decompositions
in the anisotropic setting. If v € Ny and m = (mq,...,my,) € Z", we
denote by 5, the rectangle in R™ with sides parallel to the coordinate
axes, centered at 27"%m = (27*my,...,27Y*m,,) and with side lengths
o-(w=Dor o=(w-Dan_ Tn particular, @, is a rectangle of side lengths
201 ..., 2% centered at m € Z™. If @) is a rectangle in R” and d > 0, then
dQ@ is the rectangle in R™ concentric with ) and with side length d times
the side length of Q.

We are now in a position to introduce suitable building blocks.

DEFINITION 2.5. Let o be an anisotropy. Let s €e R, 0 < p < o0, K, L
> (0 and d > 1. A continuous function a : R™ — C with all derivatives D7a
for ary < K is said to be an anisotropic (s, p)k,r-atom if

(i) suppa C dQ¢,, for some v € No, m € Z",
(i) [DYa(z)| < 2776=7/P=79) for ay < K, x € R,
(i) {gn z7a(z)dz =0 for all B € NP with Ba < L.

If conditions (i) and (ii) are satisfied for v = 0, then a is called an anisotropic
1 -atom.

REMARK 2.6. In the following, we will write af,, instead of a, to indicate
the localization and size of an anisotropic (s, p)k r-atom a, i.e. if suppa C
dQ2%,,. If L = 0, then (iii) simply means that there are no moment conditions.
In this case, we shorten the notation by writing (s, p)x-atom instead of

(s,p) K 0-atom.
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The main advantage of the atomic decomposition approach is that we
can often reduce a problem formulated in Ap;'(R™) to the corresponding
sequence space. We shall restrict ourselves to the case A = B and define the
Besov sequence spaces.

DEFINITION 2.7. Let 0 < p, ¢ < 0o and put A = {A,, € C: v € Ny,
m € Z"}. The Besov sequence space by, is defined as the set

bpg = {)‘3 [A ] pgl| := (Z( Z |>‘um|p)q/p) v oo}

v=0
with the usual modification if either p = oo or ¢ = co. In what follows, we
shall abbreviate by, to b,.

To shorten the notation we utilize the following abbreviation:
(15) oy =n(l/p—1)s
Below we formulate the atomic decomposition characterization of aniso-

tropic Besov spaces Bp;' (R™), following essentially [3, Theorem 3.3].

THEOREM 2.8. Let 0 < p,q < o0, s € R, and let « be an anisotropy. Let
K,L >0 with
0 <0,

(16) K> for s
s+ay fors>0,

and L > o, — s be fized. A tempered distribution f € S'(R™) belongs to
By (R™) if, and only if , it can be written as

(17) f= Z Z Aom al,,  (convergence in S'(R™)),

v=0mezn
where for fized d > 1, the a$,, are anisotropic 1i-atoms (v = 0) or (s,p)k,L-
atoms (v € N) and X = (A\ym,) € bpq. Furthermore
(18) inf [|A ] byl
where the infimum is taken over all admissible representations (17), is an
. - 4 S, n
equivalent quasi-norm in Bpy (R™).

As an application of the above smooth atomic decomposition theorem
we obtain the next result. For K € N and « an anisotropy we denote by
CH(R™) the set of all functions f € C(R™) such that D?f € C(R") for all
B € Nj with fa < K, equipped with the norm given by

IF1CR @Y = > IDf | Loo(R)]].
Ba<lK

PROPOSITION 2.9. Let 0 < p,q < 00, s > 0y, and let o be an anisotropy.
Let K € N with K > s + «,,. Then there exists a positive constant ¢ such
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that
(19) lgf | B (R < e lg| ¢ (RM)|[1f | By (RM)]]
for all f € Bpy'(R™) and all g € CK(R").
Proof. Let f € Bpy (R™) and consider an optimal smooth atomic decom-

position

F=20 00 Aumagy, with [[f[ By (R™)] ~ [[A] bygll,

v=0mezZ"

where the af,,, are anisotropic 1x-atoms (v = 0) or (s,p)x-atoms (v € N)
and A = (Aum)veNy, mezn € bpg. Then, for g € e (R,

(20) gf = Z Z Avm (gagm)'

v=0meZzZn
Note that
supp gay,,, C suppay,,, C dQ;,,,
and
Yy _
@)  D(gal) (@) <Y ( ﬁ) D%a, ()] D" ()|

B<y
< (o, K) | g| O (|27 s n/p=he)

for all § with fa < K. Assuming g # 0 (otherwise (19) is trivially satisfied),
we can rewrite (20) as

gf:Z Z Oum bum

v=0meZ"

with o, = cla, K)A\um ||g| CE%(R™)||, and with by, (z) := g(x) — a2, (x) -
(c(a, K)Aumllg | CT(R™)||) ! being anisotropic (s, p) x-atoms. Then, by the
smooth atomic decomposition theorem, it follows that gf € Bpy*(R") and,
moreover,

lgf | Bp (R < e1llo | bpgll < e2llg | G R[N bpgll
< e3llg[CTA®RM) S | By @™,
with constants independent of f and g. =
3. Homogeneity property for anisotropic function spaces. The

homogeneity property considered below is based on the Fubini property
defined as follows.
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DEFINITION 3.1. Let 0 < p,q < 00, 5 > o), and let a be an anisotropy.
Then B, (R") is said to have the Fubini property if

(22) st ey ) | B R | LR
r=1

is an equivalent quasi-norm in By (R™).

Note that the inner quasi-norm in (22) is taken only with respect to the
variable z,, and s, = s/a.

THEOREM 3.2. Let 0 < p,q < 00, s > 0p, and let a be an anisotropy.
Then the space Bpy (R™) has the Fubini property if, and only if, p = q.

For the proof and more details, we refer the reader to [2]. As we will
see below, the Fubini property will play a central role in the proof of the
homogeneity property for anisotropic Besov spaces B, (R™). The following
proposition is a simple consequence of recent results on the homogeneity
property in isotropic function spaces on domains due to A. Caetano et al. [1].

PrOPOSITION 3.3. Let 0 < p,q < oo and s > o,. Furthermore, let
f € By (R™) with supp f C {y € R" : [y| < A} for some 0 < X\ < 1. Then
(23) 1) | Big(R™) | ~ A7/P| £ | By, (RM)],
where the equivalence constants are independent of .

For a complete treatment of the homogeneity property for isotropic Besov
and Triebel-Lizorkin spaces on domains, the reader may consult [1]. The
next result describes the homogeneity property in special anisotropic Besov
spaces, when p = ¢q. Let us briefly comment on that property in Lebesgue
spaces L,(R"™) with 0 < p < oco. A straightforward computation shows that
for A > 0,

(24) L) | Lp(R™)[| = At Fend/p| £ L, (R™)|
= AP f | Ly(R™)|.
In the following, we utilize the abbreviation
By*(R") = By (R™),  where 0 <p < o0, s €R.

PROPOSITION 3.4. Let 0 < p < 00, 5 > 0y, and let o be an anisotropy.
Furthermore, let f € By®(R"™) with supp f C {y € R™ : |y|lo < A} for some
0< A<1. Then
(25) LF ) [ By (R™)[| ~ X7 £ By (R™)]),
where the equivalence constants are independent of .

Proof. The central idea of the proof is the use of the Fubini property

for anisotropic Besov spaces B, ”(R"), to obtain an equivalent quasi-norm
modeled only on Besov spaces defined on R, which are isotropic. For these



178 S. D. Moura et al.

spaces we shall employ the homogeneity property of isotropic Besov spaces
as described in Proposition 3.3. Assume that f € Bp®(R™) with supp f C
{y € R": |y|a < A}. Recall that by Theorem 3.2 we have

(26)  [lf [ By (R™)]|
n
~ D @ ey T, 2n) | By (R | LR
r=1
It may be worth reminding the reader that by (9) we know that s = «a;s,
for r =1,...,n. Applying (26) to f(A*-), setting
gr(l’r) = f()‘alxh vy )\ar_lmr—h Ty, )‘ar+lx7’+17 ceey Aanmn)7

and using (23) and (24) results in
[FO) 1By (R™)]]

~ > lllgn (X By (R)]| | Ly(R™)]|
~ SR, ()| By (R Ly

-~ )\s—ar/p)\—(oq+~-~+ar—1+aq~+1+~~+ocn)/pZ HHf() ‘BET(R)H ‘LP(Rn_l)H
r=1

= 3PSO 1By R | Ly(R™ || ~ X[ £(-) | By (R™)]],
r=1

which finishes the proof. =
Next, we make full use of Theorem 2.4 to get the following assertion.

PROPOSITION 3.5. Let f € Apy (R™) with s > 0, (s > 0pq in the F-
case). Then

27)  FO) A R~ X2 FC) A R+ AP f | Lp(R™)|
for A > 0. The underlying equivalence constants are independent of \.

Proof. Taking into account the equivalent quasi-norm in Ap;"(R") given
by (12) with f(A“-) in place of f(-) yields

PO ) T AZT R~ O [ Lp@®D) + [F (A ) [ AR (R
~ XTI LR 4 (£ A ) | A (R

The last equivalence follows from (24). Recall that 0“(t§) = p(t*¢) —
©((2t)*¢). More precisely,

O (t8) = (™1 &r, - 177 8n) — @((20)M &1, -+, (20)776n).-
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Therefore, a chain of standard substitutions gives

(™ () F(FA ) ()Y (@) = ([t INTF(F())(A™*))"(2)
= (0" ((\) )F(F()) ()Y (A ).
To establish the assertion, we consider the integral part of the equivalent

quasi-norms given by (13) and (14). We consider the case of A = B. Then
we obtain

1 /
10 1 B @) ~ ( § a7 0n )0 | Lene )
t
0
1 n 1/q
o R R U RSP ERTIEY
0

1 T n 1/q
- <§ S I (0T 0 ) | Lyl )

o] . 1/q
~ A”“”( J 710" (£ F ()" () | L@ %)

0
~ X | B (R

which finishes the proof for the B-case. The proof of the F-case is analo-
gous. m

4. Anisotropic non-smooth atoms
DEFINITION 4.1. Let ¢ > 1,0 <p < oo and 0, < s < 0 < 00, where o),

is given by (15). Then a2, € By *(R") is called an anisotropic (s, p)?-atom
(more precisely, an anisotropic (s,p)?-c-atom) provided that

(28) suppa,,,, C @y, where v € Ng, m € Z"
and
(29) lag,,, | By (R")|| < 271772,

The next proposition summarizes the basic properties of these atoms.
In its first part we compare them with the classical atoms described in
Definition 2.5.

PROPOSITION 4.2. Let ¢ > 1, v € Ny and m € Z"™. Moreover, let 0 < p
<ooand o, <s<o.

(i) Let 0 + a,, < K € N. Then any anisotropic (s,p)k-atom a$,, ac-
cording to Definition 2.5 is an anisotropic (s,p)?-atom as introduced
in Definition 4.1.

(ii) Let a%,, be an anisotropic (s,p)?-atom. Then
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(30) lagm | By“(R")|| < 1.
In particular, for p > 1 we obtain
(31) lagm | Lp(R™)[] < 27%°.

Proof. Let us start by recalling the needed homogeneity property. Taking
A =27" v € N in Proposition 3.4 we find for g € B,y*(R") with suppg C
{y € R": |y|o < 1} that

(32) lg| By (R[] ~ 277D g(27%) | By (R™)]].

To establish (i) assume that a%,, is an anisotropic (s,p)x-atom with
K > o0 > s. We can write

(33) A (@) = 27070, (2),

where
b2 (z) =292 (2), zeR™ veNy meZ

Note that, for each v € Ny and m € Z", we have
supp by, = suppa,,,, C cQy,,

and
D6, ()] < 2717 /P71) for ya < K,

so that b,, is an anisotropic (o, p)g-atom. Then, by (33) and the classical
atomic decomposition theorem,

0% € B (RY) and [ag,, | Bp®(RY)] < 217

and hence a,, is an anisotropic (s, p)?-atom.

We now prove (ii). We may assume m = 0 and we put af = a%,. Applying
(32) to g(z) = a%(277*z) and using the elementary embedding By (R"™) —
By “(R™), we obtain, for v € Ny,

lag | By (R™)|| ~ 2777/ lag (277 | By™(R")|
S 276 lag (27 | By (R™)||
S 277 ey | B (R™)| S 1.
Let r € (1,00) be such that » > p and s —n/p > —n/r. Then
By*(R") = Fy 2 (R") — FS’QO‘(R") = L,(R").
Using the Holder inequality combined with the homogeneity property (32)
we obtain, for v € Ny,

lag | Lp(R™)]| = 27"/7 a3 (272) | L,(R")]|
< 2P a3 (27 ) | Lo (RY)|
< 27 /P g (27 | By® (RY)
< 27 /r e a3 | Byt (RY)]) £ 277, m
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The main result in this section is the following atomic decomposition
theorem of type (17) and (18) based on the atoms introduced in Defini-
tion 4.1.

THEOREM 4.3. Let 0 < p < oo, a be an anisotropy and o, < s < o.
Then By®(R™) is the collection of all f € L*°(R™) N S'(R™) which can be
represented as

(34) [ = Z Z )\I/T)’La’zofmv

v=0meZn

where the af,, are anisotropic (s,p)?-c-atoms according to Definition 4.1
and A = (Aum) € by. The series on the right-hand side of (34) converges
unconditionally in S'(R™), and if p < oo, absolutely in some L,(R™) with
1 < r < oo. Furthermore,

(35) inf [|A[ byl|,
where the infimum is taken over all admissible representations (34), is an
equivalent quasi-norm in Bp®(R™).

Proof. Our method will be an adaptation of the reasoning used in [13,
Section 2.2], but we have to examine very carefully the influence of the
anisotropy.

STEP 1. We start by justifying the convergence of the series on the
right-hand side of (34) in some L,(R™) with 1 < r < co. Assume first that
p > 1. Then, by Proposition 4.2 combined with the support property (28),
we obtain

> /
171 L ® S D27 (3 ) S 1A bl
v=0

mezZ™

Consequently, the series (34) converges absolutely in L,(R"™) with r» = p.
In order to establish its convergence in some L,(R™) in the case p < 1, we
utilize the Sobolev embedding By®(R™) < Br*(R") with s —n/p = t —n/r
and p <.

STEP 2. By Theorem 2.8 and Proposition 4.2 the only point remaining
is to prove
(36) £ 1Byt (R < el A] byl

for all decompositions (34). The fact that By*(R™) with p < 1 is a p-Banach
space combined with Proposition 4.2(ii) yields

IF 1B @®DIP <Y > vmlllag, | By @®™)IP < [IA] bpllP.

v=0meZ"
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Thus, we are left with the task of proving (36) with p > 1. We adopt
throughout the notational convention that the elements of Ny are denoted
by 7,k and the elements of Z™ are denoted by m,w. Moreover a%, b, d"
denote anisotropic atoms, whereas \,n,v stand for complex numbers or
sequences of complex numbers. Let us rewrite (34) as

o
«
f = E E Ak7mak’m.
k=0 mezZ"

Consider an optimal smooth atomic decomposition of af,k (27%*.) in

By®(R™) into smooth anisotropic (o, p)x-atoms bf;n with 0 + a,, < K.
By (17) we have

3 L7 =3 Y ), e R

7j=0 wezZn"
with
(38) supp bk w C dQ%,,
for ay < K and x € R". In addition,

(39) () ~ lag @) | By @)
j’w

]D”bﬁf(x)\ < 9—ilo—n/p—ya)

~ Q—k(a—n/p)Hagm ‘ Bz,oc(Rn)H < 9—k(o—n/p)ok(c—s) _ 9—k(s—n/p)
Consequently,
(40) (@) =3 X ATHI), ze R
=0 wezZn"
where the functions bfg” (2% .) have supports in Q' k.- Indeed,
suppbkm(2k°‘ )= A{z e R": [2Fvig; — 27 T% | < ¢279% i=1,... n}
={z e R": |z; — 27 UFRiy, | < c2=0Fhai 1y —1 . n}
= CQ?+k’w.
Furthermore, by (38), we obtain
DB ()] = 28| (D) (250)| < 26 +Hergiten
o(itk)ayg—(j+k)(c—n/p)9—(j+k)(c—s)9ok(c—n/p)

Replacing j + k by 7 yields
«a o—n k,m —j(o—s) jk,m
(41) 0 (x) = 25PN N b 9ie g (),

>k wezn
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where the df:;l are classical anisotropic (s,p)x-atoms. Let (j,w, k) with

k < j denote the set of all m € Z" for which the atoms df;n in (41) do not
vanish, that is,

(Jyw, k) :={m € Z" : cQf ,, N cQf,, # 0}.
Note that if there exists an z = (2;);-; € cQf,, N cQF,, then

|27 — 27KV < |27 % w; — |+ |27 FYmy — x| < e 279l peg TR

where i =1,...,n, and hence, as k < j,
|2(k7j)aiwi —my| < c2b=nei=l 4 o=l <o j=1,...,n,
which means that, for each i € {1,...,n}, there are at most 2c¢ possible

values for m;. Therefore, the cardinality of (j,w, k) is less than or equal to
(2¢)™ (a number independent of j, w, k). Let

o—n k,m k,m
Zk< j 2k( /7) Zme Gow,k) ik, w>‘k md ( )
Zk< —n/p) Zme(jwk ’nj kw’ ‘)‘k m’

We can assume that, for m € (j,w, k), dj:;? is a smooth anisotropic (s, p) x-
atom with support in cQy ,,, Nc@Q7 . Thus, by the definition of d7, it clearly
follows that

05,0(2) =

k7
suppd;,, C U U supp djﬂT C Q5

k<j me(j,w,k)
and
]D’Yd?‘,w(x)] < 9 ils=n/p=ya)  foy vya < K,
and hence, d?l,w is a smooth anisotropic (s, p) g-atom. Thus,

(42) F=3 > v,

7=0 wez"

Vi = 2*]'(075) ZQk(afn/p) Z |77] k:w| |)\ka

k<j me(j,w,k)

where

Choosing 0 < € < 0 — s, we get, for p < oo,

!Uj,w!p§2 Z 2—(j—k)(U—S—E)pgk(a—n/p)p’n]_ w’p‘)\km’p
k<j me(jw.k)

<SS KR PP

k<j me(jw.k)
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Finally, the above estimate combined with (39) gives

Z Z vj0l? < Z Z |)\k’m’pz Z 2k(afn/z))pm;?fz’w’p

=0 wezn k=0 mezn >k wezn

o
S22, Pl
k=0 mezZn

Consequently, (42) is a decomposition into smooth atoms and (36) follows
from Theorem 2.8 and the last estimate. m

As an easy consequence of Proposition 4.2(i) and Theorem 4.3 we obtain
the following smooth atomic decomposition. Note that the smoothness of
the classical anisotropic atoms used below does not depend on the given
anisotropy as was the case in (16).

COROLLARY 4.4. Let 0 < p < 0o and « be an anisotropy. Moreover, let
op < s < K. Then By®(R"™) consists of all f € L\°**(R")NS'(R™) which can

be written as
x
=222 Mm@,

v=0meZn

where, for fired d > 1, the a%,, are anisotropic (s,p)x-atoms according to

Definition 2.5 and X\ € by,.

5. Pointwise multipliers in anisotropic function spaces. Let
A*(R™) denote either By (R™) or Fpy*(R™) (see Definition 2.1) with 0 <
p,q < 00 (p < oo in the F-case) and s > o0,. However, we will be mostly
concerned with A%(R") = Byy*(R™). A locally integrable function m in R"
is called a pointwise multiplier for A*(R") if

fr=mf
generates a bounded map in A%(R"). Since s > o, the spaces under con-
sideration are embedded in some L,(R") with 1 < r < 0o, and therefore the
expression mf above makes sense as a product of functions. The collection
of all multipliers for A%(R™) is denoted by M (A%*(R"™)). In the following, let
1) stand for a non-negative C*° function with

(43) supp? C {y € R" : [yla < V/n}

and

(44) d px—1)=1, zeR"
ez

DEFINITION 5.1. Let 0 < p,q < 0o (p < oo in the F-case), s € R, and
let o be an anisotropy. We define the space A2 (R™) to be the set of all

selfs
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f € S'(R™) such that

(45) If 1 ASsR™)] == sup [l =) f(277 ) [ A*RY)|
j€E€Np,leZ™

is finite.

REMARK 5.2. The isotropic selfsimilar spaces were first introduced in
[12] and then considered in [13, Section 2.3]. A careful look at (45) reveals
that these spaces are closely connected with pointwise multipliers. We also
mention their forerunner, the so-called uniform spaces, studied in detail
in [5]. Using Proposition 3.5, one can easily show that

Aselfs(Rn) — LOO(RH)

Applying (27) to f € AL (R™) gives
[ = D7) | AR

~ 2T (2 ) f | A (R |+ 2P ([(29 - 1) f | Ly(R™)]|
uniformly for all j € Ng and [ € Z". Consequently,
(46) 20"\ 27y = DPIf ()P dy < el f | A (R™)|P.

R’ﬂ

Thus, the right-hand side of (46) is a uniform bound for |f(:)|P at its
(anisotropic) Lebesgue points, which proves the desired embedding (see |7,

Corollary p. 13]). The interested reader is referred to [4, Section 3] for further
assertions on embedding of anisotropic spaces into Lo (R™).

DEFINITION 5.3. Let 0 < p < o0, s > 0, and let o be an anisotropy.
We define
s+ @ o,
p selfs Rn B! P, selfs Rn
g>s

THEOREM 5.4. Let 0 < p < 00, 0p < 5 < 0, and let o be an anisotropy.
Then:

(i) By Li(R™) C M(By®(R™)) — ByS o (R™).

(i) M(By“(R™)) = Bp cis(R™) for 0 <p < 1.

Proof. We start by proving the right-hand side embedding in (i). Let
m € M(B,"(R")). Then the homogeneity property yields
(A7) e = Dm277%) | By (R

~ Q*J'(S*”/p)Hw(Qja . _l) m ’ B;,Q(Rn)H

S llm | M(By™(®™") 277y (27* - —1) | By (R™)||
S lm | M (B> (RY)[[277C P yp(279%) | By (R
(

S lm [ M(By*(R™)[ 14| By*(R™)|| < [lm [ M(By* (R"))]
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for all l € Z™, j € Ny, and hence,

lm | By &Ry = sup |[lo(- = 1)m(277%) | By*(R"™)|
JENp,leZ™

S [lm [ M(By=(R™))].

We now prove the first inclusion in (i). Let m € B} {) (R") with o > s.
Let f € By®(R™) and let

(48) F=Y20" Apasy with ||f | By*(R™)|| ~ [[A]byll
§=01czn

be an optimal smooth atomic decomposition, where the a?l are anisotropic
(s,p)k-atoms with K > o + a,,. Then

(49) mf = Z Z Aji (mafy)
j=0 1€z

and we wish to prove that, up to normalizing constants, the ma;?‘l are
anisotropic (s, p)?-atoms. The support condition is obvious:

supp mag; C suppag; C dQ5, j € No, 1 € Z".
If [ = 0 then we put aj = aj,. Note that
(50) supp a$ (277%) C {y : |yl < d/2}
and we can assume that
(51) v(y) >0 ifye{z: |z <d}
Using Lemma 2.9, we have, for any g € B, *(R"),
lag (2792 ) ~g | BpH(R)|| S llaf (277 )~ R R || g | By (R™)]
S 27767 g| By (R
and hence
(52)  [lag(2-9 gt M(BgORM)| S 27C, e N,
By (52) and the homogeneity property we then get, for j € N,
(53)  lma | B (RM)|| ~ 200/ (2732 )a8 (277 ) | Bge (™))
S 2T ag (277 )T [ M(BY(R™) | [Im (279 )y | By (R™)|

S 27 lm(279 )y | BY(RY)].

~
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In the case of af with I € Z" one arrives at (53) with a$; and ¥(- — 1) in
place of ajo.‘ and 1), respectively. Hence

(54)  |lmag;| B (R™)|| S 270 Sup Im(277% (- = 1) | B (R")]|
J7

=21 |m | BYS (RN, j €No, L€ 2",

and therefore, ma$ is an anisotropic (s, p)”-atom. By Theorem 4.3, in view
of (49), mf € By“(R") and

[l f | B RS A 0pll [Im | By g (R™)]

,selfs

~ 1By (R Im ] By g (R™)]],

Jselfs
which completes the proof of (i).

We now prove (ii). Let m € B (R") and p < 1. It follows from (54)
with o = s that

(55)  lmaf | By*R™) < Im| BRI, € No, L€ 2.

Since Bp®(R™) is a p-Banach space, from (48) and using (49) and (55), we
obtain

lmf | By*®R™)P <> > [Nul?lma | By (R™)||”
j=01ezn

S I B[Pl | By g (R™) 1P

Jselfs

S IBy®RM)|Pllm | By g (R™)IP.

p,selfs
Hence m € M(By“(R")) and, moreover, By¢ ¢« (R") — M(By“(R")). The
other embedding follows from part (i). m
The final part of this work is devoted to the question in which anisotropic

function spaces the characteristic function y of the domain (2 in R” is a
pointwise multiplier.

DEFINITION 5.5. Let a be an anisotropy and let I' be a non-empty
compact set in R™. Let h be a positive non-decreasing function on the interval
(0,1]. Then I' is called an anisotropic h-set if there is a finite Radon measure
@ in R™ with

(56)  suppp=1I" and u(B*(y,r))~h(r), vel,0<r<1,

where
By, r)={x e R": |z —y]a <7}

We say that the measure p satisfies the anisotropic doubling condition if
there is a constant ¢ > 0 such that

(57) w(BY(v,2r)) < cu(B*(vy,r)), ~rel,0<r<l.
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Let
D, (x) = disty(x, ') = inf |z — y|q
yel’

be the anisotropic distance of z € R” to I.

THEOREM 5.6. Let {2 be a bounded domain in R™ and let « be an
anisotropy. Moreover, let 0 < p < 00, 0 > op, and let I' = 02 be an
anisotropic h-set with

c- h(277) g
(58) sup 2kgp<f 2 "> < 00.
jeNokZ:O h(2797F)

Let B) ¢ (R™) be the space introduced in Definition 5.1. Then

(59) X0 € BY2 (R™).

p,selfs

Proof. The proof is based upon ideas found in [12, Theorem 3|. It sim-
plifies the argument, and causes no loss of generality, to assume diam {2 < 1.
We define

OF ={x e 2:27"2 <disto(x, ") <27%}, ke N,.
Moreover, let
(e keNy, I=1,..., M} C C&(R2)

be an anisotropic resolution of unity,

My,
(60) YN et =1 ifze

keNg =1
with
supp gpf’a C{z: |z — $f|a < 2_k} c nF
and
]D7¢f’a($)| <2% for ya < K,z € R", K € N with K > 0 + ay,.

It turns out that such an anisotropic resolution of unity exists. See [11,
Section 7.5] for a discussion of this technical point in the isotropic case.
We now estimate the minimal number M}, in (60). Combining the fact that
the measure p satisfies the doubling condition (57) together with (56) we
arrive at

Mkh(2_k) <1, k € Np.

Clearly, (60) can be rewritten in the form

[e’e) M,
(61) Xo(z) =Y 2Fen/D) Ny “g=klomn/D) e (g) 3 e R,
k=0 =0
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where the 2~ k(@—n/p) gpf’a are anisotropic (o, p) g-atoms according to Defini-
tion 2.5. Furthermore, we obtain

0 0 —kn
2
(62) ||><Q|B;’a<w>||pssz<"—"/p>pMk522kap( - )<oo.
k=0

h(2-F)
k=0
This shows that xo € By (R"). We now prove that xpo € B, ) (R"). We

consider the non-negative function ¢ € C*°(R") satisfying (43) and (44).
By the definition of anisotropic selfsimilar spaces, it suffices to consider

XQ(2_ja )¢a
assuming in addition that 0 € WAL = {20%y = (20% ... 2%, ) iy €T},
J € No. Let g7 be the image measure of p with respect to the dilations
y — 27%. Then we obtain

p? (B*(0,v/n) N27°T) ~ h(277), j e Np.

We apply the same argument as above to B*(0, /n)N27*§2 and B*(0, \/n)N
274", Hence, we again have

MIn2 ) Sh27),  jeNo, keN,
which completes the proof. =

COROLLARY 5.7. Let {2 be a bounded domain in R™ and let o be an
anisotropy. Moreover, let 0 < p < 0o, 0 > oy, and let I' = 02 be an
anisotropic h-set satisfying (58). Then

xn € M(By*(R"))  forl<p<oo,0<s<o,

and
xe € M(By*(R"))  for0<p<1,0>n(l/p-1).

REMARK 5.8. In the special case of the anisotropic d-sets (cf. [8]), which
corresponds to h(t) ~ t¢, the condition (58) means o < (n —d)/p.

References

[1] A. Caetano, S. Lopes and H. Triebel, A homogeneity property for Besouv spaces,
J. Funct. Spaces Appl., to appear.

[2] S. Dachkovski, Anisotropic function spaces and related semi-linear hypoelliptic equa-
tions, Math. Nachr. 248/249 (2003), 40-61.

[3] W. Farkas, Atomic and subatomic decompositions in anisotropic function spaces,
ibid. 209 (2000), 83-113.

[4] S.D. Moura, J. S. Neves and M. Piotrowski, Growth envelopes of anisotropic func-
tion spaces, Z. Anal. Anwendungen, to appear.

[5] T. Runst and W. Sickel, Sobolev Spaces of Fractional Order, Nemytskii Operators,
and Nonlinear Partial Differential Operators, de Gruyter, Berlin, 1996.

[6] H.-J. Schmeisser and H. Triebel, Topics in Fourier Analysis and Function Spaces,
Wiley, Chichester, 1987.



190 S. D. Moura et al.

[7] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscil-
latory Integrals, Princeton Univ. Press, Princeton, NJ, 1993.
[8] E. Tamdsi, Anisotropic Besov spaces and approzimation numbers of traces on related
fractal sets, Rev. Mat. Complut. 19 (2006), 297-321.
| H. Triebel, Fourier Analysis and Function Spaces, Teubner, Leipzig, 1977.
|  —, Theory of Function Spaces II, Birkhduser, Basel, 1992.
[11] —, The Structure of Functions, Birkhduser, Basel, 2001.
]

[12] —, Non-smooth atoms and pointwise multipliers in function spaces, Ann. Mat. Pura
Appl. 182 (2003), 457—486.

[13] —, Theory of Function Spaces III, Birkhauser, Basel, 2006.

Department of Mathematics Mathematical Institute
University of Coimbra Friedrich-Schiller-University Jena
Apartado 3008 D-07737 Jena, Germany
3001-454 Coimbra, Portugal E-mail: iwona@minet.uni-jena.de
E-mail: smpsd@mat.uc.pt URL: http://www.minet.uni-jena.de/~iwona

URL: http://www.mat.uc.pt/~smpsd

Faculty of Mathematics

University of Vienna

Nordbergstrasse 15

1090 Wien, Austria

E-mail: mariusz.piotrowskiQunivie.ac.at

URL: http://homepage.univie.ac.at/mariusz.piotrowski/

Received September 4, 2006
Revised version December 20, 2006 (5997)



