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A note on multilinear Muckenhoupt classes
for multiple weights

by

SONGQING CHEN (Shanghai), HuoxioNG Wu (Xiamen) and
QINGYING XUE (Beijing)

Abstract. This paper is devoted to investigating the properties of multilinear Az
conditions and A( P.a) conditions, which are suitable for the study of multilinear operators
on Lebesgue spaces. Some monotonicity properties of Az and A( B.q) classes with respect

to P and q are given, although these classes are not in general monotone with respect
to the natural partial order. Equivalent characterizations of multilinear A B.a) classes in
terms of the linear A, classes are established. These results essentially i 1mpr0ve and extend
the previous results.

1. Introduction. In the study of the weighted theory of multilinear
Calderén-Zygmund operators, Lerner et al. [LOPTT] introduced multilin-
ear Az conditions for multiple weights, which are the natural extension to
the multilinear setting of Muckenhoupt’s classes and are the largest classes
of weights for which all m-linear Calderén—Zygmund operators are bounded
on weighted Lebesgue spaces. As the natural generalization of the classi-
cal linear A, ) classes, multilinear A( Pa) conditions were introduced by
Moen [Mo| and Chen—Xue [CX], in studying the weighted theory of multi-
linear fractional type integral operators. The properties of the multilinear
Ap and A( conditions, and their relations to the classical linear A, con-
dltlons played key roles in establishing multiple weighted norm inequalities
for multilinear Calderén—Zygmund operators, multilinear fractional integral
operators and their commutators (see [LOPTT! [Mol, [CX|, [PPTT] etc.).

In this paper, we continue the investigation of the properties of A 5 condi-
tions and A( Pa) conditions. Unlike linear A, classes, multilinear A 5 classes
are not increasing with respect to the natural partial order. In Section 2, we
will show, however, that A5 classes do have certain monotonicity properties

in terms of P. In Section 3, we will establish some equivalent characteriza-
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tions of multilinear A 5 | conditions in terms of classical linear A, classes,

(Pq)
which improve and extend the corresponding results in [CX], [Mo]. As an ap-
plication of these properties, some monotonicity properties of A( B.a) classes

are also established.

2. Multilinear Az conditions. Following the notation in [LOPTT],
for m exponents pi, ..., pm, we will often write p for the number given by
1/p=1/p1+---+1/pm, and P for the vector P = (p1, ..., pm).

DEFINITION 2.1. Let 1 < pq,...,pm < 00, and let p and P be as above.
A multiple weight @ = (w1, ...,wy,) is said to satisfy the multilinear A
condition if

1/p m

(2.1) sup<|Q|§ oz )m) H(!QIS ()P d:c)l/p} < o0,

where vz = [[jL; wf/pj. When p; =1, (|Q|™* SQ wj(:r)lfpg' dz)"/?i is under-
stood as (infgw;(z))~L.

Obviously, for m = 1, Az is the classical Muckenhoupt A, condition.
For m > 1, Lerner et al. [LOPTT] showed that

(2.2) 114 < 45

which implies that something more general happens for the A classes. In
[LOPTT], the authors also established the following interesting characteri-
zation in term of the classical A, condition.

THEOREM 2.2 (cf. [LOPTT), Theorem 3.6]). Let W = (wi,...,wy) and
1<p1,...,pm < 00. Then W € A if and only if

m
. 1—p/. i
(2.3) yw:ng/pjeAmp and  w; ”EAmp;, j=1,....m,
j=1
1-p/
where the condition w; e Ay, in the case p; = 1 is understood as
J
w]l/m € A

It should be pointed out that when m = 1, both conditions in (2.3)
represent the same A, condition, but when m > 2, none of the two conditions
in (2.3) implies the other (see [LOPTT, Remark 7.1]). This theorem also
shows that as the index m increases, the A condition gets weaker.
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On the other hand, it is well-known that the classical A, classes have
the natural partial order, that is,

(2.4) A4, G4, for1<g<p<oo, and A,= (] A,

1<g<p
The classes A are not increasing under the natural partial order (see
[LOPTT), Remark 7.3]), although it is easy to check that A 1) C Ap for

each P. However, applying the above Theorem Lerner et al. [LOPTT)
proved the following result.

THEOREM 2.3 (cf. [LOPTT), Lemma 6.1]). Assume that W=(w1, ..., wpy)
satisfies the Az condition. Then there exists a finite constant r > 1 such that
W e Aﬁ/r

In this section, we will continue the study of the properties of A 5 classes.
We will establish the following results:

THEOREM 2.4. Let 1 < p1,...,pm < 00 and pp = minj<;<m p;. Then
the classes A_j are strictly increasing as r increases with r > 1/py. More
precisely, for 1/py < ry < ry < oo we have

(2.5) A

r113 g Argﬁ'

THEOREM 2.5. Let 1 < p1,...,pm <00 and po = minj<;<m p;. Then
(2.6) A= |J A5
1/po<r<1

We will prove only Theorem since Theorem is an immediate
consequence of Theorems and

Proof of Theorem [2.4. We consider the following two cases:

CASE 1: r1pg > 1. We first show that Anﬁ C Arzﬁ' Suppose W € Arlﬁ'
Then

1 m T2p/(7“2p~) 1/(7‘2?) m 1 1—(r2p-)’ 1/(7'217]‘)/
& TTwstar/eenas) T (o o) o da
Qj=1 L )
_ L m (\P/D; 1/(rap) m i ) (rap;—1)/(r2p;)
Q= j=1 Q
] K |m| (rapj—1)/pjq1/r
- i S H ( )p/pjd ' LS ( )1/(1—7’2Pj)d " P 2
Q) wile v Q| wj(x T
@t =g
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m 1/p m (rip;j—1)/pj11/r2
< [(612| VT wws(ayrvs da:) pH (@ | wj(x)l/(l”pf)dx> e ]

Qj=1 J=1 Q
< [w]f;/ij < 0.
71
Next we prove that Arlﬁ % Am];. Set a; = nripj —nforj=1,...,m,
and @ = (|z|*,...,|z|*"). Then
n(—mrop; — 14+ 1rep;) <0< aj < —n+nrep;, j=1,...,m,
m
-n
— < L < nmry — —
D P p
Hence,
a mr
. € n,n 2p] -1 ) ]:]-a , M,
1 1
a mrip;
1 J n? < lp]]- _1>>7 -] :17 7m7
;Tlpj ™p; —
0
pz p—] € (—n,n(mrep — 1)).
j=1"7
Consequently,
2|2/ (A=72Pi) € Amrgo; , j=1,...,m,
rgpj—l
|2|®/A=11P3) ¢ A iy, j=1,...,m,
Tlpj—l
m
H |€|%P/P5 € Aoy
j=1
That is,
|l,|aj[1—(r2pj)/] € Am(mpj)’a =1...,m,
‘:U’aj[lf(npj)] ¢ Am(rlpj)’a =1,...,m,
m
75 < A
j=1
By Theorem we have W € AT2 5 but W ¢ AT1 p- This implies that
A 3CA 5.

P —~ “"roP

CASE 2: ripg = 1. Set r3 = (r1 + 72)/2; then 1/py = r1 < r3 < 7ro.
We first show that Arlﬁ C ATS};. Suppose that @ € Anﬁ' Since r1pg = 1,
without loss of generality we may assume that rip; = --- = rip; = 1 for

1<l<m,and rip; >1for j=10+4+1,...,m. Then
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)1/ (r3p) m

1 1 1/(rsp;)’
(]| S ij (x)rsp/(rspj)dx H ( Swi(x) —(rsp;)’ dw)
Q

J=1 Jj=1

1 . 1/(rsp) m 7 4 (rapj—1)/(r3p;)
= (KQ\ S ij(m)p/pj dx) H (@I S 'U)j(.’IJ)l/(l_TSPj)dZ'>
Qj=1 j=1 Q
1 . pm 4 (rspj—1)/pj11/r3
= [( S ij(x)p/pj dgc) ( S wj($)1/(1_r3pj)d$> }
Q55 oM@l
1 m 1/p ! —r1
< [<| | Sij(x)p/pfd:L'> (mfw](x))
Qj=1 J=1
m 1 (ripj—1)/pj71/rs
() ™)
AL ey
< [a]}}/" < o0,
r1 P

where in the last inequality we have used the Holder inequality and the fact
that ri = 1/p; for j =1,...,1.

On the other hand, since r3pg > 1 and r3 < 73, by the result in Case 1,
we know that A 5 C A p- Hence, Ahﬁ CA 5C A . Theorem is
proved. =

rP rP

3. Multilinear A 5 , conditions
(P,q)

3.1. Definition and main results

DEFINITION 3.1. Let 1 < p1,...,pm < 00, ¢ > 0, and let p and P be
as before. Suppose that @ = (wy,...,wy,) and each w; (i =1,...,m) is a
nonnegative function on R™. We say that € A( P.a) if

sup<|Q‘ [ vala )de>1/q§<@§2wi(x)p2 dx>1/pl < o0,

where vy = Hi:l wi. If p; = 1, (|Q| ! S0 wi_p; () dz)/Pi is understood as
(infg w;(x))~t.

Clearly, when m =1, A 5 ) is the classical A, ) class (see [MW]). For
m arbitrary, Moen [Mo| showed that

m
U HA(piaQi) G A(ﬁ,q)’
q1,--qm =1
where the union is over all ¢; > p; that satisfy 1/¢ = 1/q1 + -+ 4+ 1/qm.
Furthermore, Moen [Mo] and Chen—Xue [CX] gave the following relations
between A( B and the classical A, weights.
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THEOREM 3.2 (cf. [Mo, Theorem 3.4]). Let 1 < pi,...,pm < 00, 1/p =
1/p1+ -+ 1/pm, and q with 1/m < p < g < oo. Suppose that @ € A(ﬁq)'
Then

(i) va € Apg;

.. —p} .

(i) w; 7€ Amp; (1=1,2,...,m).

THEOREM 3.3 (cf. [CX]| Theorem 2.2]). Let0 < a<mn, 1 <pi,...,pm
<oo,1/p=1/p1+---+1/pm and 1/q = 1/p—a/n. Suppose that v € A(ﬁq).
Then

(1) Uflq[;’ S Aq(mfoz/n) ;

(il) w; ”" € Aprimam) (i =1,....m) if a/n < (m—2)+1/p;+1/p; for

any 1 <1i,7 <m.
When p; =1, ’wi_pi S Ap;(m—oz/n)

As is well-known, for the classical A, ;) weights and A, weights we have
the following relations:

18 understood as w?/(mn_a) € A;.

(3.1) w e A(p7q) s wle Aq(l—a/n) - w_p, S Ap’(l—a/n) & wle As,
(32) wedAy,y = wieAjand w? € A, & w'e Ay and w? e Ay,

where 0 < a <n,1 <p<n/a,1/¢g=1/p—a/n and s =1+ ¢/p’. For

multilinear A( Pa) classes, Pradolini [P1] gave the following equivalence.

THEOREM 3.4 (cf. [Pr, Remark 2.11]). Let 0 < a<mn, 1 <pi,...,pm
<mn/a,1/p=1/p1+---+1/pm and 1/q¢=1/p—a/n. Then W € A(ﬁ’q) if
and only if W7 € Ag, where w7 = (wi, ..., wik), 1/¢ = 1/p; — a/mn >0,
si=(1—a/mn)g >1and S = (s1,...,5m).

Obviously, when m = 1, Theorem is the last equivalence in (3.1). In

this paper, we will generalize the other equivalence properties in (3.1) and
(3.2) to the multilinear setting in the next theorems.

THEOREM 3.5. Let 1 <pi,...,pm <00, 1/p=1/p1+---+ 1/pp and q
with 1/m <p < g < oo. Then & € A(ﬁq) if and only if

(3.3) vk € Apg  and wj_pj € Ampg, j=1,...,m,

.

where the condition w; P
1

wj/m € A

REMARK 3.6. Clearly, Theorem generalizes Theorem 3.1 in the fol-
lowing two aspects: (i) the ranges of p; are enlarged from (1,00) to [1,00);
(ii) the conditions in (3.3) are shown to be sufficient and necessary. Also,
compared with (3.2), the result of Theorem is new, even for m = 1.

€ Amp;, in the case pj = 1 is understood as
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THEOREM 3.7. Let0 <a<mn, 1 <pi,...,pm <mn/a, 1/p=1/p1 +
<+ 1/pm and 1/¢ =1/p — a/n. Then @ € A g if and only if

(3.4) vk € Agm—a/m) and w; " icA P(m—am)s =1,...,m.

When p; = 1, the condition w, Ps e A P (m—a/n) 15 understood as wn/(mn a)

€A1

REMARK 3.8. Compared with Theorem 3.3 Theorem 3.7]not only shows
that the conditions in (3.4) are sufficient and necessary, but also removes
the restrictions of condition (ii) in Theorem We also remark that when
m = 1, both conditions in (3.4) are the same A, ) condition; however,
when m > 2, none of the two conditions in (3.4) implies the other. For
example, let n =1, m =2, py = py =2, « = 1/2; then p =1, ¢ = 2 and
q(m — a/2) = pi(m —a/n) = 3 (i = 1, 2). Take wy(z) = wa(z) = |2|73/4
Then vg(z)? = |z|7 ¢ Li.(R), so vl ¢ A3, but w;(z) P = |z?? € 43
(i=1,2).

As a consequence of Theorems [3.5 and [3.7, we have the following sur-
prising result.

THEOREM 3.9. Let 0 <a<mn, 1 <pi,...,pm <mn/a, 1/p=1/p1 +
-+ 1/pm and 1/g=1/p —a/n. Then

/
q P
Ve € Amg  and  w; " € Amp/, i=1,...,m,

where the condition wi_p" € Amp; in the case p; = 1 is understood as wil/m €
Ay, if and only if

VL € Agim—am) and w; 7€ Apm—afmy, T=1,...,m,

where the condition wi_pi € Ap;(m_a/n) in the case p; = 1 is understood as

W) €
In addition, applying Theorem we will establish the following results.

THEOREM 3.10. Let 1 <pi,...,pm <00, 1/p=1/p1+---+1/pm, q¢>p
and po = minj<j<,, p;. Then

Apg= U Apgn
1<r<po
More generally, for any 1 < ri < po,
P 44571) U A(P q.r)’
r1<r<po
Here and below, we denote

A ={w = (Wi, ..., wp) W = (wi,...,w,,) € A(ﬁ/&q/s)}, Vs > 1.

(P,q,s)
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THEOREM 3.11. Let 1 < p1,...,pm < 00, 1/p = 1/p1 + -+ + 1/pm,
1/m < p <q< oo andpy = minj<j<m p;. Then A(ﬁ o) 18 strictly decreasing
as r increases, more precisely,

A V1§T1<T‘2<p0.

(Bar) 2 ABara)
In particular,
A

2A V1<r<pp.

(P,q) (P,qr)’

3.2. Proofs of main theorems

Proof of Theorem . Employing some techniques from [LOPTT] Mo,
we first consider the case when there exists at least one p; > 1. Without
loss of generality we may assume that pj =---=p;, =1,0 <[ < m, and
pj > 1for j=1+1, ..., m. Then we have mg > mp > 1,0 < ¢/(mg—1) <
p/(mp—1) and 3532, ) 1/p; = (mp — 1)/p.

(i) The proof that W € A( 9 = (3.3): Suppose that @ € A(P 0"
[ = 0, then (3.3) follows from Theorem [3 3.3 Now we suppose that [ > 0.

We first prove that w; R € Amp/ for j > I+ 1. Since w € A
have
m

(22|  va )qdl‘> l/qﬁ(igfwi(:r)) 11 (@éwi(:c)—pé d:c> v <C.

i=1 1=l+1

If

(Pq)y W°

-1

Then

(o T werae) ™ T (& Yt i) " <

Qi=l+1

Since p < g, we get

59 () I wera)”” 1 (& fmervia)™”

Qi=l+1 i=l4+1,i#j Q
1 ’
X ( S wj(x) P dx) <C
Ql}
Notice that
m / /
3 BB s et
. D; p
i=l41,i#5 ~

Applying Holder’s inequality, for j =1+ 1,...,m we have
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0 N mp;—l
p mp
( Q) ) dm)

Q

p;/(mpi—1) ~ m , ,
[|Q’ S( H wi(z ) H wi(w)—pj/(mpj—l) dm}

mp;-—l

=1+1 i=l41,i]
i 1 O\
( S H wi(z pdx) H ( S wi(z) P da:) .
@] Qi=l+1 i=141,i] @] Q

This together with (3.5) implies that wj_pj € Amp;_ for j > 1+ 1.

Next we show that vl € A,,q. Since 0 < ¢/(mg —1) < p/(mp — 1), we
have

" N (mg—1)/q
—q/\mgq—
(\Q! [ 1T e d””)

Qi=l+1
(mp—1)/
<‘Q,S H wi(a p/(mp—l)dx> e

Qi=Il+1
From )", | 1/p; = (mp — 1)/p and Hélder’s inequality,

-p/-1) 4 (mpfl)/p< mooq g 1/p}
(1) I[ it ’) 1111(\@5 ) )

Qi=l+1
Hence,
(3.6)
mq—1 m 1 ) qa/p;
( S H wi(x q/ mq—1) dx) < H <Swi(x)_pi dm) .
CIRRS LGP
Then,

mq—1

(3.7) < | va(a) 9/ (ma=D) dx)

: -7~ 1 , a/p}
o) 1 (3 )
i=1 i=l+1 Q
Since w € A(ﬁ,qy we have
(3.8)
g m Il
(22| S (@ qdac) 1_[<1nfwz )) ! H (ml2| S wi(z) 7P dx>q g <C.
i=1 i=l+1 Q

Comblmng (3.7) with (3.8), we conclude that v € Ap,,.
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In what follows, we will show that w; Lm ¢ Ay, j=1,...,1. By Holder’s
inequality with ¢gm and (¢gm)" = qm/ (qm — 1), we have

(rézws o) < (17§ TT ey 2

Qi=l+1

1 1/(qm)
X (’Q‘S H wi(x qd:z:) )

Q i=l+1

) (gm—1)/(gm)

This together with (3.6) yields

o (pgmire) < Gy J )™

Q i=l+1

1/(pjm)
I <|Q\ ) wi ””) |

1=l+1

On the other hand, since w € A(ﬁ gy We have

(22‘ | va(a) dx) Uqﬁ(igfwi(:c))_l ﬁ (’Q\ [ wi(a) dx) e <c

i=1

1/q ) -1
(g re) "o
, 1/p;
<11 (!Q\S i) <o

i=l+1

Hence,

(3.10) <|Q CSQ H wi(x qd:c> i (igfwj(l‘)l/m>l

i=l+1
X H <1 S wi(z) P dx) <C.
i=1+1 |Q’

Using (3.9) and (3.10), we obtain w]/ € A; for j =1,...,1. This completes
the proof that @ € A( " = (3.3).

(ii) The proof that (3.3) is sufficient for @ € A( o
holds, i.e., U,lqﬁ € Apyg, w™ e Ay for i = 1,...,1, and w, P € Amp; for

)

Suppose that (3.3)
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(mp;—1)/p;
e

1/p; o
w;(w) P dx) (1 S w; ()P (P gy
Q

i=14+1,...,m,

1 YVa s q (mg—1)/q
( S vg(x)? d:):) < S g ()~ (ma=1) d:n) <C.
Q

m , (mp!, 4
% H (1 S w()Pe! (P dz) <C.
i Q

Notice that (mg—1)/q > 0, m > 0 and (mp,—1)/p, > 0fori=1+1,...,m.
Set

1 mg—1 "ompl —1
e +ml+zpl7,.
q i=l+1 p;

By Hoélder’s inequality,
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1 m t 1/t
1= <|| (vw(x)l le(a:)> da:)
i=1
1 (mg—1)/q
< <|| vg(z) =9/ (ma—1) dx)

1 L/m m m 1 mp—1) (mp;—1)/p;
Ql S w;(x) /"™ dx H Ql S wj(z)P/ M dy
Q

i=1 Q i=l+1
This together with (3.11) implies that & € AB gy
It remains to consider the case p; = 1 for all j = 1,..., m. Notice that
q > p=1/m. Assume that @ € A, 1)q), i€
1 . /g m ‘ 1
(3.12) <Q| é)vq,;(ac) dm) };[1<lgf wz(:r)) <C.

We first prove that wjl-/m € Ay, j=1,...,m. By (3.12), we have

-1

1 1/q )
(M (gwj (x)9 dx> (uéf wj (x)) <C.
Since 1/m < ¢, by Hoélder’s inequality,
1 m m, —1
(@ ngwj(x)l/ dm) (%f w; (33)) <C.

This implies w}/™ € A;.

Next we show that vl € Ap,q. It follows from (3.12) that

1/q m m
Gagore) el euio)

Hence,
1

al évw(x)q dz < C’igf v ().

Then vfa € Ay. Since mq > 1, we have fufv € Amg-
Now we prove the converse. Suppose that
(3.13) vk € Ay and wil/meAl,izl,...,m.

Consider first the case when ¢ > p = 1/m. By (3.13), we have
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Hence,

- 1 vy 1/q m q/ ma-1) g (mq—1)/q
@19 (ig7 ) vetar o) II(IQ!é ‘)

m

(mfwz ) H(Q| wi(x )1/mdx> <C.

On the other hand, notice that ¢/(mqg —1) >0, 1/m > 0, and set

1 mq— 1
1= 4

By Holder’s inequality,

o 1 o e )
< (@ [ vup(ar)~/(maD) d;v>( " Wqﬁ( [ i 1/md:n>m

Q
Combining (3.14) with (3.15) shows that @ € AB gy
Now let us consider the case when ¢ = p = 1/m. It follows from (3.13)
that

Then,

13
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m -1
(1 Swi(a:)l/md:c> (infwi(x)> <C, i=1,...,m,
al) 4
m -1
(@ évw(x)l/m dg;) (igf vw(x)> <C.
Consequently,

m

(3.16) (@ C521)1;,(95)1/’” dw)m (igfwﬂx)) o (igfvdx))

i=1

On the other hand, by Holder’s inequality,

2

ﬁ(@éwi(@”m d%')m > <@éf{lwi(x)”m2 dx)m > igfvw(:v).

Together with (3.16) this implies that @ € A( Pa) and completes the proof
of Theorem 3.5

Proof of Theorem . By Theorem w e A(ﬁ 9 if and only if w7 €

Ag, where ¢ and S are defined as in Theorem 3.3. By Theorem 2.1, w7 € Ag
is equivalent to

m
(3.17) wais/‘si € A,s and wfi(l_si) € Apy, i=1,...,m,

i=1

qi(1—s})
)

w?i/m € Ay (i=1,...,m). Notice that

where the condition w € A, in the case s; = 1 is understood as

Qi(l - S;) = _p;? ms; = p;(m - a/n), Qis/si =q, Mms= Q(m - a/”)?
and s; = 1 if and only if p; = 1, while
3 np; n

= = ifs;=p;=1,i=1,...,m.
m  mn—ap; mn-—ao

Thus (3.17) is equivalent to vl € Ay(m_q/m) and wi_pé € Ay(m—aym) for
1 =1,...,m. When p; = 1, the condition wi_p; € Ap;(m_a/n) is understood
as w?/(mn_a) € A;. Theorem is proved. m

Proof of Theorem . We first prove that A(ﬁ,q) C U1<r<p0 A(ﬁ,q,r)'
_pé

Suppose that @ € A( P By Theorem each w, " is in A, and hence

there are constants c;,t; > 1 (t; sufficiently close to 1) such that for any
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cube Q,
1 / 1/ti C /
< S w; ()Pt dac) < = S wi(z) P de.
Q)

Let r; > 1 be selected so that

T ti

pi—ri  pi—1

Let 7 = min{ry, ..., 7y, }. Then r sufficiently close to 1, with 1 < r < py. We
have

m N\ T/am (pi—7)/pi
(1 ([t ae) ) T (7wt 7/ )
o)\ Uar}
1 m rlgm s oq (pi—r)r/(pir)
— ( S sz(x)q dz) H( S wi(x)_pir/(pi_T) dx)
1 m rlgm s oq (pi—ri)r/(piri)
< ( S le(x)q dl‘) H( S wi(x)—pm/(m—m) dl‘)
1 r/qg m 1 , r/(piti)
- (,| | vw@c)qdm) ( 5 Sl dw)
Q i=1 Q
1 r/q m 1 , r/p;
<C|—= S v (x)? d;r> H< S wi(x)™P dx)
Q) W)
< Cld)’y fy’

Next we will show that A(]g ar) C A(ﬁg) for any 1 < r < pg. Let @ €

A(ﬁ,q,r)’ ie., W € A(ﬁ/m/r), which implies that
1 Mo q/r >7"/q m < 1 o 1/(pi/r)
— w; ()" dx — \ w;(x r(pi/r) dx> < C.
<\Q|§2(E @) (g}
Then,
1 m rlem s oq (pi—7)/pi
( S Hwi(ﬂs)q dm) H( S w; () 7P/ PimT) dx) <C.
)l Ui
Hence,
1 m /g m 1 (pi—r)/(rpi)
— w; () dx — N w;(2) P/ =) gy < C.
V[ wit) 11 | wi(z)
QU Uiar)
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Since p}; < rp;/(p; — r), by Holder’s inequality,

(i)l o) <

Qi=1 i=1 Q
which implies that @ € A( Ba) This completes the proof of the equality

Ap g = Urcrap Ap g0
It remains to show that for any 1 < ry < po,

A(P‘9q»rl) - U A(ﬁﬂ’r).
r1<r<po

Since pg/r1 = minj<;<m pi/ri, we have

(3.18) A mam = U A

1<s<po/r1

Suppose that w € A(Rq,m)’ ie.,

w't € A(IS/TMI/H) - U A(ﬁ/rl,Q/ﬁ,S)'

1<s<po/r1

Then @™ € Ap/r a/rms0
7180 N
W€ A(B(r150), q/(r150))° TLENCE

) for some 1 < sy9 < po/r1, which implies that

WEAGB 4 mso)

Since 1 < r189 < po, we get
de U Apgn
r1<r<po
Conversely, suppose that W € A(ﬁq ) for some 11 < r < pg, so W €

NS

A(ﬁ/r,q/r)' Hence,

—r1\T/T1 .
(W) € AB ) i) asro) )
Equivalently, we have @™ € A(ﬁ/rl,q/m,r/m)' Note that 1 < r/r1 < po/ri,
combining the previous condition with (3.18), we have @™ € A(}g/rl o))’

ie., W€ A(ﬁqu)' This proves Theorem "

Proof of Theorem By Theorem A(ﬁqr) is decreasing as r

increases, i.e., for 1 < ry <7y < py,

A(ﬁ’qul) 2 A(ﬁfqﬂ"?)'

It remains to show that A(qul) % A(ﬁ,q,rz) for 1 <7y <19 < pg. We first



Multilinear Muckenhoupt classes 17

prove that A(ﬁ,q) # A(ﬁ,qn“) for 1 <r < pg.Set ¢; = min{n—n/r,n—n/p;},

a; =n—n/p; —e; and w; = |z|%, i=1,...,m. Then
—nm+n—n/p;<0<a; <n—n/p;, 1=1,...,m,
a; >n/r—n/p;, i=1,...,m,

m
—n<0§q2ai < gmn —qn/p < gmn — n.
i=1

Hence,

—a;p; € (—n, n(mp}, — 1)), i=1,...,m,
—a;r(pi/r) & (—n, n(m(p;/r) — 1)), i=1,...,m,

ani € (—n, n(mqg — 1)).
i=1

This leads to vl € Apg, wi_p; € A,y and (wp)~@e/m)" ¢ Apn(psry for i =
1,...,m. By Theorem 3.4, we get w € A(ﬁ " and W ¢ A(ﬁqr)' This proves
that A(ﬁ,q) 2 A(ﬁ,q,r) for 1 < r < pg.

Next we show that A(ﬁ,q,n) =+ A(ﬁq’m) for 1 < r1 < ro < pg. Since
A(ﬁ,q) 2 A(qu) for 1 <r <ppand 1 < ry/r; < po/r1 = minj*, p;/r1, we
have A(ﬁ/m,q/m) 2 A(ﬁ/n,q/n,rg/m)' Thus there exists a W € A(ﬁ/m,q/n)

- =1 ~1
such that o ¢ A(ﬁ/n,q/rl,rz/n)‘ Hence, @/ € A(qu , but @/ ¢

1
A(ﬁ,q,rz)‘ This implies that A(ﬁ 1) #* A(ﬁ 0 )" Theorem is proved. =
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