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A local Landau type inequality for semigroup orbits
by

GERD HERzOG and PEER CHRISTIAN KUNSTMANN (Karlsruhe)

Abstract. Given a strongly continuous semigroup (S(t))¢>0 on a Banach space X
with generator A and an element f € D(A?) satisfying ||S(¢) f|| < e™**||f|| and ||S(t) A% f||
< e | A2 f|| for all £ > 0 and some w > 0, we derive a Landau type inequality for | Af]|
in terms of || f|| and ||A%f||. This inequality improves on the usual Landau inequality that
holds in the case w = 0.

1. Introduction. For C2-functions f : [0,00) — R, Edmund Landau
proved in 1913 that ||f/||% < 4||f”|lco|| f|lco- Hardy, Littlewood, and Pdlya
proved in 1934 that || f[|3 < 2||f”|l2]lf|l2, and Hardy, Landau, and Little-
wood proved in 1935 that || /|2 < 4] f”[l,|| f|l, for 1 < p < oo (see also, e.g.,
[4], where much more results can be found, and the references therein).

Later on, these inequalities were recognized as special cases of more gen-
eral inequalities that hold in Banach spaces X for generators A of strongly
continuous semigroups (S(t))¢>0 = (e!4);>¢ which are contractive, i.e. which

satisfy || S(¢)|| < 1 for all t > 0. If f € D(A?), then
(1.1) 1AFI? < 4] A2 £ £

(cf. [2L]), and if X is in addition a Hilbert space, then
(1.2) IAFIZ < 2l A%F NIl f € D(A?)
(cf. [3]). The constants 4 and 2 are known to be optimal.

In this paper we study estimates of || Af| for f € D(A?) in terms of || f||
and ||A%f|| under the assumption that

(13)  ISOFI <e ™| fll and [SE)A*fI| < e A% f], t>0,

where w > 0. Compared to the contractivity assumption we assume an
exponential decay, but only for the two elements f and A%f. It turns out
that our estimate is best formulated in terms of the three quantities

a=|fll, b=|Aflljw, c=[A%f]/w?
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This corresponds to the fact that changing the time s = t/w, or in other
words, replacing A by A/w in (1.3)), we can resort to the case w = 1.

REMARK 1.1. If w > 0 is such that

(1.4) IS@ <e™, 20,

then 0 € p(A) and

—ATf = OSOS(t)fdt, fex,
0

which implies ||A~!|| < 1/w. In this case we clearly have
IFIl = AT AS < JAfll/w = AT AP f || Jw < || A2 £]| /w0
for any f € D(A4%),ie.a<b<c.

In our main result, we relax the assumption on the semigroup
considerably. We only assume that f € D(A?2) is such that the estimate (1.3)
holds. In contrast to the situation in Rernark the inequality a < b < cis
then no longer immediate. Nevertheless, this inequality still holds true, and
much more can be said.

2. Main result

THEOREM 2.1. Let (S(t))i>0 be a strongly continuous semigroup in a
Banach space with generator A. Suppose that f € D(A?)\ {0} and w > 0
are such that

IS < e IFll [IS@A%f] < e || A%f|l, ¢t >0
Writing a = || f||, b = ||Af|l/w and ¢ = ||A%f||/w?, we have
a<b<c and b=c=a=c.

Moreover,

(2.1) bgc—(a+c)h<z+z>

where h : [0,1] — [0, 1] is the inverse function of the continuous, bijective,
and strictly increasing function

g:10,1] — [0, 1], ﬂ}—){
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We start the proof with the following

LEMMA 2.2. Under the assumptions of Theorem 2.1] we have a < ¢, i.e.
LA < 142 F ]l fw?.

Proof. This follows by a standard estimate, once we have shown
f=\tS()A%fdt.
0

Observe that the integral on the right hand side converges absolutely by
assumption. Let 7" > 0. Integration by parts gives

T T
tS(t)A%fdt = TS(T)Af — | S()Afdt = f — S(T)f + TS(T)Af.
0 0

Letting T' — oo we obtain

[e o]

lim TS(T)Af = \tS(t)A’fdt— f=:f.

T—o00
0

We shall show f = 0. To this end we take ¢ > 0. First we find Y9 > 0 such
that

[tS(t)Af — fll <e fort > .

For v > v we then have

=3 L] < [ swara + fLE=SOAN,
Y vy Y
< H §S(t)Afdt“ te fcff - H {S(t)AfdtH +e.
Y vy Y



22 G. Herzog and P. Ch. Kunstmann

Taking v large we see that the first term is < e, since
T

{S(Afdt=S(T)f—f

0

shows that the integral Sgo S(t)Af dt converges as an improper Riemann
integral. We thus have ||f|| < 2¢, and f = 0 follows. =

Proof of Theorem- For any f € D(A?) we have

SS YAfdr, t>0,

0
S(T)Af — Af = §s YAZfds, T>0,
0

which implies
t
St f = f+tAf +\(t—7)S(r)A%fdr, t>0.
0

For f € D(A?) satisfying the assumptions we hence obtain, for any ¢ > 0,

eI FI = IS fIl = |1 f + tAF| — 5 t—7)e T dr||A%f]
0

—wt 1 t
> tlasl = 171 - 1211 (o - wzw)

We rewrite this as

2 2 2
(IIfII LA fH> t(Hz‘LQfH B \if\\) (!fH 1A fH) > 0.

Using a = ||f]|, b = |Af|/w and ¢ = ||A%f||/w? and writing s = wt, we
arrive at

(2.2) e ’(a+c)+s(c—b)+(a—c)>0 foranys>0.

By Lemma we have a < ¢. Moreover, we can rewrite (2.2) as
e ’lat+c)>sb—c)+(c—a), s>0,

and letting s — oo we see that b < ¢ and that b = ¢ implies ¢ = a via
Lemma 2.2

We postpone the proof of a < b and discuss the properties of g. We have
g(0) =0, g(1) = 1, and g is continuous. On (0, 1], g is differentiable with
g (B) = —log B for B € (0,1]. We conclude that g is strictly increasing and
maps [0, 1] onto [0,1]. The inverse function A : [0,1] — [0,1] of g is thus
bijective, strictly increasing and differentiable on [0, 1).
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For the proof of a < b we modify the estimate above and use ||f+tAf]| >
IfII = t| Af[| instead of [ f + tAf[| > t[|Af[| — [ f[]. This yields
(2.3) e (a+c)+s(c+b)—(a+c)>0, s>0.
For s = 0 the left hand side of equals 0. Hence its derivative at s = 0
has to be > 0, i.e. —(a+ ¢) + (¢+ b) > 0, which means a < b.

For we may assume b < c. We minimize the left hand side of ,

i.e. we take s = s9 given by e™*(a +¢) = ¢ — b and let fy = ™% = 2.
This yields

e *(a+c)(so+1)=c—a, or g(Bo)=Po(l—1logfo) > Z—_}-Ccl7
and finally
c—b c—a ¢4
= By > Sec—
a+c BO_h(a—i—c)’ or bse (a—i_c)h(a—kc),

as asserted. m

REMARK 2.3. We discuss the quality of the estimate (2.1]). First observe
that (2.1)) is invariant under the scaling f — Af. Hence we may assume
a = 1. Taking, for the moment, ¢ = ab® where o > 0, we study the quotient

c—(a+6)h(%) b 1+ab2h<a62—1)

b b 14+ ab?
for b — oo. Since h(1) = 1 we have

1 (ab®—1

“p( b

b Q+um>%0 (b= o),

and we have to study

¢®):um<1—h<?ﬁ:;;>>.

To this end we let

that ab” 1 1
= ——— sotha =1-—1.
Tt ap 1+ ab? 7
Letting s = h(1 — ) we have vy =1 — g(s) and
1—h(1—7))>? 1—s)? —2+2
g GZRAZ)T g 28Ty 22428
y—0+ ~ s—1-1—g(s) s=1- —g'(s)
—olim S
s—1llogs —1

Hence L\;{w — V2 as ¥ = 0+, and recalling the definition of v we obtain

lim ¢ (b) = lim V2 £Zﬁ(—liﬂzwa.

b——— ) - 1
b—oo b—o0 (Oé \/14_@[)2) Wi}(r)l-l- \/’7
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In particular, we can take f € D(A?) with a = ||f|| = 1 satisfying the as-
sumptions of Theorem for some wp > 0, and then also for all w € (0, wy).
We have b = ||Af||/w and ¢ = ||A?f||/w? = ab? for a = || A%f||/||Af|*. Now
w — 0+ means b — oo, and the limit inequality reads 1 < 24/« i.e.

JAf]| < 2| A%f2,

which is exactly (1.1)).

This means that (2.1) can be understood as an interpolation between
the classical Kallmann—Landau-Rota inequality (|L.1]), which in our notation
reads b < 24/ca, and the case a = b = ¢, which happens, e.g., if f is an eigen-
vector for the eigenvalue w and satisfies the assumptions of Theorem [2.1
We study this in a classical example and show in particular that ([1.1)) is also
optimal for f € D(A?) satisfying the assumptions of Theorem for some
w > 0.

EXAMPLE 2.4. Let X = Cj[0,00), the space of all continuous functions
f :[0,00) — R satisfying lim, ,~ f(z) = 0 equipped with the sup-norm.
The operator A = % with domain

D(4)=1{f € C'[0,0): [, f' € X)
is the generator of the left shift semigroup (S(t)):>0 given by
(SO () = fz+1t), =>0,t>0,
which is clearly contractive: ||S(¢)|| <1 for all ¢ > 0. Moreover, we see that
A? = % with
D(A*) ={f € C*[0,00) : [, [, [" € X}.
We take the extremal for (1.1]) given in [I], i.e. we let

1—6(z—¢&)?, z € [0,¢],
f@)=q1-6(x—€&>+8(z &> -3z -8, ze(LE+1]
0, x>&+1,

where € = 1/4/3. Tt is easy to check that f is a C?-function, hence f € D(A2?).
Moreover, f is increasing on [0, &] with f(0) = —1, f(&) =1, f’ is decreasing
on [0,&] with f/(0) = 4v/3, f'(¢) = 0, and f” = —12 on [0,&]. Concerning
the interval [£,€ 4+ 1] we have f(§+1) = f'(£+1) = f"((+1) =0, f” has
an additional zero at £ + 1/3 with f/(§ +1/3) = —16/9, and " has a zero
at & +2/3 with f”(¢ 4+ 2/3) = 4. We conclude

Fllo =1, 1 e = 4V3, [If"llo = 12,

so that equality holds in (T.1]). Now let w > 0 and define f,, := e=“() f. Then
fu € D(A?), ||fulloo = 1 (since |f| attains its maximal value at = 0), and

¥t >0 [[S(t) fullo < €™l fulloo-
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We have to check the assumption for
Ao = [ =0 —2wf +W?f).
We clearly have
15200 < 11F" oo + 261 F'lloo + w?[| flloo
=12+ 8V3w +w? = —(f" — 2w/ +w’f)(0) = —f5(0),
and this implies
15 o0 =124+ 8V3w+w? and YVt >0: |SE)f oo < € |oo-
We also have
1filloo < N lloe + @l f oo < 4VB+w = (f' = wf)(0) = £.(0),
which implies || f/||oo = 4v/3 4+ w. Hence we can apply Theorem [2.1] to

4 8
a=1, bw_1+i’ w_1+i+7

Arguments similar to those in Remark [2.3] show what happens for w — 0+:
since ¢,, ~ b2 /4 we have a = 1/4 here and

Co — (a+ cw)h(%)
be

For w — oo we observe that b, — 1 and ¢, — 1, which implies

co — (a+ cw)h(%)
be

We illustrate the behaviour of the quotient for intermediate values by a
picture:

— 1 (w—0+).

= 1 (w—00).

0.95

0 10 20 30 40 50

cw—(a+cy)h 7b“’
et MRS for w € [0, 50]

Numerical plot of the quotient
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This should be compared with , which reads here b, < 2,/c,,. For
w — 0+ we also have 2,/c,/b, — 1 (since ¢, ~ b%/4), but for w — oo
we have 2,/c, /b, — 2. In particular, we see that, in contrast to , the
inequality is asymptotically optimal in this example and, numerically,
the maximum value of the plotted quotient is 1.1952.

OPEN PROBLEM. Is it possible to give an analog of Theorem in
Hilbert spaces that is related to Kato’s inequality (1.2) in the way The-
orem is related to (L.1])?

References

[1] H. A. Gindler and J. A. Goldstein, Dissipative operator versions of some classsical
inequalities, J. Anal. Math. 28 (1975), 213-238.

[2] R.R. Kallman and G.-C. Rota, On the inequality ||f'||*> < 4||f]| - | f”]l, in: Inequal-
ities 2 (US Air Force Acad., Colorado, 1967), Academic Press, New York, 1970,
187-192.

[3] T. Kato, On an inequality of Hardy, Littlewood, and Pdlya, Adv. Math. 7 (1971),
217-218.

[4] M. K. Kwong and A. Zettl, Norm Inequalities for Derivatives and Differences, Lecture
Notes in Math. 1536, Springer, Berlin, 1992.

Gerd Herzog, Peer Christian Kunstmann

Karlsruhe Institute of Technology (KIT)

Institute for Analysis

Kaiserstr. 89

D-76128 Karlsruhe, Germany

E-mail: gerd.herzog2@kit.edu
peer.kunstmann@kit.edu

Received August 21, 2018 (7602)


http://dx.doi.org/10.1007/BF02786813
http://dx.doi.org/10.1016/S0001-8708(71)80002-6

	1 Introduction
	2 Main result
	References

