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Invariant measures for position dependent random maps
with continuous random parameters

by

TomoOKI INOUE (Matsuyama)

Abstract. We consider a family of transformations with a random parameter and
study a random dynamical system in which one transformation is randomly selected from
the family and applied on each iteration. The parameter space may be of cardinality
continuum. Further, the selection of the transformation need not be independent of the
position in the state space. We show the existence of absolutely continuous invariant
measures for random maps on an interval under some conditions.

1. Introduction. We consider a family of transformations 74 : X — X
(t € W) and study a random dynamical system such that one transformation
is randomly selected from the family {7; : ¢ € W} and then applied on each
iteration.

In many papers on random maps, for example [Ba-G, G-Bo, P], the
number of elements of W (the parameter space) is finite. In this paper,
however, W may even be of cardinality continuum.

Further, in many papers on random maps, for example [M, P], the selec-
tion of 7 is independent of the position x € X. In this paper, 71 is selected
according to a probability density function p(¢, x).

The maps 7 we mainly consider in this paper are piecewise monotone
transformations on an interval. A simple example to which our theory can
be applied is the following family of transformations:

EXAMPLE 1.1. Define 7 : [0,1] — [0,1] (¢t € [1/2,2]) by

tx, x €[0,1/2),
i) = {Qx —1, ze(l)/2,1]

where ¢ is randomly selected from W = [1/2, 2] according to the probability
density function p(t,z) = 2/3 for each z € [0, 1].
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As in this example, the random map T = {7, p(t,x) : t € W} is deter-
mined by a family of transformations {7y : ¢ € W} and a probability density
function p(t, ).

We note that 7 may not be expanding. In Example 1.1, 74 is not ex-
panding for ¢ € [1/2,1).

Further, in Example 1.1, the partition {[0,1/2),[1/2,1]} does not vary
with the random parameter t. But we do not assume such a condition in our
main theorems. The partition of [0, 1] may vary with ¢, as in the following
family of transformations:

EXAMPLE 1.2. Define 7 : [0,1] — [0, 1] by
7(z) =tz fort e (0,1]

and
tz, z € [0,1/t),
() =
tr —1, ze€[l/t1],
where t is randomly selected from W = (0,2) according to the probability
density function p(t,z) = 3t* for each z € [0, 1].

for t € (1,2),

If we replace p(t,z) = 312 by p(t,z) = 2t%z + 13(1 — z), then p(t,z)
really depends on the position = € [0, 1].

In Example 1.2, we note that 7/(z) € (0,¢) if t € (0,¢) for e > 0. We can
apply our theorems to such a random map if we choose a suitable probability
density function p(t, z).

In this paper, we prove the existence of an absolutely continuous in-
variant probability measure for a random map on an interval under some
conditions. Of course, the previous examples of random maps satisfy the
conditions which we will state in Section 5.

Our result (Theorem 5.2) is a generalization of the well known result
of [R] (Theorem 1.3 below) as well as of the famous result of Lasota and
Yorke [L-Y] for deterministic dynamical systems.

In Theorem 1.3, we assume that {I;} is a countable family of closed in-
tervals with disjoint interiors and that Leb([0, 1]\, I;) = 0. For 7 : [0,1] —
[0, 1], we assume that the restriction of 7 to int(I;) is a C' and monotone
function. (In this paper int(I) stands for the interior of an interval I.) We

define
1/|r'()], =€, int(l;),
g9(x) = .
0, x € [0,1]\ U, int(Z;).
The following theorem is well known:

THEOREM 1.3 ([Bo-Gl R]). Let 7 : [0,1] — [0,1] be as above. Suppose
that:

(al) inf, |7/(x)| > 1 wherever 7/(z) is defined;
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(b) g(z) is of bounded variation.

Then 7 has an invariant probability measure which is absolutely continuous
with respect to Lebesgue measure.

Our result concerns position dependent random maps, and is a general-
ization of the result of [Ba-G] and |[G-Bo] (Theorem 1.4 below), hence also a
generalization of Theorem 1 in [P] for position independent random maps.

In Theorem 1.4, we assume that {I;} is a finite family of closed intervals
with disjoint interiors and Leb([0,1] \ |, ;) = 0. For 7, : [0,1] — [0,1]
(k=1,...,K), we assume that the restriction of 7 to int(I;) is a C' and
monotone function. Moreover, we assume that {fy(z)}_, is a set of position
dependent measurable probabilities, that is, Zle pr(z) =1 and pr(x) >0
for k=1,..., K. We define

iy = [P, € Upim(n),
F 0, z € [0,1)\ U, int(I;).
In the position dependent random map T = {7y, pr(x)}, 7 is selected with
probability pg(z).
The following theorem is well known:

THEOREM 1.4 ([Ba-G]). For k =1,..., K, let 7, : [0,1] — [0,1] be as
above. Suppose that the random map T = {7k, pr(x)} satisfies the following
conditions:

(%) sup, 4 () < 1
(b2) gr(z) is of bounded variation for each k.

Then the random map T = {1, px(x)} has an invariant probability measure
which is absolutely continuous with respect to Lebesgue measure.

The definitions of the random map 7" = {7, pr(x)} and its invariant
measure are found in Section 2 as well as in [Ba-G].

The paper is organized as follows: In Section 2, we formulate the defi-
nition of a random map T as a Markov process. Further, we introduce the
corresponding Perron—Frobenius operator Pr. In Section 3, we state some
basic assumptions and give a representation of Pr under those assumptions.
In Section 4, we prove some basic properties of Pr. In Section 5, we give our
main theorem on the existence of an absolutely continuous invariant mea-
sure for T and give a key inequality which implies the quasi-compactness of
Pr as well as our main theorems. In Section 6, we give some basic estimates
to prove the key inequality. In Section 7, we prove the key inequality.

2. Random maps and invariant measures. In this section, first,
we define random maps in a general setting. Later, we will define invariant
measures for random maps.
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Let (W,B,v) be a o-finite measure space. We use W as a parameter
space. Let (X, A, m) be a o-finite measure space. We use X as a state space.
Let 7+ : X — X (t € W) be a nonsingular transformation, which means that
m(r; ' A) = 0if m(A) = 0 for any A € A. Assume that 7¢(x) is a measurable
function of ¢ for each x € X.

Let p: W x X — [0,00) be a measurable function which is a probability
density function of ¢ € W for each z € X, that is, {;;, p(t,z) v(dt) = 1 for
x € X. We sometimes write p;(x) instead of p(t, z).

The random map T = {7, pi(x) : t € W} is defined as a Markov process
with the transition function

(2.1) P(z,A):= | p(t,2) 1a(n(z)) v(dt),
w

where A € A and 14 is the indicator function of A. The transition function
P induces an operator P, on measures on X defined by

Pou(4) = | P(z, 4) u(dr)
X

= S S p(t,x) La(m(x)) v(dt) p(dz) for A e A
Xw

If Py = p, then p is called an invariant measure for T = {r, p(t,z) :
te W}

REMARK 2.1. If W is a finite set {1,..., K}, then (2.1) can be repre-
sented by

Zpk ) La(7k(2)),

where py(x) = p(k,z)v({k}). In this case P, = u means
K

wA) =" | pe(a)pds) for Ae A
k=Lr1(a)

This is the definition of an invariant measure for T' = {73, pr(z)} in The-
orem 1.4. In addition, if pyp(z) = pr (constant), then P,u = p means
w(A) = Zle pru(r, H(A) for A € A. Of course, if W consists of only
one element, then P, = p is the usual definition of an invariant measure
for a deterministic transformation.

If 4 has a density f, then P,u has a density, which we denote Prf. So,
Pr: L'(m) — L'(m) is the operator satisfying
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Prf(z) m(dz)

[ p(t.2) La(mu(@)) v(de) f(a) m(dz) for A€ A

REMARK 2.2. Assume that W consists of only one element t. Then T is
a deterministic transformation, that is, T' = 7¢. In this situation, if u has a
density f, then

P.u(A) = S Prf(x)m(de) = S fx)ym(dx) for A€ A,
A T-1A
which means that Ppr is the Perron—Frobenius operator corresponding to
T = 7, and m. (For the Perron—Frobenius operator, [Bo-G] and [L-M]| are
good references.)

By this remark, for a random map T = {7, p(t,z) : t € W}, it is natural
to call the operator Pr : L'(m) — L'(m) defined by (2.2) the Perron—
Frobenius operator corresponding to 7' and m. Let P;, : L'(m) — L'(m) be
the Perron—Frobenius operator corresponding to 7+ and m. Then the Fubini
theorem implies that

(2.3) (Prf)(@) = | Pr,(pef) (@) v(dt).
w
We will use this equality later.

3. One-dimensional random maps. From now on, let X = [0, 1] and
let m be the Lebesgue measure. The other symbols are as in the previous
section. So, 7; is a map from [0,1] into itself for each t € W, 7(z) is a
measurable function of ¢ for each € [0,1], and p: W x X — [0,00) is a
measurable function such that {;, p(t, z) v(dt) = 1 for z € [0, 1].

Let A be a countable or finite set and let A; C A for each t € W. We
use /A as a set of indices of subintervals of [0, 1]. For each t € W, we assume
that {I;;}ica, is a family of closed intervals such that int(I;;) Nint(I; ;) =0
(i # j) and m([0,1] \ Ujey, Iti) = 0

REMARK 3.1. In Example 1.2, we may consider A = {1, 2},

Ay ={1,2}, IL;;=[0,1/t] and L2=[1/t,1] forte (1,2),
Ay ={1} and I;;=10,1] forte (0,1].

To avoid using the subscript ¢ on A;, we set I;; = () for ¢ € A\ A;. For
convenience, we consider the empty set as a closed interval.

For a random map T = {7, p(t, z), {I1,i}iea : t € W}, we make two basic
assumptions. The first is:

(A1) The restriction of 7 to int(I;;) is a C! and monotone function for
eachie AandteW.
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Let 7¢; be the restriction of 7; to int(/;;) for each t € W and ¢ € A. Put
1 .
- € 7y (int (14
pri(z) == {Tt’z (), @ & mslint M).)’
0, T € [07 1] \Tt,i(lnt(It,i))a
for each t € W and i € A. We note that ¢ ;(x) =0if i € A\ Ay.
The second assumption is:

(A2) For each z € X and i € A, wy;(t) := ¢¢i(x) is a measurable
function of t.

Let f € L'(X,m). Under assumptions (A1) and (A2), we are going to
find a representation of Prf.

Put , _
¢* ($) o { ¢t,i($)? LS Tt,i(lnt(1t7i))a
o, z € [0, 1]\ 72,4 (int (L))
By a change of variable we obtain

(81)  Pup(A) = | Prf(z) m(de)
A

= | | p(t.2) 1a(n(2)) £ () m(dz) v(dt)
WX
- S S Zp(t, Gri(x)) f(Dri(x)) 7 i (x) m(dx) v(dt) for A e A
W AieA
REMARK 3.2. Assumption (A2) ensures that p(t, ¢ (2)) f(¢r:(2))¢f (@)
is a measurable function of ¢ for each x and 1.

Since the equality (3.1) holds for any measurable set A, we obtain
(3.2) (Prf)(x) = | D pt, dui(@) f(Sei(x))|67 s(x)| v(dt)

WieA
for m-a.e. x, or
(3.3) (Prf)(@) = | Y p(t, bei(2)) f(14()) |84 ()] Lryint(r,.) () v(dt)
W ieA
for m-a.e. x.

REMARK 3.3. We note that
(3.4) D (b (@) f(B06(2)|43 ()] Ly int(1,.0) () = Pr(pef) ()
€A
for m-a.e. x, where P, is the Perron-Frobenius operator for 7;.

4. Properties of the Perron—Frobenius operator. In this section,
we summarize the properties of the Perron—Frobenius operator Pp corre-
sponding to a random map T'. The following lemma gives the basic proper-
ties of Pr.
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LEMMA 4.1. Let T = {m,p(t,z) : t € W} be a random map defined in
Section 2, let Pr : L'(m) — L'(m) be the corresponding Perron—Frobenius
operator, and let f € L*(m). Then

(i) Pr is linear;
(i) Prf>04df f>0;
(iii) {y Prfdm =\ fdm;
(V) 1Prfllcromy < N1 Lt m)-
The proof is analogous to the proof for a deterministic transformation.

The following lemma is important in proving the main result. It follows
from (2.2).

LEMMA 4.2, Let T = {m,p(t,z) : t € W} be a random map defined in
Section 2, let Pr : L*(m) — L'(m) be the corresponding Perron—Frobenius
operator, and let f be a probability density function on the measure space
(X, A,m). Set n(A) =\, f(x)m(dx) for A € A. Then Ppf = f m-a.e. if
and only if p is an invariant probability measure for T .

Now, we consider the Perron—Frobenius operator corresponding to the
composition of random maps.

LeEMMA 4.3. Let T={r, p(t,x),{I1i}icacr) : t € W} and S={cs, q(s, ),
{js,j}jeA(S) : s € W} be random maps as in Section 3, and let Pr : L*(m) —
L'(m) be the corresponding Perron—Frobenius operator. Then

Pr.s = PrPs,

where

ToS= {Tt © §s,p(t, §5(.’E>)q(5, l‘),
{el(ts,5(int (1) N s (int(Ls )} jyeacryxas) b s € W}

and Vs j = Q;jl. In particular, Ppx = PX.
Proof. Let f € L'(m). Put ¢;; = thil.By (3.3) we have
Pr(Psf)(x) = | > p(t,¢1i(2))(Psf)(ri(x))
W i€ A(T)
1643 (@)] L, ine (1, 0)) () v(dt)
and

(Ps)(@ei(@) = | D als,vsj(,i(@))) f(ths,(dri()))

W jeA(S)

5 (B a7,y (@1 (@) (ds).
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Thus,
(41)  Pr(Psf)(x)
=V D ptdna@) | D als b j(0ri()) f (s (ri(2)))

W ic A(T) W jeA(S)
A RCRICH) [ EN <¢>t §(2)) V(d3)|6:(2)| L1, (@) (d2)
=§1 > Z £, 61 (2))a(5, i (D1,6(2))) f (s (S1.())

W WieA(T) jeA(S

| (Ws5 0 1) (x )llnam(zt,i))( 2) 1, (nt(D, ;) (@i (2)) v(ds) v(dt).

On the other hand, in a way similar to obtaining (3.2), we have

(4.2)  Prosf(z)
=11 > Z (£, 30.0())a(5, Vo (D14 (2))) F (s (H1.4(x)))

W W ie A(T) je A(S
(W 0 bra)' (2 )’ L (6 (g im0, ) (mt () (%) V() v (dL).

Since

7265 (V5,3 (it (£0) N s(int (L)) = 7e(int (L) N s (int (L))
= (btz (int(Ze,:) N o5 (int( ~SJ))) ¢tz (int(Z;) N by (§S<mt<js,j>))
= (it (1)) N 67 (ss(int (1)),

it follows from (4.2) that

(4.3)  Prosf(z)
— U1 ST S bt bra(@))als, 1 (D1,0(2))) (s (914(x)))

W W ic A(T) jEA(S)
(s © be0) (@) Lryine(r,,0)) () 1, g, ;) (Dri () v(ds) v(dt).
Therefore, by (4.1) and (4.3) we obtain the lemma. .

5. Existence of an absolutely continuous invariant measure.
In the setting of Section 3, we give a sufficient condition for the exis-
tence of an absolutely continuous invariant measure for a random map
T ={m,p(t,x), {Iri}ica : t € W}

For t €¢ W and z € [0, 1], put

ot = { PO 2 € Qi
0, xz € [0,1]\ U, int(Ly,).
We denote by \/; f the total variation of f on I. Further, we assume the
following conditions:
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(a) sup,epo ) Sy 9(t, @) v(dt) <a <1;

(b) There exists a constant M such that /(g 9(t,-) < M for as. t €
W, that is, there exists a v-measurable set Wy C W such that
S Pt 2) v(dt) = 1 and V(g 4y 9(t, ) < M for all ¢t € Wy,

REMARK 5.1. If inf ¢ 7 |7{(2)| > 1, condition (a) is automatically sat-
isfied. Even if inf,¢jo 7|7 (z)| < 1, condition (a) is satisfied by choosing a
suitable probability density function p(¢,x). For example, in Examples 1.1
and 1.2, condition (a) is satisfied, while inf ¢ 1 |7{(2)| < 1. Moreover, we
allow infiew sup,¢(o1) |7¢(@)] = 0 if we choose a suitable probability density
function p(t,z). See Example 1.2.

Now we give our main theorem.

THEOREM 5.2. Let T = {m, p(t,z) : t € W} be a random map as in
Section 3. Assume that the random map T satisfies conditions (a) and (b)
above. Then T has an invariant probability measure which is absolutely con-
tinuous with respect to Lebesgue measure.

REMARK 5.3. We have assumed that T satisfies conditions (a) and (b).
However, it is enough to assume that some iterate T satisfies conditions
corresponding to (a) and (b).

REMARK 5.4. If W consists of only one element, conditions (a) and (b)
coincide with (a!) and (b') of Theorem 1.3. Hence, Theorem 1.3 is a corollary
of Theorem 5.2.

REMARK 5.5. Assume that W is a finite set {1,..., K} and {I;} = {I;,}
for t € W. Set pr.(x) = pr(z)v({k}). Then conditions (a) and (b) imply (a?)
and (b?) of Theorem 1.4. Hence, Theorem 1.4 is a corollary of Theorem 5.2.

Theorem 5.2 can be obtained from Lemma 4.2 if we show the existence
of a fixed point of the Perron—Frobenius operator Pr.

Let K be a constant. To show the existence of a fixed point of Pp, we
will prove that for any function f > 0 on [0, 1] of bounded variation with

{o (@) m(dz) = 1,
(5.1) \V Prf<y\/ F+8

[0,1] [0,1]
where 0 < v < 1 and 8 > 0. Using a standard technique of [Bo-G] or [L-M],
the existence of a fixed point of Pr follows from (5.1). Furthermore, Pr can
be shown to be quasi-compact and constrictive (see [Bo-Gl and [L-M]). So,
we can also obtain the following theorem.

THEOREM 5.6. Let T = {m;p(t,z) : t € W} be a random map as in
Theorem 5.2 and let Pr : L'(m) — L'(m) be the corresponding Perron—
Frobenius operator. Then there exists a positive integer r, a sequence of
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probability density functions fi,..., fr, a sequence of bounded linear func-
tionals 1, . ..,n, and an operator Q : L*(m) — L'(m) such that

Prf=> m(f)fs+Qf for any f € L'(m),
k=1

where:
(1) fi- f; =0 for all i # j;
(2) Prfr = fperm(k), where Perm is a permutation of 1,...,r;

(3) limy o0 [|PEQf | L2 (my = O for any f € L' (m).

REMARK 5.7. For random maps 7T in Examples 1.1 and 1.2, the r in this
theorem is 1, which will be shown in another paper.

6. Basic estimates. Let T be a random map as in Section 3. We give
some basic estimates to prove the key inequality (5.1).
Put

Fi(z) = o7 (z)|p(t, ¢ri(z)) f(bri(x))  on [0,1]
fort € W and i € A.

LEMMA 6.1. Let T be a random map as in Section 3 and let Pp :
LY(m) — L'(m) be the corresponding Perron—Frobenius operator. Then

\/ Prf< S Z \/  Fv(d).
[0,1] W i€A cl(ry (int(I,1)))
Further, let Ji,...,Js be closed intervals such that

UJJ, int(J;) Nint(J;) =0 (i # 4).

Then
\/ Prf < Z S Z \/ Fyiv(dt).
J=1 W i€A cl(r¢(int(1y,:)NJ;5))
Proof. By (2.3) it is easy to see that
(6.1) \/ Prf <\ \/ Pn(of)v(de).
[0,1] W 0,1]

By (3.4) we have
(6.2) \/ (pef) < Z \/ Fi.

[0,1] 1€A cl(r¢(int(I+,5)))

By (6.1) and (6.2) we obtain the first half of the lemma. The rest is obtained
similarly. =
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In Lemma 6.1, the sequence of intervals Ji, ..., Js is independent of the
random map 7. But, in some lemmas in the rest of this section it does depend
on T. More precisely, the intervals Ji, ..., Js will appear in condition (al).
To state it, we prepare some notation. Let & satisfy

sup S gt,x)v(dt) <a<a
z€[0,1] 1y
and put g := 2a. We will show the following lemma.

LEMMA 6.2. Let T be a random map as in Section 3. If condition (b) is
satisfied, then condition (a) implies the following condition (al):

(al) For any fized k > 0 there exists a positive integer s, a sequence of
closed intervals Ji,...,Js and a sequence of measurable functions
ay(t),...,as(t) such that

0,1 =] J;, int(J) Nint(J;) =0 (i # j),
j=1

Saj(t) v(dt) <ag and v(W\Aj)<k forj=1,...,s,
W

where A; = {t € W : g(t,z) < a;(t) for all x € J;}.
Before proving the lemma, we give a remark.
REMARK 6.3. If | sup,cio.1) 9(t, 2) v(dt) < o, then (al) is satisfied with
s=1,J1 =10,1] and a1 (t) = sup,cp 1] 9(t, ). In the next section, we will

use the lemma under the condition o < 1/8. So, the readers who are only

interested in the case |, sup e 1) 9(t, ) v(dt) < 1/8 do not need to read
the proof of Lemma 6.2.

Proof of Lemma 6.2. By (a) we can choose a constant kg > 1 such that

sup S kog(t,z)v(dt) < é.
z€[0,1] 1y

By (b), for a.s. t € W, g(t,x) can be redefined on a countable set of = in

[0,1] to become an upper semicontinuous function of x, say g(t,z). Note
that

(6.3) sup
sup S lim g(t,y)v(dt) + sup S lim g(t,y)v(dt)
z€[0,1] , Y= +0 z€f0,1] , ¥ %0

<2 sup S g(t,z)v(dt).
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By upper semicontinuity, for any x € [0,1] and a.s. t € W there exists an
e = ¢(t, x) such that
sup g(t,y) < sup g(t,y) < kog(t, z),
yeU(z,e) yeU(z,e)
where U(z,e) = (x — g, +¢) N[0, 1]. So, for x € [0,1] and k > 0, there
exists an &€ = £(x, k) such that
V<W\ {t eW: sup g(t,y) < k@(t,x)}) < K.
y€eU(z,€)

Since {U(x,€):x €0, 1]} is an open covering of [0, 1], there exist U(z1,€),. ..,
U(xs,€) such that | J;_; U(z;,€) = [0,1]. Let s be the smallest integer with
this property.

If s =1, we put J; = [0, 1].

In the case s > 2, without loss of generality, we may assume z1 <- - - <x;.
Choose y; € U(zj,€) NU(zjq1,€) for j = 1,...,s — 1. Put J1 = [0,11],

J2 = [yl,yg], ey JS = [ys_l, 1].
Then, in any case, J; C U(zj,€) for j = 1,...,s. Thus, the closed inter-
vals Ji, ..., Js satisfy

0,1 =JJ;, int()nint(J;) =0 (i # ),
j=1

V(W\ {t eW: jggg(t,x) < kog(t,xj)}) <k forj=1,...,s.

Put a;(t) := kog(t,z;) for j=1,...,s. Then by (6.3) we have

S a;(t)v(dt) < sup S kog(t,z)v(dt) <2a=a¢ forj=1,...,s.

W z€[0,1] 3,
Hence we obtain the lemma. m

Now, we are going to estimate } ;1 Vei(r, (int(1, 1) J;y) Ft.i for each closed
interval J; under condition (al).

For an interval I C [0, 1], put

n—1

A1) = sup{ > Flansn)lg(t wie1) = glt, )]

k=0
infl=xp<o1<"--" <£L’n28upI}.
We use this notation in Lemmas 6.4, 6.8 and 6.9.

LEMMA 6.4. Let T be a random map as in Section 3. Assume that (al)
is satisfied. If t € A;, then

> \ Fri < At ) + a0\ f
i€A cl(m(int (It :)NJT;)) Jj
foreach j=1,...,s.
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Further, assume that condition (b) is satisfied instead of (al). Then
Z \/ Fm-SA(t,J)—l—M\/f
i€ cl(ry (int(Ip.:)NT)) J
for any interval J C [0,1] and a.s. t € W.
Proof. For yg, yr+1 € cl(m+(int(I¢;))) we have

|Fyi (Y1) — Fri(ye)|
£i Ukt )Pt (D2, (Yr+1)) £ (D, (Y1) — 1D (Ye) e (Dri (v )) [ (Dt,i (Yr41))|
105 (e) [pe(Dei(Yr)) f (Dri(Wrr1)) — (D1 (Ur) [Pe(Dei(yn)) (D (yr)) |-

If t € Aj, we have

sup |07 i (W)Ipe(bei(y)) = sup  g(t,z) < ay(t).
yGCl(Tt(int(Ityi)mJj)) $€It7iﬂJj

Thus we obtain
\ Fri <At Ling) +o5(t) \/ f forteA;
Cl(Tt(int(It,i)ﬂJj)) It sz

By summing up, we obtain the first half of the lemma.
Assume that condition (b) is satisfied. Then g(t,2) < M for as. t € W
and x € [0, 1], and we can argue. m

Let J; be as in condition (al) and let § be a constant such that

(6.4) 0<6< gminfm(/) 15 =15}
Put
(6.5)
Gs,; = {t cWw: \/ ) < 2q(t) for all ¢ € [inf J;,sup J; — 2(5]}
[e,c4-26]
foreach j=1,...,s

REMARK 6.5. Let T satisfy (al). If t € A; and z¢ € Jj, then

lim g(t,z) — g(t,xo)‘ < a; (1), lim g(t,z) — 9(757530)‘ < a; ().

r—xo+0 TxT—x0—

So, if T satisfies (b), then there exists a finite partition inf J; = ¢; 0 < ¢11 <
¢t < -+ < ¢, N, = sup J; such that
\/ g(t,-) < 2a;(t) foreachi=1,..., N
[ct,i—1,Ct,4]

REMARK 6.6. If ¢ satisfies 0 < m([;; N J;) < 20 for some i € A, it
sometimes occurs that t ¢ Gy ;.
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REMARK 6.7. If W is finite, there exists § > 0 such that v(W \ G5 ;) = 0.
But, if W is infinite, this is not necessarily true.

Keeping these remarks in mind, we will show the following lemma.

LEMMA 6.8. Let T be a random map as in Section 3. Assume that con-
ditions (al) and (b) are satisfied. Let 6 be a constant as in (6.4) and let G5 ;
be defined by (6.5). If t € G5; N Aj, then

AL, J;) < 20t <\/f+ S (dx))

foreachj=1,...,s

Proof. 1ft € Gs jNA;j, there exists a finite partition inf J; = ¢;0 < ¢;1 <
¢t < -+ < ¢ N, = supJj such that

Cti—Cti—1 >0 and \/ g(t,-) <2a;(t) foreachi=1,..., Ny
[ct,i—1,Ct,i]
So, if t € G5; N Aj, we have
A(t, [eri-1, cril) < 2a5(t) sup{f(z) : x € [Ct,i—la cil}

Ct,i

< 2a;(t < \V o+ e —— | f(x)m(dx))
[ct,i—1,Ct,i] i tyim1

Ct,i

co V 1+ f(a:)m(dw)>,

[Ct i—1,Ct, z] Ct,i—1
and the lemma follows. =

In Lemma 6.8 we have assumed that ¢t € G5; N A;. In the next lemma
we do not make this assumption.

LEMMA 6.9. Let T be a random map as in Section 3. Assume that con-
dition (b) is satisfied. For a.s. t € W and for any interval J C [0, 1],

1
A(t,J) <M f+—=\f(z)m(dz) ).
(Y () )
Proof. Since

1
sup f(z \/ (J)§f(x)m dx

zeJ 7
the lemma follows. m
Now, we give an estimate of {;;, 3. Vcl(n(int(lt,i)mJj)) F,;v(dt).

LEMMA 6.10. Let T be a random map as in Section 3. Assume that
conditions (al) and (b) are satisfied. Let § be a constant as in (6.4) and let
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Gs,j be defined by (6.5). Then

1> \/ Fy; v(dt)

W i€A cl(ry(int(I; :)NJ;))
1
< (o + 2000\ (G, 1 A (V £+ 5 ] ) i)
Jj Jj
foreach j=1,...,s.
Proof. By Lemmas 6.8 and 6.9, we obtain
1
(6.6) AL, J;) < (2a4(t) + MlW\(Gé’ijj)(t))<\/ f+5 \ f(x)m(dx))
Jj Jj

for a.s. t € W and each j = 1,...,s. It follows from (6.6) and Lemma 6.4
that

2. VA

€A Cl(‘l‘t(int([t’i)ﬂg]j))
1
< (Bay0) + 20 i,y )V 45 | ) i)
Jj Jj
for a.s. t € W and each j = 1,...,s. Thus, by the inequality {;, a;(t) v(dt) <
ap in (al), we obtain the lemma. =

7. Proof of the key inequality. As we have seen in Section 5, The-
orems 5.2 and 5.6 follow from the key inequality (5.1). So, to complete the
proof of Theorems 5.2 and 5.6 we are going to show (5.1).

Let T = {m;p(t,x) : t € W} be a random map as in Section 3. Since
Pff = Prx by Lemma 4.3, it is sufficient to show that

\ Prsf <\ f+8.
[0,1] [0,1]
First, we are going to check that the random map
TK = {TtK O-- 'OTtpp(tl)x) o 'p(tKaTtK,l O+ 0Ty (LU)) : (tla CIEIE 7tK) S WK}

satisfies essentially the same assumptions as in Section 3.

Since 7¢(x) is a measurable function of ¢ for each « € [0, 1], 73, 0- - -o73, ()
is also a measurable function of (¢1,...,tx) for each = € [0,1]. Since p :
W x X — [0,00) is a measurable function such that {,;, p(t, z) v(dt) = 1 for
x € 0,1, px : WK x X —[0,00) defined by

pK(tla"' ,tK,Q?) :p(tbx) "'p(tK7TtK—1 S OTtl(x))
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is a measurable function such that
\ plt, @) pltr, Ty, 0 0o my (@) w(dty) -+ v(dix) = 1
WK
for x € [0, 1].
Since A is at most countable, so is AX. For (iy,...,ix) € AF (k =
1,...,K), put

It1,t2,(i1,i2) = C1(¢t17i1 (int(jtmlé) N 7y (int(jtlﬂd))))?
Ith---,tk,(h ..... ir) T Cl(¢t1,i1 O+ 0Pty ip_y (int(ltk,ik)
M Ty, 00Ty (int<‘[t17--wtk717(i17-~~7ik71)))))'
For simplicity, i € A* means i = (i1,...,i;) € AF. Since {I;;}ica is a
family of closed intervals such that int(l;;) Nint(f;;) = 0 (¢ # j) and
m([0,1] \ U;eq Iti) = 0, the family of closed intervals {I;, . ;. : i € AK}
satisfies

(i # ),

int (I, tge ) NN (Lyy oty j) =

(00N U Toies) =

ieAK

o =

Assumption (A1) implies

(A*1) therestriction of 74, 0- - -0y, toint(ly, . 4, 4)isa C'! and monotone

function for each i € A% and (t1,...,tx) € WE.

Define 74, ¢, := 7,0 -o7y and let 74, 4, (.4, be the restriction of
Tty,ty 00 6Ly 4y r,iy)) fOr B =1,... K. For each (t1,...,tg) € WK
and each i € AK put
{th,l...,tK,i(fE)a T € Toy, i (I6( L1yt i),

0, x €0, 1)\ Tyt it (Ley g ))-

Further, for each 2 €[0, 1] and i € AX, put We ity k) =0ty i(T)
on WX, Then assumption (A2) implies:

¢t1,---7tK,i(x) =

(A*2) wgi(t1,...,tx) is a measurable function of (¢1,...,tx) for each
r€[0,1] and i € AK,

Now, for k=1,..., K, put
p(th l’) o -p(tk, Tt ©° O Ty (x))/‘Tltll,...7tk (w)‘
g(th cee 7tk7 iU) = on Wk X UieAk int('[tly---,tkvi)7
0 on WFx ([0, 1]\ Use e int (It ...1,.))-
We are going to show the following lemma.

LEMMA 7.1. Let g(t,x) satisfy conditions (a) and (b) of Section 5. Then:
(a*) Supxe[oﬂ SWK g(tl, ce ,tK, l’) V(dtl) s Z/(dtK) < OZK,'
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(b*) there exists a constant My such that \/g 1 9(t1, - .., tx,-) < Mg for
a.s. (t1,...,tx) € WX where My depends on K but is independent
of the choice of (t1,...,tx).

Proof. (a*) is easily obtained. We are going to show (b*).

It is easy to see that

(7.1 glts,t2,2) = \/ g(tr, g(ta, 7, (-))
[0,1] [0.1]

< sup g(t2, 7, (2)) \/ g(t1,") + Z sup g(t1,) \/ g(t2, 71, (+))-

z€[0,1] 0.1] — wely I

From

V gtz () < \/ gltz) < M

Itlﬁi [071]
we have

Z sup g(t1,x) \/ g(ta,m,(+)) < MZ sup .g(tl,:n) < M?.

i el Iy i

By this inequality and (7.1) we obtain
\ g(t1,t2,) < 2M°.
[0,1]

Similarly, for £ = 2,3,..., we have

V gttt ) =\ gt te1, )9t Ty, ()

(0,1] [0.1]
< sup gt Tyt () \ g(tn, o tier, )
z€[0,1] [0,1]
+Z sup g(tla” . ,tk_l,J?) \/ g(tk‘aTtl,...,tk_l('))'
i €l g I

Bty 1,0
Hence, as we have seen above,
\/ g(tla RN R ) <2M \/ g(tl’ s 7tk—17 )
[0,1] [0,1]

Therefore,

\ gts,. . i, ) <2571,
[0,1]

which implies the lemma. =
Now, we are in a position to show the following lemma.

LEMMA 7.2. Let T be a random map satisfying the assumption of Theo-
rem 5.2 and let Py : L*(m) — L'(m) be the corresponding Perron—Frobenius
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operator. Let K be a constant such that 8o < 1. Let f > 0 be a function
of bounded variation with Sé fdm = 1. Then there exist constants v < 1 and
B >0 such that

\/ Praf <\ f+8.

[0,1] [0,1]

Proof. Since a < 1, we can choose a constant K with a® < 1/8. As we
have seen before, the random map TX satisfies essentially the same assump-
tions as in Section 3. Further, by Lemma 7.1, TX satisfies conditions (a*)
and (b*). So, for simplicity, we assume conditions (b) and (a) with o < 1/8
and prove the lemma with K = 1. By Lemma 6.2 we may assume conditions
(b) and (al) with o < 1/8.

Set k = 1457 in (al), that is,

(7.2) I/(W\Aj)<16LM forj=1,...,s.

Let 0 be a constant as in (6.4) and let Gs; be defined by (6.5). Since
v(W\ Gsj) — 0as d — 0, we can choose a constant dy > 0 such that

1 .
(7.3) v(W\ Gy, ) < T6M forj=1,...,s.
It follows from (7.2) and (7.3) that
1 .
V(W\(G607ijj))<87M for j=1,...,s.

Hence, by Lemma 6.10 we obtain
1 1
1> \ Fyiv(dt) < <3a0 + 4) (\/ f+< | f(z) m(dz))
W i€ cl(ry(int(Ly.1)NJ;)) Jj 0
for j =1,...,s. Therefore, by Lemma 6.1,
1 1\ 1
\/ Prf < <3a0+4> \V r+ <30¢0+4)50.
[0,1] [0,1]

Since we assume « < 1/8, we have ap < 1/4 and 3ap + 1/4 < 1. Hence, we
obtain the lemma for K = 1 under conditions (b) and (a) with o < 1/8.
In the general case we can prove the lemma by a minor modification. =

Proof of the key inequality. The key inequality follows from Lemmas 4.3
and 7.2. =
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