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Abstract. The paper is devoted to a description of all real strongly facially symmetric
spaces which are isometrically isomorphic to Li-spaces. We prove that if Z is a real
neutral strongly facially symmetric space such that every maximal geometric tripotent
from the dual space of Z is unitary, then the space Z is isometrically isomorphic to the
space L1 (£2, X, i), where (£2, X, 1) is an appropriate measure space having the direct sum

property.

1. Introduction. One of the main problems in operator algebras is a
geometric characterization of operator algebras and operator spaces. In this
connection in papers of Y. Friedman and B. Russo the so-called facially
symmetric spaces were introduced (see [4-9,12]). In [8], the complete struc-
ture of atomic facially symmetric spaces was determined. More precisely, it
was shown that an irreducible, neutral, strongly facially symmetric space is
linearly isometric to the predual of one of the Cartan factors of types 1 to 6,
provided that it satisfies some natural and physically significant axioms, four
in number, which are known to hold in the preduals of all JBW *-triples.

The project of classifying facially symmetric spaces was started in [7],
where, using two of the pure state properties, denoted by ST P and F'E, geo-
metric characterizations of complex Hilbert spaces and complex spin factors
were given. The former is precisely a rank 1 JBW *-triple and a special case
of a Cartan factor of type 1, and the latter is the Cartan factor of type 4
and a special case of a JBW*-triple of rank 2. The explicit structure of a
spin factor naturally embedded in a facially symmetric space was then used
in [8] to construct abstract generating sets and complete the classification
in the atomic case. In |12] a geometric characterization of the dual ball of
global JB*-triples was given.

The present paper is devoted to a description of all real strongly fa-
cially symmetric spaces which are isometrically isomorphic to Li-spaces.
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Using Kakutani’s characterization of real Li-spaces, we show that a neutral
strongly facially symmetric space in which every maximal geometric tripo-
tent is unitary, is isometrically isomorphic to an Li-space. None of the extra
axioms used in [7},8,12] are assumed.

2. Facially symmetric spaces. In this section we shall recall some
basic facts and notation about facially symmetric spaces (see for details
ag).

Let Z be a real or complex normed space. Elements x,y € Z are orthog-
onal, notation z ¢ vy, if ||z + y|| = ||l — y|| = ||z|| + ||y||. Subsets S, T C Z
are said to be orthogonal, notation S & T, if x & y for all (z,y) € S x T.
A norm exposed face of the unit ball Z; of Z is a non-empty set (necessarily
# Z7) of the form F = F, = {z € Z : u(x) = 1}, where u € Z*, ||u|]| = 1.
Recall that a face G of a convex set K is a non-empty convex subset of K
such that if Ay + (1 — \)z € G, where y,z € K, A € (0,1), then y,z € G. In
particular, an extreme point of K is a face of K. An element u € Z* is called
a projective unit if |lu|| = 1 and (u,y) = 0 for all y € F?. Here, for any
subset S, S denotes the set of all elements orthogonal to each element of S.

A norm exposed face F,, in Z; is said to be a symmetric face if there is
a linear isometric symmetry S, of Z onto Z with S2 = I such that the fixed
point set of S, is (5p F,) ® F2.

Recall that a normed space Z is said to be weakly facially symmetric
(WFES) if every norm exposed face in Z; is symmetric.

For each symmetric face F, the contractive projections Py(Fy), k =
0,1,2, on Z are defined as follows. First P;(F,) = (I—S,)/2 is the projection
on the —1 eigenspace of S,,. Next define P,(F,,) and Py(F),) as the projections
of Z onto 5p F,, and F?, respectively, so that Py(F,) 4+ Py(F,) = (I+S.)/2.
A geometric tripotent is a projective unit u with the property that F), is a
symmetric face and S;u = wu for a symmetry S, corresponding to u. The
projections Py(F,) are called the geometric Peirce projections.

GT and SF denote the collections of geometric tripotents and symmetric
faces respectively, and the map GT > u — F, € SF is a bijection [5, Propo-
sition 1.6]. For each geometric tripotent w in the dual of a WFS space Z, we
shall denote the geometric Peirce projections by Py(u) = Py(F,), k= 0,1,2.
Two elements f and g of Z* are orthogonal if one of them belongs to
Py(u)*(Z*) and the other to Py(u)*(Z*) for some geometric tripotent w.

A contractive projection Q on a normed space Z is said to be neutral
if for each = € Z, ||Q(z)|| = ||z|| implies @(x) = z. A normed space Z is
neutral if for every symmetric face Fy,, the projection P»(Fy,) is neutral.

A WEFS space Z is strongly facially symmetric (SFS) if for every norm
exposed face Fy, in Z; and every g € Z* with ||g|| = 1 and F,, C F,;, we have
Ssg = g, where S, denotes a symmetry associated with F,.
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The principal examples of neutral complex strongly facially symmetric
spaces are preduals of complex JBW *-triples, in particular, the preduals of
von Neumann algebras (see [6]). In these cases, as shown in [6], geometric
tripotents correspond to tripotents in a JBW*-triple and to partial isome-
tries in a von Neumann algebra.

In a neutral strongly facially symmetric space Z, every non-zero element
has a polar decomposition [5, Theorem 4.3]: for non-zero x € Z there exists
a unique geometric tripotent v = v, with (v,z) = ||z|| and (v,z%®) = 0. If
x,y € Z, then x $ y if and only if v, ¢ vy, as follows from [4, Corollary
1.3(b) and Lemma 2.1].

A partial ordering can be defined on the set of geometric tripotents as
follows: if u,v € GT, then u < v if F,, C F,,, or equivalently, by [5, Lemma
4.2], Py(u)*v = u, or v —u is either zero or a geometric tripotent orthogonal
to u.

3. Main result. Henceforth “face” means “norm exposed face”.
Let Z be a real neutral strongly facially symmetric space. A geometric
tripotent u € G7T is said to be

e mazimal if Py(u) = 0;
o unitary if Po(u) = 1I.

It is clear that any unitary geometric tripotent is maximal.
Notice that a geometric tripotent e is unitary if and only if the convex
hull of the set F, U F_, coincides with the unit ball Z7, i.e.

(3.1) Zy =co{F, UF_.}.

Also note that property is much stronger than the Jordan decompo-
sition property of a face (see [12, Lemmata 2.3-2.6]). Recall that a face F,
has the Jordan decomposition property if its real span coincides with the
geometric Peirce 2-space of the geometric tripotent w.

ExAMPLE 3.1. The space R™ with the norm
n
Il =) " ltal, = () € R,
i=1

is a SF'S space. If e € R™ = (R™)* is a maximal geometric tripotent then
62(517"'7571)7 516{—1,1},2.61,771,
and in this case the face

n
F, = {xERn:Ze’fiti:Lz’fitiZO,i:l,in}
=1

satisfies (3.1)).
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More generally, consider a measure space ({2, X, 1) with measure p hav-
ing the direct sum property, i.e. there is a family {£2;}ics C X, 0 < p(£2)
< 00,1 € J, such that for any A € X with u(A) < oo, there exist a countable
subset Jo C J and a set B of zero measure such that A = J;c 5 (AN§2%)UB.

Let L1(£2, X, 1) be the space of all real integrable functions on ({2, X, p).
The space L1(£2, X, 1) with the norm

£l =\ 1£(O)]du(t), | € Li(2, 2, ),
Q
is a SFS space. If e € L>®(2, X, ) = L1(£2, X, u)* is a maximal geometric
tripotent then
e=Xa—Xo\a for some A€ X,
where Y4 is the class containing the indicator function of the set A € X.
Then the face
Fo={f e L@ 2. : |l =1, § e(®)f(t) du(t) =1}
9]
satisfies (3.1)).

The next result is the main result of the paper, giving a description of
all strongly facially symmetric spaces which are isometrically isomorphic to
L1-spaces.

THEOREM 3.2. Let Z be a real neutral strongly facially symmetric space
such that every mazximal geometric tripotent from Z* is unitary. Then there
exists a measure space (§2,X, 1) with measure p having the direct sum
property such that the space Z is isometrically isomorphic to the space
Ll (Qv 27 ,U) .

For the proof we need several lemmata.

Let u,v € GT. If F, N F, # 0 then by u A v we denote the unique
geometric tripotent such that F,, = F, N F,, otherwise we set u A v = 0.

LEMMA 3.3. Let e € GT be unitary and let v € GT. Then F, N F, # ()
or F_,NF, # .

Proof. Let x € F,. By equality (3.1]) we obtain

r=ty+(1—-1)z

for some y,—z € Fp, and 0 <t < 1.

Ift=1o0rt=0then x =y or x = z, respectively. Hence x € F, N F, or
—rxeF Nk,

Let 0 < t < 1. Since F, is a face, y, 2z € F,. Therefore F, N F, # () and
F ,NF, # 0. m

LEMMA 3.4. Let e € GT be unitary. Then for every u € GT there exist
mutually orthogonal geometric tripotents ui,us < e such that u = uy — uo.
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Proof. Put
ur=uNe, ux=(—u)Ae.

Let us prove that
up O ug, U= U] — Us.
Let 1 € Fy, and x3 € F,,,. Then
r1,29 € Fp, x1,—19 € F,

and therefore

xl;rm € F,, x1;x2 €F,.
Thus
$1—;1‘2 _1, $1;$2 —1,
and
|21 + 22| = llz1 — z2ll = 2 = |1 || + [|22].

Hence z1 & z9, and therefore u; & us.

Now suppose that v = v — u; + us # 0. By Lemma [3.3| we know that
F,NF.#0or F_,NF,# (. Without loss of generality it can be assumed
that F, N F, # (). Thus there exists an element x € Z; such that

(v,z) = (e, x) = 1.
Since v < u, we have (u,z) = 1. Thus z € F,NFe, i.e.x € Fy, or (ug,z) = 1.
Since u; <) ug, we have (uz, ) = 0. Hence
(v,z) = (u,x) — (ug, z) + (u2,x) =0,
a contradiction. m

LEMMA 3.5. Let u,w be orthogonal geometric tripotents. Then u + w is
mazximal if and only if u — w is mazimal.

Proof. Let u+ w be maximal. Suppose that u — w is not maximal. Then
there exists a maximal geometric tripotent e such that e > u — w. Set
w1 =e —u+ w. Then wi; & v and wy & w. Therefore v +w < v + w + wy.
This contradicts the maximality of v + w. =

Recall that a face F' of a convex set K is called a split face if there
exists a face G, called complementary to F, such that FNG = () and K
is the direct convex sum F' &, G, i.e. any element x € K can be uniquely
represented in the form x =ty + (1 —t)z, where t € [0,1], y € F, z € G (see
e.g. [1, p. 420], [2]).

LEMMA 3.6. Let u,w be orthogonal geometric tripotents. If u + w is
maximal then

(3.2) Fupw = Fy ®c Fy.
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Proof. First we shall show that

Futyw = co{F, U Fy}.
It suffices to show that

Futw Cco{F,UFy,}.
By Lemma the geometric tripotent u —w is maximal. Therefore the face
F,_. satisfies equality , ie.

Z1 = co{Fy—w U Fy_y}.
Thus every element x € F, ., has the form
r=ty+(1—-1t)z

for some y,—z € Fy_, and 0 <t < 1.
Consider the following three cases.

CAseE 1. If t =0 then x € Fyyyp N Fy—y = Fyy.
CASE 2. If t =1 then x € Fyyy N Fy_y = F.

CASE 3. If 0 < t < 1, then applying the geometric tripotent u + w to
the equality x = ty + (1 — t)z we obtain

(3.3) tu(y) + tw(y) + (1 — t)u(z) + (1 — Hw(z) = 1.
Since y € F,,_4, and z € F,,_,, we see that
u(y) —wly) =1, w(z)—ulz) = 1.
Thus
(3.4) tu(y) —tw(y) — (1 —t)u(z) + (1 — Hw(z) = 1.
Summing and we get
tu(y) + (1 —tw(z) = 1.
Since |u(y)| < 1 and |w(z)| < 1 the last equality implies that
u(y) = w(z) = 1.
This means that y € F, and z € F,,. Therefore
r=ty+ (1 —t)z € co{F,, U Fy, }.

Consequently, Fy, 1, = co{F, U F,}. Taking into account that F, { F,, we
get Fyrw = Fy ®c Fiy. m

Let u be an arbitrary geometric tripotent and let e be a maximal geo-
metric tripotent such that u < e. First we shall show that

Z:@Fu@@Fwa
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where w = e — u. Using equalities and we obtain
Z =sp Z; =sp{co{F. UF_.}}
=spF. =sp{F, ®:. Fy} =spF, ®spF,.
From sp F,, $ sp F,, it follows that sp F,, < Sp F\,, and therefore
Z =38pF, ®spFy.
This implies that
Py(u) + Py(w) = 1.
Since P;(u)Py(u) = 0 and Py (w) = Py(u)Pa(w) (see [5, Corollary 3.4]) we
obtain Pj(u)Py(w) = 0. Therefore
Pi(u) = Pi(u)] = Py(u)[Pa(u) + Pa(w)] = 0.
So we have
LEMMA 3.7. For every u € GT the projection Pi(u) is zero.
For orthogonal geometric tripotents vy, v2 we have
(3.5) Py(v1 4+ v2) = Py(v1) + Pa(v2).
Indeed, by [5, Lemma 1.8] we have
Py(v1 + va2) = Py(v1)Po(v2).
Using the last equality and taking into account the equalities Pj(vi) =
Pi(v2) = Pi(v1 +v2) = 0, together with Corollary 3.4 of [5], we get
Py(vy 4+ v3) = I — Py(v1 + v) = I? — Py(v1 + v2)
= (Pa(v1) + Po(v1)) (Pa(v2) + Po(vz)) — Po(v1) Po(v2)
= Pa(v1) + Pa(v2) + Py(v1)Py(ve) — Po(v1)Po(v2)
= Py(v1) + Pa(v9).

Now we fix a unitary e € GT.
On the space Z we define an order (depending on e) by the following
rule:

(3.6) r>y & r—yeRE.

LEMMA 3.8. Z is a partially ordered linear space, i.e.

(i) z <u;

(i) r<y,y<z=z<z

(iii) z <y, y<z=z=1y;

(iv) z<y =>zx+z2<y+z

(v) x>0, A>0= Az > 0.

Proof. The properties (i), (iv) and (v) are trivial.

To prove (ii), let z < y and y < z. Then y — x,2 —y € RTF,. Thus
z—x €RTF, ie. z < 2.
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For (iii), let * <y, y < x. Then y — x = aa and x — y = Bb for some
o, >0 and a,b € F,. Therefore aa + b = 0. Applying to this equality the
geometric tripotent e we obtain a4+ 8 =0. Thusa==0,ie.c=y. n

REMARK 3.9. Note that if v < e then |12, Lemma 2.4] implies that
(3.7) Pi(v)(F,) C F,, k=0,2.
LEMMA 3.10. Let a,b,z,y >0 witha $b. If a— b=z —y then
r—a=y—0b>0;
if in addition x $ vy, then x = a and y = b.

Proof. Let v, be the smallest geometric tripotent such that v,(a) = ||a||
(polar decomposition). Since a > 0 it follows that v, < e. Applying the
projection P»(vg) to the equality a — b =z — y we obtain

Ps(va)(x) — Po(va)(y) = Pa(va)(a —b) = Pa(va)(a) = a.
Using we get
Po(va)(z) — a = Pa(va)(y) € RTF,
and therefore
x—a= Ps(vy)(z) + Po(ve)(z) —a
= [Py(vq)(z) — a] + Po(va)(x) € RTF,

ie. x> a.
Now suppose that x ¢ y. Then as shown above, x > a and a > x. Thus
r=aandy=>0. u

LEMMA 3.11. For x € Z the following conditions are equivalent:
(i) = > 0;
(i) [[=]| = (e, z).
Proof. Take x > 0, i.e. x = ay for some o > 0 and y € F,. Then
2]l = llayll = ellyll = a = ale,y) = (e, z).
Conversely, if ||z|| = (e, z),z # 0, then z/||z| € Fe,ie. x> 0. u
LEMMA 3.12. FEvery element x € Z can be uniquely represented as
rT=xy —T_,
where x4, x_ >0 and x4 ) x_.

Proof. Take the smallest geometric tripotent v, € GT such that v, (z) =
|lz||. By Lemma there exist mutually orthogonal geometric tripotents
v1,v2 < e such that v, = v1 — v9. Put

4 = P(v1)(z), - =—P(v2)(2).
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By the proof of |5, Theorem 4.3(d)] we get (vi,x) = ||P2(v1)(x)||, and there-
fore
(e,24) = (e, Pa(v1)(2)) = (Py (v1)e, @)
= (v1,2) = |[Pa(v1)(2) ]| = [l ]]-

This means that zy > 0. Similarly z_ > 0. Further using equality (3.5) we
find that = 2 —z_ and 1 ¢ z_. Uniqueness follows from Lemma[3.10] =

LEMMA 3.13. Z is a lattice, i.e. for any x,y € Z there exist
VY, TNy € Z.

Proof. By Lemma there exist mutually orthogonal elements a,b > 0
such that  — y = a — b. Then

b
—a—>
(3.9) TNy = H%.
Indeed,
b — b
xvy_x:fiﬂiﬁif_nggfiﬂif:bzo
2 2
and , )
xvy_y:x+y;a+ _yzx—y;a+ —a>0.

Now let z,y < z, where z € Z. Denote
r1=2z—22>0, y=z—y=>0.
Thus * — y = y1 — 1. Therefore y; — 1 = a — b. Lemma implies that
y1—a=x1—b>0.

Further
r+y+xi+y1 r+yta+b
z—xVy= —
2 2
—a-—0»
:ﬂb“l-HJl2 a i —a>0
This means that
r+y+a+b
TVy= 9

In the same way we can prove equality (3.9)). =
A Banach lattice X is said to be an abstract L-space if
[z +yll = =l + lly
for all x,y € X with z Ay =0 (see |11}, p. 14] and [10]).
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LEMMA 3.14. Z is an abstract L-space.
Proof. First we show that

e 0<z<y=|z| <|yl;
o [lz] = |[|=] [,

where || = x4 + x_ is the absolute value of z.
Let 0 <z <y. Then

2]l = (e,z) < (e;y) = |lyl|.
Further
[zl | =llzg +2|| = [z O z_] = lzy —2_|| = ||z

Hence Z is a Banach lattice.
For z,y > 0, using Lemma |3.11] we obtain

[z +yll = {e,x +y) = (e, ) + {e,y) = [|z[| + [[y[].
This means that Z is an abstract L-space. m
Now Theorem follows from Lemma and [11, Theorem 1.b.2].

REMARK 3.15. The following observations were kindly suggested by the
referee, to whom the authors are deeply indebted.

Theorem fails for complex spaces. Indeed, by [6, Theorem 2.11] for
any finite von Neumann algebra its predual is a neutral strongly facially
symmetric space in which every maximal geometric tripotent is unitary.
However, that predual is not isometric to an Li-space, for example for the al-
gebra B(H) of all bounded linear operators on the finite-dimensional Hilbert
space H of dimension at least 2.

The predual of a real JBW *-triple is a neutral weakly facially symmetric
space (see [3, Theorem 5.5] and [6, Theorem 3.1]) which is not strongly
facially symmetric. The strong facial symmetry of the predual of a complex
von Neumann algebra depends on the field being complex (see the proof
of Corollary 2.9 in [6]). Indeed, if the predual of a non-commutative real
von Neumann algebra were a strongly facially symmetric space, this would
contradict Theorem B.2] above.

Acknowledgments. The authors would like to thank the referee for
valuable comments and suggestions.
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