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Abstract. We introduce a new class of Banach spaces, called generalized-lush spaces
(GL-spaces for short), which contains almost-CL-spaces, separable lush spaces (in par-
ticular, separable C-rich subspaces of C(K)), and even the two-dimensional space with
hexagonal norm. We find that the space C (K, E) of vector-valued continuous functions is
a GL-space whenever FE is, and show that the set of GL-spaces is stable under co-, [;- and
loo-sums. As an application, we prove that the Mazur—Ulam property holds for a larger
class of Banach spaces, called local-GL-spaces, including all lush spaces and GL-spaces.
Furthermore, we generalize the stability properties of GL-spaces to local-GL-spaces. From
this, we can obtain many examples of Banach spaces having the Mazur—Ulam property.

1. Introduction. The classical Mazur—Ulam theorem states that ev-
ery surjective isometry between normed spaces is a linear mapping up to
translation. In 1972, Mankiewicz [M] extended this by showing that every
surjective isometry between open connected subsets of normed spaces can
be extended to a surjective affine isometry on the whole space. This result
implies that the metric structure on the unit ball of a real normed space con-
strains the linear structure of the whole space. It is of interest to us whether
this result can be extended to unit spheres. In 1987, Tingley [T] first studied
isometries on the unit sphere and raised the isometric extension problem:

PROBLEM 1.1. Let E and F be normed spaces with unit spheres Sg
and Sf, respectively. If T : Sg — Sp is a surjective isometry, does there
exist a linear isometry T : 2 — F' such that T|5E =77

There are a number of publications on this topic and many positive
answers on special spaces, for example, (P(I"), LP(u) (0 < p < 00), C(K),
even the James spaces and the (modified) Tsirelson spaces (see [D1), D2} L,
L7, T1), T2l T3] [T4] and the references therein).
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Recently in [CD], Cheng and Dong considered the extension question of
isometries between unit spheres of Banach space and introduced the Mazur—
Ulam property:

DEFINITION 1.2. A Banach space E is said to have the Mazur—Ulam
property (briefly MUP) provided that for every Banach space F', every sur-
jective isometry T' between the unit spheres of F and F' is the restriction of
a linear isometry between the two spaces.

Cheng and Dong attacked the problem for the class of CL-spaces ad-
mitting a smooth point and polyhedral spaces. Unfortunately their inter-
esting attempt failed by a mistake at the very end of the proof (see also
the introduction in [KMMP] [TL]). In [KM], Kadets and Martin proved that
finite-dimensional polyhedral Banach spaces have the MUP. Notice that the
problem is still open even in two dimensions. In [TL], Tan and Liu proved
that every almost-CL-space admitting a smooth point (in particular, every
separable almost-CL-space) has the MUP.

Recall that R. Fullerton [E] first introduced the notion of CL-space. It
was extended by Lima [LIl [L2] who introduced almost-CL-space and gave
examples of real CL-spaces which are L;(u) and their isometric preduals,
in particular C(K), where K is a compact Hausdorff space. The infinite-
dimensional complex Lj (1) spaces were proved by Martin and Paya [MP1] to
be only almost-CL-spaces. Lush spaces were recently introduced in [BKMW]
and have been extensively studied in [BKMM]| [KMMP, [KMMS]. Such spaces
are of importance to supply an example of a Banach space F with numerical
index n(E) < n(E*). It thus gives a negative answer to a question which
has been latent since the beginning of the theory of numerical indices in the
seventies. Now, a natural and interesting question is: “Does every almost-
CL-space, even every lush space, has the MUP?”

In this paper, we introduce a natural concept of generalized-lush spaces
(GL-spaces for short), which contains almost-CL-spaces, separable lush
spaces (in particular, separable C-rich subspaces of C'(K)), and even the two-
dimensional space with hexagonal norm. We show that the space C(K, F)
of vector-valued continuous functions is a generalized-lush space whenever
FE is, and show the stability of generalized-lush spaces under c¢y-, I1- and
lso-sums. Then we prove that the Mazur—Ulam property holds for a larger
class of Banach spaces than GL-spaces, called local-GL-spaces, including
all lush spaces and GL-spaces. Furthermore, we show that C(K, E) is a
local-GL-space whenever E is, and stability under cy-, [1- and [, -sums also
holds for local-GL-spaces.

Throughout this paper, all spaces considered are over the real field. For
a Banach space E, Bg, Sp, E* and L(F) will stand for the unit ball of F,
the unit sphere of E, the dual space and the Banach algebra of all bounded
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linear operators on E. A slice is a subset of Bg of the form
S(z*,a) ={x € Bg : 2%(x) > 1 — a},

where 2* € Sg« and 0 < o < 1.
We recall here some basic concepts.

DEFINITION 1.3. Let E be a Banach space.

(i) E is said to be a CL-space if for every maximal convex set C of Sg,
we have B = co(C U —C).
(ii) E is said to be an almost-CL-space if for every maximal convex set
C of Sg, we have Bg =co(C U —C).
(iii) E is said to be lush if for every z,y € Sg and every € > 0, there
exists a slice S = S(z*, ¢) such that z € S and dist(y, aco(5)) < e.

It is evident that (1)=(2)=-(3), and none of the one-way implications
can be reversed (see [MP1], Proposition 1] and [BKMW, Example 3.4]).

The numerical index of a Banach space E was first suggested by G. Lumer
in 1968 (see [DMPW]); it is defined by
n(E) =inf{v(T): T € L(E),||T|| =1}
=max{k > 0: k||T| <v(T) for all T € L(E)},
where v(T") is the numerical radius of T given by
v(T) = sup{|z*(T(z))| : « € Sg, 2" € Sg=, 2™ (x) = 1}.

More information and background on numerical indices can be found in the
recent survey [KMP] and references therein.

2. Generalized-lush spaces. The aim of this section is to study gen-
eralized-lush spaces (GL-spaces for short). We present many examples and
prove a stronger property for separable GL-spaces; we also show that GL-
spaces have some stability properties.

DEFINITION 2.1. A Banach space E is said to be a generalized-lush space
(GL-space) if for every x € Sk and every € > 0 there exists a slice S =
S(z*,e) with 2* € Sg» such that

x €S and dist(y,S) +dist(y,—S5) <2+¢
for all y € Sg.

The following proposition for separable GL-spaces is based on an idea
from [KMMP), Lemma 4.2], and it is of independent interest. Given a Banach
space E, a subset G C E* is called norming if ||z| = sup{|z*(z)| : z* € G}
for every x € E.
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PROPOSITION 2.2. Let E be a separable GL-space, and let G C Sp~ be
norming and symmetric. Then for every € > 0 the set
{z* € G : dist(y, S) + dist(y, —5) < 2+¢ for all y € Sg, where S = S(z*,¢)}
1s a weak™ Gs-dense subset of the weak* closure of G.

Proof. Let (y,) C Sk be a sequence dense in Sg. Fix 0 < ¢ < 1. Given
n>1, set

K, ={z" € G : dist(yn, S) + dist(yn, —5) < 2+ ¢, where S = S(z*,¢)}.
Then K, is weak*-open and I?nw* - Indeed, if x* € K, then there
exist z, € S(z* ¢) and z, € —S(z*, ¢) such that
[2n — ynll + [lyn — 2nll <2 +e.
Let
U={y"€eG:y*(z,) >1—cand y*(—2,) >1—¢}.

Then it is easily checked that U is a weak™ neighborhood of * in G satisfying
U C K,,. Thus K, is weak*-open.

To prove I?nw* = éw*, it is enough to show that G C Ew*. Since
[FHHMPZ, Lemma 3.40] states that for every z* € G, the weak™-slices
containing x* form a neighborhood base of x*, it suffices to prove that
S(x,e1) N K, # 0 for all &1 € (0,¢). Since F is a GL-space, there is a
slice S = S(y*,e1/3) such that

zxe S and dist(yp,S) + dist(yn, —5) <2+ 1.
Thus we may find 2/, € S and 2], € —S such that
25 = ynll + lyn — 20l <2461 and [l +a;, — 2] > 3 —e1.
Note that GG is norming and symmetric. Thus there is a z* € G such that
M+, —2) >3 —¢.
This implies that z* € S(z,e1) N K.
Now set K = ﬂneN K,,. Then by the Baire theorem, K is a weak™ Gg-

dense subset of G* . This together with density of (yn) in Sgp gives the
desired conclusion. =

As a consequence, we have a stronger characterization for separable GL-
spaces which indicates that the x* in the definition of GL-spaces can be
chosen from ext(Bpg+).

COROLLARY 2.3. Let E be a separable Banach space. Then E is a GL-
space if and only if for every x € Sg and every € > 0 there exists a slice
S = S(z*,¢) with z* € ext(Bg+) such that

x €S and dist(y,S)+dist(y,—5) <2+«
for ally € Sg.
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Now we have the following important examples.
EXAMPLE 2.4. Every almost-CL-space is a GL-space.

Proof. Let E be an almost-CL-space. For every x € Sg and € > 0, there
exists a maximal convex set C of Sg such that z € C. Choose f € Sg« such
that f(z) =1 for every z € C, and set S = S(f,e). Then C C S. Since F is
an almost-CL-space, it follows that By = ¢o(S U —S). So for every y € Sg,
there are A € [0,1], y1 € S and y2 € —S such that

Ayt + (1 = Ny2 —yll <e/2.
This leads to
lyr —yll + llye —yll <2+,

which completes the proof. =

Since all C'(K) and all real L;(u) are CL-spaces (in particular, almost-
CL-spaces), they are GL-spaces. Below, we exhibit a larger class of spaces
which are GL-spaces, and they are not almost-CL-spaces in general (see
[BKMW| Example 3.4]).

EXAMPLE 2.5. Every separable lush space is a GL-space.

Proof. Note that [KMMP], Theorem 4.3] implies that if F is a separable
lush space, then there is a norming subset K of Sg+ such that

B =co(S(z*,e) U—-S(z",¢))

for every z* € K and every € > 0. A similar analysis to the one in Exam-
ple 2.4] yields the desired conclusion. =

Let K be a compact Hausdorff space. A closed subspace X of C(K)
is said to be C-rich if for every nonempty open subset U of K and every
e > 0, there is a positive function h with ||h|| = 1 and supp(h) C U such
that dist(h, X) < e. This definition covers all finite-codimensional subspaces
of C[0, 1] (see [BKMW], Proposition 2.5]) and all subspaces X of C[0, 1] such
that C[0,1]/X does not contain a copy of C|0, 1] (see [KP, Proposition 1.2
and Definition 2.1]). For more examples and results about C-rich subspaces
we refer to [BKMM| [KMMS| KMMP] and references therein. Notice that
all C-rich subspaces of C(K') have been proved in [BKMW] Theorem 2.4] to
be lush. Therefore we get the following example.

EXAMPLE 2.6. Ewvery C-rich separable subspace of C(K) is a GL-space.

Observe that all the above examples of GL-spaces are Banach spaces with
numerical index 1. We remark from the following examples that there may
exist many GL-spaces whose numerical index is not 1. The two-dimensional
space with hexagonal norm is an example.
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EXAMPLE 2.7. The space E = (R?, || - ||) whose norm is given by
¢, )l = max{|n|, [¢] + 3lnl} V(& n) € E

has numerical index 1/2 and it is a GL-space.

Proof. 1t is shown by [MM, Theorem 1] that E has numerical index 1/2.
To prove that E is a GL-space, given = (a,b) € Sg and ¢ > 0, we divide the
proof into two cases. By symmetry considerations, we assume that a,b > 0.

CASE 1: b = 1. Define a functional f € Sg« by f(z) = n for all z =
(&,m) € E. Set S = S(f,e). Then x € S, and for every y = (¢,d) € Sg,
consider the two vectors

y1 =(c,1) and w2 = (¢, —1).
We clearly have y; € S and yo € —S5, and moreover
ly — vl + lly — g2l =2 <2 +e.

CASE 2: b < 1. We make the convention that sign(0) = 1. Let f € Sg«
be defined by f(z) = £+ n/2 for every z = (§,n) € E. This guarantees that
x €S =S5(f,¢). For every y = (¢,d) € Sg, we set

y1 = (sign(c),0), yo =sign(d)(1/2,1)  if ed < 0;

y1 = —(sign(c),0), yo =sign(d)(1/2,1) if ed > 0 and |d| = 1;

YI=1Y, Yo =—Y if cd > 0 and |d| < 1.
Then y1,ys € S U —S satisfy

ly—will+lly—yll=2<2+e
We thus complete the proof. =

By Example Theorems below and [MP2l, Proposition 1]
which shows that the numerical index of the cg-, I1-, or l-sum of Banach

spaces is the infimum of the numerical indices of the summands, we may
construct more examples of specific GL-spaces with numerical index 1/2.

EXAMPLE 2.8. The space E = (co, || - ||) equipped with the norm
o]l = max { sup lex], 1] + leal | v = (6) € B
€

is a GL-space with numerical index 1/2.

Proof. It is actually the space cyp @ X where X is the hexagonal space
as in Example .

Observe that in the definition of GL-spaces we can take y to be in the unit
ball instead of being in the unit sphere. With the help of this observation,
one can check whether the space being considered is a GL-space in an easier
way. We will use this later to get some stability properties of GL-spaces.
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LemMA 2.9. If E is a GL-space, then for every x € Sp and every e > 0
there exists a slice S = S(x*,€) with x* € Sg« such that

reS and dist(y,S)+dist(y,—S5) <2+¢
for ally € Bg.
Proof. For every x € S and every € > 0, let S = S(z*,¢) be such that
zeS and dist(z,S) +dist(z,—5) <2+¢

for all z € Sg. Given y € Bp, since the case y = 0 is trivial, we may assume
that y # 0. Then there exist u, —v € S such that

WY v
lyll lyll
The triangle inequality hence yields

lu =yl +llv =yl <2 +efyl <2+,

completing the proof. m

=+ ||v

H<2+a

Given a compact Hausdorff space K and a Banach space E, we denote
by C(K, E) the Banach space of all continuous functions from K into E,
endowed with its natural supremum norm.

THEOREM 2.10. Let K be a compact Hausdorff space and E o GL-space.
Then C(K, E) is a GL-space.

Proof. Given f € Sc(k,py and € > 0, there exists a {gp € K such that
| f(to)|| = 1. Since E is a GL-space, it follows from Lemma[2.9 that there is
an z* € S}, with Sy« = S(2*,¢/2) such that

f(to) € Sp» and  dist(y, Sy+) + dist(y, —Sz+) < 2+¢/2

for all y € Bp. Define a functional f* € So(x gy by f*(g9) = 2*(g(to)) for
every g € C(K, E), and put S = S(f*,¢). For every g € S¢(k,g), we have
g(to) € Bg. Thus there are y; € S;+ and y2 € —S,+ such that

lg(to) — vl + llg(to) — yall <2 +e/2.
Then we can define a continuous map ¢ : K — [0, 1] by

B(to) =1 and 6(t) =0 if |g(t) — g(to)]| = /4.
Consider h; € S and hy € —S given by
hi(t) = ¢(t)yi + (1 — ¢(t))g(t) (i=1,2) for every t € K.
Then it is trivial to see that
lg — Ml + llg = ho|l <2 +e.

Hence C(K, F) is a GL-space. =

For more examples of GL-spaces, we need to discuss the stability of
GL-spaces under cg-, l1- and l-sums. Recall that the co-sum (resp. l;-sum
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and lo-sum) of a family {E) : A € A} of Banach spaces is denoted by
[Dica Exley (resp. [Dyca Exln and [@rcp Ealic)-

THEOREM 2.11. Let {E) : A € A} be a family of Banach spaces, and let
E = [@yc1 E\lF where F = cg, oo orl1. Then E is a GL-space if and only
if each E) is a GL-space.

Proof. Note that E* = [P, E3]i, if F = cp and E* = [P, 4 E3]
F =1;. This fact will be used without comment in the following proof.

In the ¢p-sum case, we first show the “if” part. Fix x = (z)) € Sg and
e > 0. We may find a Ag such that |z,,|| = 1. Since E), is a GL-space, by
Lemma there is a slice Sy, = S(z3,¢) C Bg,, with z} € SE;O such
that

if

loo

zy, €5y, and dist(z,Sy,) +dist(z,—Sy,) <2+¢

for all z € B, . Choose 2" = (z}) € Sp» with 23 = 0 for all A # Ao, and
let S = S(z*,¢e). Then x € S, and it is easy to see from the definition of E
that

(2.1) dist(y, S) + dist(y, —S) <2 +¢
for all y € Sg. Thus F is a GL-space.
Now we deal with the “only if” part. For every A € A, fix z) € Sg, and

e > 0. Take x = (z5) € Sp with x5 = 0 for all 6 # X. Then z € Sg, and
thus there exists an 2* = (z}) € Sp+ with § = S(z*,£/2) such that

(2.2) x €S and dist(y,S)+dist(y, —S) < 2+¢/2
for all y € Sg. Note that ) € Sy = S(x3/||«3]],€). To show that E) is a
GL-space, it remains to check that for all yy € Sg,,
dist(yx, Sx) + dist(yx, —S)) < 2+ €.
Now given yy € Sg,, consider y = (y5) € Sg with ys = 0 for all 6 # A.
By (2.2), there are u = (us) € S and v = (v5) € —S such that
ly —ull +lly — vl <2+e/2.
The definition of E thus gives
[y = wall + llyxr —oall <2+¢/2.
Observe that [[z3| > 23 (zx) > 1 — /2, and therefore 3, [lz;]| < e/2. So
wi(un) >1—e/2=) a3 >1-e.
SAN
Similarly, #3(—vy) > 1 — €. Hence E) is a GL-space.
In the [-sum case, the “if” part follows from a slight modification of
the cg-case. For the “only if” part, the proof of the ¢p-sum also works since

if £ = [@yc4 Exloo, then for every Ao, we may write E = E)y, ©o Z for a
suitable Z.
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In the [1-sum case, let us prove the “if” part. Given z = (z)) € Sg and
e > 0, for each X\ with ) # 0, there is a corresponding slice Sy = S(z3,¢)
with 23 € § B such that
2\ (zx) > (1 —¢g)||za|| and dist(zy, Sy) + dist(zx, —Sx) <2+¢€

for all z) € Sg,. Then z* = (z}) € Sg+ with x5 = 0 whenever x) = 0, and
the required slice satisfying (2.1]) is S(z*,¢). Therefore E is a GL-space.
For the “only if” part, fix z) € Sg, and 0 < e < 1/2. Thenz = (x;) € Sg
where x5 = 0 for all § # A. Since E is a GL-space, there is an 2* = (x}) € Sg-
with S = S(x*,&/4) such that
reS and dist(y,S)+ dist(y,—S5) < 2+¢/4
for all y € Sg. We shall prove that the slice S\ = S(x}/[|z}|,€) is as desired,
namely z) € S and dist(yy, Sy) + dist(yx, —Sx\) < 2 + ¢ for all y) € Sg,.
It is easily checked that z) € Sy. For every y) € Sg,, since y = (ys) is
in Sg where ys = 0 for all § # A, there are u = (us) € S and v = (vs) € =5
such that
(2.3) ly —ull + lly — vl <2+ ¢/4.
It follows from the definition of F that
24) Ay —ull + ly = oll = llya = uall + > lusll + llyn — vall + D sl
S#A S#A

> flyn —uall +1—¢e/4 = [lual + [lyx —oall +1 —€/4 = ||ua]

= lyx —wall = lluall + llyn — vall = lloall +2 —€/2.
We deduce from (2.3)) and (2.4)) that

luall >1/2 —¢/2 and v\l > 1/2 —¢/2.
Hence

wi(w) >1—e/4 = Jlusl| =1 —e/4 =1+ Jur] > (1 = &)l|ual,
S#A
and similarly
zx(=va) > (1 = ¢)luall-
So wy = uy/||uy|| and ty = —vy/||va|| are in Sy. The desired estimate
lyn —wall + llyx +Eall <2 +¢

which follows from ([2.4)) completes the proof. =

3. The Mazur—Ulam property for local-GL-spaces. The main aim
of this section is to prove that a larger class of Banach spaces have the
Mazur—Ulam property. We begin with a basic lemma.
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LEMMA 3.1. Let E be a GL-space. Then for every x € Sg and € > 0
there exists a functional f € Sg« with x € S(f,e) such that for all y € Sg
there are y1,y2 € Sg N S(f, &) satisfying

ly —will + ly +yel <2+e.

Proof. Since E is a GL-space, there exists a functional f € Sg+ with
S = S(f,e/3) such that

x €S and dist(y,S)+ dist(y,—S5) <2+¢/3

for all y € Sg. Therefore, there exist y1,y2 € S such that

ly —yall + 1y + ye2ll <2+¢/3.
It is clear that x € S C S(f,¢). Let §; = yi/||yi|| for i = 1,2. Then

F@) = Fya)/llyall > 1 -

and §; € Sp N S(f,¢€). Since ||y; — G|l = ||luill — 1| < /3, we have

ly =il +ly+ g2l <2+e u

Now we give a proposition which is the key step to proving Theorem (3.8

PROPOSITION 3.2. Let E, F' be Banach spaces, and let T : Sp — Sp be
an isometry (not necessarily surjective). If E is a GL-space, then

T (x) = AXT'(y)|| > ||z — Ay||  for all x,y € Sg and A > 0.
Proof. Given z,y € Sg with x # y and A > 0, set
T —\y
RS

By Lernma given € > 0, there exists f € Sg+ with S = S(f, ) such that
z € S and there exist x1,y1 € Sg NS and x2,y2 € Sg N —S such that

o — a1 +llz =22l <24¢e and |[ly =l + lly — g2l <2+e
Then
2-2e < f(z1) = f(x) + f(2) = f(@2) < [lz — 2] + [z — 22| <2+€.
This implies that

(3.1) f(z1) = f(z) > |l — a1] - 3e.
A similar analysis gives
(3.2) ) = fy2) > ly — 2|l — 3.

Then there exists a functional g € Sp+ such that
9(T(21)) — 9(T(y2)) = [ T(21) = T(a) | = s — gl > 2 — 2e.
It follows that
g(T(x1)) >1—2¢ and g¢g(T(y2)) < —1+ 2e.
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Thus by and , we have
f@) < f(@1) = llz — 21| +3e <1—|T(2) = T(x1)]| + 3¢
< 1— (g(T(1)) - g(T(x))) + 3 < g(T(x)) + 5e
and
fy) = f2) + lly — g2l = 3e =2 =1+ I T(y) — T(y2)ll — 3¢
> —1+ (9(T(y)) — 9(T(y2))) — 3 > g(T(y)) — 5e.
As a consequence,
[z = Ayl[(1 =€) < flz = Ay) < g(T(x)) + 52 — Ag(T'(y)) + BAe
< ||T(x) = AT(y)|| + (54 5A)e.
Since € can be arbitrarily small, the proof is complete. m
THEOREM 3.3. Fvery GL-space E has the MUP.

Proof. Let F be a Banach space, and let T : S — SF be a surjective
isometry. We need to show that 7' can be extended to a linear surjective
isometry from F onto F. We first claim that for all z,y € Sg and A > 0.

(3.3) 1T(z) = AT ()| = llz — Ayl
Otherwise by Proposition [3.2] there exist A\g > 0 and xg, yo € Sg such that
(3.4) 1T (z0) = AT (yo)|| > llzo — Aoyol|-

Multiplying by 1/ if necessary, we may assume that Ao < 1. Since || A\oT (y0)]|
= Ao < 1, there exists T'(v) € Sp with v € Sg such that AT (yo) belongs to
the segment (7'(z¢),T(v)) of Br. By and Proposition [3.2| we have
[ — ol = [|T'(v) = T(o) || = IT(v) = AT (yo)ll + AT (o) — T (o)l
> [[v = Aogoll + [[Aoyo — zoll = [lv — 2o,
a contradiction.
Now we may define the required extension T of T by

T(x) = { 2|7/ ||]])  if & # 0,
It is easily seen from (3.3) that T : E — F is a surjective isometry whose

restriction to the unit sphere Sg is just T'. The Mazur—Ulam theorem hence
shows that T is linear as desired. The proof is complete. =

Note that the technique in the proof of Theorem is still valid in a
more general case. We now state a result that will be of use later.

PROPOSITION 3.4. Let E, F be Banach spaces, and let T : Sp — Sp be
a surjective isometry such that

IT(@) = M) = lle = Myll ~ for all 2,y € Si and A > 0.

Then, there exists a linear isometry T : E — F such that T = T|5E.
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Now we introduce a class of spaces called local-GL-spaces (including GL-
spaces and lush spaces) which have the MUP. This definition is a weakening
of the definition of GL-space.

DEFINITION 3.5. A Banach space E is said to be a local-GL-space if for

every separable subspace X C FE, there is a GL-subspace Y C F such that
XCYCE.

EXAMPLE 3.6. GL-spaces are local-GL-spaces.

The equivalent definition of lush space [BKMM), Theorem 4.2] proves the
following.

EXAMPLE 3.7. Lush spaces are local-GL-spaces.

We now present the main result of this section.
THEOREM 3.8. Fwvery local-GL-space has the MUP.

Proof. Let E be a local-GL-space, F' a Banach space and T : Sp — S
a surjective isometry. We next show that T can be extended to a linear
surjective isometry from F onto F'. By Proposition [3.4], it is enough to show
that

(3.5) IT(x) = AT (y)|| = [l = Ayll

for every z,y € Sgp and A > 0. Now, fix z,y € Sp and A > 0. Let X =
span(z,y) and consider a GL-space Y C FE such that X C Y. We consider
T as an isometry from Sy into Sp. As Y is a GL-space, Proposition [3.2

gives (3.5)), as desired. =

We emphasize two evident consequences of the above theorem.
COROLLARY 3.9. FEwvery lush space has the MUP.
COROLLARY 3.10. Ewery C-rich subspace of C(K) has the MUP.

By the following properties, we can get more examples of spaces having
the MUP.

ProproOSITION 3.11. If E is a local-GL-space, then C(K,E) is a local-
GL-space.

Proof. Let X be a separable subspace of C'(K, E). We shall prove that
the set

Ex = [J{f(t): fe X}
teK

is a separable subset of E. Indeed, let { f,} be a dense sequence of X. Given
n,m >1and s € K, set Vg = {t € K : [[fn(t) — fu(s)|| < 1/m}. The
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compactness of K implies that there is a finite subset {s;"" : i = 1,..., kmn}

of K such that K = Uf;”l’" Vgmmn o n- Then it is an elementary check that
the set L

M= G =1, )

n=1m=1

is a dense subset of Ex. It follows that Nx = span{Ex} is a separable
subspace of E. Note that E is a local-GL-space. So we may find a GL-space
Mx such that Nx € Mx C E.

Let Y = C(K, Mx). Then X C Y, and Theorem shows that Y is a
GL-space. This completes the proof. =

COROLLARY 3.12. Let E be a local-GL-space and K be a compact Haus-
dorff space. Then C(K, E) has the MUP.

The proof of Theorem can be adapted to yield a characterization
of the cg-, l1-sums of lush spaces in both real and complex cases, which is
a special case of the results in [P]. We next give an analogue for local-GL-
spaces. The proof of this result is routine based on Theorem [2.11

PROPOSITION 3.13. Let {E) : A € A} be a family of Banach spaces, and
let E = [@ycq Exlr where F = c, loo or l1. Then E is a local-GL-space if
and only if Ey is a local-GL-space for every A € A.

Proof. Let Py be the projection of E onto Fy, and let I be the injection
of F\ into E.

We first show the “if” part. Fix a separable subspace X of E. Then
Py(X) C E, is separable. Since F) is a local-GL-space, there is a GL-space
Y\ C E) such that Py\(X) C Y. Then Y = [, Ya]r containing X is a
subspace of E. Moreover it follows from Theorem that Y is a GL-space,
and hence F is a local-GL-space.

Now let us deal with the “only if” part. Given A € A, let X, be a
separable subspace of E). Since E is a local-GL-space, there is a GL-space
Y such that (X)) C Y C E. Note from Theorem that Y\ = P\(Y) is
a GL-space such that X, C Y, C E). Thus E) is a local-GL-space. =u

As an immediate consequence of the proposition above, we obtain:

COROLLARY 3.14. Let {E) : A € A} be a family of local-GL-spaces. Then
the space E = [@, Ex\lr, where F = cg, l1 or lss, has the MUP.

Throughout this paper, we can see that the geometric properties, iso-
metric extension, and even the numerical index on unit spheres have har-
monious inner relationship and may provide a possible way to solve the
isometric extension problem in more general cases. Note that there exist ex-
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amples of Banach spaces with numerical index 1 which are not lush spaces
(see [KMMS, Remark 4.2]). Then the first natural question to ask is the
following;:

PROBLEM 3.15. Does every Banach space with numerical index 1 have
the MUP?
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