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Copies of /., in the space of Pettis integrable functions with
integrals of finite variation

by

JUAN CARLOS FERRANDO (Elche)

Abstract. Let (£2,X, 1) be a complete finite measure space and X a Banach space.
We show that the space of all weakly u-measurable (classes of scalarly equivalent) X-valued
Pettis integrable functions with integrals of finite variation, equipped with the variation
norm, contains a copy of £ if and only if X does.

1. Preliminaries. Along this paper X will be a Banach space over the
field K of real or complex numbers. If (£2,Y) is a measurable space, we
denote by ca(X, X) the Banach space over K of all X-valued countably
additive measures F' on X equipped with the semivariation norm ||F||, and
by bvca(X, X) the Banach space of all X-valued countably additive measures
F of bounded variation on X’ with the variation norm |F|. Let ca™(Y) denote
the set of all positive and finite countably additive measures defined on X.

Let us recall some useful facts. If (£2, X, ) is a finite measure space, a
weakly p-measurable function f: {2 — X is said to be Dunford integrable if
x*f € L1(p) for every x* € X*, and if f is Dunford integrable and F € X
the map z* — SE x* f du, denoted by (D) SEfd,u, is a continuous linear
form on X*. If (D), fdu € X for each E € X then f is said to be Pettis
integrable and one writes (P) {, f dp instead of (D) {, f du. The Pettis space
of all weakly measurable (classes of scalarly equivalent) Pettis integrable
functions f : 2 — X will be denoted by P;(u, X) and the subspace of all
those strongly measurable (classes of) functions by P;(u, X). These spaces
are provided with the semivariation norm

£ llpy 0y = sup{ § 12 (@) [ dpu(e) s 2 € X7, [l < 1.
2

Neither P (p, X) nor Pj(u, X) is in general a Banach space, although they
are barrelled normed spaces [4]. According to a result of Pettis, if f : 2 — X
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is (weakly measurable and) Pettis integrable, the map F' : ¥ — X de-
fined by F(E) = (P){; f(w)du(w) is a p-continuous countably additive
X-valued measure, that is, F' € ca,(X, X). Moreover the linear operator
S Pi(p,X) — ca(X,X) defined by Sf = F is a linear isometry from
P1(p, X) into ca(X, X), ie. |Sf| = [[fllp, (ux)- In addition, if f is strongly
measurable, i.e. if f € Pj(u, X), then Sf(X) is a relatively compact subset
of X [1, Chapter VIII|, so that Sf € cca(X,X). A finite measure space
(£2, X, u) is called perfect if for each measurable function f : 2 — R and
each set A in R with f~1(A) € X there exists a Borel set B C A such
that u(f~1(B)) = u(f~1(A)). If (£2, X, ) is a perfect finite measure space
and f € Pi(p,X) then the linear operator Sy : Loo(p) — X defined by
St(xe) = Sf(E) is compact and consequently Sf(X) is a relatively com-
pact subset of X.

If each p € ca™(X) is purely atomic, then ca(X,X) contains a copy
of ¢y or {y if and only if X does [2]. Assuming that X has the Radon—
Nikodym property with respect to each pu € ca™ (X)), the space bvca(X, X)
contains a copy of ¢y or o if and only if X does [5]. As a consequence, if
each p € ca™ (X)) is purely atomic, the space bvca(X, X) contains a copy of
cg or Ly if and only if X does. If there exists a nonzero atomless measure
p € ca™t (X)), the latter statement is no longer true [16]. However, if the range
space of the measures is a dual Banach space X*, then bvca(X, X*) contains
a copy of ¢y or £ if and only if X* does [15]. On the other hand, according
to [6] and [9) 10] it is known that the Pettis space Pj(u, X) contains a copy
of ¢g if and only if X does.

Musial [I4), Section 13] considered the linear subspace of P;(u, X), which
he denoted by PV (u, X), formed by all those functions f : 2 — X whose
(indefinite) Pettis integral S f has bounded variation, endowed with the vari-
ation norm. We shall denote this space by M(X, u, X). Like P;(u, X), in
general M(X, u, X) is not a complete normed space, although it can be
shown as in [4] that it is barrelled. Since M (X, u, X)) embeds in bvca(X, X),
by the previous results M(X, u, X*) contains a copy of ¢y or ¢, if and only
X* does. The general case is not so easy due to the lack of a general cri-
terion concerning the X-inheritance of copies of ¢y or { in bvca(X, X).
However, in [8] we have shown that if the Pettis integral Sf of each f €
M(X, u, X) has separable range then the Musial space M (X, u, X) con-
tains a copy of ¢ if and only if X does. In particular, if the measure space
(2, X 1) is perfect, then M(X, u, X) contains a copy of ¢y if and only if
X does. Finally, let us point out that for a general finite measure space
(2, 2, ) the subspace M (X, u, X) of M(X, u, X') consisting of all strongly
measurable functions coincides with Lji(u, X), so M (X, u, X) always con-
tains a copy of ¢y or {y if and only if X does (by [12] and [13], respec-
tively).



Copies of b in a space of Pettis integrable functions 95

In this paper we complete the research started in [8] by showing that
M(X, i, X) contains a copy of ¢ if and only if X does. Nonetheless, our
approach differs from that of [8] and it is closer (but not identical) to the
strategy developed in [7].

2. Main theorem. In what follows, (£2, X, i) will be a finite measure
space and as above M (X, u, X) will stand for the Musial space of all those
functions f € P;1(u, X)) whose associated measure F' has bounded variation,
endowed with the variation norm, which we shall denote by | |g. If S is
the canonical isometric embedding of P; (i, X) into bvca(X, X), defined by
(SFIE) = {5 fdu for all E € X, we shall denote by |f|x the norm of
feM(E u,X) on M(X, u, X), so by definition |f|x = |Sf]|x.

LEMMA 2.1. If M(X, p, X) contains an isomorphic copy of s then there
exists a countably generated sub-o-algebra I' of X and a closed and separable
linear subspace' Y of X such that M(I,u|p,Y) contains an isomorphic copy
of boo.

Proof. Let K be an isomorphism from /., into M(X, u, X). Denote by
{en : n € N} the canonical unit sequence of ¢+, and set J := So K. For each
m,n € Nlet {E]; : 1 <4< k(m,n)} be a finite partition of 2 by elements
of X’ such that

k(m,n) 1
|Jen|x < 21 | Jen(Eqpi)ll + oo
1=
and denote by A the algebra generated by the countable family
{Ey 1 <i < k(m,n), m,n € N}.

Observe that A is also countable [I1} 1.5 Theorem C|, and denote by I" the
o-algebra generated by A. Since clearly 2 € I', I' is a sub-g-algebra of Y.

Let Y be the closure in X of the linear cover of the countable subset
Uo2, Jen(A) of X formed by the union of the images of the countable set A
by the measures Je,,. Suppose that A = {A,, : n € N}. Assume that X does
not contain a copy of £ and define J,, : oo — X by Jp& = (JE)(Ay) for
each n € N. Since ¢, does not live in X and J,, is a bounded linear operator
for each n € N, all the operators J,, are weakly compact. So, according to [3],
there exists an infinite subset N of N such that

=1
for each n € N and £ € o (N). Hence

TE(An) = &GiTei(An)
=1
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in X for every £ € {(N) and n € N. But since Je;(Ay,) € Y for every
i,n € N and Y is closed, we see that JE(A,) € Y for every £ € loo(N)
and n € N, i.e. JE(A) € Y for every € € £oo(N) and A € A. By the classic
theorem on monotone classes [II, 1.6 Theorem B|, the family {F € X :
JE(E) € Y V€ € lo(N)} contains the sub-o-algebra I” generated by A. So
we conclude that J{(E) € Y for every € € {oo(N) and E € I'. There is no
loss of generality in identifying N with N.
Define a map T : oo — M(I, p|r,Y) so that

(", T¢(w)) = (¥, K&(w))

for all y* € Y*, where y* stands for a fixed norm-preserving extension of y*
to the whole of X. Let us see that T is well defined, linear and bounded.
First, T is linear, since

(y", T(ag + BE)(w))

(", K(a¢ + BE)(w)) = afy", K{(w)) + By, K§(w))

aly”, T¢(w)) + B{y", TE(w)) = (v, (&I ¢ + BTE)(w))
for (,£€ € s and a, 8 € K. Moreover, the function T€¢ : {2 — Y is weakly
measurable since w — (¥, (K¢{)(w)) is p-measurable for each y* € Y*. As
in addition w — (y*, (T€)(w)) clearly belongs to Lq(p), it follows that T°¢

is Dunford integrable. To show that T'¢ € P;(u,Y) we proceed as follows.
Given § € £, consider the map G¢ : I' — Y™ defined by

Ge(E) = (D) | Té(w) dp| r(w)
E

for £ € I'. We claim that G¢ = J¢|r, so that G¢(I') € Y and hence
T¢ € Pi(p,Y). In fact, if y* € Y* then

(", Ge(E)) = {(y", TEW)) dpl r(w) = | (77, K€(w)) dp(w)
E E

= (7. (P) § Kedu) = (7, (JE)(E)) = (y", (JE)(E))
E

since, as we have shown above, (J¢)(F) € Y whenever E € I'. Thus G¢(E) =
(JE)(E) for every E € I' as claimed. Moreover G¢ has bounded variation
since

IGeB)l = sup |(y*.(P) | T¢dulr)| = sup |{iy", TEw)) dplr(w)
ly=(l<1 B Iy <1’ 7

= sup | {7, K€(@)) dulr(@)| < 1K€ Xallpy )
ly=lI<t'g

= [|V€ll=(E) < |J€|=(E)
for every E € I' due to the fact that |y*|| = ||y*|| for every y* € Y*. So if
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{E1,...,E,} is a partition of {2 by elements of I" then
Do NIGE <Y 1IEl (B = | 5(92) = | €],
i=1 i=1

which implies that |G¢|r = |J€|r|r < |J¢|x = |K{|x < oo. This also shows
that the map T is bounded, since by the preceding inequality

T¢I = |Gelr < |K¢|o < K] |€]loo-
Further, given m € N, by the definition of I" one has
k(m,n) 1 1
eals < 35 WenlBEDI + 1 < Vealrlr+
1=
which implies that |Je,|s = |Jen|r|r for every n € N. Thus
|Ten|r = |Ge,|r = |Jen|r|r = |Jen|x = |Ken|s,

so that inf,en [Te, | > 0. Hence Rosenthal’s £, theorem ensures that there
exists an infinite subset M C N such that the restriction R of T" to {so (M)
is an isomorphism from ¢, (M) into the completion of M(I", u|p,Y"). Now,
given ¢ € loo(M), if £ € U0 is defined by £(i) = ((i) if i € M and £(i) =0
if i ¢ M then R = T, € M(I,u|p,Y), which ensures that the space
M(L, |, Y) contains a copy of oo m

THEOREM 2.2. M(X, u, X) contains a copy of L if and only if X does.

Proof. If M(X, u, X) contains a copy of {, according to Lemma
there exists a countably generated sub-o-algebra I of X’ and a closed and sep-
arable linear subspace Y of X such that M (I, u|r,Y) contains a copy of /.

If f e M(Iu|lp,Y) then f € Pi(u|r,Y), so that f is weakly p|r-
measurable. But since Y is separable, f is strongly p|p-measurable, that
is, f € Pi(p|r,Y). This ensures that ||f( )| is p|r-measurable and conse-
quently

VI @)l dulr =[£I < oo,

9]
so f is Bochner integrable. This shows that M(I',u|r,Y) coincides with
Li(Lplr,Y). Thus Ly(I p|p,Y) contains a copy of 4o, a contradiction
since Ly (I, u|p,Y') is separable. Hence X must contain an isomorphic copy
of foo. |
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