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Positive Schatten class Toeplitz operators on the ball
by

Boo Rim CHOE (Seoul), HYUNGWOON K00 (Seoul)
and YOUNG Joo LEE (Gwangju)

Abstract. On the harmonic Bergman space of the ball, we give characterizations
for an arbitrary positive Toeplitz operator to be a Schatten class operator in terms of
averaging functions and Berezin transforms.

1. Introduction. For a fixed integer n > 2, let B = B, denote the
open unit ball in R”. The harmonic Bergman space b*> = b*(B) is the set of
all complex-valued harmonic functions f on B such that

7= { fisrav)” <o,
B

where V' denotes the Lebesgue volume measure on B. For simplicity, we use
the notation dy = dV (y), etc.

For 0 < p < o0, let LP = LP(V) be the Lebesgue spaces on B. As is
well known, b? is a closed subspace of L? and hence is a Hilbert space. By
the mean value property of harmonic functions, it is easily seen that point
evaluations are continuous on b%. Thus, to each x € B, there corresponds a
unique R(x,-) € b? which has the following reproducing property:

(1.1) f@)=\f@R(zy)dy, =z¢€B,
B

for all f € b2 The explicit formula for the kernel function R(z,y) is well
known:

(1.2) R(z,y) = = - — {(1_|x|2|y|2)2w}

"Bl [a,yl [z, ] n

for x,y € B, where [z,y] = /1 —2x -y + |[z[?|y|2. Here, as elsewhere, we
write z - y for the dot product of z,y € R"™ and |E| = V(FE) for the volume
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of Borel sets E C B. Hence the kernel function R(x,y) is real and hence
the complex conjugation in the integral of (1.1) can be removed. See [2] for
more information and related facts.

Let R be the Hilbert space orthogonal projection from L? onto b?. The
reproducing property (1.1) yields the following integral representation of R:

(1.3) R(x) = | ¥(y)R(x,y)dy, =z € B,
B

for functions ¢ € L2. It is easily seen that the projection R can be extended
to an integral operator via (1.3) from L! into the space of all harmonic func-
tions on B. It even extends to M, the space of all complex Borel measures
on B. Namely, for each y € M, the integral

Ru(x) = | R(z,y)du(y), =z € B,
B
defines a function harmonic on B. For 1 € M, the Toeplitz operator T, with
symbol w is defined by
T.f = R(fdp)
for f € b> N L>™. Note that T}, is defined on a dense subset of b2, because
the bounded harmonic functions form a dense subset of b%.

A Toeplitz operator T}, is called positive if ;1 is a positive finite Borel
measure (hereafter we simply write > 0). For positive Toeplitz operators
on harmonic Bergman spaces, basic operator-theoretic properties such as
boundedness, compactness and the membership in the Schatten classes S,
(see Section 4), 1 < p < 0o, have been studied in various settings; see [7], [11],
[12] and references therein. In this paper we extend the characterization in [7]
for Schatten class positive Toeplitz operators to the full range 0 < p < oo.

To state our result we briefly introduce some notation. Given u > 0,
i denotes the averaging function over pseudohyperbolic balls with radius r,
and i denotes the Berezin transform. See Section 3 for relevant definitions.
Also, we let A denote the measure on B defined by

d\(z) = (1 — |z|*) "dz.

The next theorem is the main result of this paper. In the case 1 < p < o0,
that theorem (with slightly different averaging functions) has been proved
in [7]. In the case 0 < p < 1, extending results in [15] for holomorphic
Bergman spaces to the harmonic case, the authors [4] have obtained the
corresponding results on the harmonic Bergman space of the upper half-
space. While the main scheme of our proof is adapted from [4] or [15], we
need to establish corresponding theorems for the harmonic Bergman space
on the ball. The cut-off point (n — 1)/n is sharp in the theorem below.
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THEOREM 1.1. Let 0 < p < 00,0 <r <1 and u > 0. Then the following
two statements are equivalent:

(a) T, € Sp.

(b) iy € LP(A).

Moreover, if (n —1)/n < p < oo, then the above statements are also equiv-
alent to

(c) me LP(N).

In Section 2 we recall some basic properties of Mobius transformations,
and collect some basic estimates for the pseudohyperbolic distance and the
kernel function. In Section 3 we investigate weighted LP-behavior of averag-
ing functions and Berezin transforms. In Section 4 we prove Theorem 1.1. In
Section 5 we provide examples indicating that the parameter ranges required
for all the results of the previous sections are best possible.

Constants. In the rest of the paper the same letter C' will denote various
positive constants, unless otherwise specified, which may change at each
occurrence. The constant C' may often depend on the dimension n and some
other parameters like 9, p, k, or r, etc., but it will always be independent of
particular functions, measures, points or sequences under consideration. We
will often abbreviate inessential constants involved in inequalities by writing
X <Y orY = X for positive quantities X and Y if the ratio X/Y has a
positive upper bound. Also, we write X ~ Y if X SY and X 2 Y.

2. Preliminaries. In this section we introduce notation and collect
several basic lemmas which will be used in later sections.

2.1. Mbdbius transformation. We first recall Mobius transformations
on B. All relevant details can be found in [1, pp. 17-30]. Let a € B. The
canonical Mébius transformation ¢, that exchanges a and 0 is given by

$a(z) = a+ (1~ laf*)(a - z*)"
for x € B (note ¢, = —T, in the notation of [1]). Here z* = z/|z|? denotes

the inversion of z with respect to the sphere B. Avoiding the x* notation,
we have

(1 —la[*)(a =) +|a — z[*a
[z, a]? '

Pa(r) =
The map ¢, is an involution of B, i.e., ¢;! = ¢,. We will tacitly use the
following identities:

|fa ()| =

|z — al _1—|af?

[z, d]

: [Pa(), a]

@ a) ’
—.732 _a2 _a2 n
1~ |a() = L1200 Z ) J¢a<m>=(1 ‘l) |

[z, a) [z, al
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where J¢, denotes the Jacobian of ¢,. Also, using these identities, one may
easily verify that the measure A is Mobius invariant.

2.2. Pseudohyperbolic distance. The hyperbolic distance 3(z, y) between
two points x,y € B is given by

1. 1+ [¢y(a)]
(2.1) Bz, y) = 5 log —— ==

2 71— |gy(2)|
As is well known, § is Mobius invariant. Let o(z,y) = |¢y(x)|. Then g is also
a Mobius invariant distance on B. We shall work with this pseudohyperbolic
distance o.

For a € B and r € (0,1), let E,(a) denote the pseudohyperbolic ball
with radius r and center a. A straightforward calculation shows that F,(a)
is a Euclidean ball with

(1-r?%) , (1 —a*)r
W(L and radius = W'

A straightforward calculation gives

(2.2) center =

. (1 —Ja)(@—r)
f (1- =7
xellglr(a)( [=1) 1+ |a|r

This yields the following observation.
LEMMA 2.1. The inequality
1- Q(Z,U)) < 1-— |Z‘ < 1—|—Q(Z,U})
1+Q(Z>w) N |w| 1 Q(Z,U})

holds for z,w € B.
We also have the following result.

LEMMA 2.2. The inequality
1—o(z,w) - [z, a] - 1+ o(z,w)
1+ o(z,w) = [w,a] = 1—p(z,w)
holds for z,w,a € B.

Proof. Let z,w,a € B and assume p(z,w) < r. We may assume a # 0.
Using (2.2), we note that E,.(w) is contained in the Euclidean ball with
center w and radius s, where
r(l—|wl®)  2r(1- 2rjw — a*

(1= fwP) _2r(=Ju) _ 2rjw—a"|
1—|w|r 1—r 1—r

S =

It follows that

\z—a*]ﬁ|w—a*\+]z—w|<17M]w—a*
—r
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and hence

gl lallz—a*| _ Jz—af _1l4r

(2.3)

[w,a]  |a||w—a*|  |w—a* ~1—7
This implies the lemma. =

Note that by (2.2) we have

(1- |a|2>r>"_

1—lal?r?

(2.4) I\ (a)] = |B|<

Consequently, we obtain by Lemma 2.1 an estimate on the size of pseudo-
hyperbolic balls: Given §,t € (0,1), there is a constant C' = C(d,¢,n) > 0
such that

1 B ()]

N <7< T 9
(2.5) CT S PR S0 wE Bn(2)

whenever r1,79,73 < § and t < rq/ry <t L.

2.3. Kernel estimates. Given an integer k > 0, we let Ry(x,y) be the
reproducing kernel for the weighted harmonic Bergman space with respect to
the weight (1—|z|)*. So, Ry = R is the harmonic Bergman kernel mentioned
before. Explicit formulas for these kernels are given in [8, (3.1)]. Note that
Ry (z,y) is real-valued and Ry(z,y) = Ri(y,z) for every x,y € B. We have
the following estimates of these kernels:

1 1
2.6 R - d |R S ——0
( ) | k(l’,$)| (1 — |I”)n+k an | k($ay)| ~ [$7y]n+k’
1
(2.7) IVyRi(z,y)| < T, g TRt

for all x,y € B. Here and in what follows, V, denotes the gradient with
respect to the y-variable. For the second estimate of (2.6), see [8, Chapter 3].
Also, one can verify the first estimate for (2.6) by using the explicit formula
for Ry, given in [8, Chapter 3] (or see [11, Proposition 4] for similar estimates
with slightly different weighted reproducing kernels).

LEMMA 2.3. Given an integer k > 0, there exist some ry = ri(n) € (0,1)
and a constant C' = C(n, k) such that

CTh < Ry(wy)(1 = [a)" < C
whenever y € Ep(x) and 0 <1 <71y

Proof. By (2.6) we only need to prove the lower estimate. Let x € B
and y € E.(z) where r is to be chosen later. Since y € E,.(z), by (2.6) and
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Lemma 2.2 we have

1
Ry(z,z) — Ri(x,y) <|y—=z| sup |V.Ri(z,2)| Srlr,y] sup —————
€L (2) z€E.(x) [$’Z]n+k+1
< r sup [ﬂf,y] < T (1+T>2
"« |
= 2™ ocprim [@,2) ~ (L= )" \1T—7

Now, since Ry(x,z) = (1 — |z|)™™* by (2.6), we have

e 2 1= 0r(12)

for some constant C' = C(n, k) > 0. Accordingly, taking r = r, small enough,
we obtain the desired lower estimate. m

In what follows, dS denotes the surface area measure on 0B.

LEMMA 2.4. Given c real, the following estimates hold:

45(C) (1= [af*)~ if ¢>0,
| g | L los(— e if e=0,
B 1 if <0

for x € B. The constants suppressed above are independent of x.

Proof. Let x € B and denote the integral under consideration by J.(x).
We will actually prove that the ratios of J.(x) and quantities in the desired
estimates converge to a positive finite limit as |x| — 1. Note that if z = |z|n
with n € S, then |z — (|> = (1 — |z])2 4+ 2|z|(1 — n- () for ¢ € S. Thus, using
the slice integration formula (see [2, Corollary A.5]) and making a change
of variables, we have

1 (1— 7,2)(71—3)/2
= S dr
O 1A = 2])2 4 202] (1 = 1)) (= tte)/2
2 (n—3)/2
=cp S mi)) dt
[(1- |:c\ + 2|z [t](n—1+e)/2

for some constant c, dependlng only on n. It is clear from this that J.(x)
converges to a positive finite limit as |x| — 1 for ¢ < 0. Now, assume ¢ > 0.
Making another change of variables, we have

Je(@) = cn(1 — |z|)~¢(2J2|)~ ("~ 1/2
4dlz|/(1—|x|)? |:2 - (1 - |ZL‘|)28:| (n—3)/2 5(n=3)/2

. 2]a] L+ soirarz ®

0

for x # 0. It is now easily seen that J.(z)(1 — |z|*)¢ converges to a positive
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finite limit as |z| — 1 for ¢ > 0. Also, one can show that Jo(z)log(1—|z|?)~!
converges to a positive finite limit as |z| — 1. =

We need to estimate the integrals 1., defined for o > —1 and c real as
follows:
(1= [y

Lea(z) = |

B

The following estimate is proved in [13, Lemma 4.2]. Here we provide
another proof by means of Lemma 2.4 for the reader’s convenience.

LEMMA 2.5. Let a > —1 and c be any real number. Then

(1= fa?)~ if ¢>0,
Iea(z) = ¢ 1—log(1—|z[*) if c=0,
1 if <0

for x € B. The constants suppressed above are independent of x.

Proof. Let x € B. We may assume |z| > 1/2. Since [y,(] = |y — (| for
y € B and ¢ € 0B, integrating in polar coordinates yields
1
ds(¢) _
Lea(x) = n|B|| | o= cprare Y1 —r?)dr
and thus the estimate for a + ¢ < —1 is clear by Lemma 2.4. So, we assume
o+ ¢ > —1. By Lemma 2.4 we have

1 =

1

(1 —r)® (1—r)

(S) 17T|x| 1+a+cdr~ (|SI—|—§])(1T|x|)1+a+cdr:I+H.
x

Note that 1 — |z| <1 —7r|z| < 2(1 — |z|) for |z| < r < 1. It follows that
1—|z|
I~ (1—|z|) 7o S rdr =~ (1—|z|)~°
0
Meanwhile, since 1 —r <1 —r|z| <2(1 —r) for 0 < r < |z|, we have

dr NS dr

and thus
(1—lz|)~© if ¢ >0,
II'=q —log(l—|z]) ife=0,
1 if ¢ <O.
Now, the lemma follows from the above estimates for I and II. =
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3. Averaging functions and Berezin transform. In this section we
collect the weighted LP-behavior of the averaging function (as well as its
discretized version) and of the Berezin transform.

Given g > 0 and r € (0,1), the averaging function i, and the Berezin
transform p are defined by

fir(a) = PP DL g i) = (1 o) R o) du(y)
[E,(2) )

for z € B. While it is customary to put R(x,z)~! in place of (1 — |z|*)"
in the definition of the Berezin transform, we adopted the above definition
for simplicity. For measurable functions f, we define f, and f similarly,
whenever they are well defined.

Given « real, we let L5, = LP(V,,), where V,, denotes the weighted mea-
sure defined by dV,(z) = (1 — |z|?)*dx. For a = 0, we have L} = LP. Note
A=V_,. Given r € (0,1), it is easily seen from (2.4) and Lemma 2.1 that

(3.1) ValEr(2)] & (1 — |zf*)"*

for z € B. Also, given a sequence a = {a,,} in B, we let /7“(a) denote the
p-summable sequence space weighted by {(1 — |a,,|?)®}. For a = 0, we let
P = PO(a).

To obtain the weighted LP-behavior of averaging functions and of the
Berezin transform, we need to prove several preliminary results. We begin
with a simple observation which in particular shows that averaging func-
tions, when the radii are small enough, are dominated by the Berezin trans-
form.

LEMMA 3.1. Let k > 0 be an integer, p > 0 and 0 < r < rg, where
ri s the number provided by Lemma 2.3. Then there exists a constant C' =

C(n,k,r) such that
fir(a) < C(1 = |a]*)"** | |Ry(2,a)]” du(z), a€ B.
B
In particular, p, < Cp for 0 <r <.
Proof. Let a € B be given. By Lemma 2.3 and (2.4), we have

plE(@)] —  fr(a)
Ex(a) |Ry.(z,a)|? du(x) 2 (1 — |a2)20+R) ~ (1 — |af2)n+2F

where the constants suppressed depend only on n, k and r. This implies the
first part of the lemma. The second part is clear (with £ =0). m

Let {a,} be a sequence in B and r € (0,1). We say that {a,} is r-
separated if the balls E,.(a,,) are pairwise disjoint, or simply say that {a,,} is
separated if it is r-separated for some r. Also, we say that {a,,} is an r-lattice
if it is r/2-separated and B = J,, Ey(am). One can explicitly construct an
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r-lattice by using the same argument as in [8]. Note that any “maximal”
r/2-separated sequence is an r-lattice.

The next two lemmas are basic properties involving separated sequences
we use later. The first lemma can be proved by a standard volume argument.
We include a proof for the reader’s convenience.

LEMMA 3.2. For a > 0 and r € (0,1) with ar < 1, there is a constant
N = N(a,r) with the following property: If {am} is an r-separated sequence,
then more than N of the balls Eqy(ay,) contain no point in common.

Proof. By (2.2), we first note that there exists a constant C' = C'(n) such

that
C7l" < (- laP) ) < 1)
-0

for all @ € B and 0 < p < 1. Fix z € B and let J, be the set of all indices
m such that o(z,an) < ar. Let 8 = min{(1 — ar)/2,r}. Note Eg(an,) C
E4ary2(2) for all m € J,. Since Eg(am) C Er(an) and the balls E,(an,)
are disjoint, it follows that

>~ 1Bs(am)| < |Eqrana(2)l < O~ |z|2>”(1 - ar) .

1—ar
mer

Also, for each m € J,, by Lemma 2.1 we have
1—ar < 1—|am|2‘
I+ar = 1—|2)?

Thus, letting M, denote the cardinality of J,, by the above we deduce

5 Bafan)| 2 50— 1P (10 )

1+ ar
mEJz +

Combining these estimates we conclude

1+ar\™"
1—ar

(3.2) M, < CB‘”(

for some constant C' depending only on n. =

LEMMA 3.3. Given 0 < r < § < 1, there exists a positive integer
N = N(6,r) with the following property: Any r-separated sequence can be
decomposed into N d-separated subsequences.

Proof. Before proceeding, we mention that the hyperbolic balls and pseu-
dohyperbolic balls are related by

(3-3) Qrann-1,(a) = Er(a),

where Qs(a) denotes the hyperbolic ball with center a and radius s.
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Now, assume 0 < r < § < 1 and let s = tanh(2tanh ™! §). By Lemma 3.2
there exists a number N = N(r, ) such that N of the balls Es(a,,) con-
tain no point in common. Let F; be a maximal d-separated subcollection
of {an}. Given a positive integer n, suppose F,, C {a,,} has been chosen.
If {am} \ Uj=; Fj # 0, choose a maximal d-separated subcollection [, 11

of {am} \ Uj_; Fj. If {am} = U, Fj, then we simply let Fj,1q = ). Con-
tinue this process. We claim {a,,} = Ujvzl F;. Suppose not. Then there exists
some G, € Fy41. For each 1 < j < N there exists some am; € F}j such that
Es(amg) N Es(am;) # 0 by maximality. Now, we have a,,, € ﬂ;vzl Ey(am,)
by (3.3), which is impossible. =

We also need some properties of ¢, (a) as a function of x (with a fixed).
So, given a € B, let ¢, denote the function on B defined by

Vo(x) = ¢p(a), =€ B.

A routine calculation shows that v, : B — B is also invertible and

_ 1— l|al? 1— |z|?
1 _
¢a<”“r—mwmv<ﬁ+1—wd2“'

The Jacobian J, of 1, can be explicitly computed as follows.

LEMMA 3.4. The identity
1—al?/1—2a-z+|a?>\"*
J =
o) = i (i
holds for a,x € B.
Proof. Let a,z € B. We have
Yale) =2+ (1 = |22)F(z — a¥),

where F(z) = z*. For a = 0, we have ¢(x) = = and thus Jyy(z) = 1. So,
assume a # 0. Note F'(x) = |z|72(I —2Q(z)), where I is the identity matrix
and Q(z) is the matrix with entries Q(z);; = z;x;/|z|*>. Thus, denoting by
M (z,a) the matrix with entries M (z,a);; = z;(x — a*);|z — a*| 72, we have
1— |z
|z — a*|?

(3.4) Y(x) =1—2M(z,a) + [I —2Q(z — a)].

Given an n X n orthogonal matrix U, note that
UM (z,a)U" = M(Uz,Ua) and UQ(x —a*)U' = Q(U(x — a*)),

where U! is the transpose of U. Now, choose U such that U(zx — a*) =
(|l — a*|,0,...,0). Note that the first entry of Q(U(xz — a*)) is 1 and all
others are 0. Also, row vectors of M(Uz,Ua) except the first one are all
zero. Thus Ul[(y; 1) (x)]U? is an upper triangular matrix. Since the first
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entry of M(Ux,Ua) is
Ur-[Ux— (Ua)*] Uz-U@w—a*) x-(r—a¥)

Uz — (Ua)* > |Uz—a’)? — Jo—a 2’
we see from (3.4) that the first entry of U[(¢; 1) (2)]U? is
1_2x-(az—a*) B 1— |z|? _ 1— |al?
Faf -aP [maP

and the other diagonal entries are

1— |z|? B lal?(1 — |z|?) 1-2a-2+ |a|?
a2~ 2 = 2 :

1+ 1+

|z — [z, a] [z, a]

Accordingly, we conclude

a2 /1 -2+ a2\
Jiba(z) = det U[(v=) ()]0t = 219 (1 20z +| !) |

[z, a]? [z, a]?
as required. m

As a consequence of Lemma 3.4, we have
2 a+1 2 n—1
1_ 2042 1_ 2()5J [1',0;] [.f,a]
(= o = (1= WP v ({250 ) (e
for a,x € B and « real. Thus, making a change of variables, we have the
following inequality.

COROLLARY 3.5. Given « real and a compact subset K C B, there is a
constant C = C(K, «) such that

| f(u@)(1 = |x)*dx < C | f(a)(1 — |2*)* da
B B
for a € K and measurable functions f >0 on B.
Now, we prove that the L-behavior of the averaging functions of positive

measures is independent of the radii. In what follows, Ly denotes the space
of all functions f bounded on B and such the f(z) — 0 as |z| — 1.

PROPOSITION 3.6. Let 0 < p < oo, 1,0 € (0,1) and « be real. Assume
p > 0. Then the following statements hold:

(a) 11, € LE if and only if fis € Lh,.

(b) fir € Lo if and only if fis € Lo.

Proof. We first prove (a). By symmetry it suffices to establish the esti-
mate
(3.5) lzellzy, < sy -

Since the case r < 4 is easily treated by (2.5), we may assume § < r. Choose
a finite set {ay,...,an} in E,(0) which is maximal subject to the condition
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Es/s(ai) N Esjp(aj) = 0 for i # j. We then have E,.(0) C Ujvzl Es(aj;) by
maximality and hence

Es(¢z(aj))

||C2

N
Er(x) = ¢IET(O) C U ¢Z‘E5(aj
j=1
for every x € B. Since ¢,(a;) € E,(x), we note by (2.5) that |Es(¢z(ay))|
~ |E,(x)| for all j and x € B. Consequently,

N N

. wEs(pz(a E5¢xa n

OB S U S CT PR w )
Jj=1 J= Jj=1

for every x € B. This implies (3.5) for p = oo. For p < oo, the above yields
N
(3.6) fir ()P S max{1, NP7'} Y “Jis(¢u(a;))
j=1
for all x € B. Now, integrating both sides of (3.6) against the measure
dV,(x), we deduce (3.5) by Corollary 3.5.
Now, we prove (b). It is easily seen that |¢,| — 1 as |z| — 1 uniformly
on every compact subset of B. So, we see that iy € Lo implies i, € Lo
by (3.6), and vice versa by symmetry. m

The next two lemmas will be used in establishing the discretized version
of Proposition 3.6. The first one is a special case of [5, Theorem 3.6].

LEMMA 3.7. Let 1 <p < oo and « be real. Then the Berezin transform
is bounded on LY if and only if —n < (a+1)/p < 1.

LEMMA 3.8. Given § € (0,1), there exists a constant Cs such that 11 <
Cspis for u > 0.

In the proof below and elsewhere, x g denotes the characteristic function
of E C B.

Proof. Fix d € (0,1). We will actually prove a more general fact asserting
that

(3.7) \ fdu<Cs\ fisdv
B B
for all f > 0 subharmonic on B and g > 0.
Let p > 0 and f be a positive subharmonic function. By (2.2) and
subharmonicity we have

f@) S —

Nm S f(y)dy

Es(x)
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for all x € B. Also, by Lemma 2.1,

du(x du(x
S u()NS(M()

wEW) -
~ ~ ~ [is(y)
oty B3] '

L) ™ (1= [y~

for y € B. The constants suppressed above depend only on § (and n). Now,
one may use the equality Xg,(»)(¥) = Xgs(y)(7) and Fubini’s theorem to
conclude the proof. m

Es(y)

Now, we are ready to prove the main result of this section.

THEOREM 3.9. Let 0 < p < oo, r,d € (0,1) and « be real. Let > 0 and
a = {am} be an r-lattice. Then the following two statements are equivalent:

(a) 115 € L.
(b) {7ir(am)} € (P (a).
Moreover, if

1
(3.8) max{1+a,1+a,—a+
n

}<p§w,

then the above statements are also equivalent to

(c) peLh.

It is clear from (3.1) that (b) is a discretized version of (a). Thus the
equivalence of (a) and (b) is not surprising. However, it seems quite in-
teresting to see that the restricted range (3.8) is best possible for (c); see
Section 5.

Proof. (a)=(b). Assume (a). Pick a positive ¢ < min{r/2,1 — r}. By
Proposition 3.6(a), in order to prove (b), it is sufficient to establish the
estimate

(3.9) {#r (am) vty S llrsellrz-
Since € < r/2 and {a,, } is an r-lattice, the balls E.(a,,) are pairwise disjoint.
Also, given x € E.(ay,), we have E,(ay;,) C E,4-(z) and thus

HE )] _ 1Bram)l 5 0 5 o G (am)

ree(®) 2 BT T e @)

by (2.5). This implies (3.9) for p = co. For p < o0, it follows from (3.1) that
S [irte( Z S Lir4e(2)? dVa(z) 2 Z fir (am)P (1= |agm |*)"
B m Es(am) m

and thus (3.9) holds.

(b)=-(a). Assume (b). In order to prove (a), we may assume 6 < 1 — 7
by Proposition 3.6(a). Given z € B, let N(z) = {m : E (an) N Es(x) # 0}.
Since {am} is an r-lattice, we have Es(z) C U,,en(y) Er(am) and thus
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wulEs(x)] < ZmeN(x) By (ap)]. It follows from this and (2.5) that

(310) @@ Y mmam)% S fnlam).
meN (z)

meN (z)
Meanwhile, for m € N(z), since the balls E.(a,,) are pairwise disjoint
and are all contained in E, si.(x) for a fixed positive number ¢ <
min{r/2,1 —r — J}, we see from (2.5) that
N = N(r,d,¢) := sup fN(z) < oo,
reB
where § N (z) denotes the number of elements in the set N (z). Thus, we have
1251l oo 0y S IH{Er(am) }Hl zoo(n) by (3.10). Also, for p < oo, by (3.10) again,

fis(@)” S max{L, NP} S fip(am)”
meN (z)
for all z € B. Now, integrating both sides of the above against the measure
dV,(x) and then applying Fubini’s theorem, we obtain

Vis(@P dVa(@) S § Y7 Arlam)? dVa(@) = Y fir(am)ValQ(m)],

B B meN(x) m
where Q(m) = {z € B : E-(am) N Es(x) # 0}. Note that Q(m) C E,15(am)
and thus V,[Q(m)] < Va[Eris(am)] = (1 — |am]?)" ™ by (3.1). Combining
this with the above estimate, we conclude that (a) holds.

(¢c)=(a). This follows from Lemma 3.1 and Proposition 3.6(a).

Now, we assume (3.8) and prove that either (a) or (b) implies (c). If
p > 1, one may use Lemmas 3.7 and 3.8 to see that (a) implies (c¢). If p < 1,
we have o < 0 by (3.8) and thus (3.8) reduces to

1
(3.11) max{l—i—z,—a;: }<p<1.

We now assume this and proceed to prove that (b) implies (c).
(b)=(c). Assume {fi,(an)} € P *(a). By (2.6) and Lemma 2.2, we
note

alz) = (1= l2)" [ 1R, 9)P du(y) < (1= [« Y|  du(y)

2n
B m Er(am) [‘T}?y]
1 - !1’\ (1—[z)"
< (1—|am Am) —————
S uls, ~ S0 o)
and thus (recall p<1)
_ N e
P < _ 2\np p (
)P < §m (1 = lam|*) "™y (am) [, ap]27P
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for all x € B. Now, since np + a > —1 and np —n — a > 0 by (3.11), from
Lemma 2.5 we obtain

(1 _ |x‘2)np+a

]Sg z)P dVo(z <Zmam (1 — |am|>)™ SW@
xZur (am)P(1 = |am|?)" T

and thus (c) holds. m

We also have the little oh version of Theorem 3.9. We let £y denote the
space of all complex sequences vanishing at oo.

PROPOSITION 3.10. Let r,0 € (0,1) and p > 0. Suppose a = {an} is an
r-lattice. Then the following statements are equivalent:

(a) fis € Lo.
(b) {ﬁr(am)} € EO'
(C) 1€ L.

Proof. Since limy,—o0 |am| = 1, we have (a)=-(b). Also, (c)=(a) from
Lemma 3.1 and Proposition 3.6(b). Now, we prove (b)=(c). Note 1 — |a| <
[z,a] for all z,a € B. Given a positive integer j, put M; = sup,,>; fir(am)
and let N be the positive integer provided by Lemma 3.2. By the proof
of (b)=(c) of Theorem 3.9 and by Lemmas 2.2 and 2.5, for each j we
have

_x2n _am2n

[z, am]*"

T — |z[5)"
3 ) S ARV ey

— 2
~ (1- |9C|2)” 2
< [ bl A (1 — n
S D Hr(am) + NM;(1 — |z|7)
2 o) Fg, oy N0 e
~ (1—|=[»)"
< Zﬂr(am)m-f-NMj.
m<j m

Thus, fixing j and taking the limit || — 1 in the above, we obtain

lim fi(z) < sup fir(am)

|z|— m>j
for each j. Now, letting j — oo, we get (c) by assumption. =

As a consequence of Theorem 3.9 and Proposition 3.10, we have the
following.
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COROLLARY 3.11. Let 0 < p < oo, 1,0 € (0,1) and « be real. Assume
> 0. Then {fir(am)} € P*(a) (resp. Lo) for all r-lattices a = {an,} if and
only if {fis(am)} € P*(a) (resp. Ly) for some d-lattice a = {an}.

4. Schatten class Toeplitz operators. In this section we prove The-
orem 1.1. We first briefly review the notion of Schatten class operators. For
a positive compact operator T on a separable Hilbert space H, there exist
an orthonormal set {e,, } in H and a sequence {\,,} that decreases to 0 such
that

Ty = Z AT, €m)em

for all z € H, where (, ) denotes the inner product on H. For 0 < p < oo,
we say that a positive operator T' belongs to the Schatten p-class Sp(H) if

T, == {fon}l/p < o0,

More generally, given a compact operator 7" on H, we say that T' € S,(H)
if the positive operator |T'| = (T*T)"/? belongs to S,(H), and we define
T, = H|T!Hp Of course, we will take H = b? in our applications below
and, in that case, we put S, = S,(b?).

First, we recall a couple of basic facts about S,(H ), which we need later.
The following lemma is taken from [9, Lemma 5] where further references
are given.

LEMMA 4.1. Let 0 <p <2 and T be a compact operator on H. Then
ITIE <> > UTei el
(2]

for any orthonormal basis {ex} of H.

The proof of the following lemma is implicit in that of [14, The-
orem 1.4.7], where the equality for the case 1 < p < oo is proved.

LEMMA 4.2. Let 0 <p <1 and T be a positive compact operator on H.
Then
IT(E < sup > (Tem, em)?,

m

where sup is taken over all orthonormal bases {e,,} of H.

For 0 < ¢ < oo, we use the notation £? for the g-summable sequence
space. Let {a,,} be a sequence in B and k£ > 0 be an integer. For { =
{&n} € £2, let Qi (&) denote the formal series defined by

41 Qr@©@) =) &n( —lam)"*"?Re(2,am), € B.
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For the proof of Theorem 1.1, we need the following representation theorem
for b2-harmonic functions, which is essentially proved in [8, Theorem 3].
In [8] Coifman and Rochberg used local estimates directly instead of M6bius
transformations and provided only a sketch of proof. We refer to [6] for a
detailed proof via M&bius transformations.

LEMMA 4.3. Let k > 0 be an integer. Then the following statements
hold:

(a) If {am} is a separated sequence, then Qy : £ — b2 is bounded.
(b) There exists 0, > 0 with the following property: If {am} is a §-lattice
with § < &, then Qy, : €2 — b® is onto.

We also need a lemma which is useful in estimating certain quantities
related to the operators Q.

LEMMA 4.4. Let s,t be real and r,0 € (0,1). Then

e L A O el
E R 77 e
9 Er(b) 9
whenever b € B and x € Es(a). The constants suppressed above depend only
onn, s, t,r and §.

Proof. Let a,b € B. By Lemma 2.2, we note [z, b]® = [a, b]® for z € Es(a).
Also, by Lemmas 2.1 and 2.2,
(=) (A= lyP)
[a, b]* [a, y]*
for y € E,(b). Thus we conclude the proof by (3.1). One can check that all

the constants suppressed above depend on parameters, but not on particular
points. =

We are now ready to prove the following version of Theorem 1.1.

THEOREM 4.5. Let 0 < p < oo, u > 0 and assume that {an} is an
r-lattice. Then the following three statements are equivalent:

(a) Tfﬁ €Sy

(b) {ir(am)} € £

() fir € LP(\).
Moreover, if (n—1)/n < p, then the above statements are also equivalent
to

(d) i € LP(N).

For p > 1, we have T, € S), if and only if 1 € LP(X) by [7, Theorem 3.13].
So, by Theorem 3.9 (with & = —n), we only need to prove that (a) and (b)
are equivalent for 0 < p < 1.
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Proof of (a)=-(b). Assume (a). By Corollary 3.11, it suffices to consider
r sufficiently small. Fix a large integer k£ > 0 such that
n(2—p)

2p
and let r; be the constant provided by Lemma 2.3. To begin with, fix r <
min{rg, 1/2} and let 2r < § < 1. Later the constant ¢ will be chosen to be
sufficiently close to 1.

By Lemma 3.3, we can decompose the lattice {a,,} into finitely many,
say N, ¢/2-separated subsequences. Let {b,,} be one of such subsequences
and define a measure v by

k>

dv = Z XE, (bm) M-

Note that the balls E,(b,,) are pairwise disjoint, because 2r < 4. Also, note
that ||, ||, < [|Ty|lp, because 0 < v < p.

Now, we introduce some auxiliary operators. Fix an orthonormal basis
{em} for b2 and let J : b> — ¢2 be the unitary operator defined by Jf =
{{f, em)} for f € b%. Put A = QiJ, where Q}, is the operator associated with
the sequence {b,,} as in (4.1). By Lemma 4.3(a), A : b> — b? is bounded.
Put

hon i= Aem = (1 = b D)2 Ry (-, bin)
for simplicity. Put T = A*T,A. Note T' > 0. Since A is bounded and T,, €
S,, we have T € S, with | T, < [|AIIPIToll, < Al T, (see, for ex-

ample, [10]).
Note that
(4.2) (Tej,em) = (Tyhj, hm) = | hjhm dv

B
for each m and j. The change of the order of integrations, which is implicit
in the last equality above, is justified by [7, Lemma 3.8]. Since v = p on the
balls E,(by,), we see from Lemma 3.1 that

(4.3) > (Tem,em)? = C1 Y fir(bm)P

for some constant C7; = Ci(n,p,k,r) > 0. We claim that there exists a
constant C5 = Cs(n, p, k,r) > 0 such that

(1.4 S |Tessem) P < Cs 3 fnb)?
m#j m

and Cs - 0 as 0 — 1.
Now, we prove (4.4). Let m and j be given. Since

(Tej,em>:z S hjhm dp,
i Er(b;)
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we have

(4.5) (T, em) yP<Z{ g |h hm|du}

Note that by (2.6) and Lemma 4.4 we have

(1 _ ’b.‘Z)n/ZHc
mp s {S T <1 e B0

for all 7, j, where

[bi7 y]n+k

1— 2\n/2+k P
I = S {(M)} dA(y).
Er(b;)

It follows that

p ~
{1 Ihihmldi}” S plB )T Lo =~ (1= 162 i (50 L Tim
Er(b;)

for all 4, j and m. Thus, by (4.5), we have
[(Tej, em)|” S E (1 = [0a[) "™ T (b3)P Ly Tin.

Now, summing up both sides of the above over all m and j with m # j and
then changing the order of summations, we obtain

(4.6) > 1(Tejem) |p<zl—|b| )P 1 (i)
m#j
where I; = Zm# I;jIip,. Since the balls E,.(by,) are pairwise disjoint, we

have

1 — |z]? n/2+k 1— 2\n/2+k\ P
I = Z S S {( [x[bl]T)lri*k ( [y!zl]y)w;f } dX\(z) d\(y)

m#j Er(b;) Er(bm)

- (1 — ’x‘Q)n/2+k (1 B \yIZ)”/H’f
= SS { [ZC, bi]n—i-k [y’ bi]”‘HC d)\(x) d)\(y)’
Qr,é
where
25 = U E,(b) x Ey(by).
Jj#Em
Note that, for (z,y) € 2,5, we have
1+0 147
(4.7) Bz, y) > 71g75_1 S

recall that (8 denotes the hyperbolic distance given by (2.1). Thus, denoting
by G, s the set of all (z,w) satisfying (4.7), we note that the region G, s is
Mobius invariant. Also, note that the measure dA is Mobius invariant. Thus,
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making the change of variables x = ¢y, (2) and y = ¢, (w), we have

(1= Ja2 )24 (1= [y /24
I < Gggé{ L }d)\(m)d)\(y)
1 (1= 222 (= w2
‘<1—\bz-12>mc§5{ O T RS

Since 0 < p < 1, we note 1 < 2/(2—p). Choose ¢ such that 1 <t < 2/(2—p)
and let s be the conjugate exponent of ¢t. Then, by Holder’s inequality, we
see that

1 — [2|2)/2+k (1 — [|2)n/2+k P
SS {( [L”bz)]k ( [lu7|bl)]k } d\(z) dX\(w)
(1 — |2[2)p/2Hk)=n (1 |qp|2)p(n/24+k)—n

[za bi]pk [’U), bi]pk

G'r,6

dz dw

= |}

Gr,6

_ |~12\pt(n/2+k)—nt 2/t
(1-1:) i)

1/s
S ’GT,(S’ / {Sljp S [27 bi]ptk

B
where |G 5| denotes the 2n-dimensional volume of G, s C B x B. Note that
pt(n/2 + k) —nt > —1 and nt — ptn/2 < n by our choice of k and ¢. Thus
the supremum in the braces above is finite by Lemma 2.5. Hence, combining
these observations, we have

’ Gr, 6’1/8
for some constant C' = C(n, p, k) independent of i. Note |G, 5| — 0asd — 1
by (4.7). Finally, fixing J sufficiently close to 1, we see from (4.6) that (4.4)
holds.
We introduce some auxiliary operators. Associated with T is the diagonal
operator D : b*> — b? whose diagonal components are inherited from 7. More
precisely, D is defined by

Df = (Tem, em)(f,em)em
m
for f € b?. Note that D is compact by [14, Proposition 1.3.10] and positive.
Put £ =T — D. Note that
(4.8) (Dem, em) = (Tem,em) and (Eej,en) = (Tej, en)

for any m and j with m # j.
Assume for the moment that u is supported on a compact set. Then a
standard volume argument as in the proof of Theorem 3.9 shows that only
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finitely many of the balls E,(a,,) can intersect the support of u. Thus it
follows from (4.4), (4.8) and Lemma 4.1 that E € S, with

IEIL <> [(Bejyem)? < C5 Y fir(bm)? < oc.
m#j m

Since T, E € S),, we also have D € S}, with
IDI2 > 0> i ()
m

by (4.3) and (4.8). Thus the triangle inequality | D|} — ||E||5 < ||T||5 for
0 <p < 1yields

(C1=Cs) Y fir(bm)? < ITND < AN IT 1.

Now, choosing ¢ sufficiently close to 1 so that Cs < C; and then applying
the above to each of the N subsequences {b,,}, we conclude that

N
oGy 1A 13-

Z fir(am)? < c;
m
This estimate holds for all i with compact support and thus for arbitrary p
by an approximation argument. The proof of Theorem 4.5(a)=-(b) is com-
plete. m

Proof of (b)=-(a). Assume (b). The proof is quite similar to that of (4.4).
Fix a large integer £ > 0 such that

n—1 n

2p 2

By Corollary 3.11 again, we may assume r < min{dg, 1/2}, where J; is
the constant as in Lemma 4.3(b). Let {e;,} be an arbitrary orthonormal
basis for b and let A = QyJ as in the proof of (a)=>(b). But this time
the operator Q)i is associated with the sequence {a,,}. Put h,, = Ae, =
(1—|am|?)* ™2 Ry.(-, am) as before. Let T = A*T), A. Note that A is bounded
and surjective on b? by Lemma 4.3(b). Thus there exists a bounded right
inverse of A, say B, so that T, = B*T'B. It follows that T}, € S, if and only
if '€ S,. We now prove T' € S}, in the rest of the proof.

Since fiy(am,) — 0 as m — oo, we have i € Ly by Proposition 3.10 and
thus T}, is compact by [7, Theorem 3.12]. So T' is also compact. Note T' > 0.
Therefore, in order to prove T' € 9}, it is sufficient to show that

(4.9) > (Tem,em)? < C Z fir(az)”

m J

k >

for some constant C' = C(n,p,r) by Lemma 4.2. To prove (4.9), we first
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note (as in (4.2)) that
Temsem)” ={ {mPan}” <3S L § P du}”
B J Er(ay)

for each m, because 0 < p < 1 and {E,(a;)} is a covering of B. Let m and
j be given. By (2.6) and Lemma 4.4, we have

()27 < { L lamPIPENE
m ~ [:v am]2n+2k ~
’ E

1 — |y[2)n+2k Y P

'r(am)
for all € E,(a;). It follows that

1— 2\n+2k
| {( yl%)

p
(Temsen)? < 37 ulE (o) | )

Er(am)

for all m. Since u[E,(aj)] ~ (1 — |aj|*)"fir(a;), summing up both sides of
the above over all m and then changing the order of summation, we obtain

(4.10) D (Temem) S (1= |a[*)P iy (a;)P1;,
m J
where
(1 o |y‘2)n+2k p
L= | { [a;, y]2n T2k dA(y)-
m Er(am) 7

Now, since p(n + 2k) —n > —1 by our choice of k, we obtain, by Lemma 3.2
(with & = 1) and Lemma 2.5,

(1 -]y
I <N {
! ,SB [aj, y]?n 2k

)n+2k P
} IA(Y) ~ (1 |a;P)~"

for all j, where N = N(1,r) is the number provided by Lemma 3.2. Hence,
combining this estimate with (4.10), we deduce (4.9). The proof of Theorem
4.5 is complete. =

5. Examples. In this section we show that the parameter range (3.8)
is sharp. Throughout the section we consider arbitrary 0 < p < oo and «
real, unless otherwise specified.

We first recall the following fact:

If p<—(a+1)/n orp <1+ a, then there exists some f > 0 such that
felh but f¢Lkh.

The above fact is implicit in [3, Examples 4.8 and 4.9]. Moreover, the
proofs in [3] show that the example of function f above also satisfies f, € L5
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for each r € (0,1). Note that the above fact takes care of an example we
need for the case a > 0. For a < 0, note that the parameter range for which
we need an example in (3.8) reduces as follows:

(5.1) p <1+ a/n.

Given § > 1, let I's be the nontangential approach region with vertex
e:= (1,0,...,0) consisting of all points € B such that

z —e| < 8(1— |z|).

In case o < 0, certain radial functions restricted to nontangential approach
regions will be our examples. To estimate such functions we need positivity
of the kernel function as in the next lemma.

LEMMA 5.1. There exist some 6 > 1 and a constant C > 0 such that
R(z,y) > C/[z,y]"
for x,y € Is with |z, |y| > 1/V/2.

Proof. Let z,y € I'5, where 6 > 1 is to be chosen later. Assume |z|, |y|
1/+/2. Taking § sufficiently close to 1, we may assume x1,y; > 0. Let 2/
(0,x2,...,x,). Since z € Iy, we have

v

[+ (1= |2)? < 2P+ (1 = 21)” = |o — ef* < 6%(1 — |a])?
and thus |2/|/|z| < e(1 — |z|), where € = \/2(§% — 1). Hence

2| y/]

2]y

< (1= |z[)(1 = ly]) < (1 — |z ly])?

and
1/2 1/2
T :1_<1_ W) ! (1_ ry'|2>/
=] [y |z lyl?
/12 /12
<1- (1_ Iw|2><1_\y|2>
|z |yl
|2/ |? N ly'?
>  Jyl?

Combining these inequalities, we obtain

< < (1~ z)? + (1 = [y])?] < 221~ [a] [y])*.

. 1oy
1— -y <1-— T1Y1 +’l‘||y| §352(1—|xl|y\)2
|z ly] =yl =]yl

and thus
(5.2)  [z,9)° = (1 —[a|[y)* + 2(|z| ly| — 2 - y) < (1+6%)(1 — || [y])*.
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Therefore, we conclude that
2
L= [ally?\" _ 4lzPlyl®  (+lallyD? 4 9/4
[z, y] n (1+6¢e2) n — (1+6e?)
if ¢ is sufficiently small. This, together with (1.2), implies the lemma. =

—-2>0,

Now, given v > 0, let f, be the function on B defined by

7 = e (e )

—

It is clear from Lemma 2.1 that (f,), =~ f, for each r € (0, 1).

LEMMA 5.2. Given 6 > 1 and v > 0, the function g = f,xr; has the
following properties:

(a) g € LL if and only if one of the following conditions holds:
(i) p<l+a/nm
(ii) p=1+a/n and vy > 1/p.

(b) Given r € (0,1), we have fyxry, <g < fyxr,, for some 61 and 6.
(¢c) If y>1, then g 2 Jy=1xrs, for some 03.
(d) If v <1, then g = o0 on some open set.

Proof. Fix 6 > 1/2 and v > 0. Since 1 — |z| = |z —e| for = € 5, we have

Pdy, 1 1 2 ﬁwd
Sl v~ | g (e ) oo
8

Integrating the last integral in polar coordinates, we have (a).

Now we prove (b). Fixr € (0,1). Put ;1 = (1+6)/2 and pick a sufficiently
small radius s in such a way that € :== (s+01)(1+s)/(1—s) < . For z € Iy,
and y € Es(z), by Lemmas 2.1 and 2.2 we have

ly—el<l|z—yl+|z—el <sfz,yl+0:1(1 - |z|) <e(1 - [yl).
So, I'sNEs(x) = Es(x) for x € Is,. Thus g, > @Txpél ~ [yXr;,- A similar
argument shows I'sNE,(z) = () for x ¢ Is,, where 6o = (r+98)(1+7r)/(1—r).

Thus g, < (f'y)rXng ~ f'yXF52-

Finally, we show (c) and (d). We may assume that § is sufficiently close
to 1 so that Lemma 5.1 is available. Assume x € [y for the rest of the proof.
We may further assume |z| > 1/v/2. Since 1 — |z| |y| = 1 — |z|+|z|(1 - |y|) <
2(1 —|z|) for |y| > |z|, by Lemma 5.1 and (5.2) we have

1 1 1

R(z,y)l* 2 2 ~
B@ 2 G 2 Tl ™ 0= e
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for y € I's with |y —e| <1 — |z|. Thus

g(z) 2 (1 —|z|)7" | fy(y) dy
Isn{ly—el<1-|z}
-

~(1—|z)™ S | _:le|n <log | ie|> dz

rsnily—el<1—fzl} Y

1—|z| —
~ (=)™ | 1<log ?) dt

0

~ fy—1(x) ify> 1.

So, (c) holds. Also, the last integral above diverges for v < 1 and thus (d)
holds. =

Now, using Lemma 5.2, we have examples for the remaining parameters
in (5.1) as follows.

EXAMPLE 5.3. Let v > 0 and 6 > 1. Put g = fyxr;. Assume 0 < p <
1+ a/n. Then the following statements hold for each r € (0,1):

a) If p<l4+a/n and v <1, then g, € LY and § = co on some open

(a) If p v <1, g g P
set.

(b) If p=1+a/n and max{1,1/p} <~y < 1+ 1/p, then g, € L, but
g¢Lh.
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