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Disjoint strict singularity of inclusions
between rearrangement invariant spaces

by

FRANCISCO L. HERNANDEZ (Madrid),
VicTor M. SANCHEZ (Madrid), and
EvGUueENI M. SEMENOV (Voronezh)

Abstract. It is studied when inclusions between rearrangement invariant function
spaces on the interval [0, 00) are disjointly strictly singular operators. In particular suitable
criteria, in terms of the fundamental function, for the inclusions L' N L>® < E and
E < L'+ L™ to be disjointly strictly singular are shown. Applications to the classes of
Lorentz and Marcinkiewicz spaces are given.

1. Introduction. An operator between two Banach spaces is said to be
strictly singular (or Kato) if it fails to be an isomorphism on any infinite-
dimensional closed subspace. The class of strictly singular operators is a
well known closed operator ideal. A weaker notion for Banach lattices is
that of disjoint strict singularity: an operator T' from a Banach lattice X to
a Banach space Y is said to be Disjointly Strictly Singular (DSS for short)
if there is no sequence (z,)>° ; of disjointly supported non-null vectors in X
such that the restriction of T' to the closed subspace spanned by (x,,)52 is
an isomorphism. This notion, introduced in [HR], is useful in the study of
the lattice structure of function spaces (e.g. in constructing function spaces
with singular £,-complemented copies).

The aim of this paper is to study the disjoint strict singularity of the
inclusion operator between arbitrary rearrangement invariant spaces (r.i.
spaces for short) on the interval [0, 00).

The analogous problem of DSS inclusions between r.i. spaces on the finite
interval [0, 1] has been studied by Astashkin ([A]), Novikov ([N;], [N2]) and
Garcia del Amo, Ruiz and the present authors (|[GHSS|, [GHR]). If E is
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an r.i. space on [0, 1] different from L![0,1] then the canonical inclusion
E — L'[0,1] is always DSS. This property in fact characterizes L'[0,1]: an
r.i. space F' such that for any other different r.i. space £ with £ — F the
inclusion E < F is DSS must be L'[0, 1]. A symmetric characterization also
holds for L*°[0,1] and both are deduced from a factorization result given
in [GHSS]: for any inclusion F — F with E # L>[0,1] and F # L'[0,1]
there exists an intermediate r.i. space G such that the inclusions £ — G and
G — F are not DSS. In the special context of Orlicz spaces, characterizations
of when the inclusion operator L¥ (1) < L¥(u) is DSS have been given by
Kalton [K;] for sequence spaces with basis (where the notions of disjoint
strict singularity and strict singularity coincide) and in [HR| and [GHR]
for function spaces. In particular concrete criteria on the functions ¢, v for
the inclusions LP(u) — LY (u) and L¥?(u) < LP(u) to be DSS were given.
The classes of Lorentz function spaces A(¢)[0, 1] and Marcinkiewicz function
spaces M (¢)[0,1] have been studied in [A].

In general it is more delicate to determine the DSS behavior in the [0, co)
case than in the [0, 1] case. Thus, natural r.i. spaces with the same Boyd
indices may have different behavior (e.g. the spaces LP N L? and LP + L4
with respect to the inclusion in L! 4+ L*°). First we analyse in Section 3
the inclusion L' N L>° — E characterizing the r.i. spaces E in terms of the
associated fundamental function ¢ 5. Theorem 3.4 states that L' VL™ — E
is DSS if and only if

lim ¢p(t) = lim o) _

t —00 t

These conditions are also equivalent to L' N L>° — E being either strictly
singular or weakly compact. In the proof of these statements we make use of
the Dunford—Pettis property of L' N L>. This was obtained by Kalton [Ks],
during a visit to Madrid in the Spring of 1996, and it has also been proved
by Kaminska and Mastyto [KM]. In this section we also determine when the
canonical inclusion between a Lorentz space A(¢) and the Marcinkiewicz
space with the same fundamental function M (5) is weakly compact (Propo-
sition 3.1). This extends earlier results for the [0, 1] case given by Kuzin-
Aleksinskii [K-A].
In Section 4 we study the disjoint strict singularity of the inclusion

E «— L' + L* which is in general more complicated to determine; here the
functions til/px(o’oo) play a special role. It is proved that if E < L! + L™
is DSS then

I or(t)

im

t—0 t

= tlim ¢E(t) =0

and
sup Ht_l/px(l/n,n)HE =o0 foranyl <p< co.



Inclusions between rearrangement invariant spaces 211

In particular the inclusion between the order continuous weak LP-space L5
and L'+ L is not DSS. One of the main results of this section (Theorem 4.5)
gives a useful sufficient condition to be DSS: if an r.i. space E (different
from L' and L°°) has submultiplicative fundamental function, then E —
L' + L™ is DSS, except when E = LP* or E = L5 for some 1 < p < 00.
This result is obtained by carefully analyzing the inclusion of the associated
Marcinkiewicz space M(¢g) in L' + L™ (Lemma 4.4). As a consequence,
we deduce some sufficient conditions on intermediate spaces F between E
and L' + L for the inclusion operator E < F to be DSS (Corollaries 4.6
and 4.7). We also give a criterion for inclusions between Lorentz spaces
(Theorem 4.8): If lim¢_.0.o0 ¢(t)/¢(t) = 0 and ¢ is submultiplicative then
A(p) — A(2) is DSS.

2. Notations and previous results. Let us give some definitions and
notations. We consider the interval [0,00) and the Lebesgue measure .
The distribution function A, associated with a measurable function z on
[0,00) is defined by A;(s) = AM{t € [0,00) : |z(t)| > s}, and the decreasing
rearrangement function x* of x is

z*(t) = inf{s € [0,00) : A\;(s) < t}.

A Banach space E[0,00) = E of measurable functions defined on [0, 00) is
said to be a rearrangement invariant space (briefly r.i. space) if the following
conditions are satisfied:

(a) if y € E and |z(t)| < |y(t)| A-a.e. on [0,00) then x € F and |z||g <
1yl =,
(b) ify € E and A\; = Ay then x € E and ||z||g = ||ly||&-

It is well known that every r.i. space E satisfies the condition L' NL>®
E — L'+ L* where “—” means continuous inclusion. Recall that the
fundamental function ¢p of an r.i. space E is defined by ¢r(t) = ||xjo.4lE

with £ > 0. It is an increasing function and the associated function ¢g,
defined by ¢g(t) =t/¢g(t), is also increasing.

The Kothe dual E’" of an r.i. space E is formed by the measurable func-
tions = on [0, c0) such that

lz]le = sup § x(t)y(t)di < oo
YEBE |
where By is the unit ball of E. The space E’ is also an r.i. space and we
denote (E’)" by E”. We shall consider r.i. spaces which are either mazimal
(iie. E = E”) or minimal (i.e. E is the closed linear span of the simple
integrable functions in E”).
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We consider the Hardy-Littlewood—Pdlya semi-order “<”: If z,y €
L' + L™, we say that x < y if

¢ t
Sx*(s) ds < Sy*(s) ds for every t € [0,00).
0 0

If E is an r.i. space and z < y with y € E, then z € E and |z||g < ||y|le
(cf. [LTy, p. 125]).

An r.i. space E has the Fatou property if for any increasing positive
sequence (z,)52; in E with sup,, ||z,||z < oo we have sup, z, € E and
llsup,, zn||e = sup,, ||zn||r. The Kothe dual E’ has the Fatou property.
Given r.i. spaces Fy and FEs, we consider the sum space E; + E5 with the
norm ||$||E1+E2 = lnf{HleEl + ||x2||E2 rx=1x1+ 22, 11 € By, mp € E2}a
and the intersection space FE; N Ey with the norm |z|g,ne, =
max(||z||z,, [|[z] &, ). Both are r.i. spaces with fundamental functions ¢ g, 1 g,
= min(¢g,, ¢p,) and ¢p,nE, = max(¢g,,¢p,). If B = L' and Ey = L™

then
1

leller e =@y de = sup (o).
0 ANE)=1f
Important examples of r.i. spaces are the Orlicz, Lorentz and Marcinkie-
wicz spaces:
If ¢ is a positive convex function on [0,00) with ¢(0) = 0, the Orlicz
space L¥ consists of all measurable functions x on [0, 00) for which

2l e :inf{s >0: ?4@) dt < 1} < 0.

0

If1<p<ooand 1< q< oo, the classical Lorentz space LP? consists
of all measurable functions x defined on [0, c0) such that

0 1 dt 1/q

felha = ( @701 %F) " <0 g <o,
0

and

|]lp,00 = sup{t!/Pa*(t)} < oo.
t>0

We shall denote by L™ the order continuous part of LP>°.

Let @ be the class of all increasing concave functions ¢ on [0, 00) with
#(0) = 0. If ¢ € @ the Lorentz space A(¢p) consists of all measurable functions
x defined on [0, c0) such that

[ee)

lzll aee) = S x*(t) do(t) < oo.
0
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The Marcinkiewicz space M (¢) consists of all measurable functions = defined
on [0, 00) for which

x
|\xHM(¢) =sup L—"— < o0.
t>0

Given ¢, the spaces A(¢) and M (5) are respectively the smallest and
the biggest r.i. space having the same fundamental function ¢ (cf. [KPS,
Theorems 5.5 and 5.7]]):

THEOREM 2.1. FEwvery r.i. space E with fundamental function ¢ satisfies
A(¢) — E — M().

Given ¢ € @, we will consider the subspace My(¢) of M(¢) consisting of
all functions z € M(¢) such that

1

tllg’loo ) (S)x (s)ds = 0.

It is clear that if My(¢) # {0}, then the function ¢ must satisfy
o) _
lim == = Jlim ¢(t) = oo.

Conversely, it is well known that under both conditions and

lim ¢(1) =
the space My(¢) is a separable closed subspace of M(¢) and (My(¢))* =
A(¢) (cf. [KPS, Theorem I1.5.4]). The function ¢ is the fundamental function

of the space My(¢). Recall also that if lim;_. ¢(t) = 0 and lim;_,» ¢(t) = 00
then the Lorentz space A(¢) is separable and (A(¢))* = M (¢). In general

given an increasing function ¢, since the function ¢ is quasiconcave, there
exists a concave function ¢ such that ¢ < ¢ < 26 (cf. [BS], [KPS]).
For other properties of r.i. spaces we refer to [BS], [KPS], [LT3].

3. The inclusion L! N L™ < E. In this section we characterize when
the inclusion L' N L™ «— E is DSS. We will use the following

PROPOSITION 3.1. Let ¢ € . The inclusion operator A(¢) — M(@) is
weakly compact if and only if the following conditions hold:

0 i £ = i 000 =
and
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Proof. First assume that (1) and (2) hold. If j denotes the inclusion
operator, we have, by Theorem 2.1, j : A(¢) — My(¢) — M (¢). Hence the

adjoint operator j* acts from (My(¢))* = A(¢) into (A(¢))* and then j**
transforms (A(¢))** into M(¢). Thus, by a theorem of Gantmacher (see e.g.
[PR, p. 250]) we conclude that j is weakly compact.

Conversely, if any of the conditions in (1) or (2) fails, then the inclusion
operator A(¢) < M(¢) is not weakly compact since then it cannot be
factorized through any reflexive space. Indeed, consider the space H of all
functions xz(t) = >, TrxX[k—1,k) With zx — 0. It is easy to check that if

lim; o0 ¢(t) < 0o then

[zl ace) = 2l 15 = Sup |z
and if limy_, o, ¢(¢)/t > 0 then

lellaes) ~ llzll gy ~ 3 lea]
k

on the subspace H.
Consider now the space V' of all functions z € L* with supp(z) C [0, 1].
On V, if lim; ¢ ¢(t) > 0 then

2llae = I2]03) ~ Izl
and if lim;_,g ¢(t)/t < oo then
[zl ace) = 2l pr(g) = lzllr. =

PROPOSITION 3.2. Given ¢ € @, there exists a reflexive r.i. space E
with fundamental function ¢ = ¢ if and only if the function ¢ satisfies
conditions (1) and (2).

Proof. The necessity part follows directly from Proposition 3.1 and The-
orem 2.1. Conversely, under conditions (1) and (2), the inclusion operator

Alp) — M (5) is weakly compact. Consider the real interpolation space
E = (A(¢),M(¢))o,p for 0 <0 <1 and 1 < p < co. Then, using [B, Propo-
sition I1.3.1] we deduce that F is a reflexive r.i. space, and it is clear that

its fundamental function ¢ is equal to ¢. =

The above statements extend previous results for r.i. spaces on [0, 1]
given by Kuzin-Aleksinskii [K-A].

The following lemma will also be useful in order to characterize when
the inclusion operator L' N L> — E is DSS.

LEMMA 3.3. If ¢ € @ satisfies condition (2) then there exists a function
Y € & such that ¢ satisfies conditions (1) and (2), and
| ¢/ (t)y'(t) dt < oo

0
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Proof. This can be deduced from [P, Theorem 5]. We also give a self-
contained alternative short proof provided by the referee. Using condition
(2) we have

t
lim ¢()<tg@o%§¢’(s)ds:t£@o@ =0.

t—oo

Choose a strictly increasing unbounded sequence (a,,)52; which satisfies
a1 = 1
An+1 > 2an —Qp—1 and d)/(an) < 1/”

Also, choose a strictly decreasing sequence (b,)22 in (0, 1] such that

¢(bn) - 2in¢(1>
(so in particular by = 1). Now we consider the function f : (0,00) — (0, 00)
defined by

f Z n+ 1 X(bn+lvb ] + Z G il — Gp X(an,an+1]

and the functlon

It is easy to verify that 1 has all the required properties. m

THEOREM 3.4. Let E be an r.i. space. The following conditions are
equivalent:

(i) The inclusion operator L' N L>° — E is DSS.
(ii) The inclusion operator L' N L™ — E is strictly singular.
(iii) The inclusion operator L' N L>° — E is weakly compact.

Proof. (i)=(iv). Suppose that lim; .o ¢5(t) = ¢ > 0. Then
|2l > lim 2" x(0,4ll& > lim 2% ()¢5 (t) = ¢zl

for every € E. If V is the subspace of functions = € L* with supp(z) C
[0,1] then ||z|1 < [|z||x for z € V. Hence ||z||pinp~ = ||#|/co. Thus
lzllLinL~ < ¢ Y|z||g for z € V. Since the converse inequality always holds,
we deduce that the norms || - ||p1np~ and || - || g are equivalent on V, so the
inclusion L' N L>® — E is not DSS.

Suppose now that lim;_,o, ¢g(t)/t = b > 0. Then ¢g(t) > bt for every
t > 0. Hence ¢ (t) < 1/b. Therefore, using Theorem 2.1, we have

lelle > el 5, = bllell
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for every x € E. Now, if H is the subspace of functions z =, TEX[k—1,k)
then
|zlle >0 |zx|
k

for every x € H. Hence

1

zllLinLee = Z |zx| < EHCUHE
k

for every x € H. As the converse inequality also holds, we conclude that the
inclusion L! N L™ < E is not DSS.

(iv)=>(iii). Let ¢ be the least concave majorant function of ¢. Then,
by Lemma 3.3, there exists ¢ € ¢ which satisfies (1) and (2) and

(3) | O () (t) dt < oo.
0
From (3) we deduce the inclusion M (v)) < A(¢g). Now, if we denote by
1) the least concave majorant function of v, then A(v) — M (¢). Thus, we
have got the factorization
LN LY — A(W) — M(¥) — A(¢p) — E.

Now, by Proposition 3.1, the inclusion A(v)) < M (v), and hence L' N
L — FE| is weakly compact.

(iii)=-(ii) follows from the Dunford-Pettis property of L' N L> ([Ka],
[KM]), and (ii)=-(i) is trivial. =

REMARK. A characterization of when the inclusion L' N L>® — E is
strictly singular has also been obtained very recently by Cobos, Manzano,

Martinez and Matos in [CMMM, Theorem 3.4] using a different technique
based on qualitative interpolation methods.

Reasoning as in the above implication (iv)=-(iii) we get the following

COROLLARY 3.5. Given an r.i. space E, there exists a reflexive r.i. space
F such that F — E if and only if the condition (iv) is satisfied.

Using duality arguments and the equality ¢ g (t)¢g (t) = t we also deduce
the following

COROLLARY 3.6. Given an r.i. space E, there exists a reflexive r.i. space
F such that E — F if and only if the condition (1) is satisfied.

The above corollaries for r.i. spaces on [0, 1] were given in [K-A] and [N4].

4. The inclusion E «— L' + L. In this section we study when the
inclusion £ — L' + L is DSS. First we give some necessary conditions.
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THEOREM 4.1. Let E be an r.i. space. If the inclusion operator E —
L'+ L™ is DSS, then:

(i) limy—o ¢ (t)/t = limy_o dE(t) = co.

(ii) t_l/px(o,oo) ¢ F for any 1 < p < o0.

Proof. (i) First suppose that lim;_o ¢g(t)/t < oo. If we consider the
sequence ()52 = (2"x(2-n 2-n+11)52, the norms of E and L' + L> are
equivalent on the subspace [(2,)5% ], which is isomorphic to ¢;. Indeed,
since ||z, ||g = 2"¢r(27") < M for some M < oo and every n € N, we have

; |an’ = H ;anﬂjn LiqLoo < H ;anfnnHE < M; |an’

for every scalar sequence (a,,)2 ;.

If limy o ¢E(t) = A < oo, then the sequence (X[n—1,n))pe; in £ and
L' 4 L is equivalent to the canonical basis of ¢ since

LiyLes < H ZanX[n—l,n)
n

for every scalar sequence (a, )22 ;.
(ii) Suppose now that there exists 1 < p < oo such that t_l/px(gyoo) e k.
Let (x,)52, be a sequence of disjointly supported functions in F such that

x, and t~1/P X(0,00) are equimeasurable for every n € N. Then the functions

sup |an| = H ZanX[n—l,n) < Asup |ay|
n n E n

>, an®y, and |la||t~Y PX(0,00) are equimeasurable for every scalar sequence
a = (an)22 ;. Therefore

-1
I ool e=laly = | D, < [ Sanan,

= [1t="x(0,00) | Ellall

for every scalar sequence a = (a,)5e,. So (,)o2; is equivalent in £ and
L' + L to the canonical basis of £,. =

From the above theorem we see that the inclusion LP*>* «— L' 4 L is
not DSS for any 1 < p < oo.

We turn to showing that the above conditions (i) and (ii) are not in
general sufficient for £ < L' 4+ L> to be DSS:

PROPOSITION 4.2. Let 1 < p < o0 and (x,)52, be a disjointly supported
sequence of functions in LP*>° with ||z, ||pcc < 1 for everyn € N. Let (£,,)5% 4

be a sequence in [0,1] with ) e, < oo and c be a positive constant such
that

(4) S:E;"L(t) dt > ert=4/r
0
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for every n € N and every T € [en, 1]. Then there exists a constant M > 0
such that

1
6)  gpllaly < || Y anwn
n

<[ Yawea| =wm
LigLee — H —~ AnTn oo —= HaHP

for every a = (an)22; € ¢p.

Tn

Proof. Since ||z]|p14 p = supypy—1 § |2(t)| dt, we have
L1+LO° - SuP Z |an| S

| 2 ana]
n Z’IL T‘,Lil

Choose ng € N such that 3 ¢, < 1/2. Then, by (4), we have

H§ ann >c  osup Y an|m P
n

L'+ Lo Tn>€En

>c sup Z || /P
o 1y M
oo
=ol/p—1, sup Z |an]7'71_1/p
s P
oo
— 21/1)716( Z ’an‘p>1/p.

As || >, antnl|lLi4 e > csup, |a,| we obtain the first inequality of (5).
The second inequality of (5) is obvious. Finally, since LP*° satisfies an
upper p-estimate (cf. [CD1]), we obtain the third inequality of (5). m

COROLLARY 4.3. The inclusion LE™ — L' + L> is not DSS for any
1 <p<oo.

Proof. For a sequence (,)22; as in Proposition 4.2 we just consider a
disjointly supported sequence of functions (x,,)52; in L™ such that

P ifo<t<e,,
W)= 1P ife, <t <1,
0 ift>1. =
REMARK. The above corollary shows that in general the conditions (i)
and (ii) of Theorem 4.1 are not sufficient for E < L' + L> to be DSS. It
also shows that the condition (ii) can be replaced, using the Fatou property
of E”, by the sharper one:

sup Ht_l/px(l/n,n)HE =o0 forany 1l <p< co.
n
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We shall give some sufficient conditions for E — L! 4+ L*> to be DSS.
A very strong sufficient condition is that 1/¢g € LP for some 1 < p < 00
since in this case we have the inclusion M (QZE) — LP. One of the main
results of this section (Theorem 4.5) gives a milder sufficient condition for
E — L'+ L™ to be DSS. First we analyze the case of Marcinkiewicz spaces.

Let ¢ € @ and assume that M(¢) — L' + L* is not DSS. Then there
exist a disjointly supported sequence of functions (x,)22, C M(¢) and a
constant D > 0 such that

(6) H Zn:anxn ) < DH Zn:anxn

for every scalar sequence (a,) ;. Define

L'+ Lo

for n € N and 7 > 0. We may assume without loss of generality that
¢on(1) =1 for every n € N. Under this hypothesis we have the following

LEMMA 4.4. There ezists an increasing sequence (ny)72 ; of integers such

that
N, 1
S0<k> = Do (k)

for every k € N and every n > ny, where D is the constant in (6).

Proof. The inequality (6) implies

A\ (t)dt
sup Z”’a‘so zn(t) <D sup Z\an” (t)dt

Tn >0 P32, ™) >0
Zn‘r"il
5, loulga(ra)
Qp |Pn\Tn
sup =t————-—- <D sup On |Pn T
S S ) sup zﬂ:\ nlen(Tn)
7LT"_1
or
anls
(7) sup 2| n’ " <D sup Z|6Ln|8n.

5220 O3, o (s0)) 20
S en (sn)=1

Now, each ¢, is concave, therefore ! is convex and the set
A={t)a CR:D 0 () <1}
n

is convex. Denote by ¢;; the modular (or Musielak-Orlicz) sequence space
generated by the sequence (¢, 1) ; (cf. [W], [LT;]). Then A is the unit ball
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of £ps. The inequality (7) implies that

lanls
sup —2=n 5 o,

5020 P2y, o (sn)) —

Therefore

Sn
sup anl —~ <D
lalley, <1 Z > om (5m))

for each (s,)02; with s,, > 0 for every n € N. Since ¢;; is maximal we
obtain

IGee). L, <2
P om (Sm)) / n=1lley,
and then .
on A.
<D¢<zm eo;#(sm»)nl ©
Hence

2 <D¢ = <sm>>> =t

Given k£ € N and a set I C N with |I| = k, we consider the sequence
($n)0%, defined by
. - { 1 ifnel,

0 ifnégl.
Using the assumption ¢, (1) = 1 for every n € N we get

S e pam) <1

e (o)~ 1
o(F)

Consequently, there exists a sequence (ng )32 ne; as in the statement. m

This means that

< k.

Now we are able to formulate a converse of Proposition 4.2.

THEOREM 4.5. Let E be an r.i. space, different from L' and L, with
submultiplicative fundamental function. If the inclusion operator E —
L' + L™ is not DSS, then E = LP>*° or E = LE'™ for some 1 < p < co.

Proof. There exist a sequence of disjointly supported functions (x,)5
C E and a constant D > 0 such that

[Son, =0 S
n n

Li4Lo°
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for every scalar sequence (a,,)5% ;. Now, by Theorem 2.1, we have

H En:an:nn‘ M($5) = DH zn:a”x”

We can assume that (z,,)%; is normalized in L' 4+ L® and ¢ is concave.

Li+L>

Using Lemma 4.4 and the concavity of a £ we get
1
pn(T) > ——=——"—
for every k € N, 7 € [1/k,1] and n > ny. Indeed, suppose that ¢, (1) <

1/(2D¢g(1/7)) for some k € N, 7 € [1/k, 1] and n > ny. Then there exists
m € N such that 7 € (1/2™,1/2m71]. If 1/k < 1/2™ then

m 1 1
en(1/27) < L —
which contradicts Lemma 4.4. The other case is analogous.
Now, by the submultiplicativity of ¢g there exists C' > 0 such that

Gults) = 50p(1dE(s)

for every t,s > 0. Hence ¢p(1/7) < Chp(1)/dr(r) for every 7 > 0 and
1 ~
(8) on(T) = m@ﬂ(ﬂ

for every k € N, 7 € [1/k, 1] and n > ny. Therefore, given j € N, we have

| o, e #n(r/5)

> sup HzanM(qZE) > sup sup
nel

\1]=j 1]=j 1=j0<r<i  ¢p(T)
= Ssup sup Zne[ Spn(T/]) 1 sup j@E(T/j).
0<7<j |I|=5 op(7) 2OD¢E( ) o<r<j ¢p(T)

Now, since ||xn||M((;E) < D for every n € N, we have ¢, (1) < Dog(7)
for every n € N and 7 > 0. If |I| = j then

H ;xn‘ = sup Zg@n(Tn)

L4 Lo >

< s 3 Dér(r) DJEEEG).

Znel Tn= TLEI

Comparing the last two inequalities we get

1 (0l g, (1)
2CD¢p(1) 02223’ 5 (T) = bor J
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for every j € N. Consequently,
bp(ts) < C1on(t)dn(s)
for every t,s > 0 such that ts < 1 where C; = 4CD2¢g(1).
Therefore

égE(t)gg;(s) < gAé/E(ts) < ClgE(t)aE(S)

for every 0 < t, s < 1. Now, using the well known fact that the only functions
which satisfy such an equivalence are those which are equivalent to powers,
and that ¢ is an increasing concave function on [0, 1], we deduce that there
exist Co > 1 and « € [0, 1] such that

1
% < p(t) < Cot®

Cy
for every t € [0,1]. If ¢ > 1 and 0 < s < 1/¢, then
Onlts) <Ipt)<C ¢E(t8)
C1p(s) 5 (s)

and
t* < ¢p(t) < CC2 t°

C,C3
for every ¢t > 0. If @ = 0 then E = L! and if o = 1 then E = L, which are
excluded. Now, there exist 1 < p < oo and C3 > 1 such that

1
—t'/7 < ¢p(t) < Cst'/?
Cs

for every t > 0. The right inequality and Theorem 2.1 imply that £ < LP>*°.
Let us now study the converse inclusion. By (8), there exist a constant
C4 > 0 and a sequence (r,)%2 ; such that

for every n € N and 7 € [1/2", 1]. This means that
Ca(1 = 1/p) min(t /7, 2"P)x 10 1y < 2y,

for every n € N. Since the functions (z,)52; are disjointly supported, for
every ¢ > 0 and j € N there exist I C N with |/| = j such that

J

1—1/pz — i+ 1) PX i 14eq (t <sz

i=1 i€l
Applying now [LT5, Proposition 2.a.8] and Proposition 4.2 we get

<[ X
E - E
el

< Cs5Y/P

J
Cy(1 - 1/P)H Z(t —i+ 1)_1/pX[i—1+s,i]
i=1
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for some constant Cs > 0 which does not depend on e. Since E” has the
Fatou property, letting ¢ tend to 0 we obtain

< Csjl/?.
E//

J
Cy(1 - 1/10)H Z(t — i+ 1) X
i=1

Now, since the functions

J
P Z(t —i+ 1) YPya 1y and Y Px o
i=1

are equimeasurable, we have
1t Px 0.l < Cs5[Ca(1 = 1/p)] "

Using the Fatou property again, we get til/px(o,oo) € E”. Hence LP*° — E"
and consequently E” = LP-*°. Finally, if F is maximal then E = L?*°, and
if F is minimal then E = L5™.

EXAMPLES. (i) The inclusion LP>° N L%%° «— L' 4 [ is DSS for 1 <
p#q < oo.

(ii) If ¢ is a submultiplicative Orlicz function then the inclusion L¥ —
L' + L™ is DSS except when L¥ = L',

REMARK. The submultiplicativity of ¢ g is essential in Theorem 4.5: the
inclusion operator L? + L9 — L1 + L> is not DSS for 1 < p < ¢ < oo (cf.
[GHR]).

When considering interpolation spaces obtained by methods of genus s,
(e.g. the real and complex interpolation methods) we have the following

COROLLARY 4.6. Let E be an r.i. space with submultiplicative funda-
mental function and E # L', L>, LP>° L8> with 1 < p < co. If F is an
interpolation space between E and L' + L* obtained by an interpolation
method of genus s,, then the inclusion operator E — F is DSS.

Proof. This follows from Theorem 4.5 and [GHR, Theorem 3.4].
COROLLARY 4.7. Let E be an r.i. space with submultiplicative funda-

mental function and E # L', L%, LP>° LE> with 1 < p < co. If F is an
intermediate Banach space between E and L' + L™ such that

—6
lz]|r < CHxH%HxH},H—Lw

for some 0 < 8 <1 and C > 0 and for every x € E, then the inclusion
operator E — F is DSS.

Proof. This follows from Corollary 4.6 and [BL, Theorem 3.5.2(b)]. m

Finally we give some applications to Lorentz spaces A(¢). For classical
Lorentz spaces LP'9, the inclusion operator LP? — LP% is DSS with 1 <
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p<ooand 1< g < q < oo. This follows easily from Proposition 2.3 and
Lemma 2.1 of [CDa].

THEOREM 4.8. Let ¢, ¢ € @ with ¢ < C¢ for some constant C > 0. If

9) lim 40} =0

=% 5(0)
and ¢ is a submultiplicative function, then the inclusion operator A(¢) —

A() is DSS.

Proof. Suppose that A(¢) — A(y) is not DSS. Then we can find a
subspace S C A(¢) generated by a sequence of disjointly supported functions
and ¢ > 0 such that ||z 4y > c for every z € S with ||z(/¢) = 1. By (9),
there exists 0 < § < 1 depending only on ¢, ¥ and c¢ such that

| owOuds+ | wa(s)ds< 3.
Az (8)<6 Az (8)>1/6

Hence

| v0e(s)ds >

5<Aa(s)<1/6

N O

and therefore

1
1,[)(5))\{8 €[0,00) : 6 < Ao(s) < 1/6} > %
Consequently,
c
x* (o
)= 2507
This implies that
1 5 o5
Tl pippee = \x*(t)dt > \ 2™ (t) dt > 6™ (0) > ————.

This means that the inclusion operator A(¢) < L' 4+ L* is not DSS. Now,
by Theorem 4.5, A(¢) = LP>° or A(¢) = L§™ for some 1 < p < oo, but
this is a contradiction. m

REMARK. In general the submultiplicativity of ¢ in Theorem 4.8 cannot
be removed as the following example shows:

Let 1 <7 <p<q<s< oo If ¢(t) = min(t"/? t1/9) and (t) =
min(£/7, /%) then lim; ¢ o 1(t)/¢(t) = 0 and the inclusion operator A(¢)
— A(%)) is not DSS. Indeed, til/lx(o’oo) € A(¢) for p <1 < g, so the inclu-
sion A(¢) — L' + L°°, and hence the inclusion A(¢) — A(¢), is not DSS.
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