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On the Hermite expansions of functions
from the Hardy class

by

RAHUL GARG and SUNDARAM THANGAVELU (Bangalore)

Abstract. Considering functions f on R™ for which both f and f are bounded by
the Gaussian e~ 2 ,0 < a < 1, we show that their Fourier—Hermite coefficients have
exponential decay. Optimal decay is obtained for O(n)-finite functions, thus extending a

one-dimensional result of Vemuri.

alz|?

1. Introduction. Consider the normalised Hermite functions @,
a € N* on R™ which are eigenfunctions of the Hermite operator H =
—A + |z|* with eigenvalues 2|a| + n. They form an orthonormal basis for
L?(R") so that every f € L?(R") has the expansion

f= Z (f,@a)@a.
aEeNn
When the Hermite coefficients of f have exponential decay, say |(f, @a)| <
Ce~Clel+n)t for some t > 0, then by Mehler’s formula (see [Th]) it can be
easily shown that f satisfies the estimate

F(@)] < Cemh Ol

As @, are also eigenfunctions of the Fourier transform with eigenvalues
(—i)lol it follows that |(f, P)| < Ce~ @+t and hence f also satisfies the
same estimate as f.

However, it is possible to prove better estimates for f and f . The assump-
tion on (f,®,) together with the asymptotic properties of holomorphically
extended Hermite functions lead us to the fact that f extends to C" as an
entire function and satisfies

|f(fL‘ + 2y)| < Cm(l + |$|2 + |y|2)—me—%tanh(25)|m|2+%coth(25)\y|2
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for every m € N and 0 < s < t, and a similar estimate holds for f as well.
Indeed, under the assumption on (f, ®,) the entire function f(z) belongs to
the Hermite Bergman space H(C"™) consisting of entire functions which are
square integrable with respect to the weight function

Us(x7y) — etanh(Qs)\x|2—coth(23)|y‘2

for every s < t and hence as shown in [RT] the functions f(z) and f(z) both
satisfy the above estimate.

Suppose we only know that f and f are bounded on R™ by the Gaussian
e~ 3 tanh (2012 We would like to know if these conditions in turn imply some
exponential decay of the Hermite coefficients of f. It will be so if we can

prove that f(z) satisfies
|f(.fC + Zy)‘Q < Ce tanh(2s)|z|?+coth(2s)|y|?

for some s > 0. Under the assumption on f and f it is clear, from the Fourier
inversion formula, that f extends to C" as an entire function which satisfies

’f(l' + zy)] < Ce% coth(2t)|y‘2.

But a priori it is not at all clear if f(x + iy) has any decay in x. In this
article we address the problem of estimating f on C".

This problem has connections with a classical theorem of Hardy [H]
proved in 1933 which says that a function f and its Fourier transform f
cannot both have arbitrary Gaussian decay. The precise statement is as

follows. For a function f € L'(R™), let
f&) =@n)™2 | fa)e "t do

Rn

be its Fourier transform. Suppose
[f@)] < Ce P f(€)] < CetF

for some positive constants a and b. Then f = 0 when ab > 1/4 and
flz) = Cel*” when ab = 1 /4. Moreover, there are infinitely many linearly
independent functions satisfying both conditions when ab < 1/4. Examples
of such functions are provided by the Hermite functions @,,.

Hardy’s theorem has received considerable attention over the last fifteen
years or so as can be seen from the large number of papers pertaining to the
theorem (see e.g. the monograph [Th3] and the references therein). However,
all the works so far have treated only the case ab > 1/4 in various set-ups.
The case ab < 1/4 did not receive any closer study until recently when
Vemuri [V] has looked at functions satisfying Hardy’s conditions with a =
b < 1/2. By a very clever use of the Bargmann transform he has proved the
following characterisation of such functions.
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THEOREM 1.1. Suppose f € L'(R) satisfies the conditions
@) < e, [f()] < Cemae

for some 0 < a < 1. Then the Fourier—Hermite coefficients of f satisfy
((f, ®1)| < C(2k + 1)~/ 4e= kD2 “yhere t is determined by the condition
a = tanh(2t).

Vemuri has considered functions of one variable only. A natural ques-
tion is whether a similar result is true for functions on R™. The proof
in [V], like many other proofs of Hardy-type theorems, depends on the
Phragmén—Lindel6f maximum principle which is essentially a theorem in
one complex variable. If we consider functions f which are tensor products
of one-dimensional functions, then an analogue of Theorem 1.1 follows eas-
ily. More generally, the arguments in [V] can be used to prove the following
result. We state the result in terms of the Hermite projection operators Py
which are defined by

Pef =) (f,%a)®a

la|=k
for any f € L?(R"). We refer to [Thi] for more about Hermite expansions.

THEOREM 1.2. Suppose |f(z)| < Ce= 2 gnd for any j = 1,....n,
| Fif(&)] < Ce= 29 where F;f is the partial Fourier transform of f in
any set of j variables. Then | Pyflla < C(2k + n)(=2)/4e=Ck+n)t/2 yyhere
a = tanh(2t).

There are strong reasons to believe that the result is true for all functions
satisfying the Hardy conditions. However, at present we do not know how
to prove this. Nevertheless, we have the following slightly weaker result.

THEOREM 1.3. Suppose f € L*(R™) satisfies the estimates
@) < cemxl P fa)] < CemaoleP

for some 0 < a < 1. Then ||Pyfl|la < C(2k +n)=D/2e=(2k+n)s/2 yyhere s s
determined by the condition tanh(2s) = a/2.

We prove this theorem in Section 4 by relating the Hermite projections
Py f with the Fourier—Wigner transform V' (f, f) and appealing to a version
of Hardy’s theorem for the Hankel transform. Since the Fourier transform
of a radial function reduces to a Hankel transform, the multi-dimensional
analogue of Theorem 1.1 can be shown to be true for all radial functions.
More generally, we can prove the same for all O(n)-finite functions in L?(R").
In other words, the multi-dimensional analogue of Theorem 1.1 remains true
for all functions whose restrictions to the unit sphere S”~! have only finitely
many terms in their spherical harmonic expansions.
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THEOREM 1.4. Suppose f € L'(R") satisfies the same conditions as
in the previous theorem. If we further assume that f is O(n)-finite, then

| Pifll2 < C(2k + n)=2/4e=CE+m)t/2 yhere o = tanh(2t).

We prove this theorem in Section 5 by studying a vector valued Barg-
mann transform. Let us define the Hardy class H(a), 0 < a < 1, as the set
of all functions f satisfying the Hardy conditions in Theorem 1.3. We are
interested in estimating the Hermite coefficients of f from H(a). This prob-
lem has been completely solved in the one-dimensional case by Vemuri [V].
In a work closely related to this article, Janssen and Eijndhoven [JE|] have
studied the growth of Hermite coefficients in one dimension. Here we treat
the higher dimensional case. It would also be interesting to find a precise
relation between the Hardy conditions and the membership in Hermite—
Bergman spaces Hy(C™).

2. Preliminaries. In this section we set up the notations and collect
relevant results about Hermite functions, Fourier—Wigner and Hankel trans-
forms. We closely follow the notations used in [Thl] and [E] and we refer to
the same for the proofs and any unexplained terminology. If we write the
Hermite expansion of f € L*(R") as f = > 7o Pxf, then the Plancherel
theorem reads || f|13 = Y52, | Pef 13-

The Fourier—Wigner transform of two functions f,g € L?(R") is a func-
tion on C" defined by

V(f,9)(x +iy) = (2m) 72 | @& 29 f(¢ 4 y) g (€) de.
Rn
We make use of the identity (see [Thl])
| V(1,00 (2) V(f2, 92)(2) dz = (f1, f2) (92, 91)
(Cn
for any fi, g; € L*(R™).

The special Hermite functions @,3 = V(®q,P) form an orthonormal

basis for L?(C™). We observe that

S PP = § VDG Y Paalz) d=
|oe|=k cn |oe|=k

If we let ¢} () stand for the Laguerre function L,(cn_l) (%\2\2)6*542 then

we know that
> Baalz) = 2m) "2 (z)
|a|=k

and therefore we get the useful relation

IP:fII5 = (2m) ™2 | V£, F)(2)0} " (2) da,
(Cn
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which will be used in Section 4. The same idea has been used in [JE] in the
study of the growth of Hermite coeflicients.

In Section 5 we will make use of a Hecke-Bochner type formula for the
Hermite projection operators. Recall first the Hecke-Bochner identity for
the Fourier transform on R"™. Let P be a harmonic polynomial which is
homogeneous of degree m, called a solid harmonic. If f is radial on R"
such that fP € L?(R"), then the Fourier transform of fP is again of the
same form, viz. ]?]\3 = FP where F is given by a Hankel transform of f.
A similar result is true for the Hermite projections. Let Li stand for Laguerre
polynomials of type § which are defined by the generating function identity

o

1147
g Lz(:r)e_%xrk =(1—r)0 e 2"
k=0

for |r| < 1, z > 0. Define

R =2 1y | SO0 ds

where the Laguerre functions w,‘i are defined by

12
Uils) = Li(s%)e™2".
With these notations we have (see [Thill Theorem 3.4.1, p. 82])
PROPOSITION 2.1. Let f € L?>(R") be such that f = gP where g is radial

and P is a solid harmonic of degree m. Then P;f = 0 unless j = 2k +m in
which case

Poimf(x) = R Hg)P(a)yp T (|a)).

The restrictions of solid harmonics to S™~! are called spherical harmon-
ics. Let {Y,; : 1 < j < dp, m € N} be an orthonormal basis for L?(S" 1)
consisting of spherical harmonics. Given f € L?(R"™) we have the expansion

0o dm
= Z mej(r)Ym w

m=0 j=1
where f,,; are the spherical harmonic coefficients of f defined by
fug(r) =\ ()Y (n) dn.
Sn—l
The above proposition leads to the formula

P2kf Z ZRn/QJer 1 7])Qpn/2+2m 1( ) 2mY2m7j(w)
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where fi, i (1) = 7™ f;(r). A similar formula can be written for Poyy 1 f as
well. The functions 1/}2 form an orthogonal system in L?(R*,r?*1dr) and
suitably normalised they form an orthonormal basis.

3. Bargmann transform and Hardy’s theorem. For the conve-
nience of the readers we briefly recall the argument used by Vemuri [V] in
proving Theorem 1.1. As we have already mentioned, we will be using vari-
ants of the same arguments, so it will help fixing the ideas. Recall that the
Bargmann transform B defined by

Bf(z) = /217 S f(ar)e*%mzez'x dx
RTL

for z € C" is an isometric isomorphism from L?(R™) onto the Fock space
consisting of the entire functions on C" that are square integrable with
respect to the Gaussian measure (47)~"/ 2e—3l2l" (see [B] and [Thd]). It
takes the Hermite functions @, to the monomials (o (2) = (2%aln™/?)~1/222,

~

Moreover, it has the interesting property that Bf(z) = Bf(—iz).

If f satisfies the Gaussian estimate f(z) = O(e_%“mQ) then from the
definition of B it follows that

|IBf(w)] < C(1+ a)*”/2 exp(w)

4
Whe(re ,u): %, w = u+iv and u? = Z?Zl u? etc. The relation Bf(z) =
Bf(—iz) then leads to
2 2
|Bf(w)] < C(1+a)™"/? exp(u—zlw)

0

When n = 1, taking w = re?? we get

_ (1 + (1 — ) sin? 6)r2
|Bf(w)] < C(1+a)"/? exp( 0 >

and

4

A Phragmén—Lindel6f argument then leads to the estimate

Bf(w)| < C(1+a)7/2 xp(“f)
If ¢; are the Taylor coefficients of Bf then Cauchy’s estimates lead to

lek| < C(1+ a)_1/2 exp<\2a r2>r_k
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and optimizing with respect to r we can get
k/2

e
lexl < C(1+a)™1/? <$> .

Since ¢, are related to the Hermite coefficients of f, we get a slightly weaker
form of Theorem 1.1. For the argument leading to Theorem 1.1 we refer
to [V]. In the n-dimensional case it is possible to use the same arguments
to prove Theorem 1.2 under the extra assumptions made in the hypothesis.
We leave the details to the reader.

4. Hardy’s theorem for the Hankel transform and a proof of
Theorem 1.3. For any 6 > —1/2 we define the Hankel transform Hg on
LY R*, r2%1dr) by

o0

Hif(r) = § 7(6) P 5204 s
0

where Js stands for the usual Bessel function. It is well known that Js has
the following power series expansion:

To(z) = <;>6 ki;o I(k+ 151:2: 5+ 1) <;> R

From this it is clear that J5(z)/2° extends to C as an even entire function. It
is also well known that Hj extends to L*(RT,729%1dr) as a unitary operator
and the inversion formula is given by

[e.e]

£y = | Hyf() 28 e g
)T

for all f for which Hsf is integrable with respect to s2*1ds. Moreover, it is
known that Hs) = (—1)*49. We will make use of this fact in what follows.

An analogue of Hardy’s theorem (i.e. the case ab > 1/4) is known for
the Hankel transform as well (see [Tu]). We now prove an analogue of The-
orem 1.1 for the Hankel transform.

THEOREM 4.1. Let f € LY(R*,r?%1dr) be such that both f and Hsf
satisfy the Hardy condition with a = tanh(2t). Then the Laguerre coefficients
of f satisfy the following estimate:

I(f, )] < C(1 4 a) % (4k + 20 +1)%e 2k,

The proof of this theorem is similar to that of Theorem 1.1 given in [V].
We just need to replace the Bargmann transform by another transform
adapted to the Hankel transform. We now proceed to define this transform
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which we denote by Us. For f € L2(R*, 721 dr) we let
st = 1 1) G A

0
for any w € C. We also have the Poisson integral representation of Bessel
functions Js, for every § > —1/2 (see [SW, Lemma 3.1, p. 153]) as

1
(w/ 2)6 i 2\0—1/2
Js(w) = s (] 2 ds.
W) = TG T 12012 Sle (1= y
With this representation of Js, an easy application of Morera’s theorem
shows that Usf extends to C as an even entire function of w. Moreover, the
generating function identity

i 7Li($) wh = ew(mw)_5/2J5(2(xw)1/2)
prt I'k+d+1)

satisfied by the Laguerre polynomials can be rewritten as
> _1)k2—2k

(
ZF(k—HSJrl)

k=0
In view of this we have

B (rw = 20w’ /4 W o3 (r2Hw?)
1w

k2 2k

Usf (w —2—52 T s e

This shows that the transformation Us takes the Laguerre functions 1/12
to constant multiples of the monomials w?*. We also have the relation
UsHys f(w) = Us f(—iw), which follows from the fact that Hsib) = (—1)F9.

The image of L2(R*,r?+1dr) under the transform Us is known to be a
weighted Bargmann space (see [C]). Indeed, if we let

25 ’11}2 20+1 ’U)2
=2 () ()

\V2 © " £\ 9-1/2
Ks(z)= (1) — & (eto12(14
(2) (2z> r+1/2) ge ! ( +2z> dt

then the image is precisely the Hilbert space of even entire functions that
are square integrable with respect to h(w)dw (see Cholewinski [C]). As h(w)
is radial it is clear that the w?* form an orthogonal system with respect to
h(w)dw. Moreover, it can be shown that (see [C])

| lw|*h(w) dw = 2" 202% Dk + 1) (k + 6 + 1).
C

where
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Thus, if we let
Co(w) = (=DFE@T2HE Pk £ 1) Dk + 6 + 1)) 2w

then the ¢;, form an orthonormal basis for the image of L?(R*,r20%1dr)

under U, and
s (2 it D) ) ) =

We can now proceed as in Vemuri [V] with Us playing the role of the
Bargmann transform to prove Theorem 4.1.

We now use Theorem 4.1 to prove Theorem 1.3. Let §s stand for the sym-
plectic Fourier transform defined for suitable functions on C" by §sF(z) =

§en F (w)e_%g(z'ﬁ) dw. We need the following estimate on the Fourier—Wigner
transform V' (f, f) when f and f satisfy the Hardy conditions.
PROPOSITION 4.2. Let f € L2(R") satisfy | f(z)| < Ce"* and |f(£)|
< Ce P for some C >0 and a > 0. Then |V (f, f)(2)] < Cpa~/2e 19l
and |FSV(f, f)(z)| < Cna_”/Qefi“MQ, where C,, > 0 depends only on C

and n.

Proof. By definition, for z = x + iy € C™,

V(f, F)(z) = 2m) 72 | @300 £ 4 y) 7€) de.

Rn
An easy calculation using Fourier inversion shows that

V(£ D) = V(£ iz).
From the definition it follows that |V (f, f)(2)| is bounded by

@m) ™ [ I+l [F©)de < C | emlervleeleh g,
RTL ]R'IL
The last integral is equal to

Cezalyl? S e 2alé+y/2° ¢ = C’na_"me_%a\ylz.
RTL

Replacing f by ]?, we also get
V(F. P2 < Cua™/em 2P,
And thus the relation V(f, f)(z) = V(f, F)(=iz) gives
V(£,)(z)] < Cpa™"/Ze 200,
Combining these two, we get

‘V(f, f)(z)] < Cna—n/Qe_%a|z|2.
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With the notation f(z) = f(—z), the above calculation together with the
relation §V (f, f)(z) = (4m)"V (f, f)(z) implies that

|33V(f> f)(z)‘ < Cn(l_n/Qe_iaLZP.
This completes the proof of the proposition. =

In view of the expression for the norm of Py in terms of the Laguerre
coefficients of V(f, f), in order to prove Theorem 1.3 we only need to prove
the following result.

THEOREM 4.3. Suppose f € LQ(Rn) is such that |V (f, f)(2)| < Ce’%aMQ
and [§sV (f, [)(2)] < Ce= 3% Then
‘ V VD) (2) dz’ < O(2k + n)" e~ Crim)s
(Cn

where s is determined by a/2 = tanh(2s).

Proof. As ¢~ 1(2) is radial, recalling the definition of 1/}2_1, the integral
we want to estimate reduces to 2" {° F(V2r)y H(r)r?»~1dr where

F(r)= | V(}.)(rw)dw,
§2n—1
which clearly satisfies the estimate |F'(r)| < Ce=5% If we can show that
the function G(r) = F(v/2r) satisfies the estimate |H,_1G(r)| < Ce 197",
then we can appeal to Theorem 4.1 to get the required estimate.
We now perform the following calculations:

| SV HV2rw)dw=0Cp | (ff)( ﬁrw>dw

SQ'rLfl 5‘2n L
O f N Jn—1(-=s
0 | V() do= | PO 1G5
S2n—1 o (725)
= 2”Cn S F(ﬁs) t]n;i”:sl) SQ?’L—I dS
B (rs)

C, g G(s In- ) 2"V ds = 2"Ch(Hp-1G)(r),
5 (rs
which proves our claim on H,,_;G(r). =

If we can improve the estimates in Proposition 4.2 to |V (f, f)(z)] <
Ce= 3" and ISV (f, f)2)] < Ce~ 3" then we could prove Theorem 4.3
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with tanh(2s) = a. In fact, one needs only

‘ S V(f, f)rw)dw SCe*%‘”"

S2n—1

and a similar estimate for FV'(f, f) which is good enough to improve Theo-
rem 1.3. But there are some limitations on the decay of the Fourier—Wigner
transform due to the uncertainty principle proved in [G]. The following ex-
ample shows that improving the estimates in Proposition 4.2 is not always
possible, which means that the proof via the Fourier—Wigner transform is
not robust enough to lead to Theorem 1.3.

EXAMPLE 4.4. Let a = 1/v/2 and consider the function f € L?(R?)
defined by

(w1, 22) = e~ 5 (xi+ad+2iziza)

An easy calculation (using a = 5-) shows that

~ _ V2 — L (&2+4n2—2ikn) _ — 5 (&2+n*—2i&n)
F(&m) ¢ 2me
a

and with z = (z1 + 1y1, x2 + iy2)

VD) = 5

From the above expression for V(f, f), it is clear that the estimate

V(£ )(z)| < CemilE

e 2 ‘ |2€2 (x1y2+x2y1)_

is not valid.
For any 0 < b < 1/2, set

={w = (w1, w2, ws3,wyq) € S3 | wiwg > b, wows > 0}.

Clearly, Ry is a subset of S? of positive measure. Let us denote its measure
by |Rp|. Then

1 a
S V(f, f)rw)do = —e 5" S e (@iwstwaws) g,
g3 2(1 e
> ie—%'rQ S 6%7”2(W1W4+wgw3) dw
— 2a
Ry
Z 1 |Rb|e_§T e;’ r2 _ \Rb|€_zr 62(17 a/2)r

Since a = 1/4/2, one can choose 0 < b < 1/2 such that b —a/2 > 0.
Therefore, §¢; V(f, f)(rw) dw cannot be bounded by e
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However, we can show that || Py f||2 has the required decay. Indeed, for
any 0 < r < 1, we have

S rFIPIE = m 7 [ VNG (Y rek(z))dz
k=0 k=0

(CQ

and hence using the generating function identity

Ltz |52
T

© 1
S rReh(z) = (1) 24T
k=0

and the explicit expression for V' (f, f) we can calculate that

= 8ra(l —r)~2
| Pufl3 = -
27 A = G ) (o B )

Writing p = % and simplifying, we obtain
o0 27_[_ o
k 2 k,.2k
P, = .
SR = 223 i
k=0 k=0

Comparing the coefficients of r* we see that Py 1f = 0 and || Py f]|3
= 12%& p¥. which is the expected decay.

5. A vector-valued Bargmann transform and a proof of Theo-
rem 1.4. In order to prove Theorem 1.4 we need to study a vector-valued
Bargmann transform. For functions f from L?(R™) consider

2

Bf('z?w) = 7.‘.—71/26—%2 S f(gp) 6_%|$|262$'w dz

R”

where z € C and w € S" . We think of Bf as an entire function of one
complex variable taking values in the vector space L?(S™!). As before,

one can easily verify that Bf(z,w) = Bf(—iz,w). We consider functions
satisfying the conditions

(51) (] 1emPan)” < oo,
Snfl
(52) (] 1Fsmizan)” < ces

for some a > 0. The basic estimates on the Bargmann transforms of such
functions are given below.
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PROPOSITION 5.1. Let f € L?>(R") be such that (5.1) and (5.2) are valid
for some a > 0. Then for every z =u+iv € C,

| 1Bf(z,0)P do < C(1+a)™ exp<02+“u2>7

Sn—1 2
2 u? + pv?
| 1Bf(zw)? dw < C(1+a) " exp( —5— ),
Sn—1 2
where p = 1;3 as before.

Proof. For z € C and w € S" 1

Bf(z,w) :77‘_"/2@_%2’2 S f(z)e” 2\x| 2TW o
R

_ W—n/Qe—%ZQ S ( S f 87’] sznwdn> 25 n— 1d8
0 Sn—1
Thus we get the estimate

|Bf<z,w>\sﬂ*”/2\e*?|§|Tszf< e~ 2% 5" ds
0
where

Toof(w)= | fsn)e*" dn.
Sn—1
If we write z = u + iv, then
T f@) < § [f(smes ™ dn
Sn—l
and consequently,

/
| imes@Pa) < (F enPan)” | ey
Sn—1 gn—1 gn—1
2 Jnj1(isu)
(isu)n/2—=1 "~

Notice that (§g. 1 |Bf(2z,w)[?dw)!/? is bounded by

A (] ([ g e tas) aw)
Sn—1 0

<C e 2

L2 02y b 9 1/2 1. 1
< ema(w ) S ( S |Ts. f(w)] dw) e 2% s" ds
0 Sn—1
where the last inequality is achieved using Minkowski’s integral inequality.
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Now, using the above estimates, we get

< S |Bf(z,w)\2dw) 2 < Cem 1w —v?) S e—%(H&)ﬁL(Z;Q? 1 g
gn-1 0 (isu)n/2=
C o u2 — 1)2 o u2
(1+a)/? P 4 Pl21+a)

oxc v? + uuQ
1+an2 P\ 1

where the second last equality is obtained using the fact that the Hankel
1
transform of the Gaussian e™2" is the Gaussian e~2"" itself (see the proof
of Theorem 1.1.2 in [Th3]). Replacing f by f and using the fact that
Bf(z,w) = (2m)"?Bf(—iz,w), we also get
1/2 C u? + pv?
2
() e s o)

Hence the proposition is proved. =

THEOREM 5.2. For a function f on R™ satisfying the conditions (5.1)
and (5.2) let Bf (z,w) = Y oo di(w)zF be the Taylor series expansion of the
Bargmann transform. Then

B k71/2

s (k+1

Proof. The proof of this theorem can be reduced to the scalar-valued case
treated in [V]. Indeed, for any normalised g € L?(S™~!) the scalar-valued
function

Fyz)= | Bf(zw)gw)dw
Snfl

is an entire function satisfying the estimates stated in Proposition 5.1. The
arguments in [V] lead to estimates for the integral

S di(w)g(w) dw.
Sn—l

Taking the supremum over all such g we get the required estimates. =

In order to apply the above estimates to prove Theorem 1.4 we need
the following result which shows that the L2(S™~!) norms of dj(w) can
be expressed in terms of Laguerre coefficients of the spherical harmonic
components of f restricted to the unit sphere.
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THEOREM 5.3. For f € L*(R"), if Bf(z,w) = > reodi(w)2” is the
Taylor series expansion, then for all k > 1,

k d 242 1
2m f2m,j7¢n/ m— )|2

) Iz (@) dw =2 4k+2zz T(n/2+k+m)2’

Sn—1 m=0 j=1
k  dom+1 f n/2+2m 2
2m—+1,5 7w )’
| ldopir ()P dw =271 Z .
Sn—1 m=0 j=1 n/2+k+ +1))

Proof. Tt is known ([He, Lemma 3.6, p. 25]) that for every 21, 22 € C,

24+m—1 (2122)
zzlzgnw — 27T n/2 Z Z -m TL/ m— n/2 il ij(n)YmJ(W)7
m=0 j=1 ZIZ2

which in particular implies that

94m_1(—isz)
eSANW 27r n/2 Z Z T n/ Zi:Z /a1 ij(U)ij(W)

m=0 j=1
and thus
szn-w n m n 24+m— 1( ZSZ)
S f(sn)e®*"“ dn = (27) /QZZZ fmj(s /2% o] Y (w).
2 (=is2)"
Now,
Bf(zw) = n"2e71% | fla)em2l e dn
Rn
:W_"/Qe_%ZQS S f(sn)e_%‘g?eszn‘“’s”_l dnds
0 gn—1
n/2 f—z X Jn/2+m—1(_isz) 12 g
=92 ZZ Sfm] (—isz)”/Q—l e 2° 8§ ds ij(w)
m=0 j=1 0
0o dm
=223 U fong) (—2) Yo ()
m=0 j=1
0o dm
=223 Y 2" Unfmg) (2)Yimj ()
m=0 j=1

where for simplicity we have written Uy, in place of Uy /o4 m—1-

If we write the power series expansion of Uy, fy,; as

mfm] Zbk m,jz
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then, as we saw in Section 4,

—(n/24m—1 (—1)k2—2* n/2+m—1
bioms = 2 ) ey Ui frrmt,
Now, dj(w) = 55 S,y sz(ﬂ “) 12 implies that
k dom
dor(w) = 2" (= 1)1 "N " (b mizm ) Yom j (@),
m=0 j=1
which implies
k dom
S |d2k | dw—2nZZ|bk m2m7j|
Sn—1 m=0 j=1

and therefore
k dom 242 1
2 f2m,]a 1/1”/ " )|2

| M@ de =272 YY)

gn—1 m=0 j=1

E ' 7] ? Q]Z)n/ m) |

f2m+l
d dw = 274 ,
S§1’%+ﬂ )| dw = 2;);; IF(n/2+k+m+1))2

which completes the proof of the theorem. m

Combining Theorems 5.2 and 5.3 we can prove Theorem 1.4. To see this,
we first observe that the Hecke-Bochner formula for the Hermite projections
leads to

PROPOSITION 5.4.

| Por f113
k  dom n/2+2m 1y(2
_ |(f2mm¢ )|
_2ggzﬁﬂk—m+mfmﬁ+k+m”( e rYP R

A similar expression holds for Popy1f.

We note the similarity between the expression for ||Pyf||3 and the
L?(S™ 1) norms of dog(w). We therefore rewrite the expression for || Py f||3
as

2m

k - |(f2m7j’¢n/2+2m 1)’2
20,77 2 elh m (271 ) )

where

clk,m) = T2k +1)
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Stirling’s formula for the gamma function shows that c(k, k) = O(k™/2~1).
In general, we have

LEMMA 5.5. For any 0 < m < k we have c¢(k,m) = O(k(”_l)/Q).
Proof. We show that for all k > 1 and 0 < m < k,

92(k—m) I'k—m+1)I'(k+m+n/2)

_ n/2—1/2
I'2k+1) Ok )

For this, fix ¥ € N and consider ¢(k, m). When m = k, c(k, k) = %
and by Stirling’s formula, for large k it behaves like
(2k + n/2 — 1)2k+n/2-1/2 o= (2k+n/2-1)
(2k)2k+1/2¢—2k
(1+ n/221;1)2k(2k, +n/2— 1)n/271/2 o—(n/2-1)
(Qk)l/Q ’

As (1+ "/22,;1)% < e"/?71 we obtain c(k, k) = O(k™/?1).
Now for 0 < m < k, consider

k—m+1)I'(k+m+n/2)

I(2k+1)
(k_m)k—m+1/2e—(k—m)(k+m_|_n/z_l)k+m+n/2—1/26—(k:+m+n/2—1)
(2k)2k+1/2—2k

B e—(n/Q—l) <2—2m(k._m)k—m+1/2(k+n/2+m_ 1)k+n/2+m—1/2>

c(k,m) = 92(k—m) (

~ 22(19%)

7 L2k+1/2
<C ef(n/271)272m 1_@ 1+m n k kn/271/2
=t k k 1-%
1+ m+n/2—1 y m
< Cne_(n/2_1)2—2me—mem+n/2—1{7];} En/2-1/2
1=-%
m4n/2—1 N\ m

_(g-m u jon/2-1/2

n 1— % :

But 2—2m{%}m < 1if and only if 1+ ™21 < 4(1—m/k), which
happens precisely when m < %(3k‘ —n/2 + 1). Since for sufficiently large
k, %(31{: —n/2+1) > [(k+1)/2], it follows that for 0 < m < [(k+1)/2],
c(k,m) < Cp,k™?~1/2 Now consider [(k +1)/2] < m < k. In this case
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k—m k+m
c(k,m) < Cne—(n/2—1)2—2m<1_ m) <k+m+n/2— 1) pn/2-1/2

k k
— O, e~ (n/2-1)g=2m <1m>k—m <1+m>k+m <1+n/2_1>k+mk“/2—1/2
k k kE+m
< Cnef(n/%l)zf?m <;)km2k+men/21 En/2-1/2
= C k"*1/2,

In the second last step, we use the fact that m > [(k + 1)/2] implies that
1-m/k<1/2. m

The extra factor of 22™ in the expression for ||Pyyf|| suggests that we
consider the operator T defined by

) dm
Tirw) =Y g—m/2<z fmj(r)ymj(w)).
m=0 j=1

It is then clear that when f satisfies the Hardy conditions, T f satisfies

2

1/2
( S \Tf(rw)\zdw> < Qe
Sn—l
A similar estimate is true for ’f} as well.

THEOREM b5.6. Suppose f satisfies the Hardy conditions with a =
tanh(2t). Then for any k =0,1,2,... we have

|PL(T )|l < C(2k + n) =2/ e~ Chtmt/2

The theorem follows by using the estimates obtained in Theorem 5.2
along with the above lemma. Theorem 1.4 follows as a corollary to Theo-
rem 5.6 since for such functions ||Pyfll2 < C||Px(T'f)||2, where C' depends
on the number of spherical harmonic coefficients present in the expansion

of f.

Acknowledgments. The first author is supported by Senior Research
Fellowship from the Council of Scientific and Industrial Research, India.
The second author is supported in part by J. C. Bose Fellowship from the
Department of Science and Technology, India. We also thank the referee for
his careful reading of the manuscript and making useful suggestions.

References

[B] V. Bargmann, On a Hilbert space of analytic functions and an associated integral
transform, Comm. Pure Appl. Math. 14 (1961), 187-214.


http://dx.doi.org/10.1002/cpa.3160140303

Hermite expansions 195

F. M. Cholewinski, Generalized Fock spaces and associated operators, SIAM J.
Math. Anal. 15 (1984), 177-202.

G. B. Folland, Harmonic Analysis in Phase Space, Ann. of Math. Stud. 122,
Princeton Univ. Press, Princeton, 1989.

K. Grochenig and G. Zimmermann, Hardy’s theorem and the short-time Fourier
transform of Schwartz functions, J. London Math. Soc. 63 (2001), 205-214.

G. H. Hardy, A theorem concerning Fourier transforms, ibid. 8 (1933), 227-231.
S. Helgason, Groups and Geometric Analysis, Academic Press, 1984.

A. J. E. M. Janssen and S. J. L. van Eijndhoven, Spaces of type W, growth
of Hermite coefficients, Wigner distribution, and Bargmann transform, J. Math.
Anal. Appl. 152 (1990), 368-390.

R. Radha and S. Thangavelu, Holomorphic Sobolev spaces, Hermite and special
Hermite semigroups and a Paley—Wiener theorem for the windowed Fourier trans-
form, ibid. 354 (2009), 564-574.

E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Fuclidean Spaces,
Princeton Univ. Press, Princeton, NJ, 1971.

S. Thangavelu, Lectures on Hermite and Laguerre expansions, Math. Notes 42,
Princeton Univ. Press, Princeton, NJ, 1993.

—, Harmonic Analysis on the Heisenberg Group, Progr. Math. 159, Birkh&user,
Boston, 1998.

—, An Introduction to the Uncertainty Principle, Progr. Math. 217, Birkhauser,
Boston, 2004.

—, Hermite and Laguerre semigroups: some recent developments, Sém. Congres
(in press).

V. K. Tuan, Uncertainty principles for the Hankel transform, Integral Transforms
Special Functions 18 (2007), 369-381.

M. Vemuri, Hermite expansions and Hardy’s theorem, arXiv:0801.2234.

Rahul Garg and Sundaram Thangavelu
Department of Mathematics

Indian Institute of Science

Bangalore 560 012, India

E-mail: rahulgarg@math.iisc.ernet.in

veluma@math.iisc.ernet.in

Received August 5, 2009
Revised version January 13, 2010 (6679)


http://dx.doi.org/10.1137/0515015
http://dx.doi.org/10.1112/S0024610700001800
http://dx.doi.org/10.1112/jlms/s1-8.3.227
http://dx.doi.org/10.1016/0022-247X(90)90071-M
http://dx.doi.org/10.1016/j.jmaa.2009.01.021
http://dx.doi.org/10.1080/10652460701320745

	Introduction
	Preliminaries
	Bargmann transform and Hardy's theorem
	Hardy's theorem for the Hankel transform and a proof of Theorem 1.3
	A vector-valued Bargmann transform and a proof of Theorem 1.4

