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Dimensions of non-differentiability points of
Cantor functions

by

YUANYUAN YAO, YUNXIU ZHANG and WENXIA L1 (Shanghai)

Abstract. For a probability vector (po,p1) there exists a corresponding self-similar
Borel probability measure p supported on the Cantor set C' (with the strong separation
property) in R generated by a contractive similitude h;(z) = a;x + b;, ¢ = 0,1. Let S
denote the set of points of C' at which the probability distribution function F'(z) of p
has no derivative, finite or infinite. The Hausdorff and packing dimensions of S have been
found by several authors for the case that p; > a;, ¢ = 0, 1. However, when py < ao (or
equivalently p1 < a1) the structure of S changes significantly and the previous approaches
fail to be effective any more. The present paper is devoted to determining the Hausdorff
and packing dimensions of S for the case po < ao.

1. Introduction. Let C' C R be the unique nonempty compact set
invariant under hg, hq:

C = ho(C)U M (C),

where hj(z) = ajz +bj,7 = 0,1, with 0 < a; < 1. The set C is also termed
the Cantor set, or the self-similar set determined by hg and h;. Without
loss of generality we shall assume that by = 0, a; + b1 =1 (s0 ho(0) = 0 and
hi(1) = 1). We furthermore assume that the images h;([0,1]), j = 0,1, are
pairwise disjoint (i.e. the h;’s satisfy the strong separation condition). Let

B=1—ayg—a1 >0
be the length of the gap between ho([0,1]) and hy([0,1]). It is well known
(cf. [4, 6]) that dimg C' = dimp C' = dimg C = ¢ and 0 < HE(C) < oo where
¢ is given by
(1) ag +a; =1

The set C' has a natural symbolic representation defined as follows. Let
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o0
= [J{o,1}" and =V ={0,1}",

n=1
i.e. X* is the family of all finite strings j; ...j, with entries j; from {0,1}
and XN denotes the family of all infinite strings jijs ... with entries j; from
{0,1}. For w = j1j2... € XN and a positive integer n, let w|n = ji...jn
denote the truncation of w to the nth place. Finally, we define 7 : &N — C
by

}—ﬂhgl -+ 0 by, ([0,1])

for w = j1jo... € XN, It is easy to check that for w = jija... € XN,

m(w) = nlggo hn(0) = by, + Z Qjy - A, by,
where bg = 0 and b; = 1 — ay. It is well known that C' can be symbolically
represented as C' = w(XN). Thus, each point of C can be encoded by a
unique element from XV, Throughout this paper, by £ = it ... we denote
the code of t € C, ie., t = tity... € LN with m(f) = t. Alternatively, we

have

[e.e]

c= U he(o.1),

n=1we{0,1}"
where h,, = hj, o---0hj, for w = ji...j, € {0,1}". The endpoints of
ho([0,1]) for w € X* will be called the endpoints of C. Obviously any
endpoint e of C lies in C' and except for a finite number of terms, its coding
€ consists of either only the digit 0 if e is the left endpoint of some h,,([0, 1]),
or only the digit 1 if e is the right endpoint of some h,([0,1]). Moreover,
for each non-endpoint ¢ of C its code t consists of infinitely many Os and
infinitely many 1s.

Let © be the self-similar Borel measure on C' corresponding to the prob-
ability vector (pg,p1) where each p; > 0 and pg + p1 = 1, i.e., the measure
satisfying

1(A) = pop(hy ' (A)) + pru(hy(A))  for any Borel set A,

and so
:Hpji =:p, foranyw=ji...j,€{0,1}* keN.

Obviously, p is atomless. Consider the distribution function of the prob-
ability measure u, also called the Cantor function or a self-affine “devil’s
staircase” function:

F(z) = u([0,z]), =z €]0,1].
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Then F(x) is a non-decreasing continuous function with F'(0) < F(1) that
is constant off the support of p. It is easy to check that the derivative
of F(x) is zero for all x € [0,1] \ C. In particular, the set S of points of
non-differentiability of F(x), that is, those  where

) 1 Flz + 52 — F(z)

does not exist either as a finite number or oo, has Lebesgue measure 0. It
has been shown that F'(z) = oo for p-a.e. x € C and so p(S) = 0 (cf. [8]).
Some further results on the size of S have also been obtained.

(I) When (pg,p1) = (ag,ag), we have dimyg S = ¢2 = (dimy C)? and
dimp S = dimp S = £ = dimp C (cf. [1-3]). In this case, the corresponding p
is &- Ahlfors regular, which means that there exist ¢, co > 0 such that 168 <
p([z — 8,2 + 0]) < c26¢ for all x € C and 0 < § < 1. This curious property
is extended to a more general setting. K. J. Falconer [5] proved that for
0 < d < 1if uis a positive finite Borel d-Ahlfors regular measure supported
by a non-empty compact subset E of R (not necessarily the Cantor set),
then dimyg S = (dimy F)? and dimp S = dimg S = dimyg E.

(IT) When (po, p1) satisfies pg > ag and p; > a1 (so p is not Ahlfors
regular except in a special case), dimp S = dimp S = £ = dimpg C still holds
and another approach has to be taken to determine dimg S (cf. [7, 9]).
In particular, when py = ag/(ap + a1) and p1 = a1/(ag + a1), dimg S was
found by J. Morris [10].

Clearly, case (I) is included in case (II) since p; = af > a;, 1 =0,1. The
condition p; > a;, i = 0,1, implies that (cf. [9])

F(z+9)— F(x)

(3) lim sup =o0 forallzeC.
6—0 d

Thus, we have

F - F
S = {mGC:liminf (:B—HS()S (z) <oo} if po > ag, p1 > ai.

—0

In particular,

(4) {xeC:F’(I)zlimF(x+5;_F(x):O}:(I) if po > ag, p1 > a1.

However, when py < ag and p; > a; (or pp > ap and p; < ay), the property
(3) does not hold any more. This makes the structure of S more complicated,
e.g., compared to (4); we will see in Theorem 1.1 that there are massive
sets of points of C' at which the derivative is zero in this case, and so the
approaches used in the papers mentioned above are not valid any more.
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The present paper is devoted to determining the fractal dimensions of .S
for the case pg < ag and p; > a1. Let s be such that

(5) (po> <pl>s C1, he, 5= oslao/m)

ap ) \ a1 log(p1/a1)
We remark that s can take any positive value when pg varies in (0, ag). Let
C = C\ {the endpoints of C}. Since the Cantor set C has only countably
many endpoints, removing the endpoints of C from S does not affect the size
of S. In the following, we still use the notation S to denote the non-endpoints
of C for which (2) does not exist either as a finite number or co. For ¢ € C,
let

Np(t,0) =#{1<1<n:t;{, =0} and N,(t,1)=#{1<i<n:t; =1}

where, as mentioned above, t = tits... € XN is the code of t. We will first
show that

~ 1
{t € C : liminf Na(t,0) < < lim sup Nn(t,O)} cs
n—oo n S 1 n—oo n
~ N, 1
C {t € C : liminf n(t,0) < }
n— oo n S+ 1

By applying the results on divergence points in [11, 12] we obtain the fol-
lowing theorems.

THEOREM 1.1. Let pg < ag and p1 > ay. Let s and £ be defined as in
(5) and (1). Let
So={teC:F'(t)=0} and Sy, ={teC:F'(t)= o0}
Then C =S5 U SyU Sy, and
dimy So > max  P1o8PH (1 —p)log(l—p)
pel(s+1)-1,1]  plogag + (1 —p)logay

1 1—p)log(1l —
dimyg S > max plogp + p) log( P)
pelo,(s+1)-1] plogag + (1 —p)logas

In particular, dimy So=¢& if (s+1) 7! Sag, and dimy S =& if (s+1)71 > ag.
THEOREM 1.2. Let pg < ag and p1 > a1. Let s and & be defined as in
(5) and (1). If 1/(s +1) < a$, then
slogs — (s+1)log(s+1)
log ag + slogay

dimg S = , dimp S =¢.

2. Proofs. In this section, we prove Theorems 1.1 and 1.2. We first
characterize S by analyzing for each ¢ € S the behavior of N, (¢,0)/n, the
frequency of the digit 0 occurring in the first n terms of the code of t. The
desired results are then obtained by applying the results from [11, 12]. For
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t € 6, we denote by z(t,n) the position of the nth occurrence of 0 in #
(recall we use ¢ to denote the code of t) and by y(t,n) the position of the
nth occurrence of 1 in £. Since ¢t € C (the non-endpoint of C), we have
n < z(t,n),y(t,n) < oo and lim, . y(t,n) = limy, .~ 2(¢t,n) = co.

LEMMA 2.1. For each t € C we have

Ny (t,0 Ny (t,0
lim sup Nn(t,0) = lim sup ,  liminf n(t,0) = lim inf L,
n—00 n n—oo Z(t,m) n—00 n n—oo z(t,n)
Np(t, 1 Ny(t, 1
lim sup n(t1) = lim sup ,  liminf Nn(t,1) = lim inf )
n—00 n n—00 y( ,n) n—00 n n—oo y<t7 n)
Proof. 1t is obvious that
N, (t N (t,0
(6) lim sup Nult,0) > limsup M = lim sup ,
N—00 n N—00 z(t,n) n—oo 2(t,m)
N, (,0 N,y (t,0
(7) lim inf Nu(t,0) < lim inf Voo (,0) = lim inf ,
n—o0 n n—o0 z(t, n) n—00 Z(t, n)

On the other hand, note that z(t, Ny,(£,0)) < n < z(t, N,(t,0) 4 1) for all
n € N. Thus, for all n € N,
Nyn(t,0) - Nyn(t,0) < N, (t,0)
2(t, Np(t,0) + 1) n = z(t, No(t,0))
Noting that lim,, . Ny, (¢,0) = oo, this gives the opposite inequalities in (6)
and (7). The other two equalities can be deduced in the same way. m

From Lemma 2.1 it follows that for each ¢ € C ,

t t 1

(8) limsup 2t n) >s+1 ifand only if liminf y(t,n) < i,
n—00 n n—oo n S

t t 1

(9) limsup 2(t:n) <s+1 ifand onlyif liminf y(t:n) Sy
nooo M n—oo  m s

In fact, with the convention 0~! = 0o, 00! = 0 and by Lemma 2.1 we have

-1 -1
t Ny (t,0
lim sup 2tn) — (liminf —" = [ lim inf Nut,0)
n—o0 n n—00 Z(t, n) Nn—00 n
Ny(t, 1)\ -
= (1 — lim sup n(t’)> = <1 — lim sup n)
n—00 n n—o0 y(tan)
1 -1
- 1 T . )
( liminf,_ y(t, n)/n)
which leads to (8) and (9).
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LEMMA 2.2. For each t € C we have

t 1 F(z) — F(t
(M lming 267 o s g F@ - FO)
n—oo n S z—t r—t
' 1 F(z)— F(t
(11) fminf 267 ST g F@ S FO
n—oo n S r—t r—t
' 1 F(z)— F(t
(111) lim sup ytn) sl g F@ 2 F®)
n—oo n S r—t r—t

Proof. (I) If liminf, o y(t,n)/n > (s + 1)/s, then there exist ¢ > 0 and
k € N such that

1
(10) y(t,n) > n(l + 3) +ne forn>k.

Let u be the distance between ¢ and [0, 1]\U, (0,131 b ([0, 1]) with I = y (2, k).
Then u > 0. Let 2 be a point in (¢ —u,?). Then ¢,z € hj(, n)— ([0 D, but
& & Ry, ([0, 1]) with some n > k. Therefore (recall that 8 =1—ag—ay),

xr—t - ﬁH?itl,n)*l ar, ﬁpl ag ~ Bp1 \ag ’
by (10). Hence limgy¢ (F(z) — F'(t))/(z — t) =0.
On the other hand, by (9) there exist € > 0 and k£ € N such that
(11) z(t,n) <n(s+1) —ne forn>k.
Let u be the distance between ¢ and [0, 1]\U, 0,131 heo ([0, 1]) with @ = z(2, k).
Then u > 0. Let z be a point in (¢,¢+u). Then ¢,z € hy(,(; ,)—1)([0,1]), but
& & hij,(10)((0,1]) for some n > k. Therefore,

Fx) - F(t) _ Y oy ao <p0> <p1>z(t’")_"< ag (p1>_”€
=t T g% e, Bro ay Bpo ’

by (11). Hence lim,; (F(x) — F(t))/(z —t) = 0.
(IT) If liminf, .o y(t,n)/n < (s+1)/s, then there exist ¢ > 0 and a
sequence {ny}r>1 of integers with ny T oo such that

(12) y(t,mg) < ny, <1 + i) — nge.

Now take xy, as the left endpoint of the interval Az, ,)-1)([0,1]). Then,
by (12),

tng)—1 —1 y(t,ng)—nE+1
Flay) = F() o polI™ " oy pp g™

— = y(t,ng)—1 T g1 y(tnk)_nk
Tk — 1 [[i= at, a"ag

po) e
Zalpopl_l(ao> :
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which gives limsupsyo (F'(t +0) — F'(t))/d = oc. On the other hand, by (8)

there exist € > 0 and a sequence {ny}>1 of integers with ny T co such that
2(t,ng) > nk(s + 1) + nge.

By letting zj, be the right endpoint of the interval hg, ,,)—1)([0,1]) we
have

tng)—1 - tng)—np+1
Flay) = F() o p IS o pf

T —t - z(tng)—1 ng—1 z(t,ng)—ng
k [Ti=: ag; Qg Ay

pl nge
> ao]?lPSl <a1> )

yielding lim supg| o (F'(t + &) — F(t))/d = oc.
(III) This can be proved in the same way as in (II). The details are left
to the reader. m

From Lemma 2.2 it follows that

{te é:liminfM < ﬂ <]imsupy(t’n)} cS
n

Nn—00 n S n—00

~ 1
C {t € & limint Y07 < 5 F }
n—oo n S
and so
~ N, (t, 1 . Ni(t,
(13) {t € C : liminf (t,0) < < lim sup ( 0)} cs
n—oo n S 1 n—oo n
C {te & : limint Yot 0) < 1 }
n— o0 n s+ 1

by Lemma 2.1. For a sequence {x,} in a metric space X, we let A({zy})
denote the set of accumulation points of the sequence {z,}, i.e.,

A({xn}) = {x € X : there exists a subsequence {xy, } such that x,, — z}.

The following lemma is well known.

LEMMA 2.3. If a sequence {xy} is bounded and lim,, oo (p+1—pn) = 0,
then

A({zn}) = [liminf x,, lim sup x,,].
n—00 n—oo
Now we analyze the set of accumulation points of {N,(¢,0)/n},>1 for
each t € C. For a fixed t € C, note that either N,41(t,0) = N, (¢,0) or
Nypt1(t,0) = N,(t,0) + 1. Hence, for any n € N, we have
. 1 < Nn-‘rl(tao) N Nn(ta 0) < 1 )
n+1~ n+1l n ~ n+l
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From Lemma 2.3 it follows that

(14) A({N"(t’o) }) = {linniiogf N”g’ 0),limsup N”SO)].

n n—00

The following lemma is a direct application of the results in [11, Theorem 2]
and [12, Corollary 2.4] by Olsen.

LEMMA 2.4 (cf. [11, Theorem 2|, [12, Corollary 2.4 ]). For s; € [0,1],
1=1,2,3, with s1 < sg let

=~ Ny (t,0 N, (t.0
Agy sy = {t eC: liminfM <51 <8< limsup”(’)}7

n—o0 n n—oo n

~ N, (t,
Bs, = {t eC: limsup(no) < 33}.

n—oo

Then

plogp + (1 —p)log(1 — p)
pElsi,sa] plogag + (1 — p)logay
dimp As, s, = &,

dimH Asl,sg =

plogp + (1 — p)log(1 — p)
pefo,ss] Plogao + (1 —p)logay
Proof. Let Ey = {(p,1—p) :p € [s1,82]}, F1 = {(p,1 —p) : p € [0,1]}
and Fy = {(p,1 —p) : p € [0, s3]}. Then, by (14) and Lemma 2.3, we have

Ag gy = {t eC:E C A<{N"<t’0>, Nu(t, 1) }) C F1} =: D(Ey, F),

n n

dimpg Bs, =

and

By, = {t eC: A({Nn(t’ 0), Nu(t, 1) }) C FQ} =: D(, Fy).

n n

However, L. Olsen [11, Theorem 2(1), (2)] proved (in a more general setting)
that

1 1—p)log(1l —
dimy D(E1, F) = inf 2 ogp + (1 —p)log(1l — p)
(p1-pekr  plogag + (1 —p)logay
1 1—p)log(l —
dimpyg D(@,Fg) = sup plogp + ( p) log( p).
(p1-p)er, Plogao+ (1 —p)logay

he also proved in [12, Corollary 2.4] (also in a more general setting) that

1 1—p)log(l—
dimp D(E1, Fi) = sup L ogp + (1 —p)log(l —p)
(p1—p)ern Plogag + (1 —p)loga;

Hence the desired results follow. =
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Now we are ready to prove our theorems.

Proof of Theorem 1.1. STEP 1. First we prove that C'\ S = Sy U S
Suppose t € C'\ S. If ¢ is an endpoint of C, then it is easy to check that

lim inf M

=0, andso te€.S.
T—t r—1

Note that for 2 € C we have

x:(l—al)Zag(mk " a1 and F(z Z —(k=1) 'f_l.
= k=
Let ¢t € C'\ S. Take sequences (zy)p>1 and (z*),>1 such that
y(xn, k) =yt k) for k<n, y(zn k)=y(tk)+1 fork>n,
y(ar k) =y(t, k) for k<n, y(ai,k)=y(tk)+2 fork>n.
Then lim, o0 z, = limy oo ), =t and

Flan) = F(t) _ . apo(l—po) Y52, 5" "}

c= lim oo y(tk)—k
n—oo Ty —1 n—oo p1<1 — al)(l - CL()) Zk:n ap a]f
tk)—k
e M L arpo(l *P%) D e npg( ) plf
= lim " = lim (t k)—
n—00 Th —t n—oo (1 - Cll)(l - ao) Zk n @ a]f
1+ po
=_""c¢
14+ ag

implying ¢ € {0, 00}, i.e., t € Sp U S
STEP 2. For any p € ((s+ 1)71,1], by Lemma 2.2(I) we have

{xGé:F'(w):O}Q{teé hmlan(tO)> ! }
n—00 n s+1
Q{teé:h }

e i g )

] 1 —p)log(l —
dimpg Sy > max plogp + p) log( P)
pel(s+1)-1,1] plogag + (1 — p)logay

STEP 3. We first show that

(15) Sooa{teéz1<hmy(t’m<‘m}:;f

n—oo n S

implying
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It is easy to see (refer to the argument for (8))

~ 1 ~ t
{tEC’:1< limy(t’n)<s+}:{t60:s+l< limz(’n)<oo}.

n— o0 n S n—oo n

Thus, for t € T,

_ z(t,m+1)  logay < Do p1> n )
16 lim — + |log— —log— | —————
10) ”_"’O( z(t,n) log p1 8 ag & z(t,n)log py

(z(t,n+1) _ ) (@

n

—s—l)logi

ai

- Tlh—{lgo Z(tvn) logpl

B (limnHOO 72(2") —5— 1) log L —0
log p1 limy, 0o =

We claim that (16) implies that

. Fl) - F@)
(17) gﬁ?_m

In fact, let k& be a positive integer such that

1
z(t,n+1) ogai <lg—log> n <4
ao z(t,n)log p1

Z(t, TL) logpl
for some negative real number ¢ whenever n > k. Let u be the distance
between ¢ and [0,1] \ U,eq0,1y ho([0,1]) with I = 2(¢, k). Then u > 0. Let
z be a point in the segment (¢,¢ + u). Then ¢,z € hj (. ,)-1)([0,1]), but
T & hij,(1,0)([0,1]) for some n > k. Therefore,

(18)

F(a) = F() o p I aopn T

<19) = z(t,n - z(t,n
-t Hl(tl) lati pH(t ) at,
B a0p8+1p;;(t n+1l)—n
- z(t,n)—n
poagay
z(t n+1)—z(t,n) (pO > " (pl > 2(tm)=n
a ai
- ( z(t,n+1)/z(t,n)—1 (pO ) n/z(tm) <p1 ) l—n/z(t,n)) 2(tn)
=aol| Py — — .
a aq
Let

Q = pbm /-1 (po) n/z(tn) <pl> 1—n/z(tn)

aq aj
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Taking logs, by (18) we have

(20)
log Q = z(t,n+1) logal
Z(t) n) logpl
> qlogpr > 0.

n
lg——lo )) log p1
ar ) z(t,n)logpi

Since t is a non-endpoint, z(t,n) — oo as n — oo and (17) holds by (19)
and (20). On the other hand, for ¢t € T

t 1 1
lim (y(,n+ ) _ Oga0+<logm—logm>(t n >
n

n—oo\  y(t,n) log po ai ) log po
tntl 1 t 1 1
() logp + (MR — =) log o
, D
(limn_m y(zn) - %) log g—g

= . ( <.
log po limy, . =

By the same argument as above, this leads to

lim 7F(:€) — P() =00
x|t x—1

Finally, for each p € (0, (s + 1)71) it follows from (15) that

~ N(t,
dimp S > dimH{t € C: lim ﬂ :p}

n—oo n

cimfrcoa{(0 D)) 1)

_ plogp+ (1 —p)log(1 —p)
plogag + (1 —p)logay

implying the desired result. =

From the proof of Theorem 1.1 it follows that both Sy and S, are dense
in C, and so dimg Sy = dimp S = &.

Proof of Theorem 1.2. Let n be large enough that + - < mln{
For &k > n let

ST )

Nn(t, 0) < 1 1 < 1 1 Nn(t, 0)
n—00 n —s+1 k‘ - k n—00 n ’

T, = {tGé : liminf + <lim sup

~ Ny (t,0 1 1 1 Np(t,0
L, =14teC:liminf /- )g < +f§hm5upM )
n—00 n S+1 8"‘1 k n—oo
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Note that

{teézhmiann(t,O)S 1 }:{teé’:limsupNn(t’O)< : }

n—oo n s+1 n—o0 n —s+1

~ Np(t 1
U{tEC:liminf "(’O)S +1<limsup

n—oo n S n—00

~ N, (t,0 1
:{tGC:limsup ( )< }UULk-

- 1
n—oo n S+ k>n

Thus, by (13),

~ N, (t, 1
UTkQSQ{tEC:limsup <t0)< }UULk-

n —s+1
k>n =0 T E>n

From Lemma 2.4 it follows that
slogs — (s+1)log(s+1)

supdimyg T} = supdimyg Ly = ,  dimpTj =&,
k>n k>n log ag + slog ay
and

)

~ N, (t,0 1 1 _ 1)1 1
dimgq ¢t € C : limsup n(t, )S _ slogs (s+1)log(s+1)
n—eo n s+1 log ap + slog a;

since 1/(s+1) < ag. n
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