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Weighted norm inequalities for
multilinear fractional operators on Morrey spaces

by

TAKESHI IIDA (Yamagata), ENJI SATO (Yamagata),
YOSHIHIRO SAWANO (Kyoto) and HiTosHr TANAKA (Tokyo)

Abstract. A weighted theory describing Morrey boundedness of fractional integral
operators and fractional maximal operators is developed. A new class of weights adapted
to Morrey spaces is proposed and a passage to the multilinear cases is covered.

1. Introduction. The goal of this paper is to develop a theory of
weights for multilinear fractional integral operators and multi(sub)linear
fractional maximal operators in the framework of Morrey spaces. We give
natural sufficient conditions for one-weight and two-weight inequalities to
hold for these operators and, as a corollary, we obtain the Olsen inequality
for multilinear fractional integral operators. The results extend to Morrey
spaces those in [10] due to Moen.

We first recall some standard notation. All cubes considered are supposed
to have their sides parallel to coordinate axes in R™. We let Q denote the
family of all such cubes. For a cube @ € Q we denote by £(Q) its side-length
and by c¢@ the cube with the same center as ) but with side-length ¢/(Q).

Morrey spaces, named after C. Morrey, seem to describe precisely the
boundedness of fractional integral operators (or Riesz potential operators).
We shall show that this remains the case even in the multilinear weighted
setting. Let 0 < p < pg < oo. The Morrey space M5 (R"™) = ML° is defined
by the norm (or quasi-norm)

o /po 1/p
(L.1) 17y = sup @I <§2 @) dz)

where SQ f(z)dx denotes the usual integral average of f over Q. Applying
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Holder’s inequality to (1.1]), we see that

(1.2) £l a2 1 F 1l aezg  for all po = p1 = p2 > 0.
This tells us that
(1.3) LPO = MBS C M2 C Mi0 for all pg > p1 > pa > 0.

Let f be a locally integrable function on R”, or let f € L, where £
denotes the set of all positive Lebesgue measurable functions. The fractional
integral operator (or the Riesz potential operator) I,f(z), 0 < a < m, is

given by
f(y) dy
|z —y[r

Iof(x) = |

R'I’L

Let 1 < p<ps< ooand 1 < qg < gy < oco. There are two remarkable

results on the Morrey boundedness of I,. The first one is due to Spanne
(unpublished): The inequality

(1.4) Mo Fllpgzo < CllF e
holds if
1 1 o 1 1 o
—=——— and - =-——.
q0 Po n q p n

This result is recorded as [14, Theorem 5.4, p. 82].
The second one is due to Adams [I] (see also [3]): The inequality
holds if
(1.5) —=——— and ! .
do Po M q Pqo
This result is recorded in [2, p. 79, (3.7.2)], although the formulation is
made for (1 — A)~*/2. The same can be said for (—A)~%/2 and I,.
A simple arithmetic shows that

1_a:m(1_pa)>po<1_a>:po
p n P \Po pon/ — p\Po n Pqo

This inequality together with says that the Spanne target space is larger
than the Adams target space. Thus, we can say that Adams improved the
result of Spanne. And Olsen [13] showed by an example that the result of
Adams is optimal.

Let f = (f1,...,fm) be a collection of m locally integrable functions
on R™. Given o with 0 < a < mn, we define the multilinear fractional
integral operator Io(f)(z), © € R™, by

(o=l -t o — )

_ Po

To(f) (@) =

yl?"'zymeRn
where dy = dy; - - - dym,. Recently, Tang [25] extended Spanne’s result to Z,.
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ProposiTION 1.1 ([25]). Let
O<a<mn, 1<g¢g<p<oo, 1=01,...,m.

Suppose that
1 1 1 o' 1 1 1 Q

Then
”Ia(f)HMZg < CH HfZHMZZ

i=1
We proposed in [7] the following counterpart of Adams’ result for Z,:
ProprosITION 1.2 ([7]). Let
O<a<mn, 1<pi,....pm<00, 0<p<py<oo, 0<qg<qgy<o.

Suppose that

1 1 1 1 1 1
— = — Lt @ and 7:]970'
2 1 Pm go pPo T 4  P9o
Then
7 Upo T1 p) /P
(1.6) 1Za(F) g < € sup QM TT(§151)
QeQ i=1Q

We named the right-hand side of the multi-Morrey norm [7, (1.3)].
Denote by d(x) the Dirac measure on the real line which concentrates unit
point mass at the origin. For m = 2, n = 1, fi(z) = d(x) and fo(z) =
d(x — 1), and for any exponents 1 < p1,ps < 00,

(1.7) Il oll e = 00 x 00 = 00
while
b b
(1.8) sup (b a)L/Pi+1/p2 (g fi(z) d:c) (§ Fa(z) d:c) —1

The equalities ([1.7]) and (1.8]) tell us that, in general, the multi-Morrey norm
is strictly smaller than the m-fold product of the Morrey norms. Moreover,
the following seems to be of some interest.

REMARK 1.3. Under the assumptions of Proposition [1.2] we set, for
xr € R™,

i = s @ T ()™

IEQEQ i=1 Q
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Then

Zo((f1s-- s fms F)) (@)

_ S fl(yl)"'fm(ym)F(ym—H)dg
(Jz =yl + -+ & = ym| + |2 =y 0D

ylu“'1ym7ym+leRn
belongs to M{°. Indeed, noticing that for any Q € Q and z € Q,

1 o N\ 1/pi
mz\ml/mﬂ(wm) ",

i=1 Q
we have

" A\ 1/pi
sup {|QI TT(§ 17:07) ™ - sup F(a)} < 1.
Qe i=1Q z€Q
Applying Proposition with m replaced by m + 1 and with exponents
Ply- -, Pm, 00, We obtain the result.

In this paper a weight is simply a nonnegative measurable function w
on R". The Hardy-Littlewood maximal operator and its weighted norm
estimates play an important role in harmonic analysis. In particular they
are essential to the study of singular integral operators. Let f be a locally
integrable function on R™. The fractional maximal operator M, f(z), 0 <
a < n, is given by

Mof(z) = sup €(Q)"}|f(y)ldy.
TEQEQ Q
When a = 0, this is the Hardy-Littlewood maximal operator and we write
M instead of My. Let f = (fi,..., fm) be a collection of m locally inte-
grable functions on R™. The multi(sub)linear fractional maximal operator
Mo (f)(z), 0 < o < mn and & € R", is given by
m

Mo(f)(z)= sup €@} 1£iw)ldy.

TEQEQ i=1Q

We drop the subscript 0 if o = 0. In [8], the operator M(f), called the mul-
tilinear maximal operator, is used to obtain a precise control on multilinear
singular integral operators of Calderén-Zygmund type, and the following
fundamental result is proved, leading to a multilinear weighted theory for
multilinear Calderén—Zygmund operators.

PRrROPOSITION 1.4 ([8, Theorem 3.7]). Let W = (w1, ..., wn) be a collec-
tion of m weights on R™ and let 1 < p; < oo, i=1,...,m, and
1 1 1
- 4o

p m Pm
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Then the weighted norm inequality

m
IM(Fywr - wllze < O] Ifswillo
i=1
holds if and only if

foner) i)

QRQEQ ™)
where 1/p; + 1/p, = 1.

Motivated by [8], Moen [I0] established a one-weight theory and two-
weight theory for the multilinear fractional integral operator Z,( f ) and the
multilinear fractional maximal operator M, ( f ) on Lebesgue spaces. In this
paper we consider a theory of weights related to Proposition We give
natural sufficient conditions on a weight or on two weights for a weighted
version of to hold. We shall extend the results of Moen to Morrey
spaces.

The remainder of this paper is organized as follows: In Section [2] we first
consider the question of what is the weighted norm inequality for Morrey
spaces for the linear case. We propose referring to the following estimate as
the weighted norm inequality for Morrey spaces: For any f € L, that is,
for any positive Lebesgue measurable function f,

Qo (§arnwp)” < ¢ sup Q1 (§ (1w
Q Q'eQ Q'
Qo

In Sections using the formulation developed in Section [2| we study
the one-weight theory and two-weight theory for the multilinear fractional
integral operators and the multilinear fractional maximal operators in the
framework of Morrey spaces. The main results are stated in Section |3| (The-
orems and . In Section 4| we shall state and prove a principal lemma
(Lemma[4.2)). We feel this lemma is of independent interest. In Section [f| we
complete the proofs of Theorems [3.1] and [3.3]

We will denote by |E| the Lebesgue measure of E C R™. For each 1 <
p < oo, p’ will denote the dual exponent of p, i.e., p’ = p/(p — 1) with
the usual conventions 1’ = oo and oo’ = 1. The letter C' will be used for
constants that may change from one occurrence to another. Constants with
subscripts, such as c¢1, ¢, do not change in different occurrences. By A ~ B
we mean that ¢ 'B < A < ¢B with some positive constant ¢ independent
of appropriate quantities.

2. What is the weighted norm inequality for Morrey spaces? As
is well-known, for the Hardy—Littlewood maximal operator M and 1 <p < oo,
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Muckenhoupt [IT] showed that the one-weight strong type inequality

(2.1) (M flwllze < C|lfw]z
holds if and only if
1/ N 1/P
(2.2) sup (& wp> p(& w_p) ! < 00.
QREQ 0

For 1 < p < oo one says that a weight w on R™ belongs to the class A, when

(2.3) sup(&w) (éwl_p/>p1 < 00.

QReQ Q

That is, (2.1) holds if and only if w” € A,. Moreover, for the fractional
integral operator I, and 1 < p < ¢ < oo with 1/¢ = 1/p—a/n, Muckenhoupt
and Wheeden [12] showed that the one-weight strong type inequality

(2.4) [(Taf)wllze < Cllfw] e
holds if and only if
1/q Y
_ q -p
) i = gup(§ ) (Ju) <o

To the best of our knowledge, Komori and Shirai [9] were the first to attempt

extending the equivalence between (2.1)) and (2.2]) and the one between ([2.4)
and (2.5 to Morrey spaces. Actually, they showed that for 1 < p < py < oo
the weighted norm inequality

sup w(@) M1 (s ) < € sup w(@) (] )
Qe Q QeQ Q

holds if w € A, where w(Q) = SQ w. However, in this paper motivated by
characterizing Adams type weighted norm inequality for fractional integral
operators (cf. Theorembelow), we consider the weighted norm inequality

(2.6) 1M el o < Cllfwl -

We have not been able to find a necessary and sufficient condition for (2.6)
to hold, however, we shall establish the following:

THEOREM 2.1. Let 1 < p < pg < 0o and w be a weight. Then, for every
Q € Q, the weighted inequality

e e (Srpwr)” < ¢ sw @ (§swy)”
Q A
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holds if and only if
QI /P Upre N\
(2.8) sup (!Q’|) (Swp> (S w P) < 00.

Q,Q'cQ /

Before we turn to the proof of Theorem two clarifying remarks may
be in order.

REMARK 2.2. The weighted norm inequality (2.6 follows from (2.7))
immediately. Furthermore, if 1 < p = pg < oo (the case of Lebesgue spaces),
then

1/po / ,
(2.9) QSQU’EQ<||§I||> (S wp> 1/p< § P )1/:0

e Q Q /
1/p _ N\ 1/p
:sup<§wp) (Sw p) .

) 0

From (22.9) we see that (2.8) extends the class A, given by (2.2) to Morrey
spaces.

REMARK 2.3. The inequality ([2.8]) holds if w satisfies

@10 g, = (fo) " (Ju) " <o
Q Q

Indeed, for any cubes Q C Q' we have by Holder’s inequality

() (@)= () e ()
<(30) " (37)”

o7 o
< [w]

- APaPO

Proof of Theorem[2.1. We first prove the “only if” part. We assume to
the contrary that

1/po 1/ AL/
(2.11) QSQU’EQ(|3/||> (S wp) p( Slwp> " = oo
0cQ’ Q Q

By (2.11]) we can select two cubes @ C Q' such that for a large N,

1/po 1/p N1/
(2.12) <|’(3)/||> (éwp) / (g urp) 7N

Q/

< Q.
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Selecting a smaller cube @' in (2.12]) (if necessary), without loss of generality
we may assume that @’ is minimal in the sense that

/

(2.13) sup §w_p/ = § w P

Re /
ocrcqQ Bt Q

By noticing 1/pp — 1/p < 0, the equality (2.13]) yields

o 1/p o 1/p
@11 s |R!1/P0(i xquw ™) =1 é,“’ Sl
RDQ

It follows by applying (2.7) and (2.14) with f = yg:w™? that

(§ w1 (§ur) " < Qi (§ g w @@y dr) "
Q' Q Q

< C'sup |R|'/7 (S XQ'w*p/)l/p

ReQ R
RDOQ
= C]Q’|1/p° ( g w—p/) 1/p_
Q/

This yields a contradiction

Vs <||g"\)l/m (§ur)"(Ju)" <0

Q Q'

We next prove the “if” part. Fix Q € Q and decompose, for x € Q,

(2.15) Mf(x) < Mxsqfl(x) + Mx ) f1(x)-

For the first term on the right-hand side of (2.15)), we use the fact that
wP € A, and that (2.1]) and (2.2]) are equivalent. From this observation, we
deduce

216) QM (J b slwr) < ol § (swy)
Q 5@

To deal with the second term on the right-hand side of (2.15)), we use a
routine geometric observation: for any x € @,

(2.17) M{xqy fl(x) < C sup § |f].
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By Holder’s inequality and the assumption (2.8)), we have, for a cube @’ D @,

@ (Fur) (5 151)

O
< |Q’1/p0(§ wp) 1/17(§ w_p,)l/p’<§ (|f|w)p) 1/p
Q Q' Q'
1/po P A L/P 111 /70 2\ /P
_{<y‘g/||> <(§wp>l/ (QS/“)” }|Q\1/ (é/(lf!w) )1/
<o (§(riwp) "
o

This together with the pointwise estimate (2.17]) implies

1/p 1/p
(218) Q™ (§(M[xqy flw) ™ < € sup (@17 (§(Ifw))
Q QIGQ Q'
Q'DQ
The inequalities (2.16)) and (2.18)) yield (2.7). =

The following is an Adams type weighted norm inequality for fractional
integral operators. The result is new as far as we know.

THEOREM 2.4. Let 0 < a<n, 1 <p<py<oo,1<qg<gy< oo and
let w be a weight. Suppose that

1 1 « q D
—=——— and —=—.
go Ppo M1 do Do
Then the weighted norm inequality
(2.19) |Uaf)wl g < Cllfw]
holds if there exists a number a > 1 such that
1/ag0 1/ N4
(2.20) sup <||CC22”|) (g wq) q(& w7p> " < .
Q,Q'€Q /
0cQ’ Q Q
REMARK 2.5. The inequality (2.20)) holds if the weight w satisfies
1/ A /P
(2.21) ]y = sup (o) " (§u ) <o
QeQ Q Q

Thus, when ¢ = ¢op and p = py (the case of Lebesgue spaces), Theorem
recovers the result due to Muckenhoupt and Wheeden [12]. Assuming
(2.21]), we see that w? € Ay with t = 1 + qo/p’ and, by the reverse Holder



148 T. Iida et al.

inequality, there exists a > 1 such that, for any Q' € Q,
1 1
(222) (S_ waqo) /GQO S C(S. wqo) /QO.
Q’ Q’

By Holder’s inequality and we have, for any pair of cubes Q C @/,
Q| 1/aqo 1/ N
(o) ()" (5"
Q Q'
1/aqo 1/a A1/
<(jg1)  (wm)™(3u)”
Q Q'
< (S waqo)l/aqo <§ w_p,>1/p/

& &
< C(§ wQO)l/q()(g w*p’)l/p/ < Clw]a,,, < oo
, o

REMARK 2.6. As the example w(z) = |z|~™%©, f(z) = |z|~* shows,
we cannot choose a = 1 in Theorem [2.4] Indeed, we have I,f = oo but
| fwl| mzo < C. This means the bound (2.19)) is false. Meanwhile, a direct

calculation shows that the quantity

o <b>n/aqo<§ ’w|7nq/q0dx>l/q<§ ’x‘npl/Qde>1/p

0<b<e<oo \ €
ly|<b ly|<c

/

is equivalent to
pr/ago  n/qo
0<l§2€p<oo b/ ¢n/ago’
which is finite if and only if a = 1.
To prove Theorem [2.4) we need the following lemma, the proof of which
will be given in Section

LEMMA 2.7. Let 1 < q < 0o and w be a weight. Then, for any Q¢ € Q
and a > 1, we have

1 aDxsu 1wl ac@o) < CIME Csu s w)ll o)
where
223 M u)@)= sw Q)" (ng £ dy) (652 w(y)™ dy)

Proof of Theorem[2.4, Without loss of generality we may assume that f
is nonnegative. Fix a cube Qg in Q. Then by a standard argument we have,

1/aq
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for z € Qo,
Inf(z) < Ia[X3Q0f](fE) + CCw,

where
Coo =D £(2FQo)™ § f.
k=0 2kQq

We have to estimate the quantities

(2.24) QoI =11( § (Tuxsg fl(@huw(@)) dr)
Qo
and
1/q
(2.25) |Qo| /90 ( ! wq> O
Qo

The estimate of (2.24). For the proof it suffices by Lemma to esti-
mate

(2.26) |Qo[M/® 9| M3 (X3 £, W) La(o)-

By (2.20) we notice that, with t =1+ ¢/p/, w? € A; and w™? € Ay. Hence,
by the reverse Holder inequality, there exists @ > 1 such that, for any Q € O,

(2.27)

<§ w“q) 1/aq - CG wq) 1/q and (S w_(p/a)/)l/(p/a)’ < C(§ w_p/)l/p’.
Q Q Q Q

It follows from Holder’s inequality, (2.27) and (2.20) with Q = @’ that, for

any cube Q C 3Qq,
(&w )1/atJ< w-#/%) )1/ p/a)’ (&(fw)p/a>a/p
Q

(1) | |
<e(f)™(§
(3

w P)l/p <§ fw)p/a>a/p
< o (§euwpr)”.

IN

Q

In view of (12.23]), we obtain a pointwise estimate

M2 (x30 fw)(x) < CMepyal(F10)P/%)(2)2/?,
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and hence we can control (2.26]):
(2.28) | Qol" ™V UM (xaqu f ) aqo)

< C|Q0‘1/q0<§ ap/a[(fw)P/a]( )aq/p dx> 1/q

Qo
= C{‘QO’p/aqO( S p/a[(fw)p/a]( )aq/p dx>p/aq}a/p
Qo
< C{“Map/a[(fw)p/a]u aqo/p} /p

aq/P
We now deduce from the Adams theorem for fractional maximal operators
(cf. (L5)) that M,,/, is bounded from Mg" 0P 1o MOD/P Consequently,

aq/p
(2.29) HMap/a[(fw)p/“]llMaq?/p < Cl\fwlliﬁfgo-
aq/p

If we combine (2.28) and ([2.29)), then we obtain
BZD) < Ol ful pp-

The estimate of (2.25). The matter is not so delicate as for (2.24]) and a
crude estimate by using Holder’s inequality suffices. For any ) € Q we have

Qe § r <@ (Ju) " (§wr)
Q Q Q

< 1@ (Fu ) wl o
Q

= |Q|71/qo (g w*P')l/p,waHMgo.
Q

It follows from this inequality and (2.20]) that

i 1/q0 /

Qo 1/q _ A\ L/P
B < rulag Y- () (§ur)""(§ )

k=0 0 Qo 2kQo

oo
|Qo|

= w P

>1/QO—1/aqo
Qul e 2\ Ve A\
<|2kQO|> (§ur)"( § )

QO Qon

[e.e]

< Cllfwll o S0 = O o]
k=0
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where we have used 1/qgo — 1/ago > 0 for the last line. Thus, the estimate
for (2.25)) is now valid and the proof is finished. =

3. Multilinear fractional operators. We can extend Theorems
and to multilinear fractional operators. The proofs are postponed to
Section Bl

THEOREM 3.1. Let W = (w1, ..., wy) be a collection of m weights on R"
and let

0<a<mn, P=P1,---yPm);, 1<p1,...,pm <00, 0<p<py< o0,
0<qg<qg<oo, a>1,

where p denotes the number determined by the Holder relationship

1 1 1
=
p yat Pm
Suppose that
1 1 « q P
—=——— and — = —.
9 Po N qgo Do

Then there exists a constant C' independent of f such that the following
one-weight norm inequalities hold:

(a) If « > 0 and

Ao — QLY Va oo i,
o o= ((G1) " (e wer) I ) <o
QCQ’
then
||Ia(f)w1 - 'meMgo < Ccsglelg |Q|1/Po H(éﬂfﬂwi)pi)um.

(b) If « > 0 and

} |@|>1/q0 Va g
3.2 D — )1 . ,
02t o () (§ommn) LI o) e

QCQ’

then

- " . 1/Pi
|Ma(F s+ go < € sup [Q1Y7 TT(§fikeosy) ™
QeQ i=1Q
REMARK 3.2. When m = 1, Theorem (a) corresponds to Theorem
When m = 1 and o = 0, Theorem [3.1|(b) corresponds to Theorem
In the same manner as in Remarks [2.3] and by using Lemma [5.2] below,
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the inequalities (3.1) and . ) hold if

(3.3) sup (&(un L wm)qo) 1/q0 ﬁ(g wi—p;) v _

Qe i=1Q

Thus, when p = po and ¢ = qo (the case of Lebesgue spaces), Theorem
recovers the one-weight results due to Moen [I0] and, when a = 0, it
recovers Proposition In this case Moen proved that the condition is also
necessary.

The following is a two-weight norm inequality for multilinear fractional
operators in the framework of Morrey spaces.

THEOREM 3.3. Let v be a weight on R" and @ = (wy,...,wn) be a
collection of m weights on R™. Let

0§O¢<’I7’L’I’L, P:(pla"wpm)? 1<p17"'apm<oo7
0<p<po<oo, 0<g=<gqo<ro=<00
and 1 < a < min(ro/qo, p1,...,pm). Here, p is given by

1 1 1
=
g p yai Pm
uppose that
1 1 1
—:—+—7g and L =12
G Po To N qgo  Po

Then there exists a constant C independent of f: v and W such that the
following two-weight norm inequalities hold:

(a) Fora>0,q¢>1 set

—170,0490
(34) o,

1/agq ag M , Ly
- () e g
Do Q i=1 Q'

If v, w]ZO’[;Dq;’a < 00, then

m

ro-a 1/pi
IZa( Pl < Cloaly, sup Q™ [T (§(1 ko) ™
i=1 Q
(b) Let « > 0, 0 < g < 1 and define

=170,a40
(35) o]

1/aqo / mn (o Ja) /(pi/a)’
— sup <‘|g/|’> |Q,|1/m(§vq>1qn(§wi (m/))l pifa)

Qo @ Hia
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If [v, W)L < oo, then

9,P/a
- - 1/p;
—170,0 1 i .
I7a(FYolag < Clovilyi sup Q1 TT(5ashw) ™
=1 Q
(c) If
—170,90
(3.6)  [v, @] "5
|Q|)1/q0 "i/r /4 15 —(pi/a) \ Y/ (Pi/a)
= sup < QT (3ot w;
QQee\|@] (ch ) ZHl(é )
QCQ’
is finite, then
- i 1/pi
770,90 1/p s P
IMa(F)oll e < Clov @l sup |Q OZ_Hl(C§2<|fZ|wZ> )

REMARK 3.4. In the same manner as in Remark the inequalities

(3-4) and (35) hold if

3.7 1ro (§ yaao) % 1 —(pi/a)’ 1/(pi/a)’ 7
(3.7) Cs;épQIQI (év ) E(éw ) “ o
and the inequality holds if

3.8 1/ro 90 Yo 1 —(pi/a) 1/(pi/a) .
9 g (§em) TII(Eu )T <o

Thus, when p = po, ¢ = go and ¢ > 1 (the case of Lebesgue spaces), Theorem
recovers the two-weight results due to Moen [10]. When p = pg, ¢ = qo,
g > 1 and m = 1, Theorem goes back to Sawyer and Wheeden [22].

The following is the Olsen inequality for multilinear fractional operators
(see [4l, (5], 13, 18H2T), 23], 24] for the linear cases).

COROLLARY 3.5. Let v be a weight on R™ and let

0<a<mn, 1<p,...,pm <00, 0<p<py< o0,
0<g<qg<ro<oo, a>1l,

where p is given by

Suppose that
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(a) If a >0 and ¢ > 1, then

N O 1/pi
To(f v < C||v]| pyro sup Q[P0 fil? :
IZo(F el < Clvlg g 01 TT(§ 1)

(b) If « >0 and 0 < g <1, then

. i 1/pi
Zo(f v < C||v|| pqm0 sup |@ 1/po filP .
17 el < Clellacp g @ TI(§ 151)

(c) We have

- 1/pi
N 1/po Di
Mol )ellagg < Oleilag sup 1@ J_!Q? g)

Proof. This follows from Theorem [3.3] by letting ws, ..., w, = 1 and by
noticing that, for every Q C @Q’,

\Q! 1/aqo
(3.9) < ) Q|0 = ||| Vro~V/ago < |Q[1/ro,

Q|
Q1)
(3.10) <| | ’Q’|1/’"0 = ’Q|1/40‘Q"1/7“0*1/QO < |Q’1/m-
Q' =
The inequalities (3.9 and (3.10]) can be deduced from the facts that
1 1 1 1
——— <0 and — - —<0,
To aqo To Qo

respectively, which follow from ¢y < aqy < r¢. =

The following is the Fefferman—Stein type dual inequality for multilinear
fractional operators in the framework of Morrey spaces.

COROLLARY 3.6. Suppose that the parameters 0 < q; < r; < 00, & =
1,...,m, satisfy

m m
1 1
G(JO ; di a ; ri
Then, for any collection of m weights w1, ..., w,, we have
7 1/p 2 pi) /P
IZa(Fywn -+ w0 < € sup Q™ TT(§siway) ™,
QeQ -1 0

where

N Lai
Wi(z) = sup ’Q\l/”Gw;ﬁ) ! fori=1,...,m
zeQEQ 0
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Proof. We need only verify the inequality (3.7) with v = wy - - - wy, and

w; = W;, i =1,...,m. It follows from Holder’s inequality that

(o o) <100 fi(g12)

Q i=1 Q
_ i 1/r; g 1/111"
[Tl (gwf)

Corollary [3.6] follows immediately from the inequality

Wi(z) > |Q|Y™ (§ wgi)l/qi for all 7 € Q. m
Q

Theorem is new even in the linear case, that is, when m = 1. For the

convenience of the readers we restate Theorem [B.3] for this case.
COROLLARY 3.7. Let v,w be weights on R™. Let
0<a<n, 1<p<py<oo, 0<g<qgo<rm9<00

and 1 < a < min(rg/qo,p). Suppose that

1 1 1 «
—— 4 —-2 ga L=-Z
9 PpPo To n 9  Po

Then there exists a constant C independent of f, v and w such that the

following two-weight norm inequalities hold:
(a) Ifa>0,qg>1 and

70,2490

[, w] ag.p/a

1/a u o
= sup <|Q|’> QD’QIP/T(’(SU‘“})U q<§ w—(p/a)’>1/(p/) < oo,

0.0co\|Q’ ,

then
[Taf vl pgzo < Clo,wlio ™ || fwl] o

aq,p/a
b) Ifa>0,0<qg<1 and

70,4490

[v, w] ap/a

a QaQIEQ |Q/| /
QCQ/ Q Q

then

|Zaf)ellpggo < Clo,wll™o | e pgoo-

1/a Q)
sup <1Q|> qO‘Qll/vaq)l/q(&w_(p/a),>1/<p/) o
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(c) If
/90 1/q N 1/(p/a)
v, w0 = su ( @ > nijro (£ 4 w—(?/2) < 00,
[ ]q,p/a Q7Q/I;Q |Ql| ’Q ’ (é-? > (QS/ >
QcQ’
then

N(Mafol o < Clo, w2 o] .

4. Principal lemma. We shall state and prove a principal lemma
(Lemma . Our key tool is the following multilinear maximal operator.

DEFINITION 4.1. Let 0 < a <mn and 0 < ¢ < occ. Let v be a weight on
R™ and let f = (f1,..., fm) be a collection of m locally integrable functions
on R™. Then define a multilinear maximal operator MZ(f,v)(z), z € R", by

S o)) = sup 6@ (1] § 1)1y (§ ot dy) "
Q

LBEQEQ i=1 Q

The following is our principal lemma, which seems to be of interest on
its own.

LEMMA 4.2. Let v be a weight on R™. For f: (fi,--s fm) and Qo € Q,
set

fﬂo = (X3Qof17 . 7X3Qofm)~

Then there exists a constant C independent of v, f and Qo such that the
following inequalities hold:

(a) Let 0 < a<mn. If 0 < q<1, then

(4.1) IZa(FO)vll La(@e) < CIMESY, 0) ]l La(qo)-

(b) Let 0 < a <mmn and a > 1. If 1 < q¢ < 00, then
(4.2) IZa(F)vll La(@e) < CIMEH(fO,0) | La(@0)-

(¢) Let 0 <o <mn. If 0 < q < o0, then
(4.3) [Ma(f)vlla@y) < CIME(S, )l Laqy)-

In the rest of this section we shall prove Lemma [£.2] Since Z, is a posi-
tive operator, without loss of generality we may assume that fi,..., f,, are
nonnegative. For simplicity, we will use the notation

m
mo(f) =[]} ity dy.
i=1Q

Fix a cube Qg € Q. Let D(Qo) be the collection of all dyadic subcubes
of Qq, that is, all those cubes obtained by dividing ()¢ into 2™ congruent
cubes of half its side-length, dividing each of those into 2" congruent cubes,
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and so on. By convention, Qg itself belongs to D(Qp). To prove Lemma
4.2(a)&(b), we need the following estimate.

LEMMA 4.3. For x € Qo,

(@) <C > UQ)*mso(f)xq(x).
QeD(Qo)
Proof. Following [15H17], we have
Za(f0) ()
:Z S Siya) - fm(Ym) dy

— e _ prp—
kEZ (3Qo)mN{2k—1<|z—y1 |+ +|z—ym|<2*} (| — v + + |z — yml|)

<oy | Filyn) im0

kez (3Qo) ™ N{25 1 <fo—yt [+ +la—ym | <2}

<) (2kyemmn | Frlyr) -+ f(ym) dif
keZ (3Qo)™N{|lz—y1 [+ +|z—ym|<2F}
m

<c D w@ ]I\ rwdy=c D wQ)*maq(f).
z€Q€ED(Qo) 1=13Q z€Q€ED(Qo)

The proof is therefore complete.

Following [10], we observe the following.
Letting vo = m3q, (f) and A = (2m18™)™, we set, for k =1,2,...,

Dy = J{Q: Q € D(Qu), msq(f) > A"}
Considering the maximal cubes with respect to inclusion, we can write
Dy =@y,
J
where the cubes {Q ;j} C D(Qo) are nonoverlapping. By the maximality of
Qr,; we see that

(4.4) 0 A* < mag, (f) < 2y AF.
Let
Ey=Qo\ D1, Epj=Qr;\Drsr.

We need the following properties: {Ey} U {Ej ;} is a disjoint family of sets
which decomposes Q¢ and satisfies

(4.5) |Qol < 2|Eo|, |Qr, | < 2|Ekyl.
The inequalities (4.5) can be verified as follows:
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For fixed Q) ; we set

@e)  A=(I] § sdy) oAU | gy

1=13Qk ;5 3Qk,j
Observe that 1%, A; = v A L. By (4.4) we see that

Qr,j N Dis1 C{x € Quyj s M((X3q1,f1 -+ X304, fm)) (@) > 70 AR}

- {x S de : HM(Xng’jfi)(l’) > ’YoAk-H}
i=1

c Utz : Mxsqu, fi)(x) > Ay}

i=1

Using the weak-(1,1) boundedness of M, we have

|Qk,j N Drp1] < Z Hx : M(x3q,, fi)(x) > A}l
i—1

m 1/m
:m3n<,mjk+1H S fi(y)dy> )

i=13Qy,;
where we have used (4.6]). From (4.4) we further have
1

2|Qk,j!.

. 1 . 1/m
A7) 1Quy N Dl = 3" (—rmag, (7)) 13wl <

Similarly, we see that

1
(4.8) D1 = 51Qol.
Clearly, (4.7) and (4.8) imply (4.5).

We set

—

Dy(Qo) = {Q € D(Qo) : m3q(f) < 1A},

D1.j(Qo) = {Q € D(Qo) : Q C Q. j, A" < mag(f) < yoAFH1}.
Then we obtain

(4.9) D(Qo) = Do(Qo) U|JDr.j(Qo).-
k,j
Proof of Lemma (a). By Lemma it suffices to estimate
(4.10) | (F(z)v(x)) da,

Qo
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where

(4.11) = > UQ)msq(f)xe(®).
Q€eD(Qo)
It follows that

E) = > UQ ms(f) | F(x)"  o(x) dr.

QED(Qo) Q
First, based upon (4.9) we estimate
(4.12) S 6Q) msg(f) | Fa)t lu(@) de.
Q€Dy,;(Qo) Q
By use of ¢ — 1 < 0 and the definition of F'(x), we have
(4.13) F(2)"™" < (UQrg) maq,, (f))T" forall 2 € Q.
If we combine (4.12)) and (4.13]), then we obtain
[12) < 6(Qry)*mag,, (f))" Z ) mzq(f SU )t dx
QEDk,j(QO) Q
< (U(Qr ) *mag,, ()1 1y AR > Q)* | v(x)! da.
QEDy, ](QO) Q

By using a geometric property of D and the assumption a > 0, we have

(4.14)  (EID < OWUQk ) Mgy, (F)T A Qi)™ | v(w)da.

Qk,j
From (4.4), (4.5) and (4.14)), we conclude that
- 1/ayq
(415) (@1 < c{6@iy) msqu, (N § v7) "} 1@

Qk,j
5 1/
< c{u@uy) msa, () § 1) "} Bl
<C | M@ dr
Elc,]
Similarly,
(4.16) > U@ msq(f) | F(z)  v(x)? dx
Q€eDo(Qo) Q

< C | MY(fO,v)(2)" da.
Ey

Summing up (4.15)) and (4.16)), we obtain

EI0) < € | MI(fO, v)()" da.
Qo
This is our desired inequality (|4.1)).

159
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Proof of Lemma ( b). Again by Lemma with F' defined by (4.11)),
it suffices to estimate, for ¢ > 1,

(4.17) (1 (F(a:)v(a:))qu>l/ !
Qo

We shall estimate (4.17)) by a duality argument. To this end we take a weight
w satisfying Hw||Lq/(QO) = 1 and estimate

(4.18) > wQ) msq(f) | v(@)w(x) da.
QED(Qo) Q
Going through the same argument as before, we shall estimate
(4.19) U@ ma(f) | v(z)w(w) da.
Q€Dy,;(Qo) Q

It follows from the definition of Dy, ;j(Qo), (4.4) and the same manipulation
as above that

[@19) < ypAFT! Z 0Q)” S v(z)w(z) de
QEDy,;(Qo) Q
= Cry A (Qr ) | v(@)w(z) de
Qk,j
< CUQky) mzqy, (f) | v(@)w(x)dz.
Qk,j
By Holder’s inequality and we see that does not exceed

Q) mige, () § vy dn) " § w@e )" qu,

k.j k.j

< 0@y migy, () § v@ar)" (§ w@ @ a2)" |5,

k,j k,j

From the definition of the maximal operators we obtain

(4.20) EI9) <O | M2(f0,0) (@) Mw D ] ()" da
By ;
Similarly,
(421) Y UQ)*maq(f) | v(@)w(x)dr
QEDy(Qo)
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Summing up (4.20) and (4.21)), we obtain
@18) < ¢ | M2(fO, v)(x) Mw D] () /(@D dx

Qo
< o | Do) (@) de) " (§ Mpued (o) Vo a)
Qo Qo

< o(§ Mg, o)y ) ",
Qo

where we have invoked the L?/(¢9)'_boundedness of M. This is our desired
inequality (4.2)).

Proof of Lemma[{.4(c). First of all, for z € Qo we notice that the fol-
lowing pointwise equivalence holds:

(4.22) Mo (f0)(x) = Mo (F)(2),

where

~ —

Mo(f)(z) = S )e<Q>amsQ<f>-

We shall repeat the above argument with some modifications.
Letting 71 = £(Qo)*m3q,(f) and A = (2m18™)™, we set, for k =
1,2,...,

Dy = H{Q: Q € D(Qu), £(Q)*msq(f) > nA¥}.

Considering the maximal cubes with respect to inclusion, we can write, with
nonoverlapping cubes,

Dy, = Qx,-
J
By the maximality of Q) ; we have
(4.23) AP < Q) msq, , (f) < 2™y AR
Let Eg = Qo \ D1 and Ej, j = Q. j \ Di+1 as before. Then we have to check
(4.24) |Qol <2|Eo|, [Qk;l < 2|Ey;l.

We set, for fixed Qy j,

m —1/m k+1 \ 1/m
(125)  Bi=([[ | stway) 1 ( &2}4.)@ ) | fily)dy
1=13Qy,; kg 3Qk,;

and observe [[I%, B; = y1A*1/0(Q ;). Notice that, if Qr+1,50 C Qs
then

(4.26) yp AR < f(QkH,j’)am?)QkH,jl(f) < K(Qk,j)am3Qk+1,j/(f?)'
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The inequalities (4.23]) and (4.26|) give

71Ak+1 }

Qk,j N Dyy1 C {x € Qrj : M((X3Qs,; [+ > X3y fm)) (T) > o)
5J

m ’)/AkJrl
c {x € Quy: [[Mxsqu, fi)(z) > E(leg)a}

=1
C U{x : M(x3q,, fi)(z) > Bi}.
=1

Using the weak-(1,1) boundedness of M, we have

|Qk,j N Dyy1| < Z\{x M(x3q,; fi)(x) > B}
=1

T 3n n(UQr;)™ Lfm
<> E | fity)dy=m3 (71Ak+1 | | fiwdy) |
i=1 "' 3Qp, i=13Qk,;

where we have used (4.25)). It follows from (4.23)) that

n K(Qk,')a =\
(420) 1Qu; 1 Dusal < 3" (NG g (1)) Q| < 510

Similarly, we can show that

1
(4.28) D1 = 51Gol-

We consequently deduce (4.24) from (4.27)) and (4.28)).

We now return to the proof of Lemma (c). Using the usual notation
for weights, we write v4(E) = |, v(x)?dx. It follows that

| M (F) (@) 20 () de
Qo A . %)
S o(f)(x) qd:v—l—z S x)%(x)? dx
Eo k.j Ey,;
< o1(Bo) (1 A) + 3 07 (B ) (n AR

k.j

< c{uQumaa,(F)(§ )"}l

Qo

+cz{ @ maon, () § o) Y@l

Qk,j
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Using (4.24]), we see further that
| Vo (F) (@) 7o) do

Qo
gc(g MO, 0)(2) e+ > | MO, )@ )qu)
FEo k,j Ek]
< C | MA(f,v)(2)? da.
Qo

This is our desired inequality (4.3) in view of (4.22).

5. Proofs of theorems. We now prove Theorems [3.1 and [3-3] To this
end we need two more lemmas.

Let 0 < a < mn. For a vector f = (f1,..., fm) of locally integrable
functions and a vector R = (ri,...,rm) of exponents, define a maximal
operator

o - 1/r;
(5.1) M, 5(F)(@) = suwp £Q)° H(§ Fiw)dy)
TEQEQ i=1Q

LEMMA 5.1. Let 0 < o < mn. Set ﬁ:(pl, e yDm) and ﬁ:(rl, ceTm)-
Assume in addition that 0 <r; <p; <oo,i=1,... m. If 0 < qg< gy < 0
and 0 < p < py < oo satisfy

1 1
(5:2) —==-2 and 2:37
q0 Po n qo Do
where p is given by
1 1 1
_ = — _|_ . + —,
PP Pm
then
F 1/ ) N\ 1/pi
13, 5l < € sup @ TT(§ 1) ™
QeQ 10
Proof. A normalization allows us to assume that
s 1/pi
53) sup [Q /P TT(§ 1) ™ =1
QeQ H S !

i=1 Q
First, we shall prove the case a = 0. Fix a cube Q¢ € Q. If we define

(5.4) Coo = Sup H(S ’th) :
QDQOZ e
then, for x € Qy,

(5.5) My 5(F)(@) < My 5((x3Q0f15 - - X3Q0 fm)) (@) + Coo.
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This implies

65:6) Qo ((§ My () dr)

Qo
1/p
< 1Qol™ (§ My 5((xsqu s Xsgufm)) (@) d) " + CIQo| e,
Qo
It follows from Holder’s inequality and the LPi/"i-boundedness of M that
1/p
5.7 (§ Mo fis- - Xsufm)) (@) d)
Qo
e r; _/7,, 1/pi
< TT(§ Mivsqufi? )@/ dr)
i=1 Qo
< CH( S fi(z)? d$) ' < C|Qo| P,
i=1 3Qo

where we have used (5.3). Since 0 < r; < p; < oo, we can apply Holder’s
inequality to obtain

m ] 1/r;

(5.8 1Qu"en < sup [T (§ 1w dy) T <1,

QeQ =1 Q

Q>5Qo
where we have used (j5.3]) again. Estimates (5.6)—(5.8]) imply

1/po ) ()P e
(5.9) Qo' (§ My sy dz) T < .
Qo

Taking the supremum over all cubes Qg € Q on the left-hand side of ,
we complete the proof of the case o = 0.

Next, we verify the case o > 0. For any z € R" and € > 0, we see from
the definition of the maximal operator given by that

M w(Fe) < sw w@r TI(§ 150 an) ™

x Q -
Z(eé))is =1 aQ
m ) 1/1"1'

+ swp QT (§ 1w dy)

TEQEQ i=1 Q

L(Q)>e

o g a—n/po 1/po . i Lri

<M, 5(F)w) + =™ sup QY TT(§1fiw)l™ dy)
’ z€QEQ i=1 Q
L(Q)>e

< &My g(F) (@) + 2P0 < 2M () () omrn,
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where we have used ((5.3)) and a minimizing argument. Using the assumption

(5.2)), we see that 1 — apo/n = po/qo = p/q and q/qop = 1/po. Hence,
1, 5(F)laugo < CIM, g(F)Iho < ©
This proves Lemma .
We also need the following equivalences.

LEMMA 5.2 ([6]). Let 1 < p1,...,pm < 0o and q > p with

1 1 1
p b1 Pm
Then, for m weights w1, ..., wn, the inequality
1/q {5 N 1/p;
sup (&(wy‘-wm)q) qH(Sw’*’i) "< oo
QREQ Y =1 Q
holds if and only if
(w1 Win)? € A1y g(m—1/p)s
6A’(1/q+m 1/p)s 1=1,...,m

Proof of Theorems[3.1] and[3.3 In what follows we always assume that
fi,--., fm are nonnegative and

1/pi
(5.10) sup Q' H(&(fzwz) ) =1
QeQ i=1Q
by normalization. To prove the theorems we have to estimate, for an arbi-
trary cube Qg € Q, the quantities

Qol Y (§ @y - wn?) QM (§ @a(F) ",

(5.11) Qo . 1/q “ N 1/q
1Qol (§ (Ma(Fywr -+ wm)?) ™ 1QolM (§ (Ma(F)0)7) .
Qo Qo

Fix a cube Qp € Q and recall that f0 = (x30,f1,- - - X300 fm)- Then by a
standard argument we have, for z € Qy,

(5.12) To(F)(x) < Zo(f0)(2) + CCx,

where

(5.13) Coo = D L(2FQ0) Mg, (),
k=0

and

(5.14) Mo(F) () < Mo (f0)() + Ceoo,
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where

(5.15) Coo = sup £(Q)*mq(f).
QeQ
QDQo

First step. Keeping in mind (5.11)—(5.15]), we now estimate, for Theorem

B3}

Qoft (§ UQ)l/qCOO and Qo "/ § vq)l/qcoo.
Qo Qo

By (3.4), (3.6) and Hélder’s inequality we have

1/a m / 4
. (%ﬂ’) q0|Q’1/TO(§ vq>1/q H<§w;pi)1/lh < [an]z(;:c;g;av
Qo Q

=1

1/ m / ;
" Sup (%0”) qO‘Qll/T[)(& Uq>1/q H(Swipi)l/l’l < [U,w];?g/oa-

QDQO QO =1 Q
From Holder’s inequality, (5.10) and the fact that
1 1 1 «

q0 Do To n

it follows that

e < S ([ § ) ) (F( § )")
k=0 i=1 2kQ, i=1 2kQq
:i(ﬁ( S ) /pl)|2kQ0‘a/n*1/po‘2kQO’1/po
k=0 i=1 2kQ,
(LI § mr)™)
=1 2kQq
ok 1/ro—1/q0 e —p} 1/p} .
;}m Qo[M/ro=1/a (g(%g%wl )™

This yields

|Q0|1/q0( S vq>1/quo <c Z(]QI?CSL
k=0

Qo

(1-1/a)/q0
> = CClv
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where we have used 1 — 1/a > 0. Similarly,

’Q0|1/q°<§ Uq)l/qcoo < \Q0|1/q0(§ Uq>1/q

0 Qo
s 0 ({15t ™) ({1 i7) ™)
6%30 i=1Q i=1Q
e s NS i\ /P
(3o @G er) )G ue) )
Qo i=1 Q i=1 Q
S Sup <‘|6220||>1/QO|Q|1/T0<§ Uq)l/q (ﬁ(& wz—p;)l/p ) <
53 @ e
Just as for Theorem we can estimate
’Q0|1/q°<§(w1---w )4 ) /qC < Cla)™ o B’
Qo

/
Qo] /0 (é (wy - ~-wm)q>1 quo < [w]ZOP

Second step. To prove Theorem |3.3] E we shall estimate, for ¢ > 1,

’Q0|1/qo<§( (fo) G ) 1/q
Qo
By we have
_ r a1/ ad m ~(pi/a) 1/(pi/a)’ o
oo () I Ee) T s

To apply Lemma b) we now compute, for any QQ € Q,

(ﬁ S fi) <S an>1/aq

< (R gorm) ™) F o) o)

< QY H<§(fiwi)pi/a) /Pi'

i=1 Q

':13&)

=1 i=1
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This implies, for z € Qq,
(5.16) ME(fO,0)(x) < esM, 0 50(F)(@)
(see (5.1))). The inequality (5.16]), Lemma [4.2|b) and Lemma [5.1] yield

QoY (§ Zu( ) @)o(@)) " < Cesllb, 0, 5 )l < Ce

0 @ — 3 a—n/ro,P/a MZO — 35
Qo

where we have used the assumption

1 1 -
1_1 a-nfro ., ¢_P
do  Po n 4o  Po
and (5.10)). The case ¢ < 1 is similar. Just use Lemma a) instead of

Lemma [4.2{(b).

Third step. Next, we shall estimate, for Theorem
- 1/q
Qo (§ (Za(fO)wr -+ wi)?) .

0

By assumption we have
1/ag {5 —p\ 1/P}
¢4 = Sup (&(wr'-wm)q) H<§ w, pl) < 0.
QREQ g =10

Then we can deduce from Lemma [5.2|and the reverse Holder inequality that
there is a constant 6 € (1, min; p;) such that, for any cube Q € Q,

(5.17) <§(w1 . _wm)9q>1/9q - C(S(wl . .wm)q)l/q
Q Q
and, for each ¢ = 1,...,m,
(5.18) (S w;(pi/H)’)l/(Pi/W < C(g wi_p;)l/p;‘
Q Q

Going through a similar argument as above with (5.17)) and ([5.18)), we obtain

\Q0!1/q°( b (@a(FO)wn - --wm)qda:> <e
Qo
Consequently, Theorems [3.1] and [3:3] are proved.
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