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Images of Gaussian random fields:
Salem sets and interior points

by

NARN-RUEIH SHIEH (Taipei) and YIMIN X1A0 (East Lansing, MI)

Abstract. Let X = {X(t), t € RV} be a Gaussian random field in R? with stationary
increments. For any Borel set E C R", we provide sufficient conditions for the image X(E)
to be a Salem set or to have interior points by studying the asymptotic properties of the
Fourier transform of the occupation measure of X and the continuity of the local times of
X on E, respectively. Our results extend and improve the previous theorems of Pitt [24]
and Kahane [12, 13] for fractional Brownian motion.

1. Introduction. Let X = {X(t),t € RN} be a centered Gaussian
random field with values in R?. For a Borel set £ C RY, its image X (E)
under X is a random set in R?. Due to its connections to random fractals
and harmonic analysis, it has been of interest to study the geometric and
arithmetic properties of X (E). We refer to Adler [1], Kahane [12], Khosh-
nevisan [20] for extensive studies of various properties of X (E), where X is
either a fractional Brownian motion or the Brownian sheet.

When X is an (NN, d)-fractional Brownian motion of index a € (0,1),
then it is known that

a.s.,

(1.1) dimy X (E) = min {d,w}
where dimp denotes Hausdorff dimension. Clearly, two distinct cases come
up in (1.1): dimg F > ad or dimpg F < ad. In the first case, a Fourier-
analytic argument due to Kahane (see [12]) shows that X (E) a.s. has posi-
tive d-dimensional Lebesgue measure. The natural question whether X (E)
has non-empty interior was first studied by Kaufman [17] for X being
the standard Brownian motion in R. Pitt [24] and Kahane [12], [13] ex-
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tended Kaufman’s result to fractional Brownian motion and proved that
X(FE) a.s. has interior points provided dimpg £ > ad. In the case when
dimpg E < ad, Kahane [12], [13] has shown that X (F) is a.s. a Salem set.
That is, dimpg X (F) = dimp X (F) a.s., where dimyp is Fourier dimension
(see Section 2 for the definition).

This paper is concerned with the geometric and arithmetic properties of
the image X (E) for a large class of (N, d)-Gaussian random fields including
fractional Brownian motion, fractional Riesz-Bessel motion (cf. Anh et al.
[2]) and some Gaussian processes with stationary increments and discrete
spectrum measures (cf. Xiao [28]). We should also mention that the methods
in this paper can be modified to study the images of more general Gaussian
random fields than those considered here. For example, similar results have
been proven for certain anisotropic Gaussian random fields such as fractional
Brownian sheets by Wu and Xiao [27].

Let p be a probability measure carried by F and let v be the image mea-
sure of p under the mapping ¢ — X (¢). In Section 2 we study the asymptotic
properties of the Fourier transform 7(&) as £ — oo. Our observation is that,
for a Gaussian random field X with stationary increments, the asymptotic
property of 7(§) is determined by the asymptotic behavior of the spectral
measure of X at infinity; see Section 2 for more information. Moreover, we
show that, under certain conditions, the image X (F) is a Salem set. These
results extend those of Kahane [12], [13] to a large class of Gaussian random
fields.

In Section 3 we prove a sufficient condition for X (E) to have interior
points. Even though we follow the approach of Pitt [24] and Kahane [12],
[13] to reduce the problem of interior points to proving the existence of
a continuous local time of X on FE, our method is finer than those used
by the previous authors, and is more reminiscent of those in Cuzick and
DuPreez [9] and Xiao and Zhang [32]. As a result, when X is a fractional
Brownian motion, our Theorem 3.2 improves the results of Pitt [24] and
Kahane [12], [13].

There are two open questions that cannot be answered by the methods
known to us, and we list them at the end of Sections 2 and 3, respectively.

Throughout this paper, we use (-, -) and |-| to denote the ordinary scalar
product and the Euclidean norm in R" respectively, no matter what the
value of the integer m. Unspecified positive and finite constants will be
denoted by K, which may have different values from line to line. Specific
constants in Section 7 will be denoted by Kj; 1, K;2 and so on.

2. Salem sets. We start by recalling from Kahane [12], [13] the defini-
tions of Fourier dimension and Salem set. Given a constant G > 0, a Borel
set F' C R? is said to be an Mg set if there exists a probability measure v
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on F' such that

(2.1) ()] =o(l€]7)  as € — oo

Note that if 3 > d/2, then (2.1) implies that 7 € L?>(R?) and, consequently,
F has positive d-dimensional Lebesgue measure. For any Borel set F' C R?,
its Fourier dimension dimp F' is defined by

(2.2) dimp F' = sup{a € [0,d] : F'is an M, set}.

It follows from Frostman’s theorem and the following formula for the a-
energy (0 < a < d) of v:

(2.3) In(v) = K(a,d) | [D(&)]?[¢]* 4 dg,
Rd

where K (o, d) > 0 is a constant depending on « and d only (cf. Kahane [12,
Ch. 10]), that dimp F' < dimy F. Strict inequality may hold. For example,
the Fourier dimension of the triadic Cantor set is 0, but its Hausdorff dimen-
sion is log 2/1log 3. Unlike the Hausdorff dimension dimy F' which describes a
metric property of F', the Fourier dimension dimg F' is closely related to the
arithmetic properties of F'. As a further example of this aspect, we mention
that every set F' € R? with positive Fourier dimension generates R? as a
group.

We say that a Borel set F' is a Salem set if dimg F' = dimy F'. Such sets
are of importance in studying the problem of uniqueness and multiplicity
for trigonometric series (cf. Zygmund [34] and Kahane and Salem [15]) and
the restriction problem for the Fourier transforms (cf. Mockenhaupt [22]).
The first construction of such a set F' on the line with 0 < dimp F' < 1
was given by Salem in 1950 (cf. Kahane and Salem [15, Chapter 8]) using
probabilistic methods. Kahane [12], [13] has constructed Salem sets using
images of Brownian motion, stable Lévy process and fractional Brownian
motion. Bluhm [8] has constructed Salem sets using statistically self-similar
fractals. The results of Kahane [12], [13] and Bluhm [8] also determine the
rate of U(§) — 0 as £ — oo, where v is either the occupation measure
of a stable Lévy process and fractional Brownian motion, or a statistically
self-similar measure.

Deterministic Salem sets with non-integer Hausdorff dimension are more
difficult to construct, there are only a few examples. Kaufman [18] has shown
that for a > 0, the set F, = {z € [0,1] : d(nz, N) < n~(1+% has solutions
for arbitrarily large integers n} is a Salem set with Hausdorff dimension
dimpg E, = 2/(2 + a), where d(x, N) denotes the distance of = to the near-
est integer. By modifying the method of Kaufman [18], Bluhm [6], [7] has
provided an explicit Cantor-type construction of deterministic linear Salem
sets with prescribed dimension.
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In this section, we continue the line of research of Kahane [12]-[14] and
study the asymptotic properties of the Fourier transforms of the image mea-
sures of a large class of (N, d)-Gaussian random fields. In particular, we show
that for every Borel set £ C R™, under certain mild conditions, X (E) is
almost surely a Salem set.

First let Y = {Y (¢), t € RV} be a real-valued, centered Gaussian random
field with Y (0) = 0. We assume that Y has stationary increments and
continuous covariance function R(s,t) = E[X (s)X (t)]. According to Yaglom
[33], R(s,t) can be represented as

(24)  R(s.t) = | (0N = 1)) — 1) AdN) + (s, Q1),
RN
where @ is an N x N non-negative definite matrix and A(d\) is a non-
negative symmetric measure on RV\{0} satisfying
S A2
L+ |2

(2.5) A(d)N) < 0.
RN

The measure A is called the spectral measure of Y.
It follows from (2.4) that Y has the following stochastic integral repre-

sentation:
(2.6) Y(t)= | (Y —1)W(d)) + (Z,1),
RN
where = is an N-dimensional Gaussian random vector with mean 0 and

W(dX) is a centered complex-valued Gaussian random measure which is
independent of = and satisfies

E(W(AW(B)) = A(ANB) and W(—A) = W(A)

for all Borel sets A, B C RY. Throughout this paper, we will assume that
Z = 0. This is equivalent to assuming @ = 0 in (2.4). Consequently, for all
h € RY we have

(2.7) o?(h) =E[(Y(t+h) =Y ()’ =2 | (1 cos(h,A) A(dN).
RN

Besides 02(h), we will make use of the function ¢ : [0,00) — [0,00)
defined by

o(r)=A{e:|¢] >} forr >0 and ¢(0) = 0.

Then ¢ is a non-decreasing and right continuous on [0, c0). In this section,
we will assume that the spectral measure A is absolutely continuous and its
density function f(\) satisfies the following condition (when N = 1, this is
due to Berman [4]):

INANFN) _ 1 On AN F)

1
(2.8) 0<a=-liminf < —limsup

Bt oy Sty b
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where 97 = 2 and for N > 2, Iy = u(SV~1) is the area (i.e., (N — 1)-
dimensional Lebesgue measure) of the unit sphere SN¥=1 in RV,

Under the assumption that the spectral measure A has a density f(A),
condition (2.8) is more general than assuming ¢ is regularly varying at 0. In
fact, by Theorem 2.1.1 in Bingham et al. [5] one can show that a necessary
and sufficient condition for ¢(r) to be regularly varying at 0 of index 2« is
that the limit

o= 1 lim rN Sstl f(r0) pu(do)
2r—00 A{E: gl =}
exists; see Xiao [31] for more details.
The following Lemmas 2.1 and 2.2 are proved in Xiao [31]. They give

some properties of ¢ and, more importantly, its connection with o(h) in
(2.7).

LEMMA 2.1. Assume (2.8) holds. Then for any ¢ € (0,2min{a, 1 —a@}),
there exists a constant ro > 0 such that for all 0 < x <y < 1o,

w () )

In particular, the function ¢ has the following doubling property: there exists
a constant Ko1 > 0 such that for all v > 0 small,

(2.10) ¢(2r) < Kz16(r).

Using the terminology of Bingham et al. [5, pp. 65-67], (2.9) implies that
¢ is extended regularly varying at 0 with upper and lower Karamata indices
2a and 2q;, respectively.

LEMMA 2.2. Under the assumption (2.8), we have

2 2
(2.11) 0 < liminf < (h) < limsup o (h)
h=0 ¢(lhl) = heo @(|R])

REMARK 2.3. In the studies of various properties of Gaussian random
fields with stationary increments, the variance function o?(h) has played
a significant role and it is typically assumed to be regularly varying at 0
and/or monotone. See, for example, Kasahara et al. [16], Talagrand [25],
[26], Xiao [28]-[30] and so on. With the help of Lemmas 2.1 and 2.2, Xiao
[31] has shown that, under condition (2.8), it is more convenient to use ¢(r)
to investigate the sample path properties of Gaussian random fields and thus
the regularly varying assumption on o2(h) can be significantly weakened and
the monotonicity assumption on ¢2(h) can be removed.

< Q.

The following are some examples of Gaussian random fields satisfying
condition (2.8).
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EXAMPLE 2.4. Let By = {Bq(t), t € RV} be an N-parameter fractional
Brownian motion of Hurst index o € (0, 1). Then its spectral density is given
by

1
fa(A) =c(a, N) DRk

where c¢(a, N) > 0 is a normalizing constant. Clearly, « = @ = a and
o?(h) = [nJ**.

ExXAMPLE 2.5. Consider the mean zero Gaussian random field ¥ =
{Y(t), t € RN} in R with stationary increments and spectral density

c(v,6,N
(2.12) frp(N) = Wzy(’(yli |)\’)2)ﬁ’

where 3 and v are constants satisfying

B4+~v>N/2, 0<~vy<1+N/2,

and c(v,8,N) > 0 is a normalizing constant. Since the spectral density
f~,5 involves both the Fourier transforms of the Riesz kernel and the Bessel
kernel, Anh et al. [2] call the corresponding Gaussian process the fractional
Riesz—Bessel motion with indices 8 and -, and they have shown that these
Gaussian random fields can be used for simultaneously modeling long range
dependence and intermittency.

It is easy to check that for the spectral measure with density (2.12) the
limit in condition (2.8) exists, i.e., « = @ = v+ [ — N /2. Moreover, since the
spectral density f, g(x) is regularly varying at infinity of order 2(8+7v) > N,
by a result of Pitman [23] we know that, if v+ 5 — N/2 < 1, then o(h) is
regularly varying at 0 of order 8+ v — N/2 and

o(h) ~ ’h’ﬁerfN/??

where a(h) ~ b(h) means a(h)/b(h) — 1 as h — 0. We will see that the
results of this paper are applicable to the fractional Riesz—Bessel motion.
For more examples of Gaussian random fields satisfying (2.8), see Xiao [31].

We also need the following lemma, which is a special case of Lemma 2.2
in Xiao [31].

LEMMA 2.6. Assume that the spectral density f satisfies condition (2.8).
Then for any fixed constants T > 0 and K22 > 0, there exists a positive and
finite constant Ko 3 such that for all functions g of the form

n
(213) g =S (@B — ity v e [T, TY,
j=1
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we have

1/2
(214) oI < KagA (| 9@ F©dg) T for all ]\ < Ko,
RN

Let T > 0 be fixed. For all n > 2, t1,...,tn, 81,...,8, € [T, TV, write
s=(S1,...,5n), t = (t1,...,t,) and define

(2.15) w(s.6) = E[ 3 V(1)) - Y(sj))r.

j=1
For s € [T, T]™ and r > 0, let

F(s,r) = B(s;,7)

j=1
and
(2.16) G(s,r) ={t =(t1,...,tn) 1 tx, € F(s,r) for 1 <k <n}.

The following lemma is essential for the proof of Theorem 2.8.

LEMMA 2.7. Assume that the spectral measure A of Y = {Y (t), t € RV}
has a density function f that satisfies (2.8). Then there exists a constant
0 < Koy < 00, depending on @, o and T only, such that for all r € (0,7¢)
(with o given in Lemma 2.1) and all s,t € [T, T)™N with t ¢ G(s,r), we
have ¥(s,t) > K4 ¢(r).

Proof. By (2.8), we see that for every constant € € (0,2min{a, 1 —@}),
there exists a constant m € (0,79 A 1) such that

N
(2.17) 2a—¢e< W <2a+e forall AeRY with [\ > 1/r.
It follows from (2.4) that
L , 2
(2.18) w(t,s) = | ‘ 3 (@M — i) F(A) dA.

RN j=1
Now we choose a bump function §(-) € C*®(R") with values in [0, 1]
such that §(0) = 1 and it vanishes outside the open unit ball. Let § be the

Fourier transform of d. It is known that §(\) is bounded and decays rapidly
as A — oo. Let 0,(t) = r~N§(t/r). Then the Fourier inversion formula gives

(2.19) on(t) = 2m)™N | e ENG(rA) dA.

RN
Note that since t ¢ G(s,r), there exists t; such that min{|t; — s;| : 1
< n} >r. Hence §,(s; —t) = 0 for all j = 1,...,n. It follows from (2
that

<j
19)
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n

(2.20) S (Z(ei<tﬂ"/\> — ei<5f”\>)>e_i<tk”\>A(r)\) d

RN j=1

n
= (27T)N ((57«(75]' — tk) — (5T(Sj — tk)) > (27T)N7’7N.
j=1
Next, we split the integral in (2.20) over {\ : |A| < 1/r1} and {\: |A| >
1/r1}. Denote the two integrals by I; and I, respectively. It follows from
Lemma 2.6 with K52 = 1/r that

(2.21) n< | ‘Z(ei@j,)\) _ ei<sj-,A>)‘|§(M),d)\
[A<1/r1 g=1

< Ko [ D000 — )" pie) ag)
RN j=1
< A8rA) A
IN<1/r1

< K2,4W(S,t)]1/2,

1/2

where the last inequality follows from (2.18) and the boundedness of 5. On
the other hand, by the Cauchy—Schwarz inequality and (2.18), we have

(2.22) < | (Z(ei<w>—e@'<w>)zf(A)dA

NZ1/m =L
NI PV
NSYRAY
Z1l/r

< W(s,t) .T—Nl ‘ g/ f(;/r) SOV
Al>r/r1

Note that by using (2.17) and Lemma 2.1, we deduce

1 ~
(2.23) | 16(N)|% dA
Az AT
AN

<In(2a—e)tr N 2 5(A)[2dA
wzgr i o(r/IA])

= on(a - o) N | A ROy
s B/
>r/r1
< Ko(r) N | NSO 2 dA = Ko(r) .
RN
Squaring both sides of (2.20) and combining (2.21), (2.22) and (2.23),
we obtain
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(2m)2 N2 < Ko(r) 2N (s, t).
This gives the desired inequality. =

Now we consider the (N, d)-Gaussian random field X = {X (t), t € RV}
defined by
(2.24) X(t) = (X1(t),...,Xq(t)) VteRY,

where X1, ..., X4 are independent copies of a real-valued, centered Gaussian
random field Y = {Y (t), t € RV} with stationary increments and Y (0) = 0.
We assume that Y has a spectral density f that satisfies condition (2.8).
Then Lemma 2.2 implies that for some positive constants Ko 5 and Ko g,
(2.25) Ko 50(|h)) <E[(Y (¢ +h) = Y (1))*] < Ka60(|h])

for all t,h € R with |h| small enough.

For any Borel probability measure ; on RV, let v = o X ~! be the image
measure of p under X. Then the Fourier transform of v can be written as
(2.26) p(¢) = | X p(dr).

RN
The following theorem describes the asymptotic behavior of V() as £ — oo.

THEOREM 2.8. Let X = {X(t), t € RN} be an (N, d)-Gaussian random
field with stationary increments defined above, and let 7 : Ry — Ry be a
non-decreasing function satisfying the doubling property, that is, T(2r) <
Ko 77(r) for all v > 0. If p is a probability measure on [=T,T|N such that
(2.27) w(B(x,7)) < Kogr(2r) Vo e RN, 7 >0,
then there exists a positive and finite constant n such that almost surely,
(2.28) lim 7(©)| <

oo v/7(6 (€ 2) 1og" [
where ¢~ (x) = inf{y : ¢(y) > x} is the inverse function of ¢.

Y

Proof. By considering the restriction of p to subsets of its support and
the linearity of the Fourier transform, we see that, without loss of generality,
we may (and do) assume p is supported on a Borel set £ C RY with
diam F¥ < r1. Hence Lemmas 2.1 and 2.7 are applicable.

For any positive integer n > 1, (2.26) yields

(229)  E(PEOP)=E | ESaXG-X6N 1n(ds) un(at)
R2nN
= | exp(=3[¢*P(s, b)) p"(ds) u" (dt),
R2nN

where p"(ds) = u(dsy) - - - p(dsy).
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First we estimate the integral in (2.29) by integrating over p"(dt). Let
s be fixed and write

(230) | exp(—31€*W(s,t)) u"(dt)

RN

= | exp(~LIePu(s, 1)) w(dt)
G(s,r)

+ | exp(—3[¢[*P(s, ) p"(dt).

k=1 G(s,r2k)\G(s,r2k-1)
By (2.27), we always have
(2.31) S exp(—%|§]2u7(s,t)) p"(dt) < (Kggnt(2r))".
G(s,r)

Given ¢ € RA\{0}, we take r = ¢~ 1(|£|72). It follows from Lemma 2.7 and
from (2.27) that

(2.32) | exp(—3[¢[*¥ (s, t)) ™ (dt)
G(s,m2k)\G(s,r2k—1)
< exp(—3 Koul¢[o(r2" 1)) - (Kagn7 (254 1r))"

< (Kasn7(2r))" exp(—Kag 2"%79) - K37

In deriving the last inequality, we have applied Lemma 2.1, the fact that
(¢~ 1(x)) > 2 and the doubling property of the function 7.

Combining (2.30)—(2.32), we derive an upper bound for the integral in
(2.30):

(2.33) | exp(—3l¢l*¥(s,t)) u"(dt)

RnN 0o
< (Kagnt(2r))" (1 + 3 exp(— Ky 269 Ké“f;)
k=1
< K3qgn™T(2671(1€]7%)",
where n = 1+4log K> 7/(2a. — ¢). Integrating both sides of (2.33) over p™(ds)
and recalling (2.29), we obtain the following moment estimate:
(2.34) E(|7(€)]*") < K5 on™7(207" (1€]7%)"
for all integers n > 1.

Using the same argument as in Kahane [12, pp. 254-255], we deduce
that (2.34) implies that almost surely

| 5(m)|
2.35 lim su
(2.35) e onose V720 (] ) Tog )"
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Therefore (2.28) follows from (2.35) and [12, Lemma 1, p. 252]. This finishes
the proof of Theorem 2.8. u

REMARK 2.9. In Kahane [12], there seems to be an error in the proof on
p. 266 between lines —7 and —5. Inequality (9) there should be modified as
in (2.34). Consequently, the conclusion of his Theorem 1 on page 267 should
be revised as in (2.28).

For a given Borel set £ C RY, Theorem 2.8 allows us to determine
easily the Fourier dimension of X (F) for an (N, d)-Gaussian random field
X satisfying (2.8).

COROLLARY 2.10. In addition to the hypotheses of Theorem 2.8, assume
that for some positive constants 0 < o < 1, K911 and K312,

(2.36) K2711r2°‘ < (r) < K2712r2°‘ Vr > 0 small enough.

Then, for every Borel set E C RN with dimg E < ad, X (E) is almost surely
a Salem set with Fourier dimension o~ dimy E.

REMARK 2.11. Condition (2.36) is satisfied if the spectral density f(\)
of Y satisfies

Ko i3 A7) < f(X) < Ko qa| A7),
VYA € RY with |A| large enough,

where 0 < o < 1, K13 and K14 are positive and finite constants. In
order for condition (2.8) to hold, we require K140t/ K> 13 < 1. Clearly, this
condition is satisfied by both fractional Brownian motion B, and fractional
Riesz—Bessel motion with indices # and v such that v+ 3 — N/2 < 1.

Proof of Corollary 2.10. Without loss of generality, we assume FE is a
bounded set, thus £ C [~T,T]" for some constant 7" > 0. For any v €
(0,dimy F), Frostman’s lemma implies that there is a probability measure
p on E such that p(B(z,7)) < KrY for all x € RY and r > 0. Again, let
v be the image measure of p under X. Then Theorem 2.8 and (2.36) imply
that almost surely for some K = K (w),

(2.37) D(6)| < K|€]7/ ) (log [¢])? Ve € RU\{0}.

Thus dimp X (E) > v/a almost surely. Since v € (0,dimy £) is arbitrary,
this yields dimp X (E) > o~ !dimyg E a.s.

On the other hand, (2.36) and Lemma 2.2 imply that X (¢) satisfies al-
most surely a uniform Hélder condition on [T, T}V of all orders smaller
than . Hence we have dimyg X(E) < o 'dimyg E a.s. (cf. Kahane [12,
Chapter 10]). It follows that dimp X (E) = dimy X(F) = o~ !dimy E al-
most surely. Therefore, X (F) is almost surely a Salem set. =

By examining the proof of Theorem 2.8, we see that (2.28) holds as long
as ¥(s,t) > Ko(r) if t ¢ G(s,r). Hence, we can provide a more general
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result on Salem sets for (IV,d)-Gaussian random fields; see Theorem 2.12
below.

For this purpose, we only assume Y = {Y(t), t € RV} is a real-valued,
centered Gaussian random field satisfying the following condition (C1):

(i) There exist positive constants dy, K 15 < K3 16 and a non-decreasing,
continuous function v : [0, ) — [0, 00) such that for all t € RY and
h € RY with |h| < &,
(2.38) K2159(|h]) < E[(Y(t + h) = Y (8)*] < Ka160(]h]).
(ii) Let ¥(s,t) and G(s,r) be defined by (2.15) and (2.16), respectively.
Then there exists a constant K17 > 0 such that
(2.39) U(s,t) > Korp(r) if t ¢ G(s,r).

THEOREM 2.12. Let X = {X(t), t € RN} be an (N, d)-Gaussian random
field defined by (2.24) with Y satisfying condition (C1). Moreover, assume
that the function v is of order 2« that is,

(2.40) 2« = inf {B >0: ;%% = oo} = sup {B >0: }L% Tr(‘;) = O},
and o € (0,1). Then for every Borel set E C RN with dimyg E < ad, X(E)
is almost surely a Salem set with Fourier dimension o~ dimg E.

Proof. As mentioned above, the proof of Theorem 2.8 shows that the
condition (2.39) implies (2.28) (with ¢ replaced by ) for every p satisfying
(2.27). Hence the proof of Theorem 2.12 is similar to that of Corollary 2.10
with obvious modifications and so the details are omitted. »

We expect that Theorem 2.12 and Theorem 3.2 in Section 3 are appli-
cable to a wide class of Gaussian random fields with stationary increments
and discrete spectral measures. A systematic treatment for such Gaussian
random fields will have to be done elsewhere because this would require
methods that are different from those in Xiao [31] and the present paper. In
the following, we only give an example of a stationary Gaussian process with
discrete spectrum that satisfies condition (C1), as well as condition (C2) of
Section 3.

ExaMPLE 2.13. Let {X,,Y,, n > 0} be a sequence of independent stan-
dard normal random variables. Then for each t € R, the random Fourier
series

(2.41) Y(t) = \/gi 1 (X, cos((2n — 1)t) + Yy, sin((2n — 1)t))

. = . 5, 1 (An n nsin((2n
n=

converges almost surely (see Kahane [12]), and Y = {Y (¢), t € R} is a cen-

tered, periodic and stationary Gaussian process with mean 0 and covariance

function
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2
(2.42) R(s,t)=1——|s—t| for—nm<s—t<m.
T

It can be verified that the spectrum measure A of Y is discrete and satisfies
A({2n —1}) = (2n—1)"2 for all n € N, and that (2.38) holds with ¢(r) = r.
Now we show that (2.39) also holds.

LEMMA 2.14. LetY be the stationary Gaussian process defined by (2.41).
Then for any interval I C [—m,w| with length |I| < /2 there exists a
constant 0 < Kj 18 < 0o such that

(i) for all r € (0,7/2) and all s,t € I™ with t ¢ G(s,r), we have
W (s, t) > Ko1s7;
(ii) for all t € I and all 0 < r < min{|t|, 7/2},

(2.43) Var(Y(t)|Y(s) :s€ 1, |s—t| >r) > Ky

Proof. Since |I| < 7/2 it is easy to verify that the covariance function
R(s,t) in (2.42) is biconvex on I in the sense of Berman [3]. Write I =
[a,b]. It follows from Theorem 2.1 in [3] that Y = {Y(¢),¢ € I} has the
representation

(24) Y1) =6V/R@0) + - (Balt) — Bia) + = (Bo(b) ~ Balr),

where £ is a standard normal random variable, By = {B(t), t € I} and By =
{Ba(t), t € I'} are Brownian motions on I. All of the processes on the right-
hand side of (2.44) are mutually independent. Of course, the above repre-
sentation can also be checked directly by verifying the covariance functions.

Since statement (i) of Lemma 2.7 holds for Brownian motion on I (see
Kahane [12, p. 254]), we derive from (2.44) that

9\ 2

(2.45) U(s, t) > 2<;> E[

n

> (Bilty) - Bl(sj))]g > Ko 18T

j=1
To prove (2.43), it is sufficient to show that for all positive integers k > 1,
all s; € I with |t —sj| >rand ¢; € R (1 <j <k), we have

k 2
(2.46) E[Y(t) - chwsj)} > Koisr.
j=1
By using (2.44) again, we have

(2.47) E[Y(t) - zk:CjY(Sj)]2 > (%)QE [Bl<t) - zk:chl(sj)r
j=1 Jj=0

4 (%)QE[BQ(t) _ kchBg(sj)]z,
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where sp = a, sy+1 = b and
k
co=Cky1 =1— ch.
j=1
Hence (2.46) follows from (2.47) and the property of independent increments
of Brownian motion; see Lemma 4.3 in Khoshnevisan and Xiao [21] for the
details. This finishes the proof of Lemma 2.14. =

We end this section with the following remark. There are other natural
random measures associated to a Gaussian random field X such as the
induced measure on the graph set Gr X (E) = {(t,X(¢)) : t € E} and the
local time measure on the level set X 1(z) = {t € RN : X(t) = z}. It is
of interest to study the asymptotic properties of the Fourier transforms of
these random measures at infinity, but they are more difficult to handle.
The following is an open question of Kahane [14, p. 155].

QUESTION 2.15. Are the graph and level sets of a stochastic process
such as fractional Brownian motion Salem sets?

3. Interior points. In this section, we consider the images of a Gaus-
sian random field X = {X(¢), t € RV} in R? defined by

(3.1) X(t) = (X1(t),...,X4(t)) VteRY,

where X1, ..., X4 are independent copies of a real-valued, centered Gaussian
random field Y = {Y(t), t € RV }. We assume the following condition (C2):

(i) There exist positive constants 01, K31 < K32 and a non-decreasing,
continuous function v : [0, 1) — [0, 00) such that for all t € RY and
h € RN with |h| < 61,

(3-2) Ks19(|h)) S E[(Y (t+h) = Y (1)) < Ks2(h]).

(ii) For some interval I = [a,b] C RN, Y is strongly locally 1)-non-
deterministic on I, that is, there exist positive constants K33 and
ro such that for all t € I and all 0 < r < min{|¢|,r2},

(3.3) Var(Y(t)|Y(s):se€ I, r <|s—t| <ry) > Kzz(r).

REMARK 3.1. Condition (C2) is very useful in studying sample path
properties of Gaussian random fields; see Xiao [31] and the references therein.
It can be seen that conditions (C2) and (C1) are closely related. In particu-
lar, if a centered Gaussian random field Y = {Y(¢), t € RV} has stationary
increments with its spectral density f(\) satisfying (2.8), then Lemmas 2.1,
2.2 and 2.7 in Section 2 and Theorem 2.5 in Xiao [31] imply that both con-
ditions (C1) and (C2) are satisfied with ¢ (r) = ¢(r). Example 2.13 shows
that this may still be true even if the spectral measure of Y is not absolutely
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continuous. More examples of Gaussian random fields satisfying both con-
ditions (C1) and (C2) can be found in Xiao [31]. It is of interest to further
study the connections between these two conditions.

Using the Fourier transforms, it is easy to prove (cf. Kahane [12]) that,
under (i) of condition (C2), if a Borel set E C RY carries a probability
measure p such that

1
(3.4) £]§3¢(|S—t|)d/2 p(ds) p(dt) < oo,
then almost surely, X (F) has positive d-dimensional Lebesgue measure. It
is a natural question to further study when X (E) has interior points. This
question for Brownian motion was first considered by Kaufman [17], and
then extended by Pitt [24] and Kahane [12], [13] to fractional Brownian
motion.

The following is our main result of this section, which gives a sufficient
condition for X (F) to have interior points. When applied to fractional Brow-
nian motion, Theorem 3.2 improves the results of Kaufman [17], Pitt [24]
and Kahane [12], [13] mentioned in the introduction.

THEOREM 3.2. Let X = {X(t), t € RV} be an (N, d)-Gaussian random
field defined by (3.1) with Y satisfying condition (C2). If a Borel set E C I
has positive capacity with respect to the kernel k(r) = ()~ %2 1log® (1/1(r))
with v > 1, that is, E carries a probability measure p such that

1 1
(3.5) sup | ——————— log¥ <—> p(ds) < K3 g
e B e W ey
for some finite constant K34 > 0, then X(E) has interior points almost

surely.

The following is a direct consequence of Theorem 3.2 and Frostman’s
theorem (cf. Kahane [12] or Khoshnevisan [20]). It is more convenient to
use.

COROLLARY 3.3. Under the conditions of Theorem 3.2, let o* be the
upper index of Y defined by

1
(3.6) a*ziinf{ﬁzozli_r}%)ﬁ’;) :oo}.
If E C I is a Borel set with dimg E > «a*d, then X(FE) a.s. has interior
points.

For the proof of Theorem 3.2, we need several lemmas. Lemmas 3.4
and 3.6 are due to Cuzick and DuPreez [9], and Lemma 3.5 is a slight
modification of their Lemma 3.
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LeEMMA 3.4. Let {Z;}} be linearly independent centered Gaussian vari-
ables. If g : R — Ry s a Borel measurable function, then
v o) (n—1)/2 L
(3.7) S g(vy)e™ V(w2012 gy — ()W S g(z/o1)e =2 dz,
R" %
where 02 = Var(Zy| Za, ..., Zy), and Q = det Cov(Zy,...,Z,) denotes the
determinant of the covariance matriz of Z.

LEMMA 3.5. Assume p(y) is positive and non-decreasing on (0,00),
p(0) =0, y™/p™(y) is non-decreasing on [0,1], and §° p~2(y) dy < oo. Then
there exists a constant Kz 5 such that for all integers n > 1,

T |exp(ivy) B 1|n n ., —n v
(3.8) (S) IO dy < K35p."(1/v),

where p. (y) = min{1, p(y)}.
LEMMA 3.6. For a > ¢e%/2,

[e.e]
(3.9) S (log x)* exp(—2%/2) dz < /7 (log a)®.
1
We will also make use of the following elementary formula to estimate
the determinant of the covariance matrix of a Gaussian vector Z:

(3.10) det Cov(Zy,. .., Zn) = Var(Z1) | [ Var(Z; |{Zi}i<j1)-
j=2
For completeness, we state the following basic result of Garsia [10].

LEMMA 3.7 (Garsia’s lemma). Assume that p(u) and ¥(u) are two pos-
itive increasing functions on [0,00), p(u) | 0 as u | 0, ¥(u) is conver and
U(u) 1 oo asu ] oo. Let D denote an open hypercube in Re. If the function
f(x) is measurable in D and

|f(z) = f(y)l
. A:=AD,f)= V| ————|dxd 0,
(341 (D9 ;,187 (p(lm - y\/\@) Ve

then after modifying f(x) on a set of Lebesgue measure 0, we have
lz—yl
f) = f)l <8 | o (A/u*)dp(u)  for allz,y € D.
0
Proof of Theorem 3.2. By the Choquet capacity theorem, we may (and
do) assume that F is compact. Moreover, we assume that diam E is small
such that, say, ¥ (diam E) < 1/e.
As in Section 2, let v be the image measure of p under the mapping
t — X(t). If v < \g, where \g is the Lebesgue measure in R?, then X is
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said to have a local time on E. The local time [,(z) is defined to be the
Radon-Nikodym derivative dv/d\;(z) and it satisfies the following occupa-
tion density formula: for all Borel measurable functions f : R* — R,

(3.12) [ £(X()) lds) = | f(@)lu(a) da.

E Rd
It is known from Geman and Horowitz [11] or Kahane [12] that, when (3.4)
holds, 1,,(z) € L*(R?) a.s.

Since X (F) is a compact subset of R?, (3.12) implies that {x : [,(z) > 0}
is a subset of X (E). Hence, in order to prove our theorem, it is sufficient to
prove that the local time {,(x) has a version which is continuous in x; see
Pitt [24, p. 324] or Geman and Horowitz [11, p. 12]. This will be proved by
the moment method and Garsia’s continuity lemma.

Let v > 1 be the constant in Theorem 3.2. We define

0 if u=0,
p(u) = < log™ " (eVd/|u]) if 0 < |ul <1,
Yul —v+1 if |ul > 1.
Clearly, the function p(u) is symmetric on R, strictly increasing on [0, c0)
and p(u) | 0 as u | 0.

The following lemma gives the key estimate for finishing the proof of

Theorem 3.2.

LEMMA 3.8. Let D C R% be a hypercube. Then there exists a finite con-
stant K36 > 0, depending on N, d, v, i and D only, such that for all even
ntegers n > 2,

Lu(x) = Lu(y) \"
. B\ | (=Y dady < Kpen!(logn)™.
(3.13) é}})(p(’x_y’/\@) y < Kggnl(logn)

We now continue with the proof of Theorem 3.2 and defer the proof of
Lemma 3.8 to the end of this section.

Let ¥(u) = uwexp(u?), where 6 € (1/~, 1) is a constant. Then ¥ is increas-
ing and convex on (0, 00). It follows from Jensen’s inequality and Lemma 3.8
that for all closed hypercubes D C RY and all integers n with § +1/n < 1,

(&) — L)\
3.14 E R dx d
Gay )| <p<\x . erE)) /

< Kn(n!)GJrl/n(logn)n'y(GJrl/n) < K§7(n!)9(logn)me,

where K37 is a finite constant depending on N, d, 0, D and K3 only.
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Expanding ¥(u) into a power series and applying the above inequality,

we derive

() — 1)
3.15 E Ul L2 " )V ded
615 )| <p<|m—y\/ﬁ>> Y

N1 @) = L)\
‘%n!ELi(p(u—yvx/E)) e <o

the last inequality follows from the fact that § < 1. Hence Garsia’s lemma
implies that there are positive and finite random variables A; and As such
that for almost all z,y € D with |z —y| <e™!,
lz—yl
lu(@) = L) < | w7 (A /u??) dp(u) < Azllog(1/ [z — y)]~O77.
0

Since we have chosen 6 in such a way that v > 1/6, we see that X has
almost surely a local time [, (z) on E that is continuous for all € D. By
taking an increasing sequence {D,, : n > 1} of closed hypercubes such that
RY = (J>2, D, we have proved that almost surely [, () is continuous for
all z € R%. This completes the proof of Theorem 3.2. u

It remains to prove Lemma 3.8.

Proof of Lemma 3.8. By equation (25.7) in Geman and Horowitz [11],
we have, for every z,y € R% and all even integers n > 2,

n

(3.16) E[(lu(z) —lu(y)"] = (271)*"‘[ S S H[e*i@jv@ _ e*l’(”j,y)]

En Rnd ]:1
1 n
X exp [—EVar< Z; (uj, X(tj)>>] du p"(dt).
j:
In the above, u = (u1,...,un), uj € R? for each j = 1,...,n and we will
write it coordinatewise as u; = (u}, e ,u‘j).

Note that for u1,...,u,, y € R? the triangle inequality implies

(317) ] lexp(—i(us, y)) — 1]
j=1

J=1 =1

n | d k k—1
SRR W]

j=1"'k=1 1=0 1=0
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n n
/ ks X
< T |2 texp(=iu %) = 11] = > TT lexo(—ind’ o) — 11,
j=1 k=1 j=1

where 3° :ug =0 and the summation .’ is over all sequences (ki, ..., k)
e{l1,...,d}"

Hence for any fixed hypercube D ¢ R? and any even integer n > 2, we
have

Lu(z) = 1u(y) "
318) E| | <m> dz dy

nd - \exp(iu?( i — ki) —1]
< (2m) dZSS S S H » y—x|/\/a)

D D E" Rnd j=1 (’y

d

n

X exp [—%Var (Z (uj, X(tj)>>] du p"(dt) dx dy

Jj=1

_ / n lexp(iuyhs) — 1]
27) "N\ (D J
st VN ) =07

1 = "
X exp [—§Var(zl (uj, X(tj»ﬂ du p"(dt) dy.
]:
In the above, D&D = {x—y : x,y € D}. We have made a change of variables
and have used the fact that p(|y|/v/d) > p(|y*|/V/d) for all k =1,... d. Also

note that (3.5) implies that 4 has no atom and thus Fubini’s theorem implies
that

(3.19) P {t = (t1,...,ty) : t; = t; for some i # j} = 0.

Hence the integral in (3.18) with respect to u" can be taken over the set
EL ={t € E" :ty,...,ty, are distinct}.

Now we fix t € E7, a sequence (k1,...,kn) € {1,...,d}"™ and consider
the integral
" lexp(iuyFi) — 1
(200 Me= | | [0l

DOD Rnd j=1 p(|yk]’/\/a)
X exp [—%Var(i (uj,X(tj)>] dudy.

j=1
Since ti,...,t, € E are distinct, (3.10) and (ii) of condition (C2) imply
that the Gaussian random variables Xy (t;) (k=1,...,d, j =1,...,n) are
linearly independent. Hence by applying generalized Holder’s inequality, and
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Lemmas 3.4 and 3.5, we derive that M, is bounded by a constant multiple of

e lexp(iuy y*) — 1|7"
21 E[{HQRS[ )

n  d 1/n
X exp [—%Var( Z Z UéXl(tj)ﬂ du dykj}

Jj=11l=1
(27T)n(d—1)/2
" [detCov(Y (t1), - - -, Y (t,))]4/2
n ]exp(iu;?jykd/aj)—l‘" ke " ukj 1/n
XE{H gy ) /2) dy dj}

RR

K3q 1/n
= [det Cov (Y (t1)37 )]4/2 H [ S pi"(o/vVd) exp(—v*/2) dv} ;

Where K3 > 0 is a constant dependmg on D and K35 in Lemma 3.5, and
O'- is the conditional variance of Xy (t;) given Xi(t;) (I # k;j or I = ky,

Z#J)

Since

log"(e/z) f0<x<1
(z/Vd) = ’
iV ={ | S
and log% (zy) < 2%(log = + logS y) for all a > 0, where we have written
log, = max{1,logz}, we deduce

o0

322) | py"(oj/vVd) exp(—v?/2) dv
0
< S exp(—v?/2) dv + 27 S log"}Y (v) exp(—v?/2) dv
oj/v>1 oj/v<1
+ 2™ S log"Y (e/0;) exp(—v?/2) dv
oj/v<1
By Lemma 3.6, for n large enough, the above is bounded by
(323)  K"[log¥(e/ay) + (log(ny))™] < Kjgllog™ (¢/o;)|(log n)"™
It follows from (3.18) and (3.20)—(3.23) that
l -1 "
324) E|| <M> dz dy
b \p(lz —yl/Vd)
< K3 10ra(D)(logn)™
1

ESn [det Cov(Y (£1), - -, Y (tn))]
£

- e
a7 l_Ilog']r (a_> p"(dt).
j=1 !
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Using again the independence of Xi,..., Xy and condition (C2), we de-
duce

(3.25) 0']2- = Var(ij (tj) |Xl(tl') 1l 75 k‘j orl= k‘j, 1 ?é ])
= Var(Xy, (t;) | X, (t:) - 0 # j)
> Kssy(min{|t; —t;| :i=0o0ri#j}) (to=0).

Now, for any fixed t = (¢1,...,t,) € E”,, we define a permutation 7 of
{1,...,n} such that

lteny] = min{jt; :i =1,...,n},
(326) ’tﬂ(j ﬂ(j*1)| = min{|ti _ tﬂ(j—1)| .
ie{l,....n}\{r(1),...,7(j —1)}}.

Notice that the integrand on the right-hand side of (3.24) is permutation
invariant in ¢y, ..., t,. So by (3.25), (3.26) and the fact that diam E is small,
we can write

(321) [ logl(e/o;)

=1

n K3,11
Sl;[ Og+ ( Y(min{|t S E i:Oorl’#ﬂJ)]’))

7(4)

L 1
< K% log”. < . >
%12 H T\ min{|tr) = teg—1)|: txgs1) — tah|})

Jj=1

a 1
< K% log?? ( )
12 H N (|t7r(] t7r(j—1)|)

Jj=1

Combining (3.10) and (3.27), we obtain

1
[det Cov (Y (t1),..., Y (t"))]4/2 J];[l log’ (e/0;)

1
10g2’7 ( )
313H G- T \ Wty = teg—1))

Define I'; = {t € E} : t satisfies (3.26)} and write I’x as I" when  is
the identity permutation. It follows from (3.24), the permutation invariance
of the integrand in its right-hand side, (3.28) and (3.5) that

(3.28)
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lu(ﬂf) - lu(y) "
' E PV ) daed
629 )| <p<|:c - yr/m) !
n ny - 1 2 ; "
< Kaantlorn)" | || =7y e (=)

< K3gn!(logn)™.
This finishes the proof of Lemma 3.8. u

REMARK 3.9. Let Xi,..., X be independent Gaussian random fields
such that for each j = 1,...,d, X; satisfies condition (C2) for some func-
tion ;. Then the (N,d)-Gaussian field X = {X(¢), t € RN} defined by
X(t) = (X1(t),...,X4(t)) is anisotropic in R? Theorem 3.2 can be ex-
tended to such (IV,d)-Gaussian random fields. We leave the details to the
interested reader.

QUESTION 3.10. We have mentioned that, if E C RY carries a probabil-
ity measure y such that (3.4) holds (i.e., Capy-a/2(E) > 0), then X(E) a.s.
has positive Lebesgue measure. It is an open problem to find a necessary and
sufficient condition on E for E[A\y(X (E))] > 0. This problem has a long his-
tory and is closely related to potential theory of Gaussian random fields; see
Khoshnevisan [20] for more information. For (N, d)-Gaussian random fields,
the only known result is the following due to Khoshnevisan [19] for N = 2
and Khoshnevisan and Xiao [21] for general N: If W = {W(t), t € RY} is
the Brownian sheet (or an additive Brownian motion) in R and E C Rf is
a Borel set, then E[A¢(W(E))] > 0 if and only if Capg/,(£) > 0.
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