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Dispersive and Strichartz estimates on H-type groups
by

MARTIN DEL HIERRO (Cergy-Pontoise)

Abstract. Our purpose is to generalize the dispersive inequalities for the wave equa-
tion on the Heisenberg group, obtained in [1], to H-type groups. On those groups we get
optimal time decay for solutions to the wave equation (decay as tfp/2) and the Schrodinger
equation (decay as t(17”>/2), p being the dimension of the center of the group. As a
corollary, we obtain the corresponding Strichartz inequalities for the wave equation, and,
assuming that p > 1, for the Schrédinger equation.

Introduction. Let T} be a semigroup associated to a partial differential
equation (PDE) such as the wave equation (4.1) or the Schrédinger equation
(5.1) on R€. By Fourier analysis we may write such operators explicitly as

(0.1) Tif(z) = | &m0 f(¢)de.

RQ

These oscillatory integrals are well known; in particular, by stationary phase
we get dispersive estimates

T3 f|loo < C(f)E/2,

where o = @ — 1 for the (half-)wave equation semigroup and o = @ for
the Schrédinger semigroup, and the time decay is optimal. For () > 2 these
dispersive estimates imply all the Strichartz estimates (see Corollary 0.2)
(see [27, 28, 13, 18, 16, 19]).

Strichartz estimates are a very useful tool in local and global existence
problems for nonlinear PDEs [3, 24, 5, 30, 33, 12]. On the other hand, the
dispersive estimates associated to wave equations have been used to prove
pointwise Fourier convergence (see [21]). As expected, these estimates can
be generalized to many other spaces, such as regular domains, Lie groups or
compact Riemannian manifolds (see for instance [4, 1]).
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In 2000 H. Bahouri, P. Gérard, et C. Xu (see [1]) found sharp dispersive
estimates and Strichartz inequalities for the wave equation on the Heisenberg
group. Such estimates do not exist for the Schrédinger equation (cf. [1]).

In this paper we work on “bigger” spaces, like H-type groups, on which
we will show that the Schrodinger equation is dispersive.

THEOREM 0.1. Let A be the Kohn sub-Laplacian associated to an H-type
group G. Consider the semigroups Sy = el*> and W; = V2 We have the
sharp estimates

1Sef oo < ClI™ V2| fll gv-o-2s Wik lloo < CUITP2f ] gv-prz,
1,1 1,1

where p is the dimension of the center of G and Bﬁr is the homogeneous
Besov space introduced in Section 2.

In comparison with Theorem 1.2 of [1], we have obtained a double im-
provement. On the one hand, the time decay is sharper for the wave equation
solution. On the other hand, a new phenomenon appears for the Schrédinger
equation solutions on H-type groups with p > 1: they become dispersive.

As a corollary, and following the work of Keel and Tao ([18]), which
extends that of Ginibre and Velo ([13]), we get a very useful estimate on the
solutions of the Schrédinger and wave equations

Au + attu = f7
(WE) ’U,‘t:o = Uup, (SE) {

atu\tzo = U1,

iNu— O = f,

’LL|t:0 = Uup.

COROLLARY 0.2. Let N be the homogeneous dimension of the H-type
group G, and p the dimension of its center. Let q,r be such that
1 N N
-4+ —=—=-1
q T 2

If w is the solution of the non-homogeneous wave equation (WE), then for

[wllpgrr < Clluoll g + llwallpz + 1 Fllzyz2)-

Here H' is the homogeneous Sobolev space of order 1, associated to the
sub-Laplacian /.
Moreover, if p > 1 and u is the solution of the non-homogeneous Schré-

dinger equation (SE), then for all q € [2]\;;:11_’7, oo],

ullparr < CUlluoll gn + [1F 1Ly gro)-

Note that only the size of the center of the group increases the num-
ber of admissible exponents ¢ in the Strichartz estimates. In particular,
the Schrodinger equation is now dispersive and admits Strichartz estimates,
since p > 1.
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To avoid the particular behavior of the Schrédinger operator on the
Heisenberg group (see [1, 25]), some authors have replaced the sub-Lapla-
cian by the full Laplacian (see [11, 31, 32]).

The paper is organized as follows. In Section 1, we will rapidly introduce
the structures of groups and operators that we are concerned with. We also
recall the Fourier inversion theorem for spherical functions; we would like
to thank an anonymous referee who informed us about this tool. In Section
2, we recall the construction of homogeneous Besov spaces that will appear
in our estimates. Before starting the proofs of the main theorems, Section
3 will be dedicated to technical lemmas concerning Laguerre polynomials
and Bessel functions appearing in the inverse Fourier transform formula.
Finally, Section 4, for the wave equation, and Section 5, for the Schrédinger
equation, will develop the proofs of the main and intermediate results for the
dispersive and Strichartz estimates. In particular Lemma 4.1 is a mixed time
and space estimate, which might be useful for weighted Strichartz estimates.

1. H-type groups and spherical Fourier transform

1.1. H-type groups. Let G be a connected, simply connected 2-step
graded group. Suppose its Lie algebra G is endowed with a scalar product
such that we have the orthogonal direct sum

G =G e G,
where G; spans the Lie algebra G and Gy = [G1, G1].

Let By=(X1,...,Xy) be an orthonormal basis of G; and Fo=(T1,...,T))
an orthonormal basis of Gs. By means of these bases we shall identify G
and Gy with R™ and RP.

SP~1 will indiscriminately denote the unit sphere in the euclidean space
RP or in Gy endowed with the induced scalar product of G.

Let A = —>" | X? be the Kohn sub-Laplacian of G. This essentially
self-adjoint positive operator does not depend on the choice of By, and by a
well known result, due to Hormander, it is subelliptic.

Every point g € G will be described by its canonical coordinates (z, s)
relative to the basis By U Fy:

n p
(2,5) = exp (Z viXi+ Y szj)
i=1 j=1

with z = (z1,...,2,) € R" and s = (s1,...,sp) € RP.
The group law is then an easy calculation thanks to the Hausdorff—
Campbell formula

1 n
(x,8) 0 (2/,§) = (:U +a' s+ + 3 [2X, x’X]) with X = leXZ
i=1
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G is also endowed with a left-invariant Haar measure dyp = dz ® dt (cf. [6]).
This expression is clearly independent of the choice of the bases By and Fy.
Following Folland and Stein [10], we will exploit the canonical homoge-
neous structure, given by the family of dilations {6, },~o,
or(x,s) == (rz, r?s).
We then define the homogeneous dimension N :=n + 2p.
A direct calculation shows that

A(f 0 b,) =13 (Af) 06,
V1N - g) dulg) = | e(g) du(g).
G G
Let us now characterize the Heisenberg type (H-type) groups. Following

Kaplan’s construction (cf. [17, 7, 8]) this generalization of the Heisenberg
groups is characterized by the J functional

J: g2 - An(gl)a

where A, (V) is the set of all skew-symmetric linear maps on a linear space V.
The functional is defined by

VX, X'€eG,VT €Gy, T [X,X'|=J(T)X X'
and we say that G is of H-type if
(H) J(T)? = —|T|* 1dg,.
It then follows that dimG; = n = 2d and
[J(T)X| = |T|1X].
Equivalently (H) means that, for every unit vector X € G;, ad(X) in-

duces a surjective isometry from ker(ad(X))* onto Gs. Then Go + RX C
ker(ad(X)), and in particular

p<2d-—1.

More generally for any choice of a p-dimensional space G1, we can always
find infinitely many G, spaces such that G = G; ®G, has an H-type structure.

ExampLE 1.1 (H-type group of topological dimension 7). Consider
G; = R* and G = R3 endowed with the canonical scalar product, and let
J(T) (with T' = (T4, 1%, T3) € G2) be the morphism whose associated matrix
in the canonical basis of G is

0o T T, T
T, 0 -T3 Ty
T T35 0 -T)
T, T, Ti 0

[J(T)] =

Then J equips G = G; - G, with an H-type structure.
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1.2. Spherical Fourier transform. Koranyi, Damek and Ricci (see [9]
and [20]) have computed the spherical fonctions associated to the Gelfand
pair (G,0(n)) (we identify O(n) with O(n) ® Id,). They involve, as on the
Heisenberg group, the Laguerre polynomials

(1.1) L9 (¢) :Z(—l)k@f;ﬁ)yv t>0, mqeN.
k=0 ’

For convenience let £{? &) = L' (&) exp[—£/2]
We say that a function ¢ is radial if it is invariant under the action of
the orthogonal group O(n), more precisely,

VS e O(n), Y(z,s) € G, o((S-z,5)) = p((z,s)).

In particular the set L. ,(G) of L! radial functions endowed with the con-
volution product

px1p(h) = | (g)v(g™h) dulg)

G

is a commutative algebra.
DEFINITION 1.2. Let f € L! .(G). We define

rad
1
Fu = (") et (Ble?) dwas
R2d+p

m

Put F[f](A\,m) = ]?m()\) We call F the spherical Fourier transform.

By a direct computation we have

Floxy) =Fo- Fi.

Thanks to a partial integration on the sphere SP~! we deduce from the
Plancherel theorem on Heisenberg groups its analogue for H-type groups. In
particular

PROPOSITION 1.3. For all radial functions f in the Schwartz class (f €
Srad) such that

S (") il <o
RP

m

for instance if fn(A) = Q(bm(N)) with Q € S(R%), we have

d+p -
ren=(3) 3 Vewiinsl fas (Bl o

2
meN RP

the sum being convergent in L norm.
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Following the computation in [20] and [9], for all f € S;aq we have
Af€Smar FIANA M) = bm(X) (M)

with b, (A) = (2m + d)|\|. Therefore for a bounded continuous function of
the sub-Laplacian h(A) we have

Vf € Sma(G),  FIR(A)FI(Am) = h(bm(N) fn(N).

2. Homogeneous Besov spaces. In this section we recall the con-
struction, given in [1], of homogeneous Besov spaces. These spaces are well
known, we will only list the principal results we will need (see [1]).

Let R* € C3°(Cy) with Cp = {r € R:1/2 < |7] < 4} be even and such
that

0<R*<1, VreR-{0}, Y R(2%¥n)=1
JEZ
As R* € C°(R?% ), Hulanicki proved that the kernel ¢ of R*(A) belongs
to the Schwartz class (see [15]). In particular
Pm(A) = Ry, (IA]) == R*((2m +n)7).
For j € Z, we define
90]-((.%, Y, 5)) = 2N](p(62j (.fL',y, 8))? Vf € S/(G>7 A]f = f *Qj
Obviously Foj(A,m) = R: (27%|)\)).

Then, following [1], we can introduce (see [2] for clarifications):

DEFINITION 2.1. Let 1 < g, < 0o and ¢ < N/q. We define the homo-
geneous Besov space BY, as the set of distributions u € S§'(G) such that

. 1/r
lullge, = (D227 I Agullyue) < oo
JEZL
and u = Zjez Ajuin §'.
DEFINITION 2.2. Let o < N/2. The homogeneous Sobolev space He is
H? = 32972_
This definition is equivalent to
ue H? < N2y e 2,

and the associated norms are of course equivalent.

3. Technical lemmas

3.1. Oscillating integrals. Our goal is to apply oscillating integral esti-
mates to the the wave and Schrodinger operators. These integrals naturally
appear thanks to the Fourier transform, and the estimates will, in general,
be a consequence of this classical result:
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PROPOSITION 3.1 (Stationary phase estimate). Let ¢ € C*(]a,b[) be
such that
|¢"(u)| >1  onla,bl

Then for any collection of functions ¥ € C*(Ja,b]), where t is a real pa-
rameter,

b b
[ Je g ) du| < 02 unloe + 154 00)] d].

C being a constant not depending on t, a or b and independent of 1y and ¢.

A proof can be found in [26, Chapter VIII]. We will also need some other
classical results, to be found in [26] or [14].

3.2. Laguerre polynomials. Laguerre polynomials have been introduced
for the spherical Fourier transform.
A classical estimate is given by (see [29])

(3.1) VgeN, [£9]< <m$ q) < Cy(m +1)1.
Recall that £ &) = LY (&) exp[—£/2]. Just as in [1] we will need to esti-
mate their derivatives:

LEMMA 3.2.
N
(e4) @@ < Cvatem + a1
for all 0 < N <d.

Proof. Tt suffices to continue the calculations done in [1] for N = 0, 1.
For ¢ € N and m > q let

(~0) d n—gq (—x)k‘HI: —xq(n_Q)! (q
L™ kzo< k )(k+q)! (=) n! LnZg:

For q € Z, set L9 (¢) := LIV (€) exp[—£/2].
Fix ¢ € Z and m > (—q)+ + 1; since
d

e = mLi(©) = (m + Q)L 1 (€),
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Then, by induction on N € N,

d N
9N )
Vg € Z, ¥m > 2N — q, <§d—£> L9 (¢ ZZB m) L
—N p=0
with |ng(m)\ < C’Z’;V(m + 1)P. So we get (3.1) for 0 < N <d —1.
For the case N = d, we use an estimate proved by Rooney in [23, 22]:
2(2m)!
2mm]

12D < <Cm+1)"Y* u

3.3. Bessel functions. Let J, be the Bessel function of order v > —1/2,

1

r/2)" irt v—
M= 16 (+/1/)2>w1/2 ) e

By m-fold integration by parts we obtain
LEMMA 3.3. For any m € N,

Imt1/2(r) = 1/22 ajel” +bje ),
7=0

where a; and b; are complex coefficients.

LEMMA 3.4. For any m € N,
ir « —ir o
Inr) = | 554 00| 4 | 55 4 0-0)],

where ¢+ € S(RY) are such that

(3.2) Vr >0, |ox(r)| <Cr V2 ¢l ()] < Or 32
Proof. For the Bessel function of integer order we get (see [26, p. 338])
1 .
Jm("f’) - S 61rsm9671m€ do.

2
0

Following Stein, let ¢4 (resp. ¢»_) be a C* function with support small
enough around 7/2 (resp. 37/2). Let ¢y be such that

Yy + o+ - = 1.
With natural notations we get
() = €T (r) + T (1) + eI (r),
in particular the oscillating integral
b
JH(r) = S @)\ (0) do

a
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with x € C2°(]a,b[) (Ja, b being a small interval around 7/2). Since ¢(6) =
sinf — 1,

o(n/2) = ¢(n/2) =0 and @"(x/2) £0.
So by [26, Proposition 3, p. 334]), we get
Th(r) = ayr 2 4y (r)
with 1 (r) = O(r=3/2) and ¢/, (r) = O(r~—>/2). J} being analytic, an easy
computation shows that ¢, has the good behaviour. The same is true for
Jo(r)=a_r Y2 +9_(r).

Finally, since JO, has no critical point in its phase (thus is in the Schwartz
class), we conclude that ¢4 (r) = ¥y (r) + JO(r)e” " and ¢_(r) = ¥_(r)
satisfy (3.2). m

4. The wave equation. Looking at the wave equation on G,
Au+ Oyu =0,
(4.1) ult=0 = uo,
Opuli=o0 = u1,

we naturally introduce the wave operator

W, = explit\/A]

which is connected to the general solution u of (4.1) by

dA
u(g,t) = —Lug + Ayuy

dt
with Ay = %, and dA;/dt = cos(t\/D).

LEMMA 4.1 (Sharp space-time dispersion). The kernel ¢ of R*(A) in-
troduced in Section 2 satisfies the estimate
sup [Wep((x, y, )| < Clt| /5|72,
x’y

Proof. By Fourier inversion we see that Wip((z,y, s)) is proportional to

o 2
,_ —ide-s+ity/A(2m+d) p* (d—1) [w[[* dAdo(e)
(42) 2:=> " | [eRestivACmidpe (x)cd ()\ > ) S
meN §p—1 0
with w = (,s). By a partial integration, the expression after the SP~!
integral sign is very similar to an integral computed in [1]. Thus, integrating

this result (see proof of Lemma 4.1 in [1], or see below) over SP~1, we get

sup [Wip(g)| < C'min{1, [¢|~/?}.
geG
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Hence it suffices to show the lemma for p > 1 and |s| > 1. This time we
integrate first over SP~!:

oo ' )
N = S do()\s) Z e‘t\/mR;LO\)ﬁ?(g—l) ()\ [wl] ) NP1y

0 meN
Now,
do(©)= | e do(x) = 27r(
Sp—1
(see [26, p. 347]).

CASE 1: p odd. By Lemma 3.3 we have
J(p_2)/2(7“) — T—1/2ei7“ Z ajr_j + T—l/Qe—ir Z bj’l“_j.
j<p/2—1/2 j<p/2_1/2

Then it suffices to study

Iij _ S()\|S|)(1—p)/2—jei(:|:>\\s|+t\/)\(2m+d))R* (A)ﬁ(d 1) < HWH ) )\d—l—p 1 d\.
m, m m 2
0

Let s =ts', p = (2m + d)\. By this change of variables
[ij = |ts'|(17P)/2=5

2 d+(p—1)/2—j
itg,%(u) * (d-1) HwH H
0

with
+
m - Zi:— +
Following [1| the stationary phase (Lemma 3.1) gives us
& y P o
|I$7j’ < C‘S‘(l_p)/2(2m + d)_(p+3)/2+jt_1/2_

To conclude it suffices to sum these estimates since

S (@m 4 )P < o

m=0

CASE 2: p even. This time, by Lemma 3.4,

Jp—2)/2(r) = € [% + ¢+(T)] _w[ i To-(r )}

so it suffices to study
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_ S ()\|S|)(1—p)/2€i(:t)\\s\+t\//\(2m+d))R* ()\)ﬁ(d—l)( HWH >>\d+p 1 d\,
m m 2

0
00

i =| (As])ZP)/ 2, (3] )elENsl+ty/A@mTd)

0

x Ry, (W)LY <A ] >Ad+P LA,
™m m 2

We recognize here the expression of Im 07 SO

(4.3) |IE] < C|ts' | P2 (2m 4 d)~(PF3)/2471/2,

Let us detail the computation for TX. Set s = ts’ and p = (2m + d)\.
Then
TE = |ts/|2P)/2 S eitgii(u)f(u) dp
Co
with
d+p/2

_ plts'| « (d—1)< o] ) H
flp) = ¢i<(2m+d)>R ()L " o@m+d) ) @m+ddn

where g (1) is as in Case 1.
FEstimate of || f|lco- By Lemma 3.4,

(2m+d)—(d+p/2+l) i ’ 3 L
< PRR* ()] | L4941 [ ———||w|? ) |.
1] < e WP R (|27 55 11

So, recalling that R* € C§°(Cp), Lemma 3.2 gives us
Ve Co,  [f(w)] < Calts'|7V/2(2m + d)~ /2,
Estimate of §q |f' (1)l dp. Let f'(n) = ap) + B(p) + v(p) with

_d plts'| pier Y S
o) =2 <¢i ( (2m + d) >> @m + dyra " W) (“’2(277% + d)>
B plts’| d pd+p/2 X (d—1) o]
Blu) = o= ((Qm +d) > du <(2m Tz (“)>£m (“2(2m + d)>

_ p|ts’| pdte/? N e wll?
20 =0+ s ) G e 005 (24 (e )

From Lemma 3.2, Lemma 3.4 and the equalities
plts| pd /21 (d-1)
pu— £

) o2
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we get
[ 170l du < Calts' |72 (2m + d) =@+
Co
Thus, the stationary phase estimate on Trj,; gives
(4.4) YE| < Ot |3P/2(2m + d) P32 12,
To conclude we just have to sum the two kinds of estimates (4.3) and
(44). =
This estimate is sharp in the joint space-time cone
{(s,t) e RP xR : s = Ct}.
It should be of interest in the study of weighted Strichartz estimates.

Following [1], Theorem 0.1 is a direct consequence of

LEMMA 4.2. The kernel ¢ of R*(A) introduced in Section 2 satisfies the
estimate

sup [Wip(g)| < CJe| 77/,
g9

Proof. To improve the time decay, we will try to apply p times a non-
critical phase estimate.
Fixing s € R\ {0} and ¢ > 1, recall that

Wip(g CZ \ Lmdo(e)

m=0 Sp—1

and the integral I ,, has been computed in the proof above:

L=\ explitgm.c(1)]¥(n) dp

Co
with
_ M
Ime(p) = /1t — Gt
d+p—1 2
__ K * (d—1) [[wl|
Y = Gy aee & Whn <“ 22m+d) )

CASE 1: |s| > \/_(Qm + d)t. Inspecting the proof of Lemma 4.1 we get

‘ S Iem da(g)‘ < C‘S‘(lfp)/%j(zm + d)*(p+3)/2+jt71/2
Sp—1
(with 0 < j < p/2 —1/2 when p is even and j = 0 when p is odd). So
‘ S I da(e)‘ <C(2m+ d)_(P+1)t—p/2'
Sp—1
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CASE 2: |s| < §(2m + d)t. The phase gy, - has no critical point on Ci:

') = 1 e-s >l_ |s] >1
Imel) =5~ @m+dt =41 (@m+dit =8
By @Q-fold integration by parts, we get
T = ()2 | explitgm o ()] D2 () di.
Co
where the differential operator D is defined by
d
Dy — & lw(u) .
At G e (1)
But by a direct induction,
2Q (1) (1 Yoo (Q@+Dvapi1
P (g )% - (gmie 7)Y
Dszz ZC(CY,IC,Q) ’6(/ )k;
P Im.e
with @ = (a1, ...,ag+1) € {0,...,Q} x N9 et 12 = Z?:lljaj.
Now, because gﬁ,lgg(u) = —(221—?!!/1,*”1/2 for [ > 2, we get ]gﬁ,ll)g(u)\ < %

on Cjy and so
[Lom| <CE9 sup 0P|,
0<k<@Q

uniformly with respect to € € SP~1. On the other hand, by induction we get

Q
v ) = m+d) Ty D AQ . Bik)

k=0 a,B€F
d d\*
o B p* /1
X f _du(“ R (u))(u _du> (),
where

w 2
Alw) = £ <“ 2(2||m g d))

and FC[p+d—Q—1,p+d+ Q — 1] NZ. Since, by Lemma 3.2,

(o) -4 o) cum

it follows that
| | Lmdo(e) < Cm+ ) @0,
Sp—1

But since p < 2d — 1, this estimate remains true on replacing the power
Q=dbyp/2<Q.



14 M. Del Hierro

Conclusion. Putting together the two estimates, we get by a straight-
forward summation

Wiolg) 0 3 (4 ) 002 < v
m=0

As in [1] we have

THEOREM 4.3 (Sharp time dispersion). If w is a solution of the wave
equation (4.1), then

[u()lloo < CItIP2(fuoll g2 + l[uall pv-1-2/2),
1,1 1,1
and this time decay is sharp in time.

Let us show as in [1] the sharpness of the estimate. Let Q@ € C§°(Dy)
with Q(1) = 1, where Dy is a small neighborhood of 1 such that 0 ¢ Dj.
Then

Fug(N)(A,m) = Q(|A])dmo

and u; := 0 determine a solution of (4.1),

u((w, ),t) = cos(t/A)ug = C | eI/ cos(t/aN)Q(IA]) [A|“dA.
RP

Consider u((0,ts),t) for a fixed s. This oscillating integral has a phase

¢+(N) == =X\ - s+ /d|\| with a unique critical point AT = F(d/v/2)s,

which is not degenerate. Indeed, the Hessian is equal to

3Vd | _ 2 vd |\
F A 772 ()\i)‘j —3 \)\’2%‘) ~ £ A 52
1<ij<p

-1

So, applying [26, Proposition 6, p. 344] (asymptotic expansion of oscillating
integrals) for |s| = v/2/d we get

(4.5) u((0,ts),t) ~ CJt| 7/,
The Strichartz estimates follow as in [1].

4.1. Strichartz inequalities. These inequalities were established by
R. Strichartz in the 70’s [27]; they give local and global existence for non-
linear partial differential equations. In order to get these estimates Ginibre
and Velo [13], or more generally Keel and Tao [18] make use of dispersive
inequalities (and Hardy-Littlewood-Sobolev estimates combined with some
interpolation). A dispersive estimate is not a necessary condition to reach
Strichartz inequalities (see [4]), but it has become a very classical way to
obtain them. Following [1, 13, 18] we will just list the intermediate results:
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Let 5(r) = (N—p/2)(1/2—1/r), and denote by ¢ the conjugate exponent
of q. By a direct application of the Keel and Tao theorem ([18]) we get
PROPOSITION 4.4. The wave operator W, satisfies the estimates
(4.6) Wigl 550 < Cllglee

(4.7) H § Wiy F(s) ds‘
0

< C|F| ;4 »
Lgl B;lﬁ’g(rl) — || ||L‘tl2 352(22)

with 2/q + p/r = p/2 and q,r > 2 except for (q,r,p) = (2,00,2) (and the

same holds for ¢; and r;).

By direct Besov spaces injections the 5(r) and [(r;) can be replaced by
any p; such that

Now we get a first result on homogeneous Besov spaces for the non-
homogeneous wave equation

Au+ Opu = f,
(4.8) ult=0 = o,
Opu| =0 = uy.
We can compute the general solution w by setting
w(z,t) = u(z,t) + v(z,t),

where u and v are classically given by

dA; ¢
u(t) = 7 Yot Aguy, v(t) = SAt_Sf(s) ds.
0
_ dAt - ¢ dAt—s
Oult) = —Alug + —=u - Oh(t) = §) S f(s)ds

THEOREM 4.5 (Strichartz estimates on homogeneous Besov spaces). Let
qi,ri > 2 and (g, ri,p) # (2,00,2) be such that

N 1 N N 1 N 2 p
—t——a=5 -l Ao —m=g, 4
2

<
Q1 2 q2 2 g T

(O]

Then
g, + 100l s o < ol + i 12),

Ioll o ey, + 1960l g o1 < OIS e

In particular by Sobolev injections we get the result announced in the
introduction:
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THEOREM 4.6 (Strichartz estimates on Lebesgue spaces). If w is the so-
lution of the non-homogeneous equation (4.8), then for any q € [(2N — p)/p,
oo] and r such that

1 N N
-4 — = — — 1
q T 2
we have the estimate
lwllpgrr < Clluoll g + lluallrz + 1 Fll Ly z2)-

This improves the result found in [1] thanks to the stronger dispersion
of the wave operator.

5. The Schrédinger equation. As noticed by Bahouri, Gérard and
Xu, the Schrédinger equation
iAu — dwu = 0,
(5.1) { !
ult=0 = uo,

has no dispersive estimate on the Heisenberg group H", since, for a suitable
up, we can have (see [1])

Vg e [l,00],  lu®)llq = lluollg:

We will show this behavior disappears when the center of the strati-
fied group G becomes bigger. Typically this is true when we pass from a
Heisenberg group to an H-type one.

By analogy with the wave operator, we will focus on the Schrédinger
operator

St — eitA_
LEMMA 5.1. If ¢ is as in Section 2, then
IS¢l < Cmin{1,t(1-P)/2},

Proof. The case of the Heisenberg group (p = 1) is clear. From now on,
let p > 1. We will just adapt our computation (with the same notation) for
the wave operator.

We will only consider the case where p is an odd integer and ¢ > 1. Fix
s # 0. We will try to estimate the L> norm of the terms in the sum

Sip(w, s) = Z K (w,s).

CaSE 1: [s| < 2(2m + d)t. Then

Kpp(w,s) = S Tem(w,s) with I, p(w,s) = S R (1) dp,
Sp—1 Co
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where ¥ is computed in the proof of Lemma 4.2 and n. =t —s-¢/(2m + d).
As |ne| > t/2 > 0, by Q-fold integration by parts, we get

C d?
Tem(w,s) = — et —— U () du.
n? CSO dp®

Since H WH < C(2m+ d)~P~Y* for all Q < d (see proof of Lemma, 4.2,
Case 2), we get a uniform estimate (with respect to ¢ € SP~1)

< ¢
tQ
Finally, we integrate on the sphere SP~! with Q = d > (p — 1)/2 to obtain

e m(w, 8)| < — (2m + d) P~ /4,

(2m + d)"P~1/4,

C C
v —p—1/4
Ko < G Comosay it < C

CASE 2: |s| > 1(2m+d)t. By the same calculation of the proof of Lemma

1 (Case 1), we get
En= 3  Tu
+,j<p/2-1/2

with

N Is| (1-p)/2—j .
I (:C Y,s )_ <2m+d> S eunigpj(u)du’

Co

where

oy — (-p)/2 _ sl
@i(p) = A P(p), n+ i2m+d+t'

But since [|¥]|co < C(2m + d) P71, we have
T2 (. 5)] < CHO/2 (2 4 d) !

Finally, summing over all j’s and + we get

| K (w, 5)| < (2m +d)"? (2m + d)~P~ /4,

C C
t—1)/2 t—1)/2
Conclusion. By summing over m € N the lemma is proved. m

By analogy, we get

THEOREM 5.2 (Sharp dispersive estimate). If w is the solution of the
Schrédinger equation (5.1), then

lu(®)loo < C] p/zlluoH b-1/25

and the result is sharp in time.
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To convince ourselves of sharpness, we proceed as in the wave equation
case. For the same @, Dy and ug, and u the solution of (5.1), set

u((0, dter),t) = C | e"PNVQ(A])| A7 dA
RP
with e; = (1,0,...,0) € RP. This time the phase ¢(A) = d(\ - e; — |A]) is
degenerate:
&' (\):=d(e;1 — M|A\) =0 & )€ Rey.
But the Hessian of rank p — 1 is

d Ai\i d
H =_——(¢§; - L ~—— )
ess o) =73 (‘” B ) 3 .

0

We conclude thanks to a classical result on oscillating integrals (see [14])
or just by noticing that this integral can be seen as a solution of the wave
equation in RP~L,

Combining this with the Strichartz machine, we get

THEOREM 5.3 (Strichartz estimates on homogeneous Besov spaces). Let
gi,ri > 2 with (¢;,7i,p) # (2,00,3) be such that
N 1 N 2 n p—1 < P= 1

—+——p=7, = <t
T g 2 qi T 2

If p>1, then
ISl 521, < Cllglze

[§81-cF(5) s
0

< CF| ;a2 p-oo-
pon, = Wlens

Consider the non-homogeneous equation
{ iAu— atu = f,

(5.2)
u’t:() = Uup.

The solution is .

u(x,t) = Sifuo)(z) — 1| 8o f(s) ds.
0
Again Sobolev injections give us the result announced in the introduction:

COROLLARY 5.4. If p > 1 and u is the solution of (5.2), then for all
qge[2N+1—-p)/(p—1),00] and for r such that

1 N N
-+ —=—-1
q r 2
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we get
lull Lazr < Cllluoll gra + N1 prgrn)-
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