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Abstract. We show that a Banach space X has the stochastic approximation prop-
erty iff it has the stochasic basis property, and these properties are equivalent to the
approximation property if X has nontrivial type. If for every Radon probability on X,
there is an operator from an L, space into X whose range has probability one, then X
is a quotient of an L, space. This extends a theorem of Sato’s which dealt with the case
p = 2. In any infinite-dimensional Banach space X there is a compact set K so that for
any Radon probability on X there is an operator range of probability one that does not
contain K.

1. Introduction. The paper deals with stochastic versions of the ap-
prozimation property (AP) and the basis property (BP) of Banach spaces.
Recall these concepts. One condition equivalent to saying that the Banach
space X has the AP is that for any compact set K C X there is a sequence
of finite-dimensional (bounded) linear operators in X which pointwise con-
verges to the identity on K. We say that a Banach space X has the BP if
it has a (Schauder) basis. The stochastic versions are the following.

Given a Radon probability measure p on a Banach space X, we say that
X has the p-approzimation property (u-AP for short) provided there is a
sequence {B,} of finite-dimensional operators on X so that ||z — B,z| — 0
for p-almost every z in X. If only B,z — = weakly for py-almost every = we
say that X has the weak u-AP.
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We say that a separable X has the p-basis property if there is an M-basis
(that is, a sequence of vectors with dense linear span for which there is a
sequence of biorthogonal functions which separates points) {x,}72; of X
(with biorthogonal functionals {z}}°° ;) for which

,u{a: eX|x= Zx;(:v)a:n} =1;

{zn}22 is then called a p-basis for X.

We say that a Banach space X has the stochastic AP (respectively,
stochastic BP, for separable X) provided X has the u-AP (respectively,
u-BP) for every Radon probability measure p on X (see e.g. [T], where
the stochastic AP is called the “measure approximation property”; for the
stochastic BP see [H], [O]). The weak stochastic AP is defined analogously.

The stochastic AP is (formally) weaker than the AP, and the stochastic
BP is (formally) weaker than the BP. It is well known (see [FJ]) that the AP
is (really) weaker than the BP. It is even better known (see [LT1, Theorem
2.d.6]) that there are separable Banach spaces without the AP.

It is then natural to ask the following two questions:

(1) Is the stochastic approximation property really weaker than the
stochastic basis property (as in the case of the AP and the BP)?

(2) Suppose that a Banach space X has the stochastic approximation
property. Then must X have the approximation property?

Most of the results in this paper were discovered while working on these
questions and variations of them.

In Section 2 we prove that, although the AP and BP are different, the
stochastic AP and stochastic BP are equivalent (see Theorem 2.1 that con-
tains a stronger result and has an application to function theory).

The main result on question (2), Theorem 3.1 of Section 3, is that the
answer is affirmative if X has nontrivial type. It follows, in particular, that
not every Banach space has the stochastic approximation property, which
answers a question asked by J. Rosinski and presented at a conference by
S. Kwapien twenty-two years ago.

It is interesting that p-stochastic properties for certain naturally occur-
ring p are of a different behavior. For example, each separable Banach (and
even Fréchet) space has a p-basis for every Gaussian probability u (see [H]
and [O] for a generalization).

In Section 4 we discuss the weak stochastic AP and L, versions of the
AP. Recall that the AP and weak AP are equivalent. We prove that the same
holds for stochastic versions. We also observe that, for any fixed 1 < p < oo,
the L, approximation property is equivalent to the AP.

The last two sections are devoted to the problem of covering a measure
support by an operator range. In Section 5 we consider the following ques-



Stochastic approximation properties 105

tion. Assume that K C X is a compact set in a (separable) Banach space X.
Is it possible to find a probability @ on X such that for any linear operator
A : Z — X from a Banach space Z into X with u(A(Z)) = 1 we have
A(Z) D K? This question is a stochastic version of a problem investigated
in [FJPS]. The answer is negative (see Theorem 5.1) and it shows that cov-
ering a compact set and covering a measure support by operator ranges are
of a different nature.

In Section 6 we consider the following situation. Suppose X and Y are
separable Banach spaces such that for every Radon probability on X, there is
an operator from Y to X whose range has probability one. The obvious way
this can happen is for X to be isomorphic to a quotient of Y. In Corollary 6.3
we prove that this is the only way for this to occur when Y is L, (= L,|0, 1]),
1 < p < oo. This generalizes a theorem of Sato [Sa], who treated the case
when Y is #s.

We use standard Banach space theory terminology, as may be found in
[LT1], [LT2].

2. Stochastic AP and stochastic BP are equivalent. The main
result of this section is contained in the following

THEOREM 2.1. Let p be a Radon probability measure on a separable Ba-
nach space X. Then the following assertions are equivalent:

(i) X has the p-approximation property.

(ii) X has a p-basis.

Proof. Clearly, only (i)=-(ii) needs to be proved. We use in the proof
some ideas from the proof of Theorem 2.1 in [FJPS]. Let {B,}>2; be a
sequence of finite-dimensional operators on X which converges p-almost
everywhere to the identity operator on X. Put Q = {z € X|lim B,z = z}.
By using Egorov’s theorem find an increasing sequence {C), } of subsets of @
such that lim,, 4(C)) = 1 and so that on each C), the convergence B,z — x
is uniform. Take an index n; such that supg, ||Bp,z — || < 27!, Next
take ngy > nq such that supg, || Bn,z — z|| < 272, and so on. In this way
we construct an increasing sequence of indices {ny} such that for each k,
supg, || B, — || < 27%. Put C' = |JCy. Clearly, u(C) = 1. By passing to
a subsequence of {B}, we assume for notational convenience that ny = k
for each k. From the construction it follows that for each k > 1,

sup ||(By — Bp_1)z|| < 27F2.
k
In particular, the series

> (Bu—Br-1)z, Bo=0,
k=1
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converges absolutely to x for any x € C. For each k put Ly = (By,— Br_1)X
and let Y be the Banach space of all sequences (yi), yx € Lx, k = 1,2,...,
such that the series Yy converges, with norm ||(yx)|| = sup, [|> r—1 Vx|l
(see Lemma 2.2 of [FJPS]). It is clear that Y has the bounded approximation
property (and even a finite-dimensional decomposition). Let B : Y — X be
the summation operator, i.e. B(yr) = > Y.

Next define Z as the space of all z € X such that © = > 72 | (Br—Bj_1)z,
By = 0, with norm

‘ Z(Bk — Bk—l)CUH-
k=1

Let J : Z — Y be the natural isometry of Z into Y. Clearly, M = J(Z)
is a (closed) subspace of Y. Let I : Z — X be the natural embedding of Z
into X. It is obvious that I(Z) D C and B|y; = IJ~'. Define a (probability)
measure v on Z by

[l = sup
n

v(G) = wI(G))

where G C Z is a Borelian subset of Z. Let {K,,} be a sequence of compact
sets in Z with v(|JK,) = 1. Put a, = maxgek, ||z||, n = 1,2,..., and
K =J(an +n)"1K,. Thus, K is compact in Z.

By Theorem 2.1 of [FJPS] there is a one-to-one compact operator T} :
R — 'Y from a reflexive space R with basis into Y such that T (Bgr) D K. Set
F =T,(Bpg) and put L = Ker B. It is not difficult to see that LN M = {0}.

Apply Lemma 2.6 of [FJPS] to find an automorphism D : Y — Y such
that L N D(F) C {0} and D|y = Idps. Finally, put T = BDT;. A simple
verification shows that 7" is one-to-one and T'(R) D C.

By Lemma 2.10 of [FJPS] there are a 1-norming M-basis {z;} of X and
a basis {y;} of R such that {Ty;} C {z;}. It is clear that {z;} satisfies
condition (ii) of the theorem. m

Now we present an application of Theorem 2.1 to function theory.

DEFINITION 2.2. Let X be a subspace of C[0,1] and p a probability
measure on the interval [0,1]. We say that an M-basis {z;} of X is a u-
quasi-basis of X if there is a subset @ C [0, 1] with u(Q) = 1 such that for
any « € X the Fourier series )7, x¥(x)x;(t) converges to the function x(t)

for any t € @ ({z}} are the biorthogonal functionals for {z;}).

REMARK 2.3. If we substitute in the above definition convergence p-a.e.
by convergence everywhere (i.e. for any ¢t € [0,1]), then, at least for a sub-
space X which does not contain an isomorphic copy of ¢g, the notions of
quasi-basis and basis coincide (see [F]).
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COROLLARY 2.4. Assume that a subspace X C C10,1] has a separable
dual X* having the stochastic AP. Then X has a p-quasi-basis for any prob-
ability measure p1 on [0, 1].

Proof. As usual, we consider [0,1] as a subset of Bgw|g . Thus any
probability measure p on [0,1] may be considered as a probability mea-
sure on Bgw[g ] in the w*-topology. Denote by J : X — C[0, 1] the natural
embedding of X into C]0,1] and define a measure v on X* by v(A) =
wu(J*~1(A) N [0,1]), where A C X* is a w*-Borelian subset of X*. Since X*
is separable it follows that the o-algebra of w*-Borelian sets coincides with
the o-algebra of Borelian sets. Thus v is a probability measure on X*. Since
X* has the stochastic AP there is a one-to-one operator T : R — X™* from a
reflexive space R with basis into X* such that v(T(R)) = 1 (see the proof of
Theorem 2.1). Without loss of generality we may assume that T'(R) is dense
in X*. (Indeed, put L = clT(R) and let L; be a quasi-complement for L in
X*. Take any dense embedding A : o — Ly and define 77 : R® o — X* by
Ti(x+y) =Tz+Ty, x € R, y € {5. Finally, pass to R® {5 and T;.) Clearly,
T is the adjoint operator for some operator Ty : X — R, (R, is the predual
of R). Since T is one-to-one it follows that 7, has a dense range. Clearly, R,
has a basis {y;} with y; € T(X), i = 1,2,... Denote by {y;} the biorthog-
onal functionals for {y;} and put z; = T, ly; and 2f = Ty}, i = 1,2,...
It is not difficult to see that {x;} is an M-basis of X with biorthogonal
functionals {z}}. Also it is clear that for any f € T(R), f = > ooy f(xi)a}
(the series converges in the norm topology).

We show that {z;} is a p-quasi-basis of X. Put Q = J*Y(T(R)) N
[0,1]. Clearly, u(@Q) = 1. Take x € X, t € Q, and check that z(t) =
Yooy xi(x)xi(t). Since J*(t) € T(R) it follows that J*(t)=> o2 J*(¢)(xs)x],
and hence

w(t) = J*(t) (@) = Y J*(t)(wi)z}(z) = Y af(x)ai(t).
i=1 =1

(Actually we used the fact that the series f = Y .2, f(x;)x} converges in
the w*-topology for any f € T(R).) =

REMARK 2.5. Corollary 2.4 shows, in particular, that a p-quasi-basis
need not be a basis (take any subspace X C C[0, 1] without a basis which
has a separable dual with the AP; see [Sz]).

3. Stochastic AP is equivalent to AP for spaces
with nontrivial type

THEOREM 3.1. Let X have a nontrivial type and assume that X fails the
AP. Then X fails the stochastic AP.

To prove Theorem 3.1 we need two known lemmas.
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LEMMA 3.2. Let {0,}°, be an independent, identically distributed se-
quence of symmetric one-stable (Cauchy) random variables on some prob-
ability space (2,P) and let {y,} CY be a sequence in a Banach space Y.
Then for any 0 < p <1,

(3.1) E[| o] = 6 (Xl
k k

where § > 0 is a constant which depends only on p.

Proof. First lower estimate the left hand side of (3.1) by Esupy, ||0xyx||
Next assume, without loss of generality, that Esupy, ||0xyx|” = 1. Then

1/2 > ]P’[Slép 10kyklP > 2] = 1 = T[(1 = Plll6syll” > 2]),
k
so that

277y " lyell < Y Plllkyell” > 2] < n2,
k k

where the constant ¢ satisfies P[|0g| > t] > ¢/t for all ¢ > 1. =
The following lemma is an easy consequence of Corollary 3.2 of [HJ1].

LEMMA 3.3 ([HJ1]). Let {0,}5°, be an independent, identically distri-
buted sequence of symmetric one-stable random variables on some probabil-
ity space (2,P), {xx} C X a sequence in a Banach space X, and {\;} a
sequence of positive numbers with Y A\, = 1. Assume that {T),,} is a sequence
of finite rank operators on X such that

H Z MO (g — Tnmk)H -0
k

in measure as n — oo. Then
P
EH > Mg — Tnivk)H —0
k

for each 0 <p <1, asn — oo.

Proof of Theorem 8.1. Since X fails the AP it follows from the Grothen-
dieck theorem ([Gr], [LT1, Theorem 1.e.4]) that there exists a sequence
{zn}52 1 in the unit ball of X, {z}}2° ; in the unit ball of X* and a summable
sequence {A,}0°; of positive numbers summing to one so that

(3.2) Z ATy, Tp) > a >0
but

(3.3) > Aalah, Tan) =0
for every finite rank operator T on X.

Let {0,,}52 ; be an independent, identically distributed sequence of sym-
metric one-stable (Cauchy) random variables on some probability space
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(£2,P). Consider the X-valued random variable

b= Z )\kek.%k.
k=1

This series converges almost surely because X has type r > 1. Indeed, use
the type inequality and then replace 0 with 019, |<1/x,]- Next use the fact
that P[0, > t] is like 1/¢ for large ¢.

Thus @ is a well defined X-valued random variable and hence induces a
Radon probability, say v, on X. The claim is that X fails the v-stochastic
AP.

Assume to the contrary that there is a sequence {7} of finite rank
operators on X which converges v-a.e. to the identity. Going back to the
random variable, this means that

H Z MO (g — Tnmk)H -0
k

in measure, as n — oo. By Lemma 3.3, for each 0 < p < 1 we get
p
EH Z Akek(wk — Tnl'k)H — 0
k

as n — oo.
However by using Lemma 3.2 (for yx = A\i(xr — Thxg)), (3.2) and (3.3)
we get

(3.4) B[S 0c0nlwn — Taw))|[ 2 (D0 Ml — Tual)”
k k

P
> 6( 3 Ml (ox — Taan)])” > 60,
a contradiction that completes the proof. =

REMARK 3.4. If X has the p-stochastic AP for every compactly sup-
ported probability u then X has the u-stochastic AP for every Radon prob-
ability p by Lemma 5.2. But it seems not very convenient to replace the
1-stable measure in the proof of Theorem 3.1 by some measure which has
bounded support.

REMARK 3.5. Theorem 3.1 answers negatively the following question of
J. Rosinski (see Math. Nachr. 95 (1980), p. 302, Problem 16; see also [T]):
does every separable Banach space have the stochastic AP? Indeed, take
any separable Banach space X with nontrivial type that does not have the
AP. By Theorem 3.1, X does not have the stochastic AP.

In view of Theorem 3.1 the following conjecture seems to be natural:

CONJECTURE. The properties AP and stochastic AP coincide.
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4. Stochastic p-approximation property and
weak stochastic AP

DEFINITION 4.1. Given a measure u on a Banach space X we say that X
has the Ly (u)-approzimation property provided there is a sequence {5y }22
of continuous finite rank operators on X such that [|S,,z — z|| tends to zero
in L, (1)

DEFINITION 4.2. Given a Banach space X and 0 < p < oo we say that X
has the p-approzimation property provided X has the L,(p)-approximation
property for every probability g on X which has compact support.

It is clear that if 0 < p < r < oo and X has the r-approximation property
then X has the p-approximation property. It is easy to see that X has the
oo-approximation property if and only if X has the approximation property.
It follows from Lemma 5.2 that X has the O-approximation property if
and only if X has the stochastic approximation property. Only slightly less
obvious is that for 0 < p < oo, the p-approximation property implies the
L, (p)-approximation property for all Radon measures which have bounded
support.

ProrosiTIiON 4.3. If X has the p-approxzimation property, 0 < p < oo,
and i is a Radon probability on X which has bounded support, then X has
the Ly(p)-approzimation property.

Proof. Assume, without loss of generality, that there are disjoint, totally
bounded subsets K, of Bx so that u(|JK,) = 1. Choose 1 < a,, T oo so
that

(4.5) Zaﬁu[(n < 00.

Define a measure v on X by

vB =Y dbu((anB) N Ky).

Then v is a finite Radon measure which is supported on the totally bounded
set Ja, ! K,, hence X has the L, (v)-approximation property. However, for
any bounded linear operator T on X,

VTP du(z) =" § IT2|Pdu(z) =D | ITyl? dulany)
Ky aTT,lK’VL
=> § ATyl dv(y) = I Ty|l? dv(y).
a;lKn
Hence X has the L,(u)-approximation property if and only if X has the
L, (v)-approximation property. m

The next theorem implies that for 1 < p < oo, the p-approximation
property is equivalent to the approximation property. Note, however, that
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when X has nontrivial type, Theorem 4.4 does not follow from Theorem 3.1
since it is clear that if p is any discrete measure on a Banach space X then
X has the p-approximation property.

THEOREM 4.4. If X fails the approximation property then there is a
compactly supported discrete probability i on X so that X fails the Li(u)-
approximation property.

Proof. By the Grothendieck theorem ([Gr], [LT1, Theorem 1.e.4]), there
exists a norm null sequence {x, }52 ; in the unit ball of X, {z} }°°  in the unit
ball of X* and a summable sequence {\,,}>2; of positive numbers summing
to one so that

(4.6) Z ATy, Tp) > a >0
but

(4.7) > Anlah, Ton) =0
for every finite rank operator T on X.

Let v be the discrete probability which assigns mass A\, to x, for 1 <
n < oo. If T is a finite rank bounded linear operator on X then

(4.8) VI = T)all du(z) =Y I — Tmn!M

>Z/\ (I =T)xy) = Z/\ Ty, Tp) >

This shows that X fails the y-AP. »

For any fixed p < 1, we do not know whether the p-AP is equivalent to
the AP for Banach spaces which have trivial type.

Now we pass to the weak stochastic AP. It is well known that the weak
AP is equivalent to the AP. The following theorem shows that the same is
true for the stochastic version of the AP.

THEOREM 4.5. If X has the weak stochastic AP then X has the stochas-
tic AP.

Proof. Let p be a separably supported probability on X and {S,}7,
a sequence of finite rank operators on X for which there is subset A of
X with p(A) = 1 and Spx — = weakly for each x in A. For z in A set
M, := sup, ||Snx — z|| < co. Given £ > 0, there is a compact subset B of
A so that u(B) > 1 —¢ and M := sup,cp M, < co. Consider the compact
Hausdorff space K = B x Bxx, where B is given the norm topology from
X and Bx- is given the weak* topology. For each n define f, in C(K) b,

fulz,z¥) = (2%, Spx — ).
Then

sup | fnll :=supsup sup (z*, Spz—x)=M < .
n xeBx*EBxx
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Also {fn}52; converges pointwise to zero on K, hence f, — 0 weakly in
C(K). Consequently, there is a convex combination g := > | A; f; for which
sup;c 9(t) < e. But

apott) = sp | ()2 -]

Letting ¢ = 271,272, ..., we get a sequence of finite rank operators on X
which converges to the identity p-a.e. m

5. Covering a compact set by an operator range of full measure.
The main result of this section is Theorem 5.1, which shows that in any
infinite-dimensional Banach space X there is a compact set K so massive
that for any Radon probability measure p on X there is an operator range
of probability one that does not contain K.

THEOREM 5.1. Let X be an infinite-dimensional Banach space. Then
there is a compact subset K of X so that if u is any Radon probability on
X then there is a bounded linear operator A : Z — X from a Banach space
Z such that p(A(Z)) =1 but K is not a subset of A(Z).

In the proof we use the following simple lemma:

LEMMA 5.2. Let p be a Radon probability on a Banach space X. Then
there is a Radon probability v on X which is supported on a compact subset
of Bx so that for any Borel subspace Y of X, uY =1 if and only if vY = 1.

Proof. Take totally bounded, disjoint subsets K,, of X so that u(|J K,)
= 1. Set M,, := sup,¢, ||z| and define measures v, on the Borel subsets of
X by the formula v, A := v((nM,A) N K,). It is routine to verify that the
probability v := > v, has the desired properties. m

The main technical result needed for the proof of Theorem 5.1 is Propo-
sition 5.3.

PROPOSITION 5.3. Let p be a Radon probability measure on a Banach
space X. Then there is an operator from a Hilbert space into X with 2-
summing adjoint whose range contains the subspace

(5.9) Yy = ﬂ{Y C X : Y is an operator range and pY = 1}.

First we show how to derive Theorem 5.1 from Proposition 5.3. If X is
(isomorphic to) a Hilbert space, it suffices, by Proposition 5.3, to take for K
any compact subset of X which is not contained in the range of a Hilbert—
Schmidt operator. For example, K can be {0} U {z,}°2, where {z,}2% is
an orthogonal sequence which converges to zero but > ||z,[|? = oco.

If X is not isomorphic to a Hilbert space, there there is even a compact

subset K of X which is not contained in the range of any operator from a
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Hilbert space into X (see, for example, [FJPS]), so also in this case Theorem
5.1 follows from Proposition 5.3.

Proof of Proposition 5.3. Assume, without loss of generality, that X is
separable. Let ¢ be a Radon probability on H. In view of Lemma 5.2, without
loss of generality we may assume that uBy = 1; in particular, §||z||?du(z) <
00. It is well known that this implies that the mapping S : X* — L2(H 1)
defined by S(z*)(z) = (z,2*) is 2-summing. Indeed, given z7,...,z} in H*
so that >°I, [(z,27)|> < ||=||? for all z in H, we have

oISl = [, 2h) P dute) < (2] du(e).
=1 i=1

Hence m3(S)? < {||z[|? du(z).

We can also assume, without loss of generality, that the operator S is
one-to-one (for example, replace p with the average of p and a discrete
measure whose support is dense in Byx). This is just for convenience of
notation later.

Let us first treat the case when X is a Hilbert space. When p is a Gaus-
sian measure, it is well known that the range of S* (called the reproducing
kernel Hilbert space associated with the measure p) is equal to Yy. The point
of Proposition 5.3 is that the proof of the inclusion Yy C S*Lo(H, i1) does not
require that p be Gaussian. To see this, choose an orthonormal basis {e;, }>° ;
for X = X* so that {Se,}>2, is orthogonal; say, Se, = A\, fn, with A, > 0
and { f,}22, orthonormal. (Here we are using the fact that S is one-to-one.)
Then S*f, = €5, S*f = 0if f L {£,}°°,, and Yo% | A2 < m9(5)?% < o0.

Fix any x¢ in x such that xy is not in the range of S*; then zg =
S0 anen with Y-0% (e, /A,)? = oc. Define g, : X — R by

gn(x) — Z <ZL’,€]€>Oék.

)\2
k=1 k

Note that gn(z0) = > p_; (ar/Ak)? — co. Compute

n n
1gnl1* = § gn(2)® du(x) =D " (ar/Me)? | (z, ex)? = (/M)
k=1 k=1
Set hn = gn/ > (/M) Then [[hnllLyy = iy (aw/M)?) "2 — 0
and hy,(zg) = 1 for all n. Thus some subsequence {hy,, }3>, of {h,}02,;
converges to zero p-almost everywhere. Let Xg = {z € X | hy, () — 0}.
Then uXp =1 and g is not in Xj.
To prove that X is an operator range introduce on Xy a new norm as
follows:

Wx\H = max{HzH,maX{]hnk(a:)] ’ k=1,2,.. }}7 r € M.
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A standard verification shows that (Xo, ||| - |||) is a Banach space (call it Z)
and that the natural embedding A : Z — X is a bounded linear operator,
which completes the proof of Proposition 5.3 in the case where X is a Hilbert
space.

Joel Zinn pointed out to us that the general case in Proposition 5.3
follows easily from the Hilbert space case (thereby rendering silly a slightly
involved argument of the authors). So now assume that X is a separable
Banach space and 4 is a Radon probability on X so that the support of u
is Bx. Recall that the operator S : X* — Lo(H, p) defined by S(z*)(z) =
(x,z*) is one-to-one and S* is 2-summing. Note also that S is weak*-to-weak
sequentially continuous by the bounded convergence theorem, and hence
S*Lo(X, ) € X. To prove (5.9) by reducing to the Hilbert space case, we
let J be a one-to-one bounded linear operator with dense range from X
into a Hilbert space H and let v be the image measure on H of y; that is,
vE = pJ 1E for every Borel subset E of H. Let ¢ : Lo(H,v) — Lo( X, 1),
defined by ¢;f = fJ, be the natural surjective isometry and consider the
commutative diagram

L2(H7V)
Wy
H—L o x5 Ly(X, )

where Sy is defined by Sy (2*)(z) = (x, z*). Keeping in mind that S* Lo (X, 1)
C X we dualize to get the commutative diagram

LQ(H7 V)
S;{l %
H* J X & LQ(lej/)

Since v is the image of u under J, (5.9) follows from the Hilbert space
case of Proposition 5.3. Indeed, if g € X ~ S*Lo(X, u)* then Jxg € H ~
St La(H,v)*, so there is an operator range Hy C H for which vH =1 but
Jxg & Hy. It is not hard to check that Xy = J ' Hj is an operator range,
and of course uXg =1 while zg € Xg. u

REMARK 5.4. The operator range X constructed in the proof of Theo-
rem 5.1 is an Fjs set.

6. Covering a measure support by the image of a Banach space.
Say that the pair (Y, X) of separable Banach spaces satisfies (x) provided
that for any Radon probability 1 on X there is a bounded linear operator
T from Y into X so that u(TY) = 1.
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We define Yp = Y/ker T, and T: Yr — X will be the operator canoni-
cally associated to T" when T is an operator from Y into X.

LEMMA 6.1. Assume that (Y, X) satisfies (x). Then for any e > 0 there
is a constant p(g) such that for any Radon probability measure p on Bx
and for any € > 0, there is T : Y — X with |T|| <1 such that

p{z € X IT " 2llvy = p(e)all}) < e.

Proof. We may clearly assume that p({0}) = 0. Then, replacing u by
its image under the map = — x/||z|, we see that it suffices to prove this
statement assuming p is supported on the unit sphere of X. We will then
proceed by contradiction. If the conclusion fails, then there exists € > 0 such
that for any ¢ > 0 we can find a random variable g, : 2 — X (on some
standard probability space (£2,.4,P)) such that ||g,(w)||x = 1 but for any
T:Y — X with |T|| <1 we have

P{IT  gpllvr = ¢} > .

Let us choose ¢ = n3. For simplicity of notation we set f,, = g,,3. We then
have || fn()|| = 1 and

(6.10) P{|T~(fo)]| = n®} > ¢

for any T with ||T'|| < 1 and any n.

We may as well assume that the random variables (f,,) are mutually
independent and also that we have a sequence (&,), itself independent of
(fn), of i.i.d. Bernoulli random variables on {2 such that P{e,, = £1} = 1/2.
Then the series S = >"°° | n™%e,, f, (with partial sums S,, = > r_; k™ 2ex fr)
obviously converges a.s. in X. By our assumption (%) thereis T': Y — X
with ||T']] <1 such that S(w) € TY = TYr for ae. w.

Observe that since S,,+(S—5,,) and S have the same distribution, we also
have S,, — (S —S,,) € TY a.s., and hence S, € TY a.s. for any n. A fortiori,
fn € TY a.s. Consider now the random variable w — T~1(S(w)) € Yz. Note
that its distribution must be Radon (recall Y is separable) and moreover we
obviously have

(& T7H(S) — (&, T71(9))
for any ¢ in f*(X*) But since T is injective, f*(X*) is a w*-dense w*-
separable subspace of Y. Therefore by a variant of the Ito-Nisio theorem
(see, for example, Theorem 6.2 in [HJ2]), we must have “automatically”
IT7Y(S0) = T7HS)|lyy — 0 as.

This implies sup,, n‘QHf “L(fn)|l < oo a.s., hence (Borel-Cantelli) for some
constant K,
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SCP(IT ()l > En?) < oo,

But since Kn? < n3 for infinitely many n, this contradicts (6.10). =

THEOREM 6.2. Assume that (Y, X) satisfies (%) and that Y @Y is iso-
morphic to a quotient of Y. Then for any 1 < p < oo there is a constant
C such that the following holds: for any n and any x1,...,x, in X there s
T:Y — X with |T) <1 and y1,...,yn inY such that z; = Ty; for all

1=1,...,n and : 1
(Swtr)” < ()™

Proof. Fix n. Let C), be the smallest constant such that the preceding
property holds when restricted to n-tuples (x1,...,z,). Clearly C, < oo.
To prove the preceding statement it suffices to show that sup,, C,, < oo.
By Lemma 6.1 applied to the probability 1 = (3 [lzi[|?) ™ 3 [|2l|P64, s
(and by the definition of the quotient norm in Y7), for any € > 0 there are
T:Y — X with ||T]] <1, asubset A C {1,...,n} and elements {y; | i € A}
in Y such that

Do llzll? < el
idA
By the definition of C,,, there is S : Y — X with ||S|| <1 and {y; | i &€ A}
in Y such that x; = Sy;, ¢ € A, and
1/p 1/p 1/p
(D lwll”) ™ < Ca( X llaall”) " < Cagr (3 aall?)
igA igA
Let v : Y &1 Y — X be defined by v(y1,y2) = (T'y1 + Sy2)/2. Let

Ui € Y @Y be defined by y; = 2(y;,0) if i € A and y; = 2(0,y;) otherwise.
We then have vy; = x; and

~ 1/p 1/p
(D 1317) ™ < @p(e) + 207 (3 flil?)
Since Y @1 Y is isomorphic to a quotient of Y, we may replace Y &1 Y by
Y, but then we find

(Z ”@'”p)l/p < K(20(e) + 2Cn51/p)<2 IIfcillp)l/p

for some constant K depending only on Y. Thus we conclude
Chn < K(2¢(e) 4 2C,e'/7),

and such that

and it suffices to choose € = ¢( such that e.g. 2K€é/p = 1/2 to obtain finally
Cn < 2Kp(eg) + Cp/2.
Hence C,, < 4K¢(egp), which completes the proof that sup,, C), < co. =
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COROLLARY 6.3. Let Y = L,([0,1]) with 1 < p < oo. Then (Y, X)
satisfies (x) if and only if X is isomorphic to a quotient of Y.

Proof. If X is a quotient of Y then (x) trivially holds. Conversely, as-
sume (x). It obviously suffices to show that X is isomorphic to a quotient
of an abstract L,-space. The latter spaces, which we will call QL,-spaces,
admit the following very nice characterization ([LP]; see also [K2]| for a more
complete picture): X is C-isomorphic to a QL,-space iff for any n, any quo-
tient @ of £ and any linear mapping u : £ — () we have

lu® Ix : £(X) — Q(X)]| < Cllul].
Here, if @ = (/S with S C £}, the space Q(X) is defined as the quotient
Cy(X)/S(X) where S(X) = {(z1,...,7n) | (§(21),...,&(wn)) € SVE € X7},
or equivalently in tensor product notation S(X) ~ S ® X. Thus it suffices
to show that the preceding characteristic property of () L,-spaces is implied
by the conclusion of Theorem 6.2 in the case Y = L,,.

Let u : £ — Q be as above with [jul| < 1. Fix x = (z;) € £;(X). Let
y=(y:)) €£;(Y)and T : Y — X be as in Theorem 6.2 such that ||T| <1,
z; = Ty, and |ly|| < C||z||. We then have (since Y = L)

lu® Iy : £;(Y) — Q(Y)| <1,
hence since

(weIx)(z) = (e T)(y) = T)(ue Iy)(y)

we find

l(u @ Ix)(@)llox) < ITIHI(w @ D)oy < lyll < Cllzl.-
Thus we conclude that X is C-isomorphic to a quotient of L,. =

In particular, when p = 2, we obtain a new proof of the following result
due to H. Sato [Sal:

COROLLARY 6.4. ({2, X)) satisfies (x) if and only if X is isomorphic
to 52.

Using Roberto Hernandez’s generalization [He] of Kwapien’s results from
[K2] we can obtain by an immediate modification of the proof of Corollary
6.3 the following statement valid for a general Y.

COROLLARY 6.5. Assume (Y, X) satisfies (). Then for any 1 < p < oo
the inclusion X — X** can be factorized through a quotient of an ultrapower
of Ly(Y).

We do not know whether the conclusion of Corollary 6.5 can be strength-
ened to “the inclusion X — X™** can be factorized through a quotient of an
ultrapower of Y.

The following easy lemma is surely folklore.
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LEMMA 6.6. Let X be any infinite-dimensional Banach space and let K
be a compact subset of a Hilbert space H. Then there is a compact operator
T from X into H so that T Bx contains K.

Hint for proof. Using Dvoretzky’s theorem and standard techniques for
constructing basic sequences, one sees that X has a quotient space, Y, on
which there is a uniformly bounded sequence { P, }°° ; of projections so that
P,P, =0 for n # m and P,X is 2-isomorphic to ¢5. (If X is separable,
by using the technique for constructing weak™ basic sequences one can even
guarantee that {P, X}, is a finite-dimensional decomposition for Y.) =

The next proposition, which in some sense goes oppositely to Corol-
lary 6.4, is an immediate consequence of Lemma 6.6.

PROPOSITION 6.7. Let p be a Radon probability measure on o Hilbert
space H and let X be an infinite-dimensional Banach space. Then there is
a bounded linear operator from X into H so that u(TX) = 1.
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