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Permanence of moment estimates for
p-products of convex bodies

by

ULRICH BREHM, HENDRIK VOGT, and
JURGEN VOIGT (Dresden)

Abstract. It is shown that two inequalities concerning second and fourth moments of
isotropic normalized convex bodies in R" are permanent under forming p-products. These
inequalities are connected with a concentration of mass property as well as with a central
limit property. An essential tool are certain monotonicity properties of the I'-function.

Introduction. The topic of the present paper originated from and is
connected with a version of the central limit theorem in the context of convex
bodies in geometry.

A normalized convex body K C R"™ is a convex compact set of volume 1
whose centre of mass is at the origin. A normalized convex body is isotropic
if its ellipsoid of inertia is a Euclidean ball, i.e., if

L3 = S(a:u)2 dx
K

is independent of v € S"~!, the unit sphere of R™.

The main objective of the present paper is the validity of two inequalities
concerning the moments

Myu(K) =\ |2 dz (=nLy), Min(K):=||z"dz
K K

of isotropic normalized convex bodies K C R™. Here and in the following,
the norm | - | always denotes the Euclidean norm. In [9] it has been shown
that the inequalities
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My, (K)2 ~ Mayn(An)? (n+3)(n+4) n o n+l

are valid for isotropic normalized Euclidean balls, cubes, and cross poly-
topes, where A,, denotes the normalized regular simplex in R™. Moreover,
it is shown that these inequalities persist under the operations of forming
isotropic normalized cones, cartesian products, and joins. Here we extend
these results and show that (0.1), (0.2) also persist under forming p-products
of isotropic normalized convex bodies. This implies, in particular, that (0.1),
(0.2) are valid for p-balls in R™ (£7-balls).

In order to motivate these investigations we recall the notion of central
limit property for isotropic normalized convex bodies. We regard an isotropic
normalized convex body K C R", with the Lebesgue measure A,, as a
probability space. For a unit vector u € S"~! we define a random variable
Xku: K —Rby

Xku(z) =z u.

The density of its distribution is given by
Voku(t) =Ap—1({ze K :xz-u=t}) (teR).

The central limit property of a set of isotropic normalized convex bodies
roughly means that the distributions of X, are close to Gaussian distri-
butions for large n and “most” directions u € S™ 1.

In order to make this more precise we introduce the set K,, of all isotropic
normalized convex bodies in R, and we define

K= [_jl Kn.

Following (3], [2], we say that a set M C K has the central limit property if

sup ,un_l({u e st H(PK,u - gL%(”1 > 8}) —0
KeknnM

as n — oo, for all € > 0.

Here,

1 t
denotes the Gaussian density, and p,_1 the surface measure on S™!, nor-
malized to be a probability measure. In [2] it is shown that the central limit
property can be expressed equivalently using distribution functions or the
Loo-norm instead of the Li-norm (the latter under an additional assump-
tion). In [3], the central limit property is shown for the set of cubes and
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Euclidean balls. In [1] it is shown that, for symmetric isotropic normalized
convex bodies, the central limit property (in terms of distribution functions)
can be derived from a “concentration hypothesis”. In a more general context,
it is shown in [10] that a concentration of mass property implies a central
limit property. This concentration of mass property (or concentration hy-
pothesis) means that, for high dimensions, the volume of the bodies under
consideration is mainly concentrated in a certain spherical shell. Using [10],
and assuming the concentration of mass property for a set M C K, it is
shown in [2] that M has the central limit property formulated above.

The role of inequalities (0.1), (0.2) in this context is that they imply the
concentration of mass property; cf. [9]. As a consequence, the subset 7 of
all bodies K in K satisfying these inequalities has the central limit property.
An inequality similar to (but weaker than) (0.2) for £7-balls was shown in
[1] in order to conclude the concentration hypothesis in this case. The desire
to prove (0.1), (0.2) for £-balls was the starting point of the present paper.
We refer to [4] for a study of the asymptotic behaviour, as n — oo, of the
volume of sections of £7-balls (0 < p < c0).

As a side remark we mention that for bodies K € K satisfying (0.1) one
obtains Lx < 1/e. It is an open question whether there is a universal bound
on Li for K € K (see [6, Sec. 5]). As a second remark we mention that the
bound in (0.2) converges to 1 as n — oo, which is the essential feature for
deriving the concentration of mass property (cf. [9, Sec. 1]).

In Section 1 we define the (isotropic normalized) p-product of isotropic
normalized convex bodies, and we compute the moments in terms of the
moments of the given bodies.

In Section 2 we show that inequalities (0.1) and (0.2) are permanent
under forming p-products.

In Section 3 we give more precise information on the p-balls in R™.

The most sophisticated material of this paper, in our opinion, is con-
tained in Section 4. Having derived the expressions (1.5) and (1.8), it was
not obvious how to handle the abundance of I'-functions occurring in these
expressions. The technical tools concerning the I'-function presented in this
section are essential for Sections 2 and 3 and should also be of independent
interest.

Finally, in Section 5 we show that the expression My, (K)/Ms,(K)?
considered in (0.2) takes its minimal value for the Euclidean ball. The cor-
responding property for M, (K) is immediate.

1. The p-product of convex bodies and its moments. For j =
1,2, we assume n; € N, and we take an isotropic normalized convex body
K; CR"™. Let | - |; denote the gauge functional of K. (In general, |- |; will
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Fig. 1. Examples of p-products

be sublinear; it will be a norm if and only if K; is symmetric.) Moreover,

define n := ny + no, and let 1 < p < oco. On R™ we define the sublinear
functional

‘(.%'1,372)’1, = {(|$1|€+|$2’g)l/” for 1 < p < oo,
maX(|x1|17 |‘T2|2) fOI' p =00,

where z; € R™ (j = 1,2). We define the p-product K; x, Ko (which is not
a normalized convex body) by

Ky Xp Ky = {((L’l,xg) cR": |(:c1,a;2)|p < 1}.
We note that K7 X, K3 is just the ordinary cartesian product, whereas
K| x1 Ko = {(th‘l, (1 — t).’L‘g) 1Ty € Kj (] = 1,2), 0<t< 1}
is the join of K and K». These cases were studied in [9].

Note that SlepKz(w cu)(z-v)dr = 0if w e R™ x {0}, v e {0} x R"2,
because the centre of mass of K1 and Ko, respectively, is the origin. More-
over, SlepKz(x -u)?dr is constant on S™~! x {0} and on {0} x Smz~1
because K1 and K are isotropic. Therefore, the isotropic normalized body
associated with K; x, K» is of the form (a1K7) X, (aeK3), where aq, s
are suitable scaling factors. In Figure 1 we show some examples for the case

ni = 2, ne = 1, with different p, where K; is a circle, a square and an
equilateral triangle, respectively (and Ko = [-1/2,1/2]).
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In order to find the correct scaling factors we first compute the volume
of K1 X, K. The method we use for doing so is inspired by the computation
of the volume of p-balls given in [7, p. 11].

First we note

(1.1) S e~ I@e)le gg — S ey dxy S e~ lw2lz dxs.
R™ R R"2

Now,

X el gy = S - OSO ie_t dt | dzq

dt
R™1 R™ 3N
= S S drie tdt = S /Pt dt Vi = I(ny/p+ 1),
0 |z [f<t 0

with V; := vol,, (K1) = 1. Computing the other integrals in (1.1) in the
same way, we obtain
I'(n/p+ 1) voly((a1 K1) xp (a2K2)) = o' I'(n1/p + 1)ay*I'(n2/p + 1),
and therefore the first requirement for the scaling factors a1, as > 0 amounts
to
I'(n/p+1)
1.2 atan? = .
42 VO Tl p+ ) (na/p + 1)

In order to obtain isotropy we compute second moments (recall that | - |
denotes the Euclidean norm):

S (g [e— @) lE gy — S |$1|2<_ S %e—tdt> dxy S e~z g
R™ R™1 |1 [} e
— S S |w1|* dwye"dt I'(ng/p+ 1)
0 a1yt
= [ 142/ N et dt D(ng/p + 1)
0

=I'((m +2)/p+ 1) (n2/p+1)Man,

where, for abbreviation, M ; := Ma,;(Kj) (j = 1,2). The first expression
in the last chain of equalities can also be computed as

[ Pe @220 iy — § ,$1|2< _ |°S°p %e_t dt) i
ZOSO S lz1* de et dt

0 |zfp<t
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= S tn+2/pe=t gy S |z1]? dx
0 lepKQ
=I((m+2)/p+1) | |=de,
K1><pK2

and therefore

I'((n1+2)/p+1)"(n2/p+1
(1.3) S |21|? do = ' T2al? ( 1F((71/p+ 2))/ (+21/)p )M2,1.
(1 K1) xp(azkK2) ! P
Now, isotropy requires
1 1
— S 212 de = — S |2o|% diz,
m (alKl)Xp(ang) n2 (QIKI)XP(QQKQ)

which can be expressed as

(1.4)

M.
od D ((m +2)/p+ DI (nafp+1)= 2
9 Ms
= l(m/p+ 1)1 ((n2 +2)/p+1)—=.
With a;, as obtained from (1.2), (1.4) we define

K1 *p K2 = (Olel) Xp (OéQKQ)

as the isotropic normalized p-product of K1 and Ks; we obtain
My (K7 *p K2)

1

ni/n 1 na/n
n| — S |z1|? da — S |zo|? da
ni n2
Kixp Ko

Ki*xp Ko

n(an1+2an2 I'((ni+2)/p+ D)I'(ne/p+1) M2,1>n1/n

! 2 I'((n+2)/p+1) ni

« (amanz-i-QF(nl/p"’ DI'((n2+2)/p+1) M2,2>n2/"
b I'((n+2)/p+1) n2

0 (a]tah?)nt? ny + 2 nz Mo \™

- [r<<n+2>/p+ 0E <F< ! 1>F< v 1) )

p p ni

na11l/n
X <F<E+1)F("2+2+1)Mm) ] .
P P

n2
By (1.2), this can be transformed into
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(15) Mg’n(Kl *p Kg)

- n<f(n1;é5){7;§ 1/p) <M2,r;1(K1)>”1 <]\42n+2(;@>n>1/n

with the function
I'an+2)+1)"
].. =
(16) flna) =

The derivation of this formula is only valid for p < oo, but the final expres-
sion is also true for p = oo (cartesian product); cf. [9, Sec. 3].
In order to compute (M4,n/M227n)(K1 *p I(2) we note

S |z|* do = S (|21 |* + 2|21 2|22 |? + |22|*) de.
Kl XPKQ Kl ><pK2
In the same way as above we compute

I'((ni+4)/p+1)I(n2/p+1)
I((n+4)/p+1)

I((n1+2)/p+ 1) ((ng+2)/p+1)
I'((n+4)/p+1)

S 21|t do =
KixpKo

M4,1a

Ms 1 Ma .

Vo lof?leaf® de =
Kl XPKQ
In the following computations we use the fact that My := Mp p, (K7 %, K2)
can be expressed by means of (1.3) as well as the symmetric expression.
Thus,

SKl*ng 21| da
M3
an1+4an2 F((nl + 4)/]? + I)F(ng/p + 1) 1
_ P I'((n+4)/p+1) ’
N 2(m2)  2ny C((nm+2)/p+1)*T(ng/p+1)*
ni ’ I((n+2)/p+1)2 2t
ni 1 I((n+2)/p+1)* I'((m+4)/p+1) 1 My,

n? oftay’ T((n+4)/p+1) T((m+2)/p+1)2 I(na/p+1) M3,

ni g(m,1/p) Mia
TL2 g(’I’L, 1/p) M22,1?

with the function

 I(an+1)I'(a(n+4) +1)
(1.7) 9(n, @) := Tan+2)+1)2

and
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|21]?| 22| da
M3

SKl*pKz

ny+2 n2+2F( P
1 X

(0%

ni+2 n
ﬁanl"rQ n2 F( lp +1)F(?2+1)
1 2

2
" L2250

ning 1 F(nT—i—2 + 1>2 1
n?  alay? F("T‘f‘l+1) F(%+1)F(%+l)

ning 1
n?  g(n,1/p)
Summing up, we obtain

7 (o () 2 fom ) 30
= ————(nig(ni,— ) =52 (K1) + 2ning + n3g( n2, - | —52(K>) ).
ngg(nvl/p)@ L) d ) 3o (a2 ) T2 1)

2,n1 2,n9

2. Permanence of inequalities for the second and fourth mo-
ments. We assume that n;, K; are as in Section 1, for j =1, 2.

THEOREM 2.1. The function p — Ms (K1 %, K2) is strictly decreasing
on [1,2], strictly increasing on [2,00]; in particular, it attains its minimum
for p = 2. Moreover, My, (K1 %, K2) attains its mazimum for p = oo. If
Ky and Ky satisfy (0.1), then Ky %, Ky also satisfies (0.1) for all p € [1, 00].

Proof. The function f(n1,1/p)f(n2,1/p)/f(n,1/p) occurring in the ex-
pression for My, (K1 *, K2), see (1.5), is treated by computing the logarith-
mic derivative

aa In f(nl) a)f(”?) Oé)

f(n,a) o1 o1
:aalnf(n7a) « nf(n17a) « nf(n27a) _1 .
OaIn f(n, a) OoIn f(n, a)
By Corollary 4.3 below, the second factor is strictly increasing and van-
ishes at o = 1/2, whereas the first factor is positive. This implies the first
assertion.
It is also clear that Msy, (K7 %, K3) attains its maximum for p = 1 or
p = 00. In order to exclude p = 1 it is therefore sufficient to show

f(n1,1)f(ng, 1) _ f(n1,0)f(n2,0)
fny <‘ 7(n,0) )

This is shown subsequently in Lemma 2.2.
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In order to prove the last statement it is therefore sufficient to check (0.1)
for p = o0, i.e., the isotropic normalized cartesian product. This case, how-
ever, has been treated in [9]. =

LEMMA 2.2. (a) The function

ki f(k — 1a 1)
f(k,1) 7
where

D42 DE R (kDR +2)F
f(k,1) = I'(k+ 1)k+2 T Rlk+2 k!2

(see (1.6)), is decreasing in k € N.
(b) If n,ni,n2 € No, n =ny + ng, then

f(n1, 1) f(ng, 1)
f(n,1)

Proof. (a) An elementary computation yields

flk—1,1) & EN_ k(2 )
Flk,1) _k+1(k+2> _k+1< _/-c—+2>'

For k = 1,2 we obtain

<L

fo1H _f@n 1

fa,1 0 f(21) 6

For the logarithmic derivative we estimate

d k 2 \*
Zln 1—
dk \k+1 k+ 2

1 1 2 Eok
= ——+1n(1——>+———

Tk k+1 k+2)  k k+2
Sl 2 (2 2 8
Skok+1 k+2 \k+2 " (E+2)2 7 3(k+2)3

—k3 — 3k?+ Lk 4+ 8
k(k+1)(k+2)3%
and this is < 0 for k > 2.
(b) For arbitrary n € Ny we obviously have f(0,1)f(n,1)/f(n,1) = 1. If
ni,ng € No, n; < ng, n1 + ny = n, then (a) implies
flu+1,1)f(ne = 1,1) _ f(n1,1)f(n2,1)
f(n,1) NSV

which by induction is < 1. =
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THEOREM 2.3. There exists py € [2,00) such that

is strictly decreasing on [1, po| and strictly increasing on [pg, oo]. Here pg = 2
if and only if Kj = By, 2, the normalized Euclidean ball in R, for j =1, 2.
In particular, (M47n/M227n)(K1 *p, Ko) attains its maximum for p = 1 or
p = oo. If K1 and K> satisfy (0.2), then Ky %, Ko also satisfies (0.2) for
all p € [1,00].

As a preparation for the proof, we treat the expression occurring in (1.8)
in a more general setting.

LEMMA 2.4. Let n,ni,no >0, n > ny,ne, c1,d >0, ca > 0, and define
1
G(a) =
9(n, @)
for a > 0. Then there exists ag > 0 such that G is strictly decreasing

on [0, 9] and strictly increasing on [og,0). In particular, G attains its
mazimum on [0,1] at « =0 or at a = 1.

(c19(n1, @) +d + cag(na, @)

Proof. We compute

(2.1) G'(a) = g(nl 5 (c10a9(n1, ) + c2009(n2, @))
- 908 cr g, )+ +eaglna, )
_ Oalng(n,a) . OaIng(ny, a) B e a) —
- e o Gty - ot -
Oa Ing(ng, a)
+c2 <m — 1>g(n2, a)] .

By Corollary 4.3, the second factor is strictly increasing (note that g(n, ) is
increasing, by the positivity of d, In g(n, «)) and negative for small « since
d > 0. Since the first factor is positive it follows that G'(«) has a unique
zero «ag. (It is not difficult to show that, as & — oo, the second factor tends
to infinity because g(ni,a) — 00.) =

Proof of Theorem 2.3. Because of formula (1.8), the first statement fol-
lows from Lemma 2.4, except for the fact that po > 2. If K; = By, 2
for j = 1,2, then Theorem 5.1 below implies pg = 2; in particular, in
Lemma 2.4, with ¢; = n?(M47n]./M227nj)(an’2) (7 = 1,2), d = 2ning, one
has G'(1/2) = 0. Now, Theorem 5.1 implies G’(1/2) > 0 in all other cases
(cf. formula (2.1)), i.e., po > 2.
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In order to prove the last statement it is therefore sufficient to check (0.2)
for p = 1 and p = o0, i.e., the isotropic normalized join and the isotropic
normalized cartesian product. These cases have been treated in [9]. m

3. Second and fourth moments for the p-balls. For n € N
p € [1,00|, we denote by By, the normalized ball in R" corresponding
to the p-norm | - |,. The volume of the unit p-ball

By ={x eR":|z|, <1}

is given by
- (r(1/p+1)"
voly(Bnp) = W

(cf. [7, p. 11]); therefore

_ I(n/p+1)'n .
P or(/p+1) M

For ni,n2 € N, n = n; + na, one obviously obtains

B

Bip = Bny p *p Bns p,

and therefore recursion formulas for My (B, p) and (Mg, /Mg,n)(Bn,p) are
obtained from (1.5) and (1.8).
Taking into account

1 My 9
M- 1(B = — ——(B =
271( LP) 127 M221( 17P) 5
one obtains
n  f(1,1/p)

M2,n(Bn,p) = E ’ f(n, 1/p)1/n)

M 1 9 1 1
- g o) +-3)
M;, g(n,1/p) \ 5n p n

THEOREM 3.1. The functions

D= MQ,n(Bn,p); b= 2’ (B”,P)
MQ,n

are strictly decreasing on [1,2] and strictly increasing on [2,00].

Proof. For the first function we compute the logarithmic derivative

f(1,«) OaIn f(1, ) 1>.

f(n,a)l/n = Oa 1nf(n,a)<aa In f(n, a) o

By Corollary 4.3 below, this implies the assertion for the first function as in
the proof of Theorem 2.1.

Oy In
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For the second function, we apply Lemma 2.4 (with ¢ = 0); note that
ap = 1/2 follows from Theorem 5.1 below (or can be obtained by direct
computation). m

4. Monotonicity properties of the ['-function. In this section we
study properties of functions of the type

N
F(a) =[] lan; +1)% (2> 0),
j=1
where n; > 0, v; € R (j = 1,...,N). We will make use of the following
integral representation of the logarithmic derivative of the I'-function:

d Tlet e
U(x) ::%lnf(m—i—l): S <T_et—1>dt
0

(cf. [5, §1, formula (60)] or [8, 6.351]). If Z;VZI v;n; = 0 then the logarithmic
derivative of I’ can be expressed as

d
(4.1) — lnF Z'yjn] (any)

o0

1 1 —omit
= — _— E - an;t __ 1 dt,
4o § sinh?(t/2) < (e )
J

where in the last step we used partial integration and

d 1 et B 1
dt( 1) S (et—1)2 7 4sinh?(¢/2)
Note that the functions f and g needed in Sections 2 and 3 are of the above
type, with 3, y;n; = 0.
PROPOSITION 4.1. Let kj >0, mj e R (j =1,...,N) be such that the

function
x) = Z mjmkﬂ
J

has no zeros on (0,1).

(a) Define ¢(n, o) == [[; I'(a(n + k;) + 1)/ (k) (n >0, a > 0) and
assume 1(1) = 0. Then

17 nlet
OaInp(n,a) = - S e?/(j _)1 e ™dt  (a>0)
0
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and, for n > ny > 0, the function
 OaInp(ny, @)
Q)= g T plma)
is strictly increasing on (0,00). If, in addition, n'(1) # 0 then Q(a) — 1 as
a— 0.
(b) Define (n,a) = [[; I'(a(n + kj) + 1)™ (n,a > 0) and assume
n(1l) =n'(1) = 0. Then
1T e —nt
OaIntp(n,a) = — S —s ¢ "dt (a>0)
4a® & sinh®(t/(20))
and, for n > ny > 0, the function
L 8& lm/J(”l, a)
Q@) = 5 T (n, o)
is strictly increasing on (0,00). If, in addition, n"(1) # 0 then Q(a) — 1
as o — 0.

For the proof we need the following elementary tool.

LEMMA 4.2.  Let fi, fa,h : (0,00) — (0,00) be continuous functions,
f2/ f1 strictly increasing, and h strictly increasing. Then

fo ihwyde _ §5° fo(H)h(t) dt
§o  fu(t)dt > fatydt

(All the integrals are assumed to exist.)

Proof. Without restriction {° f1(t) dt = §;° f2(t) dt = 1. Then

S (%—1>f1dt:0,

0
so there exists 7 > 0 such that fo(7)/f1(7) = 1. We conclude

00 T f o0 f
J (f2— fi)hdt = | <f—f - 1>f1hdt+ S <f—f - 1>f1hdt

0 0

>h(¢)0§<%—1>ﬁdt:0. .

0
Proof of Proposition 4.1. Without restriction assume 7 > 0. (Otherwise
replace m; by —m; for j=1,...,N.)
(a) Since ) ;(m;/(n + kj))(n+ k;j) = n(1) = 0 we obtain from (4.1) the
formula
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T 1 —an —Q
(4.2) OaIngp(n,a) = — S ¢ tn(e=t) dt
0
a ) et/e —1 '
0
Letting
ﬁ(e_t) —nt (n—n1)t
falt) = e 1" and h(t) =™
we get
 fa(H)h(t) dt
§o fa(t)dt

By Lemma 4.2, for the proof of the strict monotonicity of @ it remains to
show that, for 0 < a1 < asg, the function

fa2 (t) _ et/al —1

fal(t) etlaa— 1
is strictly increasing (on (0, 00)), or equivalently, that s — (eP* —1)/(e® — 1),
where p > 1, is strictly increasing. The numerator of the derivative of this
function,

Pl orns o Los s

p p
is positive by the convexity of the exponential function.
For the proof of Q(a) — 1 (a — 0) we note that
Tt

Dalnp(n,0) =0, 92Ingp(n,0) = S 71
0

n'(1)dt

by (4.2) and the assumption (1) = 0, so we are done by de I’'Hospital’s rule.
(b) Since 3 ;m; =n(1) =0 and > . m;(n+k;) = nn(1) +7'(1) = 0 we
obtain from (4.1) the formula

1 T 1 —ant —at
(4.3) OaInp(n,a) = 1o (S) m e (e ) dt
1 T n(e_t) —nt
T 4a? (S) snn2(/2a) ¢ "
Letting
= L_t) e ™ an — p(n—ni)t
falt) = sinh?(t/(2c)) d () = ’
we get
BRI g RULIOL

§o fa(t)at
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Again by Lemma 4.2, for the proof of the strict monotonicity of () it remains
to show that, for 0 < a1 < ag, the function

Jar (1) _ (Sinh(t/@al))>2
fai(t) — \sinh(t/(2a2))

is strictly increasing (on (0,00)), or equivalently, that s — sinh(ps)/sinhs,
where p > 1, is strictly increasing. Differentiation transforms this into the
question whether

pcoth(ps) > coth s.

The latter is a consequence of the strict monotonicity of (0,00) > p
pcoth p, which in turn follows from

d coshpsinhp—p 1-p—p
— thp) = =
dp(pco 2 (sinhp)? ~ (sinh p)?
For the proof of Q(a) — 1 (o — 0) we apply de ’'Hospital’s rule twice
to the first representation of J, Inv(n, ) in (4.3):
, . adyIny(ng,a) . 0% (adyInp(ny, a))
1 g 1 R ——— 3
(X%Q<a) ot ad, Iny(n,a) a0 02(ady Iny(n,a))

0.

=1

since
2

—_y"(1)dt foralln >0,
snnZ(zjg) T W dt foralln >

1 o0
0200 I (n, )0 = 1§ |
0
by the assumption n(1) =7(1) =0. =
In the following corollary we apply Proposition 4.1 to the functions f
and g used in Sections 2 and 3.
COROLLARY 4.3. As in (1.6) and (1.7), let
_ I'(a(n+2)+1)"

i a) = I'(an +1)nt+2 7
I'lan+1)'(a(n+4)+1)
I'la(n+2)+1)2

Then, for n > ny > 0, the functions
JaIn f(ny, ) daIng(ny, @)
—————2" and —_—
OaIn f(n, a) 0o Ing(n, o)
are strictly increasing, Oqln f and Oy lng are positive on (0,00) x (0, 00),
OaIn f(n,1/2) = 2n, and
OaIng(ny, @)
Oa Ing(n, o)
Proof. To prove the statements about f we define ¢ := f1/(*("+2)) Then
¢ is of the type considered in Proposition 4.1(a), with k&1 = 2, ks = 0,

g(n,a) = (n,a > 0).

—1 asa—0.
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m1 = 1, mg = —1. The corresponding function 7 is n(z) = 22 — 1, so it
satisfies the conditions of Proposition 4.1(a). Hence

OoIn f(ny,a)  ni(ny+2) _ O Inp(n1, a)

Oolnf(n,a)  nn+2) 0Jalne(n,a)

is strictly increasing and

1T1—e2
— —n
8a11150(n,a)—a§)et/a—_1€ dt >0 (OK>O)
For a = 1/2 we obtain
o0
OaIn f(n,1/2) = n(n+2)0yInp(n,1/2) = 2n(n+2) S et g — 9,
0
The function ¢ is of the type considered in Proposition 4.1(b), with
ki =0, ko =4, ks = 2, m; = mo = 1, mg = —2. The corresponding
function 7 is n(z) = 1 + 2* — 222 = (1 — 22)2 > 0, so an application of
Proposition 4.1(b) yields the first statement and the last statement about
g. The positivity of d, In g follows from (4.3). =

5. The minimum of My, M, /M22n The result of this section will
be formulated for the more general context of compact subsets of R™ of
non-vanishing volume which are star-shaped with respect to the origin. A
body K like this is described by its radial function ¢ = g : St — [0, 00),

o(u) :=max{r >0:ru e K}.

The moments of K are then given by

Mon(K) :V01<K):% | ot ds(u),
Sn—l
Mon(K) = —— | o(w)""dS(u),
Snfl
M4,R(K):ni ] ot ds(),
S’nfl

THEOREM 5.1. Let K C R"™ be compact and star-shaped with respect to
the origin, with the origin contained in the interior of K. Then

with equality if and only if K is a multiple of the Euclidean ball By, 2.

Proof. In contrast to the remainder of this paper, we shall choose the
scaling of K in such a way that the second moment is normalized to be
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Ms ,(K) = n. By go we denote the radius of the accordingly scaled Euclidean

ball,
(n(n +2) ) Y(n+2) <n + 2> Yt
o0=|—" = :

On—1 Wn

Denoting by p,_1 the surface measure on S™~!, normalized to be a proba-
bility measure, we then have to show

§b ™ dpnn § 0 dptn-1 < §o(w)™ ™ dyan f ()" dpaa-r,

or equivalently,

0 n+2\ (n+4)/(n+2) 0 n+2\ n/(n+2)
() ()

with equality if and only if ¢ = gg. Note that for p := (n+4)/(n+ 2),
g:=n/(n+2)onehas 0 < q<p<2 p+q=2,and that f := (o/00)" 2
is strictly positive on S"~!, with { fdun—1 = 1. Therefore the conclusion is
a consequence of the Cauchy—Schwarz inequality,

1/2

1/2
1:§fp/2+q/2dun_1<(Sfpdun-l) (157 dna) ™

where equality holds if and only if f?/2 = ¢f%/2 for some constant c. Because
of p # q, the latter is equivalent to f =1.

REMARK 5.2. For any compact set K in R"™, one has
2 2 4
<S || dl‘) < S |z|* dx S dx,
K K K

by the Cauchy—Schwarz inequality. Theorem 5.1 tells us that, for compact
sets K C R™ which are star-shaped with respect to the origin, this inequality
can be improved to
( S |l‘|2d:17)2 < ¢ S 2| da S dx,
K K K

with

n? n(n+4)
(on-1/(n+4)og " (on-1/n)ef  (n+2)?
This conclusion makes it clear that the inequality of Theorem 5.1 is not true
for arbitrary compact subsets of R™. (Take, e.g., thin spherical shells!)

< 1.

co =
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