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Well-posedness of second order degenerate differential
equations in vector-valued function spaces

by

SHANGQUAN BuU (Beijing)

Abstract. Using known results on operator-valued Fourier multipliers on vector-
valued function spaces, we give necessary or sufficient conditions for the well-posedness
of the second order degenerate equations (P2): 4 (Mu')(t) = Au(t) + f(t) (0 <t < 2m)
with periodic boundary conditions «(0) = w(2n), (Mu')(0) = (Mu')(27), in Lebesgue—
Bochner spaces LP(T, X), periodic Besov spaces B, ,(T, X) and periodic Triebel-Lizorkin
spaces Fy, ,(T, X), where A and M are closed operators in a Banach space X satisfying
D(A) C D(M). Our results generalize the previous results of W. Arendt and S. Q. Bu
when M = Ix.

1. Introduction. In this paper, we consider the second order degener-

ate equations

(P): SL(M)(0) = Ault) + (1) (0t < 2n)
with periodic boundary conditions u(0) = u(27), (Mu')(0) = (Mu')(27),
where A and M are closed operators in a Banach space X satisfying D(A) C
D(M); f is an X-valued function.

The class of equations (P,) arises as models for nonlinear heat con-
duction in materials of fading memory type and in population dynamics.
Much literature has been devoted to such problems [1I, 2, 5]. W. Arendt and
S. Q. Bu have considered the LP-well-posedness of (P;) when M = Ix is the
identity operator of X; they have shown that when X is a UMD Banach
space and 1 < p < oo, (Py) is LP-well-posed if and only if —Z2 C p(A) and
the set {k*(k*> + A)~! : k € Z} is Rademacher bounded [I, Theorem 6.1].
They have also studied the well-posedness of (P,) in periodic Besov spaces
By (T, X) and showed that, when M = Ix, (P,) is B} ;-well-posed if and
only if —Z% C p(A) and the set {k*(k* + A)~! : k € Z} is norm bounded
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[2, Theorem 5.3]. A similar characterization of the well-posedness of (FP») in
periodic Triebel-Lizorkin spaces Fpﬁq(T, X) has been obtained by S. Q. Bu
and J. M. Kim when M = Ix [5, Theorem 4.2].

We notice that a detailed study of linear abstract degenerate differen-
tial equations using semigroup theory and the extension of the operational
method of G. Da Prato and P. Grisvard has been treated in the mono-
graph [6], where second order degenerate equations have been systematically
studied in Chapter VI, mainly focusing on the existence and uniqueness of
classical solutions of (P,). We also notice that similar second order equations
with delay have also been extensively studied (see e.g. [4, [§]).

Similar first order degenerate equations

(P): SL(Mu)(t) = Aut) + (1) (0<t<2m)

with periodic boundary conditions Mu(0) = Mwu(27), have recently been
studied by C. Lizama and R. Ponce [10]; under suitable assumptions on the
R-boundedness of the modified resolvent operator determined by (P;), they
gave necessary and sufficient conditions for the well-posedness of (P;) in
Lebesgue-Bochner spaces LP(T, X), Besov spaces B, (T, X) and Triebel-
Lizorkin spaces F}; (T, X).

In this paper, using suitable assumptions on the growth of the mod-
ified resolvent operator determined by (P»), we give necessary or suffi-
cient conditions for (P) to be LP-well-posed (resp. B, -well-posed and
F;’q-well-posed). Since A is not necessarily the generator of a semigroup
in our situation, semigroup theory is no longer applicable. Our main tool
is the operator-valued Fourier multiplier theorems obtained by W. Arendt
and S. Q. Bu [I, 2] on LP(T, X) and B, (T, X), and by S. Q. Bu and
J. M. Kim [5] on F; (T, X). In fact we will transform the well-posedness of
(P2) to an operator-valued Fourier multiplier problem in the corresponding
vector-valued function spaces. Our results concerning the LP-well-posedness
of (P;) involve UMD Banach spaces and the R-boundedness for sets of
bounded linear operators on Banach spaces, which are not too restrictive
conditions for applications. Our results recover the known results of [1I, 2] [5]
in the case M = Ix.

This paper is organized as follows: in the second section, we study the
LP-well-posedness for (P,), while the last section is devoted to the well-
posedness of (P2) in Besov spaces B, (T, X) and Triebel-Lizorkin spaces
Fy (T, X).

2. The LP-well-posedness of (P»). We first recall some notions and
notation. Throughout, X will be a complex Banach space and T := [0, 27].
For 1 < p < oo, we let LP(T, X) be the space of all X-valued measurable
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functions f defined on T satisfying

27 d 1/p
ok t) < oo,

1l = ( g

For f € L'(T, X), we denote by

) 1 2T
F0)i= o §erltrf (o) dr
0

the kth Fourier coefficient of f, where k € Z and ey (t) = e*** for t € T.
X is said to be a UMD Banach space if the Riesz projection

Rf =Y f(k)ex
k>0
is bounded on LP(T, X) for some (equivalently for all) 1 < p < oo [3].
The scalar LP-spaces, Sobolev spaces W#P and Schatten class Sy are UMD
Banach spaces when 1 < p < co. If Y is another Banach space, we denote by
L(X,Y) the space of all bounded linear operators from X to Y. If X =Y,
we simply write £(X).

For results about R-boundedness, we refer to J. Bourgain [3], L. Weis
[11, 12] and W. Arendt and S. Q. Bu [I]. We merely recall the definition
and some basic properties. Let 7; be the jth Rademacher function on [0, 1]
given by r;(t) = sgn(sin(2/71¢)) when j > 1. For z € X, we denote by r; @ x
the vector-valued function ¢ — r;(t)z on [0, 1].

DEFINITION 2.1. Let X and Y be Banach spaces. A set T C L(X,Y) is
said to be Rademacher bounded (R-bounded, for short) if there exists C' > 0

such that
L([0,1],Y) H Z A ‘

(2.1) HZWTJ o

forallTl,...,TneT, :cl,...,xneXandnEN.

REMARK 2.2. Let S, T C £(X) be R-bounded sets. Then it is clear from
the definition that ST := {ST : S €S, T € T} and S+ T := {S+ T :
S €8S, T € T} are still R-bounded. It is also clear that if £2 C C is bounded,
then the set {AIx : A € 2} is R-bounded [9, Theorem 4.4].

The main tools in our study of the LP-well-posedness of (P;) are operator-
valued LP-Fourier multipliers which were studied in [I].

0,1],X)

DEFINITION 2.3. For 1 < p < oo, we say that (My)rez C L(X,Y) is
an LP-Fourier multiplier if for each f € LP(T,X), there exists a unique
u € LP(T,Y) such that u(k) = My f(k) for all k € Z.
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It is known that when (My)rez C L£(X,Y) is an LP-Fourier multiplier,
then the set {My : k € Z} is R-bounded [Il Proposition 1.11]. The follow-
ing theorem, due to W. Arendt and S. Q. Bu [Il, Theorem 1.3], plays an
important role in our investigations.

THEOREM 2.4. Let X,Y be UMD Banach spaces and (My)kez CL(X,Y).
If the sets {My, : k € Z} and {k(Myy1 — My) : k € Z} are R-bounded, then
(My)kez defines an LP-Fourier multiplier whenever 1 < p < oo.

REMARKS 2.5. (i) If (Mg)rez and (Ni)gez are LP-Fourier multipliers,
then so is the product sequence (MyN)kez-

(ii) Let ¢t = 1/k when k # 0 and ¢o = 1, and let f =}, _, crex. Then
f € LY([0,27]) by [7]. Thus if 1 < p < oo, then (c;Ix)kez is an LP-Fourier
multiplier by Young’s inequality [7].

i

For 1 < p < oo, we define the first order periodic “Sobolev” spaces [I]

by

WoP(T, X) := {u € LP(T, X) : there exists v € L”(T, X)
such that v(k) = ika(k) for all k € Z}.

Let u € LP(T,X). Then u € Wp(T, X) if and only if u is differentiable
a.e. on T and «' € LP(T, X) (in fact v’ is just the function v in the defini-

tion of Wpi(T, X)); in this case u is actually continuous and u(0) = u(27)
[1, Lemma 2.1].

Wl;}é’r7 (T, X) is a Banach space under the norm
[elly e = llullze + [alyZ

We consider the second order degenerate equations
d
(Po): — (Mu)(t) = Au(t) + f(t) (0 <1< 2m)

with periodic boundary conditions u(0) = w(2w), (Mu')(0) = (Mu')(27),
where A and M are closed operators in X satisfying D(A) C D(M), and f
is an X-valued function defined on T.

Let 1 < p < co. We define the LP-well-posedness solution space for (P)
by

Sp(A, M) = {u € WAE(T, X) 1 L¥(T, D(A)) :

u' € LP(T, D(M)), Mu' € Wy(T, X)};

here we consider D(A) and D(M) as Banach spaces equipped with their
graph norms. S,(A, M) is a Banach space with the norm

lulls, anry = lullee + W/ lle + Al e + M| o + [ (Mu')|| o



Well-posedness of degenerate differential equations 5

By [I, Lemma 2.1], if u € S,(A, M), then v and Mu' are X-valued
continuous functions on T, and u(0) = u(27), (Mu')(0) = (Mu')(27).

DEFINITION 2.6. Let 1 <p < oo and f € LP(T, X). Then u € S,(A, M)
is called a strong LP-solution of (Ps) if (P) is satisfied a.e. on T. We say
that (P2) is LP-well-posed if for each f € LP(T, X), there exists a unique
strong LP-solution of (Py).

When (P2) is LP-well-posed, there exists a constant C' > 0 such that for
each f € LP(T, X), if u € S,(A, M) is the unique strong LP-solution of (P),
then

(2.2)  lullze + [/ le + [[AullLe + MW || o + (M) || o < C|If] L2

This is an easy consequence of the Closed Graph Theorem.

Now we introduce the M-resolvent set of A. We recall that under the
assumption that D(A) C D(M), for any A € C, the sum operator AM — A
is a linear operator from D(A) into X. We call

pr(A) == {AeC: M — A: D(A) — X is invertible
and (\2M — A7t e £(X)}
the M-resolvent set of A. If A\ € pys(A), then the operator M(A\2M — A)~1is
well defined by the assumption D(A) € D(M), and M(N\2M — A)~! € L(X)
by the closedness of M and boundedness of (A2M — A)~1L.

Now we are able to state our first result which gives a necessary condition
for the LP-well-posedness of (Ps).

THEOREM 2.7. Let X be a Banach space, 1 < p < oo and let A, M be
closed linear operators in X satisfying D(A) C D(M). Assume that (Ps)
is LP-well-posed. Then iZ C ppr(A) and {Ny : k € Z} is R-bounded, where
Ny = k2M (k*M + A)~! for k € Z.

Proof. Let k € Z and y € X be fixed. We define f(t) = ey (t € T).
Then f € LP(T,X), f(k) = y and f(n) = 0 for n # k. Since (P») is
LP-well-posed, there exists a unique u € S,(A, M) satisfying
(2.3) (M) (t) = Au(t) + f(t)

a.e. on T. We have u(n) € D(A) for n € Z by [1, Lemma 3.1]. We remark
that f, Au, v/, Mu' and (Mu')" are elements of LP(T, X), so their Fourier
transforms make sense. Thus

(2.4) [(Mu)"(n) = in[Mu')N(n) = inM («/)(n) = —n*Ma(n)

for n € Z by the closedness of M and [I, Lemma 3.1]. Taking Fourier
transforms on both sides of ([2.3]), we obtain

(2.5) (—k2M — A)a(k) =y
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and (—n?M — A)i(n) = 0 when n # k. Thus —k?M — A is surjective. To
show that it is also injective, take x € D(A) such that (—k?M — A)z = 0,
so —k?Mz = Az. Let u(t) = 'z for t € T. Then clearly u € S,(A, M) and
(Mu')'(t) = Au(t) a.e. on T. Thus u is a strong LP-solution of (P) with
f = 0. Hence z = 0 by the uniqueness assumption. We have shown that
—k?M — A is injective. Therefore —k?M — A is bijective from D(A) onto X.

Next, we show that (—k2M — A)~1 € L£(X). For f(t) = e*ty, we let
u € Sp(A, M) be the unique strong LP-solution of (P). Then by (2.5),

. 0, n # k,
aln) = { (—k2M — A)~ Yy, n=k.

This implies that u(t) = e*(—k>M —A)~'y. By (2.2), there exists a constant
C > 0, independent of y and k, such that

lullze + 1w/l e + [[Aull e + M0 || o + [|(Mu) ]| 2o < Cl1 £ e

Hence ||(k2M+A)~Ly|| < C|ly|| for all y € X. Therefore ||(k2M+A)~|| < C.
We have shown that ik € ppr(A). Thus iZ C ppr(A).

Finally, we show that if N = k?M (k®M + A)~! for k € Z, then (N )rez
defines an LP-Fourier multiplier. Let f € LP(T, X). Then by assumption
there exists a strong LP-solution u € S,(A, M) of (P»). Taking Fourier trans-
forms on both sides of (P), by using we find that 4(k) € D(A) for all
k € Z, and

(—k*M — A)a(k) = f(k) (k€ 7).

Since —k2M — A is invertible, we have @(k) = (—k2M — A)~!f(k). Since
u € Sp(A, M), we have [(Mu')1N(k) = —k*a(k) by (2.4) and so

(M) (k) = —k*Ma(k) = =Ny f(k) (k€ Z).

We conclude that (Ng)rez defines an LP-Fourier multiplier as (Mu') €
LP(T, X). Now the result follows immediately from [I, Proposition 1.11]. =

Our next result gives a sufficient condition for the LP-well-posedness of
(P») when X is a UMD Banach space and 1 < p < 0.

THEOREM 2.8. Let X be a UMD Banach space, 1 < p < oo and let A, M
be closed linear operators in X satisfying D(A) C D(M). Assume that iZ C
pr(A) and the sets {k(K2M+A)~! 1 k € Z} and {K*M (K*M+A)~1 : k € Z}
are R-bounded. Then (Py) is LP-well-posed.

Proof. Let Ny = k2M (k*M + A)~! and Sy = k(k*M + A)~! for k € Z.
Then {Nj : k € Z} and {Si : k € Z} are R-bounded by assumption. We
claim that (Ny)kez defines an LP-Fourier multiplier. In view of Theorem [2.4
it is sufficient to show that {k(Ng+1 — Ni) : k € Z} is R-bounded. Let
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Hy, = (K*M + A)~! € L(X), so Ny = kM Hj,. We have
(2.6) Hy — Hy = Hy[(K*M + A) — ((k +1)>M + A)|Hy 1,
—(2k + 1) Hy M Hj 1.
Using this equality, we obtain
(2.7)  k(Npgp1 — Np) = kM[(k + 1)*Hyy1 — k2 Hy)
= kM [(k +1)* = K*|Hy41 + kM [Hy 11 — Hy
= k(2k + 1)M Hyyq — k3(2k + 1) M Hy M Hy
k(2k + 1) k(2k + 1)
T (k1) (k +1)2
This implies that {k(Ng41 — Ni) : k € Z} is R-bounded by Remark
Now, we are going to show that (Sg)rez also defines an LP-Fourier mul-

tiplier. By Theorem it is sufficient to show that {k(Sx+1 — Sk) : k € Z}
is R-bounded. Using (2.6]), we have

k(Skt1 — Sk) = kHpy1 + k*[Hyy1 — Hy]

Nig+1 — NiNi1.

k
= — K22k + 1)H, M H,
k+15k+1 (2k + 1)Hy 44 k
k 2k +1

I Rl

Therefore {k(Sk+1 — Sk) : k € Z} is R-bounded by Remark We have
shown that (Ny)rez and (Sk)kez are LP-Fourier multipliers.

Let T, = —ikM(k*M + A)~! for k € Z. Then (T})kez is also an LP-
Fourier multiplier. This follows easily from the fact that (Ny)gez is an LP-
Fourier multiplier and Remarks

Now, we are going to show that (P») is LP-well-posed. Since (Ng)kez
is an LP-Fourier multiplier, for all f € LP(T, X) there exists u € LP(T, X)
satisfying u(k) = Nkf(k:) for all k£ € Z. Using the identity

Ix = E*M(K*M 4+ A7 + A(K®M + A)!
we have
a(k) = KM (K*M + A) 7 f(k) = (Ix — A(K2M + AN f (k).

L
Thus (u— f)Nk) = A(k;2M+A) f(k). Let v =u— f. Then v € LP(T, X)
and 0(k) = —A(k2M + A)~'f(k). We notice that A~! is an isomorphism
from X onto D(A) as 0 € pp(A) by assumption; here we consider D(A) as
a Banach space equipped with its graph norm. It follows that A=19(k) =
—(k2M + A)"1f(k). Put w = A~ 'v. Then w € LP(T, D(A)), w(k) € D(A)
and (k) = —(k2M + A)~1 f(k). We have

ik (k) = —ik(K*M + A)7Lf (k) = —iSf(k),

A
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SO w € Wgé’ﬁ (T, X) as (Sk)kez is an LP-Fourier multiplier. We have shown
that w € Wp&(T, X) N LP(T, D(A)) and (') (k) = —ik(k2M + A)~Lf(k).
Now,

M (w')"(k) = —ikM(k*M + A)~" f(k) = Ty, f (k).
Thus w' € LP(T, D(M)) as (Tk)keZ is an LP-Fourier multiplier. Hence
) M(K*M + A)~ f(k) = =N f (k).

Thus Mw' € W& (T, X) and [(Mw')]"(k) = —Ny,f(k). Here we have used
the fact that (Ng)rez is an LP-Fourier multiplier. We have shown that w €
Sp(A, M). Now,

)
ik(Mw')"(k) =

[(Mw')) (k) — Adb(k) = (KM + A)(k*M + A)~" f(k) = f (k)

for k € Z. Tt follows that (Mw') (t) = Aw(t) + f(t) a.e. on T by the unique-
ness theorem [I]. Thus w is a strong LP-solution of (P»). This shows the
existence.

To show the uniqueness, we let v € S,(A, M) satisfy (Mu')'(t) = Au(t)
a.e. on T. Taking Fourier transforms on both sides, one sees by that
—k*Ma(k) = Aua(k) for all k € Z. Tt follows that (k*M + A)~ta(k) = 0
for all k € Z. Therefore u = 0 as ik € ppr(A) for all k € Z. Thus (P) is
LP-well-posed. =

REMARK 2.9. It was shown in [I, Theorem 6.1] that if X is a UMD
Banach space, 1 < p < oo and M = Iy, then (Py) is LP-well-posed if
and only if iZ C p(A) and the set {k?(k? + A)~! : k € Z} is R-bounded.
When M = Iy, we have actually k?(k*M + A)~! = K2M(K*M + A)~!
Thus under the only assumption that {k*M (kM + A)~! : k € Z} is R-
bounded, we easily deduce the R-boundedness of {k(k*M + A)~': k € Z}.
Thus Theorems and together recover the result of W. Arendt and
S. Q. Bu [I, Theorem 6.1] in the special case M = Ix.

3. The B, -well-posedness of (FP,). In this section, we study the B} -
well-posedness of (P;). First, we briefly recall the definition of periodic Besov
spaces By (T, X) in the vector-valued case, introduced in [2]. Let S(R) be
the Schwartz space of all rapidly decreasing smooth functions on R. Let D(T)
be the space of all infinitely differentiable functions on T equipped with the
locally convex topology given by the seminorms | f|la = sup,er [f()(z)]
for @« € Ny := NU {0}. Let D'(T, X) := L(D(T),X) be the space of all
bounded linear operators from D(T) to X. In order to define Besov spaces,
we consider the dyadic-like subsets of R:

Iy={teR:|t| <2}, IL={teR:2"!<|t <2}
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for k € N. Let ¢(R) be the set of all systems ¢ = (¢x)ren, C S(R) satisfying
supp(¢x) C I for each k € Ny,

Z ¢p(r) =1 for z € R,

keNg
and for each a € Ny,

sup 2ka|¢k (z)| < oc.

zER
keNp

Let ¢ = (¢r)ren, € ¢(R) be fixed. For 1 < p,q < o0, s € R, the X-valued
periodic Besov space is defined by

B:,(T, X) = {f e D/(T, X) :

1fllBs, = (ZQSMHZM)J f(k:)HZ)l/q<OO}

with the usual modification if ¢ =

The set B, (T, X) is 1ndependent of the choice of ¢, and different choices
of ¢ lead to equlvalent norms || - || s . Equipped with the norm |- [|p; .
B, (T, X) is a Banach space.

It is known that if s1 < s3, then B2 (T, X) C B, (T, X) and the em-
bedding is continuous [2]. When s > 0, 1t is shown in [ | that B, (T, X) C
LP(T,X) and the embedding is continuous; moreover, f € Bst (T, X) if
and only f is differentiable a.e. on T and f" € Bj (T, X). This implies
that if u € By (T, X) is such that there exists v € B, (T, X) satisfying
(k) = ika(k) for all k € Z, then u € Byt (T, X) and v’ = v. See [2, Sec-
tion 2] for more information about the space B, (T, X).

For 1 < p,q < 0o, s > 0, we define the B, -well-posedness solution space

for (P2) by
Spa.s(A, M) :={u e BstY(T,X)N B (T, D(A)) :

W' € By (T,D(M)), Mu' € BytH(T, X), X)},
where we consider D(A) and D(M) as Banach spaces equipped with their
graph norms. Sp ¢,s(A, M) is a Banach space under the norm
ulls, g0 4,00y = llullBy,, + 101l B5,, + | Aull By, + 1MW |35, + [[(Mu') ]| 35,

By [Il Lemma 2.1], if u € Sp 4 (A, M), then u and Mu' are continuous
functions on T, and u(0) = u(27), (Mu')(0) = (Mu')(27). Now we give the
definition of the B, -well-posedness of the problem (F).

DEFINITION 3.1. Let 1 < p,g < 00, s >0and f € B
u € Spgs(A, M) is called a strong B, ,-solution of (P) if

(T, X). Then
P,) is satisfied

—~Sw»
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a.e. on T. We say that (%) is By ,-well-posed if for each f € B, (T, X),
(P2) has a unique strong B, ,-solution.

If (P,) is B, ,-well-posed, then there exists a constant C' > 0, such that
for all f € By (T, X), if u is the unique strong B, -solution of (/%), then

!/ / AV
3.1 ullsg  +llwllss ,+ 1Mo l|Bs (M) || B3 ,+ [ AullBs , < ClI £l B, -

pP,q —
This can be easily obtained by the closedness of the operators A, M and
the Closed Graph Theorem.
The main tool in studying the B, ,-well-posedness of (%) is the operator-
valued B, -Fourier multiplier technique.

DEFINITION 3.2. Let X,Y be Banach spaces, 1 < p,q < 00, s € R and
let (My)rez C L(X,Y). We say that (My)rez is a B, -Fourier multiplier
if for each f € By (T, X), there exists (a unique) u € B, ,(T,Y) such that

(k) = My f(k) for all k € Z.
It is easy to see that if (My)rez is a B;q—Fourier multiplier, then the set

{Mj, : k € Z} must be bounded. The following result of [2] gives a sufficient
condition for an operator-valued sequence to be a B, -Fourier multiplier:

THEOREM 3.3. Let X,Y be Banach spaces, 1 < p,q < 00, s € R and let
(Mg)kez C L(X,Y). Assume that

(32) 2UIZ)(\\MkH + [k (Mi41 — My)|)) < oo,
€

(33) iug ||/€2(Mk+2 — 2My41 + Mk)” < 0.
€

Then (My)kez is a B, ,-Fourier multiplier.

REMARKS 3.4. (i) If (M)kez and (Ng)rez are B, ,-Fourier multipliers,
then so is (Mka)kGZ'
(ii) If ¢ = 1/k when k # 0 and ¢p = 1, then (cxlx)kez satisfies the

sufficient conditions (3.2) and (3.3) in Theorem Thus (cxlx)kez is a
B, ,-Fourier multiplier. This can also be deduced from Young’s inequality [7].

Now we are able to state a necessary condition for the B)  -well-posedness
of (PQ)

THEOREM 3.5. Let X be a Banach space, 1 < p,q <o0o,s>0and A, M
be closed linear operators in X satisfying D(A) C D(M). Assume that (P)
is By ,-well-posed. Then iZ C ppr(A) and (Ng)rez defines a By -Fourier
multiplier, where Nj, = k2M (k*M + A)~! for k € Z. In particular, the set
{Ny : k € Z} is bounded.

Proof. Fix k € Z and y € X and let f(t) = e'**y for t € T. Then
f e B, (T,X), f(k) =y and f(n) = 0 when n # k. There exists u €
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Sp.q,s(A, M) such that

(3-4) (Mu')'(t) = Au(t) + f(t)

for almost all t € T by assumption. We remark that f, Au, u, v/, Mv' and
(Mu')" are elements of LP(T, X) as B, (T, X) C LP(T, X) (here we have
used the assumption that s > 0), so their Fourier transforms make sense.
We have 4(n) € D(A) for all n € Z by [I, Lemma 3.1]. Therefore

(3.5) (M) (n) = in[Mu/](n) = inM (u')"(n) = —n?Ma(n)
for n € Z by the closedness of M and [I, Lemma 3.1]. Taking Fourier

transforms on both sides of (3.4), and using the closedness of A and (3.5)),
we obtain

(3.6) (—k*M — A)i(k) =y

and (—n?M — A)i(n) = 0 when n # k. Thus —k?M — A is surjective. We
are going to show that it is also injective. Assume that x € D(A) satisfies
(kM — Az = 0, so —k’Mz = Axz. Let u(t) = e¢*'x for t € T. Then
u € Spqs(A, M) as v € D(A) C D(M). It is clear that (Mu')'(t) = Au(t)
for almost all ¢ € T. Hence z = 0 by the uniqueness assumption. We have
shown that —k?M — A is bijective from D(A) to X.

Next, we show that (—k*M — A)~! € L£(X). For f(t) = ey, we let
u € Spq,s(A, M) be the unique strong B, ,-solution of (F2). Then by ,

A( ) Oa n 7é k,
V(M = Ay, =k
This implies that u(t) = e*(—k>M—A)~'y. By (3.1, there exists a constant
C > 0, independent of y and k, such that
lullps,, + ']l Bs, + 1M/l 55, + |(MW)||Bs,, + [[Aulls, < C|lfllBs,-

p.qa —
This implies that ||(k2M + A)~!|| < C. We have shown that ik € pys(A)
whenever k € Z. Thus iZ C ppr(A).

Finally, we show that if N, = kQM(k2M+A)’1 for k € Z, then (Ng)rez
defines a B, -Fourier multiplier. Let f € B, (T, X). Then by assumption
there exists u € Sy, 4 s(A, M) which is the unlque strong By,  -solution of (Py).
Taking Fourier transforms on both sides of (P,), we ﬁnd that u(k) € D(A)
for all k € Z by [I, Lemma 3.1], and

(=K*M — Aya(k) = f(k) (k€ Z)
by (3.5). Since —k2M — A is invertible, we have @(k) = (—k2M — A) =~ f(k).
By (3.5),
(Mu'))Nk) = —k*Ma(k) = =N f(k) (k€ Z).
Hence (N)rez defines a By -Fourier multiplier as (Mu')" € B, (T, X). =
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The following result gives a sufficient condition for (P») to be B, -well-
posed.

THEOREM 3.6. Let X be a Banach space, 1 < p,q<o0,s>0and A, M
be closed linear operators in X satisfying D(A) C D(M). Assume that iZ C
py(A) and the sets {k(K2M+A)"1 : k € Z} and {kK*M (k®>M+A)~! : k € Z}
are bounded. Then (Py) is B, ,-well-posed.

Proof. Let Ny = k*M (k*M + A)~! and Sy = k(k*M + A)~! for k € Z.
Then {Ny : k € Z} and {Sy : k € Z} are bounded by assumption. We claim
that (Ni)kez defines a B, -Fourier multiplier. In view of Theorem it is

sufficient to show that {k(Nyy1—Ni) : k € Z} and {k?*(Ngi2—2Npi1+Ny)
k € Z} are bounded. The proof that the former set is bounded is the same
as in the proof of Theorem

Let Hy, = (k*M + A)~! € £(X). Then Nj, = k2M Hy, and Sy, = kH},. We
again have the equality
(37) Hy y— Hy = _(2k+1)HkMHk+1.

By the proof of Theorem [2.8]

Nigg1 — Ny = 2k + )M Hj oy — K*(2k + 1)MH,MH;, | =: A, — By,
To show that {k?(Njy2 —2Ngi1 + Ni) : k € Z} is bounded, it will suffice to
show that both {k?(Ag 1 — Ag) : k € Z} and {k*(Bg11 — By) : k € Z} are
bounded. By (3.7) we have

E*(Appr — Ap) = E2(2k + 3)M Hyyp — K*(2k + 1) M Hy, 1y
= 2k* M Hy, o + k*(2k + 1) M (Hy 1o — Hyy 1)
2k? K2k +1)(2k +3)

(k+2)2 572 (k+1)2(k + 2)2
which is clearly uniformly bounded in k € Z by assumption. On the other
hand, again by (3.7,
(3.8) k*(Bii1 — Bi) = E*(k + 1)%(2k + 3)M Hy .\ M Hy, 5

— k*(2k 4+ 1)MH,MHj,

= k2 (6K + 8k + 3)M Hy y M Hy o
+ kY 2k + )M[Hp 1M Hyyo — Hy M Hy (4]

2 2
The first term is just %Nk-‘rl]\[k—k% o it is uniformly bounded in

k € Z by assumption. To estimate the second term, by (3.7) we have
Hy WMHy 9 — HyMHyy = Hyn M(Hpgo — Hyy1) + (Hpr — Hy) M Hy
= —(2]{3 + 3)Hk+1MHk+1MHk+2
— (2/€ + 1)HkMHk+1MHk+1.

Ni11Nkyo,
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Therefore, the second term in is just
K2k +3)(2k +1) k*(2k + 1)*
(k+1)%(k+2)2 FHTF2 T g )

which is uniformly bounded in k£ € Z by assumption. It follows that the set
{k?(Ngt2—2Npi14Nyi) : k € Z} is bounded. Thus (Ny)kez is a By -Fourier
multiplier by Theorem [3.3]

Now, we show that (S )rez is also a B, -Fourier multiplier. It is sufficient
to show that {k(Sgr1 — Sk) : k € Z} and {k?*(Ski2 — 2Sks1 + Sk) : k € Z}
are bounded by Theorem The proof for the former set is the same as in
the proof of Theorem We know from that proof that

Sgi1 — Sk = Hyp1 — k(2k + 1) Hy s M Hy,
for all k € Z. By we have
k*(Hpgo — Hipr) = —K*(2k + 3) Hipr M Hpp 0
k*(2k + 3
= —Wsk+lNk+2,
which is uniformly bounded in k£ € Z. On the other hand, again by ,
E2[(k +1)(2k + 3)Hyp oM Hyy 1 — k(2k + 1) Hyy y M Hy
= k*(4k + 3)Hyyo M Hy, 41 + k°(2k + 1)[Hy oM Hy 1 — Hy 1 M Hy
= k*(4k + 3)Hypy oM Hy oy + k3(2k + 1) (Hpyo — Hyy1)M Hy o
+ k*(2k + 1) Hyy 1 M (Hpy1 — Hy)
= k*(4k + 3)Hyyo M Hyy — k> (2k + 1)(2k + 3) Hyyy M Hyy o M Hy, 4
— k3(2k + 1)2Hy n M H, M Hy,

2
Nka+17

k%(4k + 3) k3(2k + 1)(2k + 3)
= S oNp — Sy 1NiiaN,
(k+2)(k +1)2 k+24VE+1 (k+ 1)3(k + 2)2 E+14VE4+24VE+1
k(2k +1)?
— - Si 1 NN,
(k1) Sk+1 Nk Nigt1,

which is uniformly bounded in k£ € Z by assumption. We have shown that
the set {k?(Skyo — 2Sks1 + Sk) : k € Z} is bounded. Thus (Si)rez is a
B, ,-Fourier multiplier by Theorem

Let T, = —ikM(k®M + A)~! for k € Z. Then (T})kez is also
a B, -Fourier multiplier. This follows easily from the fact that (Ng)rez
is a B, -Fourier multiplier and from Remarks

Now we are going to show that (P%) is B, ,-well-posed. Since (N )iez is
a B, -Fourier multiplier, for all f € B; (T, X) there exists u € B, (T, X)
satisfying a(k) = Nkf(k:) for all k£ € Z. Using the identity

Ix = E*M(E2M + A7t + A(K®M + A7,
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we deduce that
a(k) = BPM(K*M + A7 f (k) = (Ix — A(K2M + AN f (k).
Thus (u—f)" (k) = —A(k*M+A) "' f(k). Let v = u—f. Then v € B} (T, X)
and (k) = —A(k2M + A)~1f(k). We notice that A1 is an isomorphism
from X onto D(A) as 0 € pps(A) by assumption; here we consider D(A) as
a Banach space equipped with its graph norm. It follows that A~ '9(k) =
—(k*M + A)~' f(k). Put w = A~'v. Then w € Bj (T, D(A)), (k) € D(A)
and (k) = —(k2M + A)~1f(k). We have
ik (k) = —ik(K*M + A7 f(k) = —iSi f (k),
so w € BSTH(T, X) as (Sk)kez is a Bj -Fourier multiplier. We have shown
that w € BSEH(T, X)N B3 (T, D(A)) and (w')" (k) = —ik(k*M + A)~' (k).
Now, R X
M (w') (k) = —ikM (KM + A)~ f(k) = T f(k).
Thus w' € B; (T, D(M)) or equivalently Mw' € By (T, X) as (Tg)rez is a
B, ,Fourier multiplier. From this we deduce that

ik(Mw)Nk) = —k*M (K2M + A)~ f(k) = =N, f (k).

Thus Muw' € B5tH(T, X) and [(Mw')|"(k) = — Ny f (k). Here we have used
and the fact that (Ng)kez is a B, -Fourier multiplier. We have shown
that w € Spgs(A, M) and

[(Mw'))" (k) — Ao (k) = —(kQM + A)(KM + A)7 (k) = f(k)

for k € Z. It follows that (Mw')'(t) = Aw(t) + f(t) a.e. on T by [I]. Thus w
is a strong B, ,-solution of (P,). This shows the existence.

To show the uniqueness, we let u € S, ,s(A, M) satisty (Mu')'(t)
= Au(t) a.e. on T. Taking Fourier transforms on both sides, one sees by
that —k2Ma(k) = Aa(k) for all k € Z, so (k*M+A)~La(k) = 0 for all k € Z.
Therefore u = 0 as ik € pp(A) for all k € Z. Thus (P%) is B, -well-posed.
The proof is complete.

REMARK 3.7. It was shown in [2, Theorem 5.3] that if X is a Banach
space, 1 <p,q < oo, s >0and M = Ix, then (/%) is B, -well-posed if and
only if iZ C p(A) and the set {k?(k? + A)~! : k € Z} is bounded. When
M = Ix, we actually have k?(k*M + A)~! = k2M (k> M + A)~!. Thus under
the only assumption that {k2M (kM + A)~! : k € Z} is bounded, we easily
deduce the boundedness of {k(k2M + A)~! : k € Z}. Hence Theorems
and together recover the result of W. Arendt and S. Q. Bu [2, The-
orem 5.3].

The periodic Holder continuous function space is a particular case
of the periodic Besov space B, (T, X). From [2, Theorem 3.1], we have
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B% (T, X) = C5e (T, X) whenever 0 < a < 1, where CJ, (T, X) is the

space of all X-valued functions f defined on T satisfying f(0) = f(27) and
o 1712) = 1(0)

[

THY |$ - y‘a
Moreover the norm
1/ (=) — fW)ll
a 1= t L/ S0
I, = mag 10+ sup L2
on CH, (T, X) is an equivalent norm on Bg, (T, X). If 0 < a < 1, we
say that (Py) is Cp-well-posed if for every f € Cp. (T, X), there exists a
unique u € C*tHT, X) N C4,,(T, D(A)) such that ' € C*(T, X), Mu' €

C*tY(T, X) and (P») holds true for all ¢ € [0,27]. Here C*T1(T, X) is the
space of all u € C1(T, X) such that u, v’ € C%, (T, X). Theorem has the
following corollary.

COROLLARY 3.8. Let X be a Banach space, 0 < o < 1, and A, M be
closed linear operators in X satisfying D(A) C D(M). Assume that iZ C
prr(A) and the sets {k(k>M+A)"1 : k € Z} are {k2M (K2M +A)™ : k € Z}
are bounded. Then (Py) is C*-well-posed.

REMARK 3.9. We can introduce the notion of well-posedness of (Pz) in
periodic Triebel-Lizorkin spaces inq(']I‘, X) in a similar way. Using operator-
valued Fourier multiplier results on vector-valued periodic Triebel-Lizorkin
spaces established in [5], one can prove a result analogous to Theorem
for the scale of Triebel-Lizorkin spaces.

Acknowledgements. This work was supported by the NSF of China
(11171172).

References

[1] 'W. Arendt and S. Q. Bu, The operator-valued Marcinkiewicz multiplier theorem and
mazimal reqularity, Math. Z. 240 (2002), 311-343.

[2] W. Arendt and S. Q. Bu, Operator-valued Fourier multipliers on periodic Besov
spaces and applications, Proc. Edinburgh Math. Soc. 47 (2004), 15-33.

[3] J. Bourgain, Vector-valued singular integrals and the H'-BMO duality, in: Proba-
bility Theory and Harmonic Analysis (Cleveland, OH, 1983), Monogr. Textbooks
Pure Appl. Math. 98, Dekker, New York, 1988, 1-19.

[4] S. Q. Bu and Y. Fang, Periodic solutions for second order integro-differential equa-
tions with infinite delay in Banach spaces, Studia Math. 184 (2008), 103-119.

[5] S. Q. Bu and J. M. Kim, Operator-valued Fourier multipliers on periodic Triebel
spaces, Acta Math. Sinica (English Ser.) 21 (2005), 1049-1056.

[6] A. Favini and A. Yagi, Degenerate Differential Equations in Banach Spaces, Pure
Appl. Math. 215, Dekker, New York, 1999.

[7] Y. Katznelson, An Introduction to Harmonic Analysis, Wiley, New York 1968.


http://dx.doi.org/10.1007/s002090100384
http://dx.doi.org/10.1017/S0013091502000378
http://dx.doi.org/10.4064/sm184-2-1
http://dx.doi.org/10.1007/s10114-004-0453-9

16 S. Q. Bu

[8] V. Keyantuo and C. Lizama, Periodic solutions of second order differential equations
in Banach spaces, Math. Z. 253 (2006), 489-514.
[9] M. Ledoux and M. Talagrand, Probability in Banach Spaces, Springer, Berlin, 1991.
[10]] C. Lizama and R. Ponce, Periodic solutions of degenerate differential equations in
vector-valued function spaces, Studia Math. 202 (2011), 49-63.
[11]] L. Weis, Operator-valued Fourier multipliers and mazimal Ly-reqularity, Math. Ann.
319 (2001), 735-758.
[12] L. Weis, A new approach to mazimal L,-regularity, in: Evolution Equations and
Their Applications in Physical and Life Sciences (Bad Herrenalb, 1998), Lecture
Notes in Pure Appl. Math. 215, Dekker, New York, 2001, 195-214.

Shangquan Bu

Department of Mathematical Science
University of Tsinghua

Beijing 100084, China

E-mail: sbu@math.tsinghua.edu.cn

Received October 18, 2011 (7330)


http://dx.doi.org/10.1007/s00209-005-0919-1
http://dx.doi.org/10.4064/sm202-1-3
http://dx.doi.org/10.1007/PL00004457

	1 Introduction
	2 The Lp-well-posedness of (P2)
	3 The Bp,qs-well-posedness of (P2)
	References

