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Absolute convergence of multiple Fourier integrals
by

Yuril KOoLOMOITSEV (Donetsk) and ELIJAH LIFLYAND (Ramat-Gan)

Abstract. Various new sufficient conditions for representation of a function of several
variables as an absolutely convergent Fourier integral are obtained. The results are given in
terms of L, integrability of the function and its partial derivatives, each with a different p.
These p are subject to certain relations known earlier only for some particular cases.
Sharpness and applications of the results obtained are also discussed.

1. Introduction. If

f) = | g(@)e’ ™ dx, g€ Li(RY),
R4

we write f € A(R?) with || f|l4 = 1912, (mey- Here

T = (.’L‘l,...,xd), Yy = (ylw")yd) eRd) ($7y) :551y1+"'+33dyd-

The possibility to represent a function as an absolutely convergent Fourier
integral has been studied by many mathematicians and is of importance in
various problems of analysis. For example, belonging of a function m(z) to
A(R?) makes it an L; — L; Fourier multiplier (or, equivalently, Lo, — Loo
Fourier multiplier), written m € M; (m € M, respectively). One of such
m’s attracted much attention in the 50-80s (see, e.g., [W], [E], [Stl Ch. 4,
7.4], [Mi], and references therein):

etlzl®

(1.1) m(z) = mq,p(z) = H(fU)W,

where 6 is a C* function on R? which vanishes near zero, and equals 1
outside a bounded set, and 0 < o < 1, 8 > 0. Of course, |z|? = %+ -+ 22
It is known (see, e.g., [Mi]) that for d > 2:

() If B/a > d/2, then m € My(My,) (or, equivalently, m € A(R?)).

(IT) If B/a < d/2, then m & My(My) (or, equivalently, m & A(R?)).
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The first assertion holds true for d = 1 as well, while the second one only
when « # 1; however, the case a = d = 1 is obvious.

Various sufficient conditions for absolute convergence of Fourier integrals
were obtained by Titchmarsh, Beurling, Carleman, Sz.-Nagy, and others.
One can find a comprehensive survey of this problem in [LST].

Let us unite certain of the known one-dimensional results closely related
to our study in the following theorem. First, each f € A(R) satisfies the
condition
(N-1)  f e Co(R), that is, f € C(R) and lim f(t) =0 as |t| — oo, and f is

locally absolutely continuous on R.

It is natural to restrict ourselves only to such functions in dimension one.

THEOREM A-1. Let f satisfy condition (N-1), f € L,(R) with1 < p <2,
and f' € Ly(R) with 1 < g < 2. Then f € A(R).

For the multivariate case, we need additional notations. Let 1 be a d-

dimensional vector with entries 0 or 1. We set 0 = (0,...,0) and 1 =
(1,...,1). Inequalities of vectors are meant coordinatewise.
We write

In particular D"f = f for n = 0.
The multidimensional results we are going to generalize in a sense (see
[M] and [S], respectively) read as follows.

THEOREM Al-d. Let f € Ly(R?). If all the (distributional) partial deriva-
tives 05 f/axfj, j=1,...,d, are in Ly(R?), where Bj are any positive in-
tegers such that Z;lzl 1/B; < 2, then f € A(RY).

THEOREM A2-d. Let f € L1(RY). If all the (distributional) partial deriva-
tives D"f, n # 0, are in Lp(]Rd), where 1 < p < 2, then f € AR?).

We obtain new sufficient conditions for belonging to A(R?). They are
given in terms of belonging of the function considered and its derivatives
to Ly, spaces, with different p;. These p; are related in a special way. For
example, in dimension one some of the relations obtained turn into the
condition from [L] that ensures the possibility to represent a function f
as an absolutely convergent Fourier integral: f € L, (R), 1 < pg < oo,
and f' € L, (R), 1 < p1 < oo, with 1/pp + 1/p1 > 1. One can see a
disparity in strength with Theorem A-1 above. Correspondingly, the range
of conditions ensuring belonging to A(R?) is much wider than known earlier
in the multidimensional case.
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An outline of the paper is as follows. In the next section we formulate
the results. In Section [3] we present the needed auxiliary results. Then, in
Section [] we concentrate on the one-dimensional version of our main re-
sults. In the last section we give multidimensional proofs; one-dimensional
arguments from the preceding section will be intensively used.

We shall denote absolute positive constants by C; they may be different
in different occurrences.

2. Statement of results. It turns out that in several dimensions there
are a variety of results in terms of different combinations of derivatives. How-
ever, in any case, it is reasonable to start with the following d-dimensional
analog of the above (N-1) condition, common to all of them.

(N-d) f € Co(R?Y), and f and its partial derivatives Df, for all n # 1,
are locally absolutely continuous on (R\ {0})¢ in each variable.

We will also need a similar condition in which r = (r1,..., r4) is a vector
with entries r; € N, j =1,...,d:
(N-d,r)  f € Co(RY), and f and its partial derivatives 8’77—1f/8x;j_1, for
all j =1,...,d, are locally absolutely continuous on (R \ {0})? in
each variable.

Of course, (N-1) stands for (N-1,1). However, in higher dimensions these
two conditions are different in nature.
Our first main result reads as follows.

THEOREM 2.1.

(a) Let f satisfy (N-d). Let f € Lpo(R?), 1 < po < oo, and sup-
pose each partial derivative D" f, n # 0, belongs to Ly, (RY), where
1 < py <oo. If for all n # 0,
1 1

(2.1) — 4+ = >1,
Po Dn
then f € A(RY).
(b) Let 1 < po,p1 < oco. If
1 1
— 4+ — <1,
Po D

then there is a function f satisfying (N-d) such that f € Ly, (R%),
DUf € Ly (RY, but f ¢ A(RY).

We can also obtain a result in which all the derivatives intervene.
THEOREM 2.2.

(a) Let f satisfy (N-d). Let f € Lp(RY), 1 < pg < oo, and sup-
pose each partial derivative D" f, n # 0, belongs to Ly, (Rd), where
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1 <p,<oo.lIf

1
(2.2) > — >t
o<n<1 P

then f € A(R?).

(b) Suppose that there are a, B > 0 with « # 1 and 8 > d(a — 1) such

that p, > d/(B — |n|(a — 1)) for all n. If

1 < 2d-1

0<n<1 P

then there is a function f satisfying (N-d) such that f € Ly, (R%)
and each partial derivative D"f, n # 0, belongs to Lpn(]Rd), but

f & AR?).

REMARK 2.3. Let us compare the last two theorems. If 2 < pg < o0,

inequalities ([2.1)) imply (2.2). Hence Theorem is a consequence of Theo-
rem [2.2] However, if 1 < pg < 2, it is easy to see that one can choose pg close

enough to 1 and p,), n # 0, large enough and such that inequalities (2.1]) are

valid, while ([2.2)) is not.

Observe also that in any case one can choose p;, > 1 such that inequality

(2.2) is valid, while inequalities (2.1]) are not.

Finally, we give a generalization of Theorem to the case of higher

derivatives.

THEOREM 2.4. Let f satisfy condition (N-d,r) for some vector r =

(ri,...,rq) such that Z;lzl 1/rj <2 and rj € N.

(a) Let f € Ly(RY), 1 <p < py < oo, & f[x; € Ly, (R, 1<p;<oo,

l<j<d. If ;

1V1 K1
<2—;Tj>po+2—1,

— TjDj

then f € A(R?).
(b) Let 1 <p< oo, 1 <qg<oo, andr >d/2, reN. If

d\1 d
<2—>+<1,
r)p g

then there is a function f satisfying (N-d,r) forr =r; = ---
feLp(RY), 8 f/ox € Ly(RY), 1 < j <d, but f ¢ A(R?).

This is a direct extension of Theorem Al-d.

= Tdq,

REMARK 2.5. We can prove that the conditions of the above results are
sharp only for certain p,. The point is that we make use of m, g for which

intermediate derivatives cannot be arbitrary.
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The next corollaries give conditions upon which power decay of a func-

tion f and its derivatives ensures f € A(R?).

COROLLARY 2.6. Let f satisfy (N-d). If for alln, 0 <n <1,

C
(2.3) ’anf(w)IEE(i‘;jE;D;;a
where v, > 0 and either
(2.4) Yo+ >d  foralln#0,
or
(2.5) > > d2t

0<n<1

then f € A(RY).

COROLLARY 2.7. Let f satisfy (N-d,r) for some vector r = (rq,...

such that 327_, 1/rj <2, r; € N If for all j, 0 < j < d,
' 0" C

@f(ff) < W,

J
where v; > 0 and
d_ 4 ¢
92 _ il oA
(2-X i )w+ X B>a
j=1"7 j=1 "7

then f € A(RY).

,T'd)

3. Auxiliary results. One of the basic tools is the following lemma
(see [T, Lemma 4] or [Bl, Theorem 3]), which is a natural extension of the
celebrated Bernstein test for the absolute convergence of Fourier series (see
[Kl, Ch. II, §6]). In fact, the proof of every result of this paper will use it.
More precisely, each proof will use the assumptions of the corresponding
statement to prove that the basic estimate , ensuring the membership

of the relevant function in A(R?), holds true.
In order to formulate the lemma in any dimension, we denote

AYTF@) = AL, f@) = T 457 @)

Jjm;=1

. . €;,Tj .
where 7, u, and r are d-dimensional vectors, and A, f is defined as

"5

a7 @) = 3 (7) 0kt G =) 1<i<a

k=0
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Here e; are unit basis vectors. Denote also
Auf(@) = Auyiaf(0) = AL, f(@)
and
A} f(a) = AL f(x).
LEMMA B. Let f € Co(R?). If for some vector r = (r1,...,74),

0 e’} 1 .. i
(3.1) Yoo ST Easapr ()l < oo,

$1=—00 $q=—00
where h(s) = 727 and the norm is that in Ly(R%), then f € A(RY).

We will also make use of the following Hardy—Steklov type inequality
(see [KP, Cor. 3.14]):

For F>0and1<qg<Q < oo,
Q \1/Q / 1/
(3.2) (V[ § Fesyas]"ar) ™ < onl/@nid (§ poe) at) ’
R
Here 1/q+1/¢ = 1.
We need the following direct multivariate generalization of (3.2]).

LEMMA 3.1. For F>0,1<k<d,and 1 <q<Q < o0,

x1+h Tr+hy
(33) (S |: S S F(ul,...,uk,xk+1,...,xd)du1...duk}Qdm)l/Q

R  x1—h1 T —hg

gC(hl...hk)l/Q“/Q’( { [S Fi(z)dzy ... du
Rd—k Rk

Q/q
} drp4y ... dxg

)1/Q‘
If k =d,

z1+ha xq+thg Q
(3.4) (S[ S S F(u)du} dx

Rd x1—h1 xq—hg

)I/Q

<C(h... hd)l/Q+1/q’( | Fo(a) dm)l/q.

R4

Of course, the first £ variables are taken in (3.3)) for simplicity, the result
is true for any k variables.

Proof. The proof is inductive. For d = 1, the result holds true: see (3.2]).
Supposing that it is true for d—1,d = 2,3,. .., let us prove ({3.3]) with k£ = d.
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Applying the inductive assumption for the first d — 1 variables, we obtain
z1+h zq+hg

(H i F(ul,,,,,ud)dul”‘dud]dellucmd)l/Q

Rd x1—hy z4g—ha
x1+h1 zg—1tha—1 zq+hg

Z(S{S [ S S S F(ul,...,ud)dul...dudf

R Rd-1 z1-hy zg—1—hqg-1 zg—hg

dzg

Q/Q
. d.fEl e da:d_l}

>1/Q

zq+hg
SC(hl...hd,l)l/QJrl/q/(S{ S [ S F(xl,...,xd,l,ud)dud}q
R Rd-1 x4—hy

-dxy ... dxd_l}Q/qud> Q %

Using now the generalized Minkowski inequality with exponent Q/q > 1, we
bound the right-hand side by a constant times

(hy ... hg_y)/@TH
rq+hg

. (Rdgl{é {w()hd F(x1,...,%q_1,uq) d“d}ded}q/Qdm ) _dxdﬂ)l/q_

To obtain (3.3)), it remains again to make use of (3.2)) for the dth variable.
If k < d, we just represent the integral considered as

( S (S [mlfhl"’zk—i_hkF(Ulw--,Uk,xk+1,...,wd)dul...duk}Q

Rd—k Rk x1—hy T —hg
5Q 1/Q
-dxy ... d:zk) dxgyq ... dxd)

and apply the proven version to the inner integral. m
We will also apply the following simple result.
LEMMA 3.2. Let f satisfy (N-d) and DY f € Ly(R%). Then
148, e flloo < 247 (ha . ha) Y4 ([DY .

Proof. By Holder’s inequality,
z1+h1 Za+ha

[ il < § oo} D (- )| de . dug
x1—h1 zq—hg
z1+h1 zq+hg 1/¢
<( ) 1 dudug) DY,
z1i—h1  wg—hqg

as required. m
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4. One-dimensional result. We prove a more general assertion than
that from [L]. The latter coincides with it when r» = 1. However, even in
that case the present proof differs from that in [L].

THEOREM 4.1. Suppose a function f of one variable satisfies condition
(N-1,7) for some r € N.

(a) Let f € Ly(R), 1 <p < oo, and f7) € Ly(R), 1 < q < oo. If

2r—1 1
+-=->r,
p q
then f € A(R).
(b) If
2r—1 1
+ - <,
p q

then there exists a function f satisfying (N-1,7) such that f € Ly(R)
and ) € Ly(R) but f ¢ A(R).

Proof. The proof of (b) goes along the same lines as the proof of (b) of
Theorem 2.2 below.
(a) By Lemma B, it suffices to prove that

(4.1) > 2 PAL oy Flle D24, fll2 < oo
v=1 v=0

Let us start with the first sum in (4.1).
We choose p* > p and ¢* > ¢ so that

oLyl 111
2 ) p*  2r gt 2

Using Holder’s inequality, we get

r r 1-1/2r r 1/2r
VAT o flla < 1ALy FILY2 A5 £
It is obvious that for h > 0,
t+h u'r71+h

Arl =] §dur |0 ) du|
t—h Upr_1—h

Thus, by Lemma 3.1
|85k fller < CUFIS YT 1ALy FIGT < C2HU T £ 50T

Since also

) ||g/q*'

|85y Ll < Cll Sl < CIARPP NI

we have
145y flls = O(2k9/20").
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Therefore
S 2 Ayl = 0 Y2 H) <,
k=1 k=1
We next prove that
(4.2) > 282145 4y fll2 < oo
k=1

Choosing p* > p such that

Loy 11
2r Jp*  2rq 2’

r r 1=1/2r) ar r
14T o fll2 < 11 AT ol 21 Ay £
An obvious generalization of Lemma for higher derivatives yields
185y flo < Ol LI 11
< 027w WPk ) L/t

we obtain

IR

Further, applying Lemma we obtain
187y fllg < C27F[ 1D
Thus,

r k(- L (1-B)+1
HAh(k)fH2 =0(2 ((1=5p) 7 (=3 )'*‘2)).
This readily implies (4.2, which completes the proof. m

5. Proofs of multidimensional results

5.1. Proof of Theorem (2.1 (a) The proof is surprisingly similar to
that in dimension one. The part of the sum from Lemma B with

oo D
Sy oLk

k=1  kg=1

is represented as

Z Z 9= 3 51k (S | Ak, h(—ka) ] ()]

k1=1 kq=1 Rd
z1+h(—k1)  xgt+h(—kq)

[ le(u)du‘dx)m

x1—h(—k1) xg—h(—kq)

and dealt with exactly as in the proof of the first sum in dimension one.
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Further, for

o s 1 d
Sy 2Tk
k1=0 kqa=0

we proceed as in the proof of the second sum in dimension one. In both

cases, (3.4) from Lemma [3.1]is applied.
Finally, when dealing with

22 2Z ZQ% ?:1’%
7:1;=0 wn;=1
where 17 # 0 and 77 # 1, we do not need to treat the first sum at all: when the
rest is bounded, the series corresponding to 7; = 0 converges automatically.
As for the second sum, we proceed as in the proof for the second sum in
dimension one. Since Lemma 3.1 is always applied with Q) = ¢, we see that
the integral norm on the right-hand side of (3.3) becomes the usual L, norm,
where each time ¢ is taken to be some p;,.
The proof of (b) is similar to the proof of (b) in Theorem n

5.2. Proof of Theorem The proof will be divided into several
steps.

STEP 1. We start With the sum

(5.1) Z Z 2~ %k1+---+k‘d)HAh —k1)yh(—ka) f||2

Ei=1  kg=1
Choosing p;, > p; such that
1 d—1
. e
0<n<1 +7

and applying Holder’s inequality for 2¢ factors (see [HLP] p. 140]) and
Lemma [3.1] with Q = ¢, we obtain

. 1/2¢
1An ek fll2 < O TT 1ALy o Flos)

0<n<1
) ey 1724
. C( H ||f”1 pn/pn (h(=k)™ ... h(_kd)ﬂd)Pn/PnHD”ngz/Pn)
0<n<1
) CH 2% Zogngl’njzlpn/p;;)kj( H Hf”oopn/Pn”anHpn/pn) /2d.

0<n<1
The last mequahty along with the obvious inequality
DR L N T W)
0<n<1,n;=1n
yields the convergence of the sum in (5.1)).
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STEP 2. Assume that

(5.2) > 1 gt

20
STEP 2.1. Let us show that
> 1
(5.3) Sy R AL e Fll2 < 0.

k1=0 kq=0
Conditions (5.2) and ([2.2]) allow us to choose p§ > po such that
1 1
SN L _gdl
Po 2 Pn

n#0

Applying then Holder’s inequality and Lemmas [3.2] and [3.1] we obtain
1 Anr),. mka) fll2

1724
< C(1 Ak ma) P A1 ™ TT N i o)
n#0

1/2¢
1D Fl ™ 118 TL 1D £, )

n#0

The last inequality readily yields the convergence of ([5.3)).

< C(2*(2d71+i(1*P0/p3))(k1+"'+kd)

STEP 2.2. We now prove the convergence of all series of the type
o0 22(k1+ +k;)

(5.4) Sy Y g 14l

k’l 0 k’ Ol]+1 1 ld*

where 1 < j < d—1and u = (727%,..., 727 m2bi+1, . .. 72l). Choose
Po > po and pg, >pe,]+1<z<d suchthat

—+Z—+ Z —+Z _2d*1.

1P S Pa g
Now, Holder’s inequality yields
(5.5) |4ufl2 < C(S1525550)"/*,
where
J
S = ”AUprf)a Sy = H HA}?(ki)f”peia
i=1

H 1As_ Flloz, So=T] 142F ],

i=j+1 [n|>1
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Applying Lemma [3.2] leads to

(5.6) S < c||f|r”°/p°\muf|roo”°/p° < [IF 1150778 £1155 7o PO E | A £

= (k1 eethy =l — 1—po/py—
<Cco R A e T P O

where € € (0,1 — po/p§). Further, applying Lemma we obtain

J
(5.7) Sy < CT[27%1D% fllp.,.
=1
d 1—pe, /D% Pe; /D
(5.8) Ss <O T NAnciofllse Pl Anp Fllpe ™
i=j+1
1 —De; /pg . /pez
<C H I flloo "+ Fet 2lPes Ve || Des fper e,
i=7+1
(5.9) S, <C H 2771k1+-‘.+77jkj_77j+llj+1—--~—7]dld||D77f”pn‘
In|>1

Combining then (/5.5 and 7, we arrive at
J 1
_(7+ / -1 E3
lauslz=o(]]2 2] H g3ty 1! ).
i=1

=741

Choosing ¢ € (0,1 — po/pg) such that

S 4 Paco jri<i<d,

pl el
we deduce that ( . is finite. This completes the proof of (a) provided .
holds true.

STEP 3. We now assume that
1 d—1
5.10 — > 2%
510 >
n#0
STEP 3.1. Let us show the convergence of (5.3)). It is obvious that

1 2
— 4+ = > 9dt
miz0,aPn P1

Suppose that there exist pj, > p;, [n| = 1, such that

(5.11) Z— > 12 g

P e P
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Applying Holder’s inequality and Lemma [3.1] as above, we get

Pe;

d
ekt

1Ak, ... hka) Fll2 = 0(2

This readily yields the convergence of (5.3)).
If pj, > py satisfying (5.11) do not exist, then

1.2 gd-1,

0.4 P P
and hence

> L 2rd e,

moaaPr P2
Now, suppose that there exist pj, > py, || = 2, such that
(5.12) Zi+ > 1 27d i
=2 P pprot2atn P

Applying Hélder’s inequality and Lemma [3.1] we get

| An k), ) fll2 = 0<27Z?:1 ol (= %H)
As above, this readily yields the convergence of .

We repeat this procedure as many times as needed. For the sake of
simplicity, we consider in detail the final step only for d odd (of course,
d > 3); it will then be explained how to treat the case of d even.

Suppose that there are no numbers p; > py, |n| = (d —1)/2, which
satisfy

(d—3)/2
1 1 d 1
S oy (2 () )
m=d-1)/2 7 0.1, d-1)72.4P" im0 N e
Then
(d-3)/2
1 d 1
T +( T <.>+1>22d‘1,
| Dn — J P1
n#£0,1,...,(d—1)/2,d §=0
and hence i
1 20— 1
Y s
Pn 1

‘77|¢0,17-~-7(d—1)/27d

Taking into account that 1/2p1 < 1/2, we can choose pg > po, pj, > py and
e € (0,1) such that

1—¢ 1 1 1 e\ 1 1
S T 2 +(3+31)5 -7

L 1
I #0.1,.(d—1)/2,d4 P P1
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Again applying Holder’s inequality and Lemma [3.1] we get
d . )
| Abk),. .. me) fll2 = O (27 Zo=1 ki (/24750

where 7; > 0. This implies that (5.3]) is finite.
If d is even, then we will have the strict inequality

) I R N L PPV

nl#0,1,(d—1)/24 " |yi=djz.nga P" P

on the final step, where card A = %(d%) and n € A if |n| = d/2. This allows
us to repeat the previous arguments.

STEP 3.2. To complete the proof of (a) of the theorem, it remains to
show the convergence of all series of type under condition . We
will consider only two cases: j = d — 1 and j = 1. The intermediate cases
are proved similarly.

STEP 3.2.1. Let first j =d—1 and u = (7r2_k1, o, m2 ka1 7ola), Sup-
pose that there exist pg > po and pg, > pe, such that

1 1 1
pO ped 777£078d pn
Applying then Holder’s inequality and Lemmas and we obtain
[ Auf]l2
2—po/ply—pe,/P: x Pey /D% 1/24
< O (1A e e s T AL, )

7775076d
* * * — — — d
— O(2(—k1—"'—kd—1+ld)€(2—P0/Po—Ped/Ped)+ld(Ped/Ped+2d L1241 3] /’Cj)l/2 )

Choosing € € (0,1) such that
(2-B-Bu) oy,
pO ped ped
we obtain the finiteness of (5.4]). Obviously, in the case of d = 2, the proof

of Step 3.2.1 is complete. Therefore, let further d > 3.
If for any pg and p;, equality (5.13) does not hold, then

1 > gd-1
n;éozed pn

and hence ) 5
L4 f s gdl
7775076(1’1 pn pl

We denote A; = {n: |n| =j, ng =1} and Ay = {0}.
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Suppose that there exist pg > po and p;, > p;, n € Az, such that
1 1 1 2
(5.14) S+ S+ Y =2
el ) Py D1
neAa nZUj=o AjVUA4
Then, applying Holder’s inequality and Lemma we obtain

(515) HAufHQ _ O(2ld[é (d 1- Z”’]GAQ pT])]

d— 1 Py
- S bt Toeag nm )

Thus, taking into account that

Zp”<d—1

776142

and using (5.15)), we obtain the convergence of (5.4)).
If for any pg > po and py > py, n € Az, equality (5.14) does not hold,

then
DA T
ngUtg aua,
and hence o
Z i+2+(1)>2d—1_
Pn P1

ngUl_ AjUAq
Suppose that there exist pg > po and p;; > py, n € Az, such that
1 2+ (%2
f+24+» vy L2000 g
neAs P U3y AjUA4 P p
Applying then Holder’s inequality and Lemma we obtain
11 (d—1\_(d—2\, (d—1\ Py
HAJMZOQMQﬂ“I><J%z>ZW%#H
Z] 1 ]( Qd ZneA:)’ nJ—l pZ))
The last inequality readily yields the convergence of (5.4)).
Repeating this procedure, we consider the last step, if needed. Suppose
that there are no pz‘, > po and py > py, n € Ag—1, such that
1+ 300 (47 1 1 I () +1
= d—1
I S Ll
Py

p neAg 1 _ Dn P1

Then
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and hence we can choose small ¢ € (0,1/2) such that

1 1 /1 11
p— —+(z-e)=>=:.
X ; e " <2 E) 2

"7€Uj:0Aj

This implies that there exist pj > po and p;, > py such that

€ 1 1 1 1 1

P P
ngUi_ 4; "
Applying then Hélder’s 1nequahty and Lemma we obtain
1Auflls = 021G I WG 5 Doyt a1 58)).

To complete the proof of the convergence of (5.4, it remains to choose &

such that 1
0<e< min — Z Pt
1<5<d-1 (24 v}
ng€Us—1 Ai,nj=1
STEP 3.2.2. It only remains to consider the case j = 1 for (5.4]). Denoting
B=1{n:m # 1} and v = (727% 722 72l) we can always choose
po > po and p; > py, n € B, such that

O

77€B 77§ZB

Then, applying Holder’s inequality and Lemmas [3.2] and [3.1] we obtain

1A flls = O(27k1[2d5p, (1=32)+3] Z] 2%[%(1 )42 24 e it *])

Choosing € > 0 such that

“(1-2)s ¥ Boge

P Po neB ;=1
yields the finiteness of (5.4)).

This completes the proof of (a) of the theorem.

To prove (b), let us consider the function m = mq g from (1.1)). Suppose
that p, > d/(8 — |n|(ew — 1)) for all 5. Simple calculations show that m €
Lpo(RY) and D"m € L, (R?). If 3/a < d/2, then m ¢ A(R?). The last
inequality is equivalent to 23/d — (o« — 1) < 1. Therefore,

1 29 —d2¢ Y a—1
— < B (a—1) < 941
P d

0<n<1

and so m provides the required counterexample. m
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5.3. Proof of Theorem The proof is very similar to those of the
above theorems. We want to show the convergence of all series of the type

eethy)

(5.16) Z DD 22 AL,

ki=0  kj=0l41=1  l4=

where v = (727F1 . 727k p2livr . q2la)if 1 < j < d—1and u =
(w2h ..., w2k) if j = 0. In what follows, we suppose that >, =0 and
e, = 0 if n > m.

First, we choose € > 0, p* € (p, po] and p} > p;, j +1 < i < d, such that

j d J d
1+e¢ 13\1 14¢ 1 1
1= -3 =)= > ==
( 2r; & 2r¢>p* * — 21;p; +. : Dl 2
i=7+1 =1 =7

2r
i=1 1 “TiPs

and

Applying Hélder’s inequality, we obtain
145" fll2 < 81828,

where

J 1+e d

S1= Il T, SQ_HHA%W"

d N
€T 2r;
TT nagr f12
i=j+1
Further, repeating the proof of estimates (5.7) and (5.8)), it is easy to show
that

_1te )
Al =02 B ),

The last estimate readily yields the convergence of ([5.16]).
The proof of (b) is similar to the proof of (b) in Theorem .

5.4. Proofs of Corollaries and We only prove Corollary
for condition ({2.5). The proofs of Corollary with (2.4) and of Corollary
go along the same lines.

Let us rewrite (2.5)) as
Z vy =d20 t e

0<n<1
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For each 7, let us choose p;, so that v,p, = d + ¢/2¢. Then

d
> dt+e/2% a1,

o<1 Pn
Since
d
€/2
/ < €,
o<n<1 P
we have
d
= > 241,
o<n<1Pn

This is equivalent to (2.2)), and hence f € A(RY). u
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