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To the memory of Aleksander Petczyriski

Abstract. The present paper is a continuation of [23], from which we know that the
theory of traces on the Marcinkiewicz operator ideal

M(H) = {Te L(H): sup logm%Zan(T) < oo}

1<m<oo

can be reduced to the theory of shift-invariant functionals on the Banach sequence space

w(Ng) := {c: (y1): sup %HZZ;W\ < oo}

0<k<o0

The final purpose of my studies, which will be finished in [24], is the following. Using
the density character as a measure, I want to determine the size of some subspaces of
the dual 9" (H). Of particular interest are the sets formed by the Dixmier traces and the
Connes—Dixmier traces (see [2], [4], [6], and [13]).

As an intermediate step, the corresponding subspaces of w*(Ny) are treated. This
approach has a significant advantage, since non-commutative problems turn into commu-
tative ones.

Notation and terminology. Standard notation and terminology of
Banach space theory are adopted from [22]. In particular, X and Y denote
real or complex Banach spaces, while H is a separable infinite-dimensional
complex Hilbert space (identified with f3). Operators and functionals are
always supposed to be linear and continuous (bounded). The symbol I stands
for identity maps. The zero element of a Banach space is denoted by o.

An operator J: X — Y is called an injection if there exists some ¢ > 0
such that ||Jz| > o||z| for all z € X. A metric injection even satisfies the
condition ||Jx| = ||z]|.
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An operator Q: X — Y is called a surjection if there exists some o > 0
such that [|y|| > ginf{||z|| : Qz =y} for all y € Y. A metric surjection even
satisfies the condition ||y|| = inf{]|z| : @z = y}. Note that the preceding
concepts are dual to each other; see [20, pp. 26-27|.

Surjections @: X — Y are just the operators whose range is all of Y. On
the other hand, a one-to-one operator J: X — Y need not be an injection.

We distinguish between N := {1,2,3,...} and Ny :={0,1,2,3,...}. The
letters m and n always stand for natural numbers different from 0, while
h,i,j, k,l range over Ny.

Throughout, a = (ay,), b = (Bk), ¢ = (7), and z = (¢;) denote real or
complex sequences; e = (1,1,1,...). Given any functional A on a sequence
space, we simply write A(ay,) instead of A((ay,)).

1. The density character of a Banach space. The results presented
in this section are well known, but spread over the literature. For the conve-
nience of the reader, I have included some proofs.

We denote the cardinality of any set S by |S|. Concerning arithmetic of
cardinal numbers we refer to [5, pp. 102-107]:

|A|-|B|] :=|Ax B| and |A|'Bl:= |set of all functions from B into A|.
The density character of a Banach space X is the smallest cardinality of
all dense subsets,
dense(X) := inf{|D| : D is dense in X}.
The infimum is attained, since the class of all cardinalities is well-ordered.
Let 0 > 0. A subset A of X is called p-separated if
|lx1 — 22| > 0  whenever x1, 29 € A and 1 # xo.

At first glance, it looks not so obvious that dense(X) is the largest cardi-
nality of all p-separated subsets. However, this is indeed true. The following
result was, for the first time, proved by Gohberg—Krein [9, Lemma 6.1| and
rediscovered by Kottman [12) pp. 566-567].

LEMMA 1.1.

(1) If A is p-separated for some g > 0, then |A| < dense(X).
(2) For every o > 0 there exists a o-separated subset A such that
|A| = dense(X).

Proof. We consider the non-trivial case that X # {o}.

(1) For every dense subset D, the intersections D N {x + %QU X} with
x € Aand Ux :={u € X : ||u| < 1} are non-empty and mutually disjoint.
Hence |A| < |D|, which yields |A| < dense(X).

(2) The collection of all g-separated subsets A is inductively ordered by
inclusion. So Zorn’s lemma ensures the existence of maximal elements. Fix
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such a maximal A. Then |A| > RXy. Assume that

n
D= {Zfﬂz 2 & rational, x; € A, n=1,2,.. }
i=1
fails to be dense in X. Then D is a proper closed subspace. By the Riesz
lemma [21], p. 139], we find ¢y € X such that ||z — x| > o for all z € D.

Hence A can be enlarged by adding xg. This contradiction shows that D is
indeed a dense subset. Thus dense(X) < |D| <N$ - |A] = |A]. u

The density character has the following elementary properties: For all
closed subspaces N of X, we know that

dense(N) < dense(X), dense(X/N) < dense(X),

and
dense(X) < dense(N) - dense(X/N).

Moreover,
dense(X) < dense(X*) < 2dense(X),

Thus the density character provides a (coarse) tool to measure the size of a
Banach space.

REMARK. The dimension of a Banach space X is defined as the smallest
cardinality of all subsets D whose linear span is dense in X. Note, however,
that apart from the finite-dimensional case, we get dim(X) = dense(X).

For later use, we mention that the estimate dense(X/N) < dense(X) has
the following consequence.

LEMMA 1.2. If there exists a surjection from X onto Y, then
dense(Y') < dense(X).

To determine the density character of [ (Ngp) we need the Stone-Cech
compactification BNg, whose points can be identified with the wltrafilters U
on Ny or the non-trivial multiplicative functionals @ on I (Ng). The relation-
ship between both objects is given as follows:

The ultrafilter U, corresponding to ¢ consists of all subsets A of Ny such
that p(e,) = 1, where e, denotes the characteristic sequence of A.

Conversely, with every ultrafilter I/ one associates the functional

wu(a) :=U- li}Enah for all @ = (ap,) € lo(No).

In particular, h € Ny generates the principal ultrafilter Uy, := {A : h € A}
and the multiplicative functional ¢y (a) := ap, respectively.

Non-principal ultrafilters, also named free, are characterized by the prop-
erty that all of their members are infinite sets.
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Recall that SNy becomes a compact Hausdorff space with respect to the
weak™ topology induced by [ (Np). The main result says that [ (Np) can be
identified with C'(8Ny), the Banach space of all continuous functions on SNy.

For the purpose of this paper, the following fact is most important:

|BNp \ Ng| = |set of all free ultrafilters on Ny| = 92",
see [25], [17], and [8, pp. 130-131, 139].

A functional ¢ € 5 (Np) is said to be singular if it vanishes on all
sequences with finite support. The set of all singular functionals, denoted
by [§§f(N0), is a weakly* closed subspace of I3 (Np). A well-known result
about annihilators shows that [58"(Ng) can be identified with the dual of
loo(No)/c0(Np). Sometimes we will use the fact that [,o(Ng)/co(Ng) is just
the quotient of [, (Np) modulo the null space of the seminorm

s(a]ls) := limsup |ay.
h—o00

Note that ¢, € [§§f(N0) if and only if the ultrafilter U/ is free.

Next, we prove a classical result, which goes back to Fichtenholz—Kanto-
rovitch [7, p. 81] and Nakamura—Kakutani [I8, p. 227].

PROPOSITION 1.3. dense(I58'(Ng)) = dense(I%, (Ng)) = 22°.
Proof. First of all, we check the upper estimate of dense([} (Np)):
If K denotes the real or complex scalar field, then
[loo (No)| < ||l = (2%0)%0 = g0 — g%,
Thus
\[io(Noﬂ < |K|Uoo(N0)| < (2N0)2N0 _ 2N0.2No _ 22}&0‘

Next, [§§f(N0) C I, (Np) implies dense(lggf(No)) < dense(l%,(Np)).

Let U; and Us be different free ultrafilters. Then there exists a subset S
such that S € Uy and CS € Us. Define z = () by ¢; := +1if i € S and
¢ = —1if i € CS. Now it follows from

Ou, (2) — puy (2) = U1-lizm G — Us- 1izm Gi=2
and
‘@ul (Z) - 801/12(2)‘ S H@ul - 907//2 ‘ [ZOH

that ||ow, — @u, | ]| > 2. This shows that 1557(Ng) contains a 2-separated
subset with cardinality 22°°. Hence dense(IS€' (Np)) > 22, u

2. A quotient space. Given any fixed operator S on a Banach space X,
the expression
ug(a) = inf{|la —z + Sz|| : = € X}



Shift-invariant functionals 41

yields a semi-norm on X . Moreover, we know from [23, Props. 9.11 and 9.14]

that
1 n—1
— inf il /c = | k
us(@) = Jnf_ |7 2 5" =l |2 ZS
whenever ||S|| = 1.

The quotient of X modulo the null space of us is denoted by X //S. We
stress that X //S is just the usual quotient X/R(I — S), where R(I — 5)
denotes the range of I —S. The quotient map from X onto X //S is denoted
by Q3F. Note that the dual (X//S)* can be identified with the space of all
S-invariant functionals on X; see |23, Prop. 9.9].

3. Shift-invariant functionals on [, (Npy). This section can be re-
garded as a preparation for Section[d] in which the situation is more involved.

The shift operators acting on the sequences b = (f;) with k € Ny are
defined by

S_: (Bg) — (B1,52,03,...) and Si: (Bk)— (0,Po, B1,...).
We call A € [ (Nyg) shift-invariant if
A(S=b) = A(b) and A(Syb) =A(b) for all b € [(Np).
By [23, Prop. 6.1], it suffices to verify the condition above either for S_
or S4; the other one follows automatically.

Banach limits are a special kind of shift-invariant functionals that have
two additional properties. They are positive and normalized:

ABr) >0 if B, >0 and Me)=1, wheree=(1,1,1,...).

The latter concept was invented by Banach [I], p. 34] and Mazur [14] p. 103].

All shift-invariant functionals form a weakly* closed subspace of [%_(Np),
denoted by [5f(Ny). We know from Section [2 I that [5f(Ng) can be identified
with the dual of [(Np)//S—, the quotient of [ (Np) modulo the null space
of the seminorm

us_ (0] 1) = f{b—y + S_y | Ll : 4 € loo(No) }.

Note that [5f(Ng) c 1555 (Np).
The Cesaro operator C': l5(No) — l5(Np) is given by

C: (B) (hiléﬁk)

For the convenience of the reader, we compile a list of some elementary
facts.
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LEMMA 3.1.
(1) Cy € ¢o(No) for all y € ¢o(Np),

(2) Cy—CS_y € ¢o(No) for all y € [(No),
(3) CS_y—S_Cyecy(Ng) for all y € lo(Np).

As observed by Mazur [I5], p. 173|, every singular functional ¢ defines a
shift-invariant functional

C* b (Ch) for all b € [(Np).
This fact was already contained in lecture notes of von Neumann that
circulated in a small group of insiders since 1940/41; see [19, p. 31].
The shift-invariant functionals obtained in this way are called Mazur
functionals. They form a subspace of [% (Np), denoted by [2f(Np).

Next, we adapt the Cesaro operator C' to the shift-invariant setting.

LEMMA 3.2. There exists a (unique) operator Cy for which the diagram

[0 (Np) lso(No)

5] i ot
loo(N0)//S— —— 15o(No)/co(No)

commutes.

Proof. We know from Lemma [3.1]2) that Cy — CS_y € ¢o(Np) for all
Y € lo(Np). Thus

$(Cb]ls) < s(Co—Cy+CS_y|lc)+s(Cy—CS_y|ls) < [[b—y+S-y |l
which proves that
s(Cb|ls) <us_(b]ls) forall b e [5(Np).
Hence the required Cy is well-defined. =
REMARK. Using the identifications
[loo(No)/S-]* = 135 (Ng)  and  [lo(No)/c0(No)]* = [3/(No),

we may regard the dual operator Cj as a map from 1557 (Ng) into [51f(Ny),
which is obtained by restricting C*. Then the range R(C{) coincides with
(%' (No).
We now refine the diagram given in Lemma To this end, let
N = {yo S [OO(N()) :Cyg € Co(No)}
and note that the norm of [, (Ng)/A is induced by the seminorm

p(b] 1) = nf{ b — yo | Lol : 3o € A'}.
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LEMMA 3.3. The operator Cy admits a (unique) decomposition, where
Qo is a quotient map, while Cyy is one-to-one:

I (Nop) I (Nop)

loo loo
S_ )

oo (No) /5= —Z2+ 150(Np) /¢o(No)

QN[OO(NO)/N-/CTOO

Proof. We know from Lemma [3.1)2) that Cy — CS_y € ¢o(Np) for all
y € l(Npg). Hence y — S_y € N, which implies that

P(b]ls) <us_(b]ls) :=1inf{||b—y+S_y| : vy € l.c(Np)} for allb € [, (Np).
Thus the quotient map Qo : loo(Np)/S— — l5(Ng) /N is well-defined.

Since

$(Ch|ls) = s(Cb— Cyo|loo) < |Ib—yo|lo|| whenever yo € N,

we have

s(Cb 1) < p(b|1s)  for all b € [oo(No).
This estimate ensures the existence of Cy : l(No) /N = [(No)/co(Np). =
Define the sequences b{"™ = (5lim>) by

+1 if m2t <k < (m+1)2,
BIM = 1 if (m+1)2 <k < (m+2)2,

0 otherwise.

i=0,1,2,...,

To ensure that (m + 2)2¢ < m2™! we let m > 2.

LEMMA 3.4. p(b™ |ly) =1 and s(CH™ |Io) = L.

Proof. Assume that p(b{™ |ls,) < 1 for some m. Then we may choose
o€ R and yo = (nox) € N such that
PO |lo) < o<1 and [[B"™ — yo| Lo < 0.
Hence
L—nox <o ifm2 <k<(m+1)2,

which implies
(m+1)28—1

5 Z nok = 1—o.
k=m2?
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We now obtain

m2i—1 (m+1)28-1

1
k=0
1 m2i—1 ] (m+1)2i—1
:<m2z > Z ok 12 2 ok
k=m2°
11 Mt 1—o
m—+ 1 m2* prd M0k m+1

Since
1
lim —— =
g 2 mos =0
1o

m+1
The non-negative sequence alm = (a,im>) := Cb{™) attains its local max-
ima at the indices (m + 1)2° — 1. Thus it follows from
1

B R |

letting ¢ — oo yields a contradiction, O < -

(m)
o

that s(Cb™ |[y) =

PROPOSITION 3.5. [(Ng) fails to be a closed subspace of 15, (Np).

1
m+1-°

Proof. Lemma [3.4] shows that the one-to-one operator
Coo : Ioo(No) /N =[50 (No) /0 (No)

defined in Lemma [3.3]is not an injection. Hence Banach’s inverse mapping
theorem tells us that R(Cp) = R(Coo) cannot be closed. Therefore, by the
closed range theorem, the same is true for [f(Ng) = R(Cy); see the remark
after Lemma 3.2l w

As just shown, [f(Np) fails to be complete. Thus we pass to the closed
hull [2f(Np). Unfortunately, there remains an open question concerning the

weakly* closed hull.
PROBLEM 3.6. Which of the relations

* *

(Bf(Ng) = ImI(No)~ or [mI(Ng) C [2f(Ng) "

18 true?

*

So, as a precaution, we have to distinguish between [22f (N ) and [22f (Np)
In what follows, we determine the size of the Banach spaces

(2f(No) C [2f(Ng) " < I15(Ny) € I, (No)

and the size of their ‘differences’.
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LemMmA 3.7. If
Jo:iz= (Cz) b= Bk Z Cz€2z+17

then (I — S_)Je is a metric injection from [oo(No) into I (Np).
Proof. Since
Jez - (07 CO7 07 Cl? AR )7
we have
(I - S—)Jez - (_C[)a +<07 _C17 +C1) cee ) L]

PROPOSITION 3.8. dense(l%, (Ng)/I5f(Ny)) > 22°°.

Proof. By Lemma [I.1] and Proposition [I.3] there exists a 2-separated
subset A of I} (Np) Wlth |A| = dense(I*,(Np)) = 22°. Lemma [3.7] tells us
that J(I — S_)* is a metric surjection from [% (Ny) onto [ZO(NO). So, for
every ¢ € A, we may choose a 1) € [} (Np) such that ¢ = J*(I —S_)*1. The
1’s obtained in this way form a subset of [} (Ny), denoted by B.

Given different members @1 = JX (I — S_)*; and @2 = JX (I — S_)*19
of A, it follows from Lemma [3.7] that

o1 =2 = JE(I = S )M = (e = S)" (%1 — 2 = A) | 1l
< lon — 2 = Al
for every A € [5f(Np). Next, we take z € [(Np) such that

01(2) = @2(2)] = 5llpr — 2 [ [l > 1 and 2]l = 1.
Then
11 = o = Al = [l = 2 — Jo(I = S )" A ]|

> |p1(2) = w2(z) = Jo(I = S-)"A(2)]|
= lp1(2) = p2(2) = M = 5-)Je2))|
= [p1(2) = ¢2(2)] = 1.

This shows that the canonical image of B is 1-separated in I (Ng)/I5f(Np).

Moreover, |B| = |A| =22 u

REMARK. When preparing this paper, I was in doubt whether the for-
malism of annihilators [26], pp. 95-99|, which requires some additional know-
ledge, should be employed. Finally, I had chosen a more direct and longer
approach. Only the proof of Proposition [£.20] was given via annihilators.
The referee, who deserves a big ‘Thank You’ for his careful work, disliked
my decision. As a compromise, I add a modified proof. The proofs of Propo-
sitions and are changed in the same way, while the proof of Propo-
sition is kept old-fashioned.
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Proof (second version). As [5f(Np) is the annihilator of M := R(I — S_),
we have the identifications

M* =15, (No)/M* = 12,(No) /15 (No).

Lemma3.7]tells us that (I —S_)J. is an injection from I (Np) into M. Hence
JX(I — S_)* is a surjection from M* onto [¥ (Np). The required conclusion
now follows from Lemma [I.2] and Proposition [I.3] =

Now we present a construction which provides the basic tool of this paper.
Let h; := 27%2 and d; € N (to be specified later) such that i + 1 < d; < 2°.
Consider the sequences sl = (U,[j]) with

0 if k < h;,
li] +1 if hi <k < h; +d;,
o=
—1 if h;+d; <k < h;+2d;,
0 if h; +2d; <k.
Since h;+2d; < hjy1, the supports of the slhs are mutually disjoint. Because
of this fact, the next result is obvious.

LEMMA 3.9. The rule
Js'z_(Cl)*_)b_ ﬁk Zgz ]

defines a metric injection from l(Np) into [oo(No).
Next, we establish a counterpart of Lemma [3.2]
LEMMA 3.10. There exists a (unique) metric injection Jgo such that the

diagram
Js

oo (No) oo (No)
5 ) | ey
w0 (No)/e0(No) ="+ 1o (No)/S-
commutes.
Proof. Since, by [23, Lemma 9.17],
us (Jsz | loo) <us (Js(z — 2) | loo) + us_ (Jsz | loo)
< sz = 2) [l < [z — 2 | o]

for all sequences x with finite support, we get us (Jsz|lso) < s(2 | ls). Thus
Js 0 is well-defined.
According to Section

us_(b|ls) = inf  sup ’Zﬁmk‘

1<n<o0 g<h<oo M
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Fix n and let b = (Bx) := J5(G). If 5 > n — 1, then it follows from

n—1

1

o> A= ch i =
k=0

that
sup *‘ Bh k‘ *‘ B, k’ G
S Z + Z k| =16l
Hence
n—1
sup ‘ B, k’ > sup ¢l > hmsup ¢
S Z R Is1 Gl

which proves that ug (Jsz | ls) > 5(2]ls). So Js is a metric injection. =

The operator Jg: l(Ng) — [(Ng) depends on the choice of (di). In
what follows, we need only the limiting cases d; =i + 1 and d; = 2°.

LEMMA 3.11. Let a:=Cb and b := Jsz for z € 1(Np).

(1) If di =i+ 1, then a € ¢p(Np).
(2) [f di = 2i, then Qp,+d;—1 = %Q

Proof. Recall that h; = 2172 and B = 32, 01,
(1) If h; < h < h;y1, then

] = h+1‘zﬁk‘_h+1‘ ZC@

Therefore C'J5(¢;) € ¢o(Np).
(2) Indeed,

141
2i+2_|_1

|Cz‘ = |CZ‘

hitd;—1 hi+d;i—1

3 [l _[il di 1
<i Op = G=2G. =
P h; +d; P h; + d; 5

Chitdi=1 = 35—
(2 (2

PROPOSITION 3.12. dense(I2f(Ng)) > 22,

Proof. Specify the operator J, by letting d; := 2°.
With every free ultrafilter U we associate the singular functional

Yy(a) :=U-limap, 14,1 for all a € [(Np),

which in turn generates the Mazur functional ry, = C*y. If z € [o(Np)
and a := CJ,z, then it follows from oy, q,—1 = %Q (Lemma D that

ku(Jsz) = by (CJsz) = U-lim ap,1q,—1 = +U-lim (.
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Let U1 and Us be different free ultrafilters. Then there exists a subset S
such that S € Uy and CS € Us. Define 2 = (;) by ¢; := +1if i € S and
¢ = —1if i € CS. We infer from

Koy (Js2) — ki, (Js2) = %Z/ll—lizm G — %L{g—lim G = %
and Lemma 3.9 that
2 = |k, (Js2) = huy (J52)| < vy — Fy | Bl

So the ky;,’s form a 2/5-separated subset of [2f(Ny). Since the set of all free
ultrafilters on Ny has cardinality 22°°, the estimate dense (I2/(Ny)) > 92"
follows from Lemma [I.1] =

The observation that [2f(Ny) is a proper subset of [$f(Ng) was already
made by Jerison [10, p. 80]. Now we show that the difference between both
spaces is very big.

PROPOSITION 3.13. dense(I5 (Np)/Imf(Ng) " ) > 227,

Proof. Specify the operator J; by letting d; :=1 + 1.
Using the identifications
[loo(No)/S-]* = 13 (No)  and [loo(No)/co(No)]* = 38 (No),
we may regard JJ as a restriction of J7. Hence, by Lemma the surjec-
tion J* induces a surjection from [5if(Ny) onto IS8 (Np).

If k € IMF(Ng) ", then there exists a net (¥,).er in 58" (Ng) such that
(C*4,),e1 converges to k in the weak® topology of [ (Np). Since Lemma
implies that C'Jsz € ¢9(Ng) for z € [ (Np), we get

k(Jsz) = lim C*,(Jsz) = lim ), (CJsz) = 0.
L€l el

Therefore J;gx = o, which means that [Olgf(Ng)W is included in the null
space of J{ . Consequently, J{, induces a surjection from [S(Np)/ [mf(Ng) v

onto [ng(No). The required conclusion now follows from Lemma and
Proposition .
THEOREM 3.14. All of the Banach spaces
121 (No) € 1 (N0) " € 15 (No) € L (o)
(3 (No)/ 1 (No) C 15, (No)/ 122 (No),
No) "

(5F(Np)/ 1 (No) " € I (No)/ I2F(No)

and .
5, (No) / 15 (No)

have the same density character, namely 22"
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Proof. The upper estimates follow from
dense(l (Np)) < 92" (Proposition [L.3)),

while the lower estimates are implied by
dense(12f(Ng) ) > 92" (Proposition ,
dense (15(Np) / (mf(No) ) > 22 (Proposition [3.13),

and

dense(I*, (No)/ 15 (Ng)) > 22 (Proposition [3.8). =

REMARK. A long time ago, the formula dense(I5f(Np)) = 9220 was proved
in |3, p. 199].

4. Shift-invariant functionals on tv(Np). The Banach space w(Np)
consists of all sequences ¢ = (v;) for which

k
1
c|wl| = sup —— ol
le ] vol| 0<k<ook+1,§:0‘ |

is finite.

A functional ¢ € w*(Np) is said to be singular if it vanishes on all
sequences with finite support. The set of all singular functionals, denoted
by t%ef(Np), is a weakly* closed subspace of t*(Np).

A functional p € w*(Np) is called shift-invariant if

w(S—c) =p(c) and u(Syc) =p(c) for all ¢ € o (Np).

By [23, Prop. 2.3|, it suffices to verify the condition above either for S_
or S ; the other one follows automatically.

All shift-invariant functionals form a weakly* closed subspace of w*(Njy),
denoted by w®if(Ny). We know from Section that 0% (Ny) can be identified
with the dual of t0(Np)//S_, the quotient of w(Ny) modulo the null space of
the seminorm

us_(c|w) :=1inf{|lc — 2+ S_z || : z € w(Np)}.

Note that w®if(Ny) C roef(Np).
The Cesaro operator Cy: w(Ng) — [ (Np) is given by

o () QL?&W)

Now we are able to introduce two special kinds of shift-invariant func-
tionals on to(Np):
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A Dizmier functional has the form y = C\ with A € [$f(Np).

A Connes—Dizmier functional has the form p = C3C*¢ with ¢ € [§§f(NO).

The space consisting of all Dixmier functionals is denoted by ¥ (Ny),
and mCdf(No) stands for the space of all Connes—Dixmier functionals.

Next, we adapt the Cesaro operator Cy, to the shift-invariant setting; see
[23, Lemma 9.18].

LEMMA 4.1. There exists a (unique) operator Cy, o for which the diagram
Cr

ez | . | @
(N, )//S- 22 oo (No) /S-

commutes.

REMARK. Using the identifications
[loo (No) //S-]* = 15/ (No) and [0 (No)//S-]* = 0™ (Ny),

the dual operator C, ; may be regarded as a map from ($F(Np) into i (Ny),
which is obtained by restricting Cy. The range R(Cy () coincides with

% (Ny). Analogously, because

[l (No) /co(No)]* = 138" (No),
Lemmas and show that Cf (Cj may be regarded as a map from
§§f(NO) into w™f(Ny), which is obtained by restricting C%C*. The range
R(Cy.0Cp) coincides with 4 (Np).
To prove Proposition below, we need an analogue of Lemma (3),
which is taken from [23, Lemma 6.3].

LEMMA 4.2. CpS_z — S_Crz € ¢9(Ny) for all z € w(Np).
Next, we extend Lemma [3.3] To this end, let
N<> = {ZO € m(No) :CCypz € Co(No)},
N = {yO S [OO(N()) :Cy € CO(ND)}.

Note that the norms of w(Ng) /N, and [ (Np)/AN are induced by the semi-
norms

q(c|ro) :=inf{|lc — 20 | W] : 20 € N, },
p(b| o) :=inf{[lb = yo [ loc|l - yo € N},

respectively.
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LEMMA 4.3. The operator CoCyo admits a (unique) decomposition,
where Q¢ and Qo are quotient maps, while Cy, o and Coo are one-to-one:

Ch

0 (Np) [+ (No) [0 (No)
Qx| 5| | e
o (No)//S- — [0 (No) /S - lso(No) /¢o(No)
Qo Qo Coo
\m(No)/NO o Q\Eoo(No)/N- /

Proof. The following reasoning is based on the proof of Lemma [3.3]
If z € (Np), then we infer from Lemmas and that

CCrpz— CS_Cpz € ¢¢(Nyg) and CS_Cypz— CCrS—_z € ¢o(Np).
Hence CCl2—CCpS_z € ¢9(Ng), which means that z—S_z € N,,. Therefore
q(c|w) <ug (c|w) =inf{|[c—2+S_z|w| : z € w(Ng)} for all c € w(Np).

This estimate ensures the existence of Q. : w(Ny)/S— — v (Ng)/N.
It follows from Cy(Ny) C N that

P(Crclle) < gc|w)  for all ¢ € to(Np).
Thus the operator C o : 10(No)/Ny — o(No) /N is well-defined. =
PROPOSITION 4.4. 10°df(Ny) fails to be a closed subspace of w*(Np).
Proof. Using the sequences b{"™ (,Bk ) defined before Lemma M we

let cm) = (’yl<m>) := Cm'b™) . That is, 'yl ﬁl +l(ﬁl<m> —B;:nf) or, more
precisely,

(m2i 11 if | = m2,
+1 if m2t <1< (m+1)2°,
my ) —2(m+1)2"—1 if =(m+1)2, i=0,1,2,...,
F if (m+1)2l<z< (m +2)2,
(m + 2)2 if = (m +2)2¢,
0 otherwise.

It follows from
(m+2)2?

Z \fyl<m>| = (4m + 6)2°

I=m2?

that the sequences ¢{™ belong to 1o(Np).
We know from Lemma [3.4] and the preceding proof that

q(c"™ ) = p(Croc'™ [ 1) = p(b™ | 1s0) = 1
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and
$(CCRE™ | 150) = s(CB™ | 1y) = ——.

Therefore the one-to-one operator
Co0Croo: 0(No) /Ny = 1oo(No) /N — [ (No)/co(No)

is not an injection. Hence Banach’s inverse mapping theorem tells us that
R(CoCr,0) = R(CooCr,¢) cannot be closed. Therefore, by the closed range
theorem, the same follows for 0 (Ng) = R(C; ,C5); see the remark after
Lemma [£1] = 7

As just shown, mCdf(No) fails to be complete. Thus we pass to the closed
hull 4 (Nj). Unfortunately, there remains an open question concerning the
weakly* closed hull.

PROBLEM 4.5. Which of the relations

* *

wdf(Ng) = wedf(Ng) " or 1w (Ny) C wedf(Ng) "

is true?
In the case of w¥(Np), my knowledge is even more unsatisfactory.
PROBLEM 4.6. Does w%(Ny) fail to be a closed subspace of ro*(Ng)?

REMARK. By the closed graph theorem, it suffices to show that the range
R(Cr0) is not closed in [ (Np)/S— (see Lemma {4.1]).

PROBLEM 4.7. Which of the relations

wd(Np) = 0 (Ng) " or wd(Ng) € wdf(Ng) "

s true?

Unfortunately, the open questions raised above force us to distinguish be-

tween wd(No) and wd(Ng)"  as well as between e (Ny) and rocdf(Ny)
In what follows, we determine the size of the spaces

mCdf(No)w - mdf(No)W
and the size of their ‘differences’; see also Section

PROPOSITION 4.8. dense(tv*(Np)) < 22°°.

. C w3 (Ny) C w*(Np),

Proof. 1f K denotes the real or complex scalar field, then
[ (No)| < KMol = (2%0)Ro — g¥oRo — g%,

Thus
|m*(NO)| S |K||W(N0)‘ S (2&0)2}'0 _ 2N0~2R0 — 22N0‘ .
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We proceed to a counterpart of Lemma [3.7]

LEmMA 4.9. If
Jd z = (Cz) =c= ’Yl Z 2 Cz€2’+1

then (I — S_)Jg is an injection from lo(No) into vo(Ng) such that
gz llsll < (T = S-) gz [wo]] < 2[|2 | I
Proof. If 20 < k+1 < 2711 then it follows from
(81) := (I = S-)Jaz = (0, —Co, +C0, —2¢1, +2¢1,0, ..., 0, —2°¢;, +2°¢;, 0, . ..
that

k j—1 ;
1 1 ; 2(27 — 1)
a1 oIl = 5 220G < Tl el

Therefore

11 =5~ )JdZ\mH—Osup Z|5z!<2HzUoo||

On the other hand, for j > 1,

27
1 1
(7 = S-)Jaz| ] > 2j+1l§;|6z| > 5 Szl + 1)) 2 2]ch] 1l

Hence ||(I — S-)Jaz ||| > 2|z |l =
Next, we establish an analogue of Proposition [3.8]
PROPOSITION 4.10. dense(tw*(Ng)/wf(Ng)) > 22

Proof. Since w®f(Ny) is the annihilator of M := R(I — S_), we have the
identification

M* = w*(Ng)/M* = n*(Np) /w(Np).

By Lemmal[4.9] we can regard (I—S5_).J, as an injection from I (Np) into M.
Then Jj(I —S_)* becomes a surjection from M* onto [ (Np). The required
conclusion now follows from Lemma [I.2] and Proposition [1.3] =

Now we extend the basic constructlon described before Lemma [3.91 To
this end, let Il = ( l”) = O 'sll. That is, TH — Ul[] +1(o] [i] Jl[ﬂl) or,
more precisely,
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;

0 if [ < hy,

hi + 1 if l=h,

+1 if h; <l < h; +d;,
= —on —od;—1 it = hi +d;,

~1 i hidd; <1< hy+2d;,

h; + 2d; if I = h; + 2d;,

0 if i+ 2d; < 1.

Since h; + 2d; < hjy1, the supports of the tl’s are mutually disjoint.
LEMMA 4.11. The rule

Ji: Z—(CZ)HC— 71 ZC@

defines an injection from l(Ng) into w(Np) such that
3llz [Tooll < [Jez [vol| < 11[z [ Leo]-
Proof. Recall that h; = 2712 and i + 1 < d; < 2°. It follows from

hi+2d;
ST g = 4hi +6d; <222
l=h;
that

hj+2d, J J

D7l <) 1GH(AR + 6d) < 22)12 | Lo D28 < 22272 ] L.

1=0 i=0 i=0
If k > hg = 4, then there exists j such that h; <k < hjy1. Hence

1 k 1 hj+2d;
M;W\ < eS| ; Il < 11|z | Lo |-

Since the estimate above is trivial for k£ < 3, we obtain
|Jez ||| < 11]|2 | ls||  for all z € [o(Np).

On the other hand, we infer from

hj+2dj hj+2dj .

S o= Y 16 = (dhy + 6d;)1¢)

=0 I=h;

that
h-+2d
1 ! 4h; + 6d;

J, ol > ——MW—— — 2 ] > 3¢
izl wll > 5y ; il = g 17141 2 3161

Thus ||z | w]| > 3|12 ] lso]|. =
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LEMMA 4.12. CyJ; = Js.
Proof. The equation above follows from Cytl!! = slil.
Next, we transfer Lemma from J; to J;.

LEMMA 4.13. There exists a (unique) injection Ji o such that the diagram

[oo(NO) m(No)
5 | J | o3
o (No) /e0(No) —=*— 1 (Np)//S-

Ji

commautes.
Proof. Since, by [23] Lemma 9.17],
us (Jiz|w) =ug (Je(z — ) |w) +us_(Jpx | w)
<N Je(z —2) [w]| < 11z — 2| I

for all sequences x with finite support, we get us_(Jiz|w) < 11s(2| ).
Thus J; o is well-defined.
Combining the diagram just obtained with that in Lemma [4.1] yields

Crpdt = Js
[oo(NO) m(No) [oo(NO)
feo l , l QY. . l e
[oo(No) /eo(No) —— 10(No)//S— —— lc(No)//S_.
Cr,0Jt,0 = Js,0

Ji Chro

We know from Lemma [3.10] that J¢ is an injection. So J; o must be an
injection as well. u

For later reference, we formulate a byproduct of the preceding proof.
LEMMA 4.14. CypoJio = Jsp-

The following result is analogous to Proposition [3.12

PROPOSITION 4.15. dense (e (Np)) > 22"

Proof. Specify the operators J; and J; by letting d; := 2°.
With every free ultrafilter U we associate the singular functional

Yu(a) :=U-limap, 14,1 for all a € [(Np),
1
which in turn generates the Connes-Dixmier functional x;, := C3C*y,. If
z € Ix(Np) and a := CJsz := CCyJiz, then it follows from oy, 44,1 = %Q;
(Lemma [3.11)) that
ku(J12) = Yu(CCwJpz) = U-lim ap, yq,—1 = +U-lim (.
K] K3
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Let U1 and Us be different free ultrafilters. Then there exists a subset S
such that S € Uy and CS € Us. Define 2 = (;) by ¢; := +1if i € S and
¢ = —1if i € CS. We infer from

Koy (J42) — Kuy (J12) = %Z/{l—lilm G — %Z/[Q— lim¢; = %
and from Lemma [L.11] that
% = |k, (J12) — Ry (J12)| < 11| Ky — Fgy | 07|
So the ks form a 2/55-separated subset of w<df(Ny). Since the set of all free

ultrafilters on Ny has cardinality 22°°, the estimate dense(12f(Ng)) > 920
follows from Lemma [[.1] =

Next, we establish an analogue of Proposition [3.13]
PROPOSITION 4.16.
dense (0 (Ng)/ w0 (Ng)) >22"°,  dense(wd(Ng) "/ wedf(Ng) " ) >22".

Proof. Specify the operators Js and J; by letting d; := 7 + 1.
Using the identifications

[l (No) //S-]* = 15} (No), [0 (No)//S-]" = w™ (No),

and
[l (No) /co(No)]* = 138" (No),

we may regard Jg,, Jiy, and Cy , as restrictions of Jg, Ji, and Cy,
respectively. Hence, by Lemmas and the surjection J; induces

a surjection from [$f(Ng) onto [558'(Ng) via i (Np):

sif sif Jt*»o sgf
ol 5 (NO)—>m (Ng) — 55" (Np).

By Lemma |1 and Propos.1t10n [1.3] there exists a 2-separated subset A
of 158" (Ng) with |A| = dense(158'(Ng)) = 22°. So, for every ¢ € A, we may
choose a A € [5f(Np) such that ¢ = JFCi\. The functionals p := Ci\ form
a subset of v (Np), denoted by B.

If v € wedf(Ng)" | then there exists a net (19,),cr in 1557 (Ng) such that
(CrC*,) en converges to v in the weak® topology of r*(Np). Since Lem-
mas and imply CCnJiz=CJsz € ¢p(Np) for z € (Np), we get

v(Jz) = ligll CoC*Y(Jiz) = hgll Y, (CCyJyz) = 0.
Given different members ¢ = JFCy ;1 and @2 = JFCiAe of A, we let
p1 = CipA1 and pg == CjAg. It follows from Lemma [£.17] that
o1 — w2 = v [ Bl = 17 (1 — p2 = v) [ || < 11[pn — po — v [ w07
Next, we take z € [5(Np) such that
lp1(2) — w2(2)| = 5ller — 2 |Gl > 1 and ||z ]l = 1.
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Hence
Wl = po —v[w*|| = llpr — w2 = Jv [ ]l = lp1(2) — @2(2) — Jiv(2)]
= lp1(2) = 2(2) —v(Jiz)| = lp1(2) — p2(2)| = 1.

Since B is contained in 0% (Np), the canonical image of B is 1/11-separated
in 0 (Ny)/ w0df (Ny) and, all the more, in wd(No) " /1w0edf(Ny) " . Moreover,
Bl =|A| =22 u

REMARK. In my opinion, the preceding proof (though a little bit longer)
is more transparent than the following argument:

Keep in mind that Jg, J;o, and Cy,  are restrictions of J7, Ji, and Cy,
respectively. As shown above,

. C* . J*
S0t 15 (Np) —% wif(Ng) — 1587(N)

is a surjection. Since, by definition, C maps [5f(Ng) onto wf(Ny), the
restriction of Ji'; to 4 (Ng) remains surjective. We also know that Ji'p van-

ishes on wed (Ny)" . So J} induces surjections from rodf(Ng)/rocdf(Ny) and

wdf(Ng) "/ wedf(Ng) " onto 158" (Ng). The required conclusions now follow
from Lemma and Proposition

LEMMA 4.17. The rule
Ja'z_(Cz)H‘T—gp ZCZZepy
= PEA;
where A; == {p € N: 2! < p < 271} defines a metric injection from lo(Np)
into loo(N).
Letting I, := 2p* and d,, := p for p=1,2,..., we consider the sequences
Pl = (o [p]) given by

0 if I <1y,
+1 if I, <1 <lp+dp,
oM =80 i L +dy <1<+ 2d,,

—1 if I, + 2d, <1 < I, + 3d,,
0 if I,+3d,<L.

LEMMA 4.18. The rule
Jrix= (&) = c= () Z§pr

defines an operator from [ (N) into to(Np) such that ||Jy: loo — 1l = 1.
Moreover, CyJyx € ¢o(Np).
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Proof. Since 1, + 3d, < l,4+1, the supports of the rlPl’s are mutually
disjoint. Thus

Z|Ql[p]\§1 forl=0,1,...,

p=1
which implies

k koo
1
bl < ZZ &l le] < ] el
=0 =1

I=0p
Therefore ||J,2 ||| < ||z | |-
The non-negative sequence Cypr?) has support (lp, lp+3d,—2] and attains
its maximum at the index I, + d, — 1. Hence it follows from

lp+dp—
1

[p] _ _
I, +dy +d Z @ =, +d Tt
that CyJrx € CO(NO). ]

LEMMA 4.19. There exist (unique) operators Jq o and Jy.o for which the
diagram

[0 (No) L o (N) & to(No)
Q| | ot |
oo (No)/co(No) —222 [ (N) /eo(N) —2%— 1o (Np) //S-

commutes. Moreover, JyoJa0 15 an injection such that
15(2 | Ioo) S us_(Jpdaz | W) < 5(2 o).

Proof. The existence of J, ¢ is obvious.

Since, by |23, Lemma 9.17| and Lemma
us_(Jrz|w) <us_ (Jp(z — xo) | W) + us_(Jrxo | 10)
< |[|Jr(z = o) [wol| < [z — 20|

for all sequences xo with finite support, we get ug_(Jx |w) < s(x | ). Thus
Jr0 is well-defined and

us_(Jrdaz|10) < s(Jaz2 | ls) = s(2 | lso)-

c=(m) = Jrdez = ig Z rlP)

=0 pEAi

Let

To obtain a lower estimate of

us, (JrJaz|0) = us, (c|w) = 1§i7111£oo

1 n—1
k
ﬁ ZS+C 10
k=0
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we define
1 n—1 1 n—1
Apc= n) = — Ske= (= —k |
c (’Yl, ) ”kZ::o +€ <nk2=:o% k>

with the understanding that ~;_; := 0 whenever | — k < 0. Assuming that
2" > n, we consider the finite sets

L%;:L}UENy@+n—l§l<%+%J

PEA;
and
Li, o= J{leNo:lp+2dy+n—1<1<1,+3d}.
PEA;
Then
Yo =%G forallleLE, and |LE =Y (dy—n+1)>2' (2 —n+1).

PEA;
Moreover, we have
l, +3dy < lpt1 < lyivr  whenever p € A;.
Hence
lyit1_4 1

Z Yinl > WULZM + |L; . DIG]
=0

20 —n+1
>~z IGil-

[ Anc | o]

v

l2i+1

Passing to the limit as ¢ — oo yields

| Aue| o] > Timsup 3¢,

1—00

Therefore, by [23, Prop. 9.16],
us_(Jrdoz| W) = us, (JrJoz |W0) = 1<in£ [Anc ] > 1s(z|lx). =

PROPOSITION 4.20. dense(tw®(Ng)/wdf(Ng)" ) > 22",
Proof. Lemmas and tell us that J,.0J,0 is an injection whose

range is contained in the null space N(Cy ) of Cp . Hence it induces an
injection

J: 1oo(No) /0 (No) = N(Ciu )
In view of [Ioo(No)/co(No)]*= I557(Ny) and

w* w*

% (No)/ wI(Ng) ~ = (w(No)//5-)*/ R(Ci )
= (0 (No)//S_)*/ N (Cr0)r = N(Cr)*,

the dual operator
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J*: 0 (No)/ 08 (Ng) ™ — 138(Ng)
is a surjection. Therefore, by Lemma [I.2] and Proposition [I.3]
dense(mSif(No)/Ww*) > dense(I58 (Ng)) > 220
THEOREM 4.21. All of the Banach spaces
mcdf(NO) C mdf(No)

. c wi(Ny) ¢ w*(Np),

rr’Cdf(No)W* C wdf(Ng)

w0 (No)/ 104 (No) € w™(No)/ 10 (No) € *(No)/ rocdf(Np),

*

I (Ng) "/ 0o (Ng) ™ € ™ (Ny)/ e (Ng) " C 1o (N) / o (Ng)
™ (No) / 09 (Ng) C *(No) / o (Np),
vt () / I (M) ™ € " (No) / o (Ng)

and
w0*(Np)/ w0 (No)

have the same density character, namely 92"

Proof. The upper estimates follow from

dense(*(Np)) < 92" (Proposition [4.8),
while the lower estimates are implied by

dense(mCT(N)) > 920 (Proposition [4.15)),
dense (o (N mCdf(No) ) > 92" (Proposition [4.16)),
dense(rodf( No) mCdf(No) *) > 22" (Proposition [4.16)),
( (
( (

dense (% (Ng)/ wd(Ng) " ) > 92" Proposition :
dense(ro* (Np) /0 (Ng)) > 92" Proposition .-

5. Medium-sized subspaces of a Banach space. A closed subspace
N of a Banach space X has precisely one of the following properties:

e N is large:

dense(N) = dense(X) and dense(X/N) < dense(X).
e N is small:

dense(N) < dense(X) and dense(X/N) = dense(X).
o N is medium-sized:

dense(N) = dense(X) and dense(X/N) = dense(X).
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The fourth property, namely
dense(N) < dense(X) and dense(X/N) < dense(X),

cannot occur because dense(X) < dense(N) - dense(X/N).

For example, it follows from [} (Ng) = [(*(Ng) = [; (NO)@[;%f(NO), Propo-
sition Theorem and dense(l;(Np)) = N that [55'(Ng) is a large,
[1(Np) is a small, and [22"(Np) is a medium-sized subspace of [%_(Np).

Using the terminology above, we state an immediate consequence of
Theorem [:21] which summarizes the main results of this paper.

THEOREM 5.1. In the pairs

*

wedf(Ng) € wdf(Np), mcdf(NO)W - mdf(NO)W :

d(Ng) € Wi (Ng), I (Ng) " i (Np),

and _
mSIf(No) C " (Np)

the left-hand members are medium-sized subspaces of the right-hand mem-
bers.

6. Positive shift-invariant functionals on [, (Np). In the rest of this
paper, we restrict our considerations to the real case.

Since ¢(Np) is a closed ideal of the Banach lattice I, (Np), the quotient
lo(Np)/co(Ng) becomes a Banach lattice as well [28, p. 85|. Its norm is
induced by the seminorm

s(a) := limsup |ap]|.
h—o00
We know that [ng(Ng), the space of singular functionals, can be identified
with the topological dual ([ (Ng)/co(Ng))*. Therefore it is a weakly* closed
linear sublattice of [%_(Np).

Similarly, [$f(Np), the space of shift-invariant functionals, coincides with
(Io(Ng)//S-)*. Unfortunately, I do not know whether [ (Np)//S— becomes
a lattice under its canonical ordering. Therefore we use another (and even
more direct) argument to show that [$f(Ny) is a linear sublattice of % (Np).

Recall from the theory of linear lattices that the positive part A4 of a
functional A € [ (Np) is the linear extension of

At (a) :=sup{A(ag) :a > ag >0} forall a € [o(Ny) with a > o.

Since
pVv=(pu—v)y+v whenever u,v e [5 (Ny),

it suffices to prove the following result.

PROPOSITION 6.1. If A € [} (Ny) is shift-invariant, then so is Ay.
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Proof. Since a > ag > o implies S+a > Stag > o0, we have
At (a) =sup{A(ap) : @ > ap > o}

< sup{A(b) : Sxa > S1b > o}

= sup{A(S+b) : Sta > Sib > o}

<sup{A(ct) : Sta > cy > o} = Ay (Sta).
It follows from

M) € A4 (S10) < A4 (S-S1a) = Ay (a)

that Ay is Sy-invariant, and therefore shift-invariant. m

Note that the cone [g;{+(N0) = {\ € [5H(Np) : A > o} is weakly* closed.

The situation is unclear for [f(Np), the space of Mazur functionals. Of
course, [% (Ng) induces a partial ordering on [f(Ng) and we may consider
the cone

(20, (No) = {C*¢ 1 ¢ € (¥ (No), C* > o}

formed by the positive Mazur functionals. However, I doubt that [On;f(No) is
a linear sublattice of [5 (Np).
Moreover, letting

B2y 4 (No) i= {C"¢h : ¢ € 13 (No), ¢ = o}
yields another natural cone, whose members are referred to as strictly pos-
itive Mazur functionals. Obviously, every strictly positive Mazur functional
is positive, which means that

(el (No) € 12, (No)-
To show that the preceding inclusion is proper, we need some preparation.
LEMMA 6.2. There exists a sequence by € lo(Ng) such that
Cby >0 and s(Cby —Cy|le)>1 for all positive y € I (Np).
Proof. Let h; :=2-2' —2 and k; := 3-2' — 2. Then k; — h; = 2" and
hi+1 — k; = 2*. Define by, = (B%) by
Bk:_{+8 ifh<h<hi o,
—8 if ki <k < hjt1.
Then all terms ayp, of ay := Cby, are non-negative. In particular,
ag,—1 =8 2/k; and ap; -1 =0.
Assuming that s(ao — Cy|lx) < 1, we have
i+1—1

; ki—1 h
820 1% 1

. <1 and <1
il kzonk_ and 5= kzo n <
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for all ¢ sufficiently large. In view of i, > 0, it follows that

hit1—1

— ki <Z77k< Z e < hit1.

Hence ' ’
82" <hiy1+ki=7-2"—4.

Dividing by 2* and letting ¢ — oo yields a contradiction. m

Now we are prepared to verify the proper inclusion

mf f
(e ++ (No) € 1524 (No).

THEOREM 6.3. There ezists a positive Mazur functional Ao on ls(Np)

that fails to be strictly positive.

Proof. Define a sublinear functional on [+ (Ng) by letting
r(a|ls) :=1inf{s(a — Cy|lx) : y € [c(Np), y > o}.
Now we use the positive sequence ac, := Cbe, constructed in the proof of the
preceding lemma. Since 7(ao | ) > 1, we have
v(€ao) =& <r(fay|lx) forall £ €R.
The Hahn—Banach theorem yields an extension ¢ such that
vo(a) <r(a|ls) <s(a|lx) forall a € [, (Np).
Then it follows from
C*po(b) = po(Cb) <r(Ch|lx) =0 ifb>o0

that the Mazur functional Ay := —C%*@ is positive. On the other hand,
the existence of a representation Ao, = C*t¢ with some positive functional
P e [§§f(N0) would lead to a contradiction:

_]. — _QOQ(GJ(Q) — —(,O@(Cb@) — A@(b@) — ¢(a@) 2 0 u
Compared with Proposition the following result looks surprising.
PROPOSITION 6.4. The cone [Orgf++(N0) is weakly* closed in I} (Np).

Proof. Let B ([ofgf 4+y)and B ([ng ) consist of all functionals in [ggf ++(Np)

and [;ng+(N0) = {¢ € 158(Ny) : ¥ > o}, respectively, whose norms are less
than or equal to 1.
Given \ € B([orgf++) we choose 1) € [ng +(Np) such that A\ = C*¢. Since

[Vl = (e) = ¥(Ce) = Ale) < 1
implies ¥ € B(I5 (e ), we see that B ([ggf +) is the weakly* continuous image
of the weakly* compact set B([ng ) (Bourbaki-Alaoglu theorem). The re-

quired conclusion now follows by applying the Krein— Smulian theorem (see
[16, p. 242] or [27, p. 152|). =
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Unfortunately, I have no idea whether the preceding proposition remains
true if (22, | (Ng) is replaced by (2!, (No).

PROBLEM 6.5. Does the cone [O“éf+(N0) fail to be closed in I% (Ny)?

Finally, I stress that both cones [Omof +(Np) and tggf ++(Ng) generate
(2 (No).

7. Positive shift-invariant functionals on w(Np). We begin with an
analogue of Proposition whose proof can be adopted word for word.

PROPOSITION 7.1. If u € w*(Ny) is shift-invariant, then so is .

As a consequence, we observe that w®f(Np) is a linear sublattice of
0*(Np). Note that the cone w3 (Ng) := {u € ws(Ng) : u > o} is weakly*
closed.

The situation remains unclear for o (Ny) and ¥ (Ng). Of course,
w*(Np) induces partial orderings on both spaces. So we may consider the
cones

I (Ng) := {CiA: ) € 15F(Ny), O\ > o}
and
1054 (No) = {C"Cot: 1 € 13 (o), CRC™ > o},
formed by the positive Dixmier and positive Connes—Dixmier functionals,
respectively. However, I doubt that w%(Ngy) and no°(Ny) are linear sub-
lattices of w*(Np),
Moreover, letting

w i (No) == {Cpd: A € 151(No), A > o}
and

w Y (No) := {C*Crt) : 9 € 3 (No), ¥ > o}

yields other natural cones. The members of tv &, (Ny) and 1o ¢4 (Ny) are called

strictly positive Dixmier and strictly positive Connes—Dixmier functionals,
respectively. Obviously, we have
df df cdf cdf
iy (No) Sw(No) and {7 (No) € wi™(No).

A result of Kalton—Sukochev [I1], p. 75] shows that the left-hand inclusion
is proper; see also [23, Prop. 9.31].

THEOREM 7.2. There exists a positive Dizmier functional on vw(Ny) that
fails to be strictly positive.

The right-hand inclusion w§4(Ny) C ¢ (Ny) is proper as well. This
can be checked by continuing the proof of Theorem

THEOREM 7.3. There exists a positive Connes—Dizmier functional on
w(Ng) that fails to be strictly positive.
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Proof. Obviously, po :=Cylo =—CrC* o is a positive Connes—Dixmier
functional.
Use the positive sequence ao := Cbe, constructed in the proof of Lemma

and let co = (1) == Ctbe. Since
+16h; +8 if  1=h,

+8 if hy <l <k, .

Y= 1=0,1,2,...,
—16k; — 8 if l =k,
—8 if k<< hi+1,

we get co € w(Np). Then the existence of a representation po = CpC*y
with some positive 1) € [ggf(No) leads to a contradiction:

—1=—po(av) = —po(CCnco) = piv(co) = P(ac) 2 0. =
The next result can be obtained by a slight modification of the proof of
Proposition [6.4]
PROPOSITION 7.4. The cones w L (Ny) and w4 (No) are weakly* closed
m m*(No).

Unfortunately, I have no idea whether the preceding proposition remains
true for w{f(Np) and 1 4 (Ny).

PROBLEM 7.5. Do the cones w03 (Ny) and w4 (Ny) fail to be closed in
m*(Ng) ?

Finally, I stress that both cones v {f(Ny) and % (Np) generate o4 (Ny).
Similarly, o 4(Np) and w 4f(Ny) generate w4 (N).
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