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Triebel-Lizorkin spaces with non-doubling measures
by

YONGSHENG HAN (Auburn, AL) and DACHUN YANG (Beijing)

Abstract. Suppose that p is a Radon measure on Rd, which may be non-doubling.
The only condition assumed on p is a growth condition, namely, there is a constant Co > 0
such that for all € supp(u) and r > 0,

u(B(z,r)) < Cor™,

where 0 < n < d. The authors provide a theory of Triebel-Lizorkin spaces F;,fq(p) for
1<p<oo,1<g<o0and|s| <6, where § > 0 is a real number which depends on
the non-doubling measure p, Cp, n and d. The method does not use the vector-valued
maximal function inequality of Fefferman and Stein and is new even for the classical case.
As applications, the lifting properties of these spaces by using the Riesz potential operators
and the dual spaces are given.

1. Introduction. Suppose that y is a Radon measure on R¢, which may
be non-doubling. The only condition we assume on p is a growth condition,
namely, there is a constant Cy > 0 such that for all = € supp(u) and r > 0,

(1.1) u(B(z,r)) < Cor™,

where 0 < n <d.

Our goal in this paper is to develop a theory of Triebel-Lizorkin spaces
associated to non-doubling measures. The theory of Besov spaces associated
to non-doubling measures has already been established in [4].

It is well known that the doubling property of the underlying measure
is a basic condition in the classical Calderéon—Zygmund theory of harmonic
analysis. Recently much attention has been payed to non-doubling measures.
It has been shown that many results of this theory still hold without assum-
ing the doubling property. See [18-21, 2527, 31, 7, 8] for some results on
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Calderén—Zygmund operators, [17, 28-30] for some other results related to
the spaces BMO(u) and H' (1), and [9, 10, 22] for vector-valued inequalities
for Calderén—Zygmund operators and weights.

However, there is still no counterpart of the Fefferman—Stein [5] vector-
valued inequality for the non-centered maximal operator M, f(r) defined
by

1
M(Q)f(m) =sup ———

ren 1(0Q) V1F )] du(y),

Q

where ¢ > 1. Such an inequality was a key tool to develop a theory of
Triebel-Lizorkin spaces on R? and spaces of homogeneous type. Thus, in
the current circumstances, to develop a theory of Triebel-Lizorkin spaces
with non-doubling measures, we need a new method without using the
Fefferman—Stein inequality. We manage to overcome this difficulty. We re-
mark that although Garcia-Cuerva and Martell in [10] have already obtained
some counterparts of Fefferman and Stein’s result of [5] for some kind of
vector-valued maximal operators, their inequalities are not suitable for our
purposes.

Another key tool to study the Triebel-Lizorkin spaces (and some other
function spaces) on R? is the so-called Calderén reproducing formula which
was first proved by Calderén in [1]. This formula says that given any suitable
function v, there exists a function ¢ with similar properties such that

(1.2) F=)" dpxirrf,

k=—o0

where the series converges in both

Seo(RY) = {f €SRY: | af(@)de=0forallac (NU {0})d}
Rd

and S'(RY)/P(R?), where S(R?) is the space of Schwartz test functions,
and &'(R%)/P(R?) is the Schwartz distribution space modulo the space of
all polynomials. It is well known that S’'(R%)/P(R?) is naturally identified
with the dual space of Soo(R?), S (R?); see [6, 23, 33, 34] for more details.

Using Coifman’s ideas, David, Journé and Semmes [3] developed the
Littlewood—Paley theory on spaces of homogeneous type introduced by Coif-
man and Weiss [2]. More precisely, let {S;}7° __ be an approximation to
the identity whose kernels {Si(z,y)}72, satisfy certain size and regularity
conditions. (See [3] for the construction of this approximation to the iden-
tity. It is worth pointing out that the doubling property plays an important
role in this construction.) Set Dy = Sk — Si_1. Based on Coifman’s ideas
(see [3] for the details), at least formally, the identity operator I can be
written as
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(1.3) I:kiooDk:( i Dk)( i Dﬂ')

k=—00 j=—o00

= Z DyD; + Z DyD; =Ty + Ry.
|k—j|<N |k—j|>N

David, Journé and Semmes proved that if NV is large enough, then Ry is
bounded on LP(X),1 < p < oo, with operator norm less than 1. Thus, they
obtained the following Calderén-type reproducing formulae:

(1.4) f= > Ty'DYDi(f)= > DpDYTy'(f),

k=—00 k=—00

where Til is the inverse of Ty and the series converge in LP(X), 1 < p < oo.

Using these formulae, they were able to obtain the Littlewood—Paley
theory for LP(X): There exists a constant C' > 0 such that for all f €
LP(X), 1 <p< oo,

Ml <[ { 3 10}, = vy
k=—o00

In [14], using the Littlewood—Paley theory, the Triebel-Lizorkin spaces were
generalized to spaces of homogeneous type. More precisely, Sawyer and the
first author [14] first introduced a test function space M(X), which is also
called smooth molecular space in [11], and approximations to the iden-
tity {Sk}32_., whose kernels satisfy all size and regularity conditions as
in Coifman’s construction, and furthermore, a second difference smooth-
ness condition. They then proved that if IV is large enough, Ry is bounded
on M(X) with operator norm less than 1. Using this fact, Sawyer and
the first author [14] obtained the Calderén reproducing formula. More pre-
cisely, let {Sk}32 _ ., be any approximation to the identity defined in [14] and

Dy = S, — Si_q for k € Z. Then there exist families of operators {lN)k},;";
and {Dy}2_ . such that

—00

o0

(1.5) f=Y DiDp(f)= Y DiDi(f),

k=—o00 k=—o00

where the series converge in the LP(X) norm, 1 < p < oo, in the norm of the
test function space M(X), and in (M (X))*, the corresponding distribution
space.

Notice that (1.5) is similar to (1.2) and the second difference smoothness
condition plays a crucial role for the proof of (1.5). Thus, the theory of
Triebel-Lizorkin spaces on spaces of homogeneous type can be developed as
in the case of R%. See [12]-[16] for the details.
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The main difficulty in developing a theory of Triebel-Lizorkin spaces
with respect to a non-doubling measure p which does not have any regu-
larity property, apart from the growth condition (1.1), is the construction
of an approximation to the identity. Recently, Tolsa constructed a “reason-
able” approximation to the identity. More precisely, in [29] he constructed a
sequence {S}72 _ of integral operators given by kernels {Sy(x,y)}3>_
defined on R? x R¢, satisfying some appropriate size and regularity condi-
tions, and also

| Sk(x,y) du(y) =1

Rd
for all € supp(u) and Sk(x,y) = Sk(y,x) for all k € Z. For each k € Z, set
Dy = Si — Si_1. Then, again, based on Coifman’s ideas mentioned above,
and by use of the appropriate size and regularity conditions on Sk (z,y), the
Cotlar—Stein lemma (see [24]) and the Calderén—Zygmund theory associated
to non-doubling measures, Tolsa proved that the Calderén-type reproducing
formula in (1.4) still holds for non-doubling measures. Using this formula,
he was able to produce a theory of Littlewood—Paley associated to non-
doubling measures. However, the size and regularity conditions on S (z,y)
given by Tolsa are not enough to obtain a Calderén reproducing formula
similar to (1.5). A crucial observation of this paper (see also [4]) is that if
the norm || f|| Es. () for all L?(p) functions f is defined by

Hm%wﬂHﬁzﬂmmm%ﬂ

where {Dy}7° ___ are as in Tolsa’s Calderdén-type reproducing formula, then
Ry in (1.3) is bounded with respect to this norm and its operator norm
is less than 1 if N is large enough. Hence, T&l is bounded with respect to
this norm. This observation leads to introduce a new “test function space”
defined by

< 00,
LP ()

o) = {1 € L) 1 fll g g < o}

We will prove that the Calderén-type reproducing formulae (1.4) with Tol-
sa’s approximations to the identity hold for the test function space f;,q(ﬂ)‘

To show that the formulae (1.4) still hold in the distribution space
(f;,q(ﬂ))* (as they do for spaces of homogeneous type), a second differ-
ence smoothness estimate of the approximation to the identity is needed.
See [4] for similar formulae associated to Besov spaces B;q(,u).

The plan of this paper is the following. In the next section, we will show
that the operator Tﬁl is bounded with respect to the norm || - HFqu(u)' To

this end, we first prove that Ry in (1.3) is bounded with respect to this
norm with small operator norm; see Theorem 1 below. The duality method



Triebel-Lizorkin spaces 109

and the technique of the proof of the Cotlar-Stein lemma (see [24]) are
the key to the proof of Theorem 1. The main result of this section is the
Calderoén-type reproducing formulae in the distribution space (fpf’q(u))* (see
Theorem 2). In Section 3, we introduce the Triebel-Lizorkin spaces Fpsq(u)
and give some of their applications. Specifically, we study the boundedness
of Riesz potential operators on these spaces, and using them, we prove that
these spaces have lifting properties. Finally, we consider their dual spaces.
We point out that using the Littlewood—Paley theory of Tolsa [29], together
with our result, it is easy to see that FSQ(,u) = LP(u) if 1 < p < oo. Thus,
our Triebel-Lizorkin spaces ng(u) generalize LP(u) spaces.

Throughout the paper, the letter C' is used for non-negative constants
that may change from one occurrence to another. Constants with subscripts,
such as Cp, do not change in different occurrences. The notation A ~ B
means that there is some constant C' > 0 such that C~14 < B < CA.
For any index ¢ € [1,00], we denote by ¢’ the conjugate index, that is,
1/¢+1/q¢" = 1. We also denote NU {0} by Z.

2. Calderén-type reproducing formulae. Throughout this section,
all definitions and notation are as in Tolsa [29]; see also [30]. To introduce
an approximation to the identity for non-doubling measures, we need the
following lemma.

LEMMA 1. There exist a sequence {Si}7> . of operators with kernels

Si(x,y) defined on R? x R? such that for each k € 7 the following properties
hold:

( ) Sk(@,y) = Sk(y, z).
(b) §ga Sk(z,y) du(y) =1 for x € supp(n).
(c) If Qux is a transit cube (see Definition 3.4 in [29, p. 67]), then
supp(Sk(2;-)) C Qup—1-
(d) If Qur and Qy i are transit cubes, then
C
Qer) + E@Qup) + o — g™

(€) If Qui, Qu i, Qui are transit cubes, and x,x’" € Qg for some
xo € supp(u), then

z—2a 1
|

U(Quo k) (U(Qup) +L(Qyp) + |z —yh™

D If Quiy Quw i, Qui and Q. 1 are transit cubes, ,7" € Qg 1 and
) ) Y, Yy, 0,
Y,y € Quo for some wo,yo € supp(p), then

|Sk(z,y) — Sp(a',y)| < C
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[[Sk(2,y) = Sk, y)] = [Sk(x,y) = Sk, )]

<clz=2l ly-yI 1 .

T UQaok) UQyok) (UQak) +(Qyr) + |z —yl)"
This lemma basically belongs to Tolsa who constructed {Si}2 _ . and

proved they satisfy (a)—(e) in [29]. The fact that they satisfy (f) was proved
in [4].

DEFINITION 1. A sequence of operators, {Si}rez, is said to be an ap-
proximation to the identity associated to a non-doubling measure p if the
kernels of {Sk}rez, {Sk(x,y)}kez, satisfy conditions (a)—(f) of Lemma 1.

Now, let {Sk}rez be an approximation to the identity as in Definition 1
and set Dy, = S —Si_1 for k € Z. Following [3] and [29], based on Coifman’s
idea, we can write

(2.1) I =Ty + Ry,
where TN = Z|k—j\§N Dij and RN = Z\k—j|>N Dij.
If we set D,iv = Z\j\SN Dy, for k € Z, then we can also write

Ty =Y Dy Dy
kez
In what follows, unless explicitly stated otherwise, the following nota-
tions and assumptions will be used throughout the paper:

o {Si}rez, {Ar}trez and {Pg}rez are approximations to the identity as
in Definition 1.

e D, =5, —85,_1,Gy,=A;, —Ap_1 and E, = P, — P,_4 for k € Z.

l<p<oo,1<qg< o0

0 is half the maximum 7 such that Lemma 3.4 in [29] (see also Lemma

6.3 in [30]) holds. It is easy to see that § depends on Cp, p, n and d.

o |s| < 0.

e T and Ry are as in (2.1).

As mentioned in the introduction, the following result is a crucial obser-
vation of this paper.

THEOREM 1. For all f € L?(u) and v € (0,1/2) such that |s| < 2v8,

on {3 2immer}]

j=—00

<y (2 Nstawo) 2—N(2u9—s))H{ i 2ksq|ka|Q}
k=—oo

L ()

1/(1‘

L ()

with C1 independent of N, f, and v; moreover, if we choose N € N such
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that
(23) 01(2_N(5+2V9) + 2—N(2V9—s)) <1,
then for all f € L?(p),

(2.4) H{ji@ 2jsq!EjT§1f\q}l/qHLp(u) < OH{k:zoZo 2’“5q\ka|q}1/q(

where C' is independent of f.

)

L ()

To show Theorem 1, we recall that if ¢ > 1, then M, is bounded on
LP(u), 1 < p < oo, and of weak type (1,1); see [28, pp. 126-127]. The
following lemma states the basic properties of the composition of two ap-
proximations to the identity.

LEMMA 2. The following assertions are true.

(1) Sllpp(EjDk)(CU, ) - Qm,min(j,k)fi‘} and Supp(EjDk)('a y) - Qy,min(j,k)fi’)
for all j,k € Z and all x,y € supp(u).
(ii) For all z,y € supp(p) and all j, k € Z,

1
(U Qg min(jk)+1) + € Qymin(r)+1) + 12 —y)™
(iii) For p € [1,00], j,k € Z, and all x € X,
||EjDk||Lp(u)—>LP(u) < 022_2|j_k‘65 ||(EJD/€)($7 ')HLI(,u) < 022_2|j_k‘6’

|(E;Dy)(2,y)| < C2720HP

and
(B D) (-, )| 1y < Co27 207 M7,

where Cy > 0 is a constant depending on p, but not on j and k.
(iv) For all f € L(p) and all x € supp(u),

(B D) f (2)| < C327 20" MOy, f (),
where Cg > 0 is independent of 7, k, f and x.

Proof. The proof is essentially contained in the proof of Lemma 6.1 in
[29]; see also [4] for some details. For the reader’s convenience, let us show
(iv), whose proof is similar to that of Remark 8.1 in [29)].

Let Ny be the smallest integer such that Qg yin(jk)—3 C 2N0szmin(j,k)+1.
Then Lemma 3.1 in [29] and the definition of @, in [29] tell us that

6(Qx,min(j,k)+1’ 2N0+1Qm,min(j,k)+1)
= 5(Qm,min(j,k)+17 Q:v,min(j,k)f?)) + 6(Q:p,min(j,k)73a 2NO+1Qx,min(j,k)+1)
=4A+ €1+ 5(Qr,k—3a 2NO+1Q$,I€) < C.
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This fact and (ii) imply that for all f € L2(u) and all x € supp(u), if we
write Q1 = Qg min(jk)+1 for brevity, then

(EDOf@I=| [ (ED@y) () duy)|

Q:c,min(j,k’)—?)

1
IGAE |f(y)] du(y)

!
Q1
No 1
+j2::12jQ S-,l ’x_y‘n
1\2971Q1

< o 2li—klo [5(%%12 . (21621) C; |f ()] du(y)

|f<y>|du<y>}

No ]+1Q 1
30 o D AL ()|
< 02_2‘9_’“|9[1 +6(Q1,2™T Q1) M) f ()
< 052727 MON o f (),

where, in the third-to-last inequality, we used some equivalent definition of
0(Q, P) see [28]. This is the desired estimate.

Before we return to the proof of Theorem 1, we observe that by a result
of Tolsa [29], if N is large enough, then for all f € L?(u), we have

(2.5) f=Y_Ty'DYDi(f) => DY DyTy'(f)

keZ keZ

in the norm of L2(u). In fact, ' is bounded on LP(y) with 1 < p < oo.
The formula (2.5) is called the Calderdn-type reproducing formula. See [29]
for more details.

We now write T&l as

[e.9]

(2.6) Ty' = (Ry)

=0
in the operator norm of L?(x), and for [ € N,
27  (Rw)'= > DwDj, >, DiDj... > DyD,
|k1—71|>N |ka—j2|>N |ki—gi|>N

also in the operator norm of L?(p).
Using Lemma 2, we can verify the following lemma.
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LEMMA 3. Let {fi}rez be a sequence of measurable functions. For j € 7
and N, N1 € N, let

(2.8)  Hi({/i}it-oo) (@)

(o S INe o]

Y YE Y Y Y

[=0 k=—00t=—00 |m|>N k1=—00 |m1|>N1 kj=—o00

X Z EjDiDi+mGk1Gk1+m1 ce leleerlGivlfk(x)
|ml‘>N1

forx € supp(p). Let 1 < g <p < oo andv € (0,1/2) be such that |s| < 2v6.
Then there is a constant Cy > 0 such that for all {fx}rez, all N € N and
all N1 € N large enough (depending on Ca, Cs, s, v and ),

Lp(p)

oo J{ X i)

§01(2—N(5+2u9)+2—N(2y9—s))H{ i kaq\fk!q}l/q‘

Proof. For j € Z and l € Z, let

Hy({/1}72 o) (@)
= Z EjDiDi—‘,-mle Gk1+m1 c. lele+mlG]kV1 fk(l’),

kﬂl’m){kt’mi}ll
where
o0 o0 o0 (o]
k‘,i,m,{kt,mt}ll k=—o001=—00 \m\>N k1=—0c0 |m1‘>N1 kj=—o0 ‘ml‘>N1

(we also use similar abbreviations for multiple sums below). Then the Min-
kowski inequality tells us that

(2.10) H{]:izo 2jsq|Hj({fk}Zo:—oo)’q}l/Q} o
<SS s},

Let r = p/q. Then r > 1. For g € L' (y) with g > 0, the Holder and
Minkowski inequalities yield
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[ S 2 H ({2 ) (@)% (x) du(a)

R4 j=—00
o
SSIELIREEDY
Jj=—00 Re  kim,{keyme}y
N 1/q
X H |EjDiDitmGry Gry4my - - - Gy Gry4m, G, (xay)\dﬂ(y)]
Rd
X [ S |EjDiDi+mGk1Gk1+m1 .. .le
Rd

< G G ) o) ()]} g(a) d(a)

< Z 2754 S [ Z 9 ks X |EjDiDi+mGk1Gk1+m1 . ..le

j:—OO R9 k7i’m’{kt’mt}a Rd

a/d
X Grm Gy ()] dia(y)|

X [ Z 2—ks S ’EjDiDi+mGk1Gk1+m1 PN leleerlG;fVl (1‘, y)\
k,i,m,{kt,mt}ll Rd

x 259 ()| dp(y) | 9 () dis().

By using a technique used in the proof of the Cotlar—Stein lemma (see [24])
and Lemma 2, we find that there is a constant Cs > 0 such that

(2.11) | E;DiDismGry Gryitmy - - - Gy Gy G (2, ) L1 ()
= [[(Ej D) (Ditm Gy )Gy i Gy - - (G G () 22
< CN1052—29[|j—i|+|i+m—k1\—l—...-i—\kl—i-ml—k\]
and
(2.12) | E;DiDismGry Grym, - - - Gy Gy G (2, ) 11 ()
= |Ej(DiDitm)(Gry Grytmy) - - (G Gl )Gy ()| 11
< CNlcéQ—%HmIHml\+--~+\mlH’
where we also used the fact that |[E;(z,)|[11(,) < C uniformly in j and
G (=, M < CN

uniformly in &£ with C independent of N;. The geometric mean of (2.11) and



Triebel-Lizorkin spaces 115

(2.12) yields
(2'13) HEjDiDi-i-mle le-‘rml cee lesz-i-sz]leka(x? ) ”Ll(u)

< CNlcéQ—QG(l—V)[|j—i|+|i+m—k1\+...+|k1+mz—k|]

% 9 20v[[m|+]ma |+ Alm]
From (2.13), it follows that

> 27" VIEDiDi Gy Grymy - - Gy Gty Gy (2,9)] dpa(y)
Kyim, {ke,me } R
< ONJC Z 9—=20(1=v)[|j—il+|i+m—k1|+...+|ki+m;—k]]
k,i,m,{kt,mt}ll

o« 9= 20v[fml+{m [ ]

We now first sum over k and next over m;; then we can estimate the last
quantity in the above inequality by

< CN,CY > 9~k

i7m7{kt,mt}l1_l,kl
o0

% Z 2—mls Z 2—29(1—V)[|j—i\+|i+m—k1|+...+|kl+ml—kH2(ml+kl—k)s

[my|>N1 k=—00
w 9 20v[[m|+Imal+...+[ml]

< CNlCé(27N1(3+2V9) 4 2*]\71(21/073))
X Z 0=20(1=v)[|j—il+|i-+m—k1 |4+ [k 11—k ]
im, {keme by

o« 9200 |m i |+t iy ]

Repeating this process [ 4+ 1 times, we finally obtain
(2.14) dooooak

k7i7m7{ki 7mi}ll

x| 1B DiDiymGiy Gy m, - - Gy Gy rom, G ()| dpa(y)
Rd

S CNl(Q_N(S+2V9) + 2—N(2V9—s))
X (002)l(2—N1(s+21/9) + 2—N1(2V9—s))l2_j5'

From (2.14), it follows that
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(215) | > 2NHI{ S ) (@) (@) du(x)

Rd j:—oo

< [CNl(Q_N(S+2V9) + 2—N(2V0—5))

X (CCQ)I(Q_N1(5+2V9) + 2—N1(2I/9—S))l]q/q’

Y 2uhs

jyk,iam’{kt s }ll

X S [ S |EjDiDi+mGk1Gk1+M1 s lesz+mleN1 (z,y)]
R4 R4

x g(x) dp(x) |27 fi(y) 1 du(y).

Lemma 2 and the trivial estimate

(2.16) |f(2)] < CMy f(x)
yield
(2'17) S ’EjDiDi-i-mGlﬂ le-‘rml s leGkH-sz]le (l‘a y)\g(x) dﬂ(ﬂﬁ)
Rd
=V (BD)(DitmGr)(Crytmi Ga) - -+ (G, G ) (2, )9 () d()
Rd

< CNlcéQ—Qe[U—i\HHm—kl|+\k1+m1—k2|+~~-+|k171+m171—kz\+\kl+mz—k\]

x M5 (9)(y)

and
(218)  § IB;DiDinGi, Gy - - GGGl (2,99 ) dia(a)
Rd
= S ’E](DZDH-m)(G/ﬂ leerl) s (leleerl)G;g\h (.%', y)’g(x) dﬂ(x)
Rd

Y

S CNlC§2_29Hm|+‘ml H"Hml—l |+‘ml HM(Z;—)3 (g) (y)

where M(l;r)?’ = Mgy o...0 Mgy forl € N, and we have also used the estimate

[+ 3 times
|E;f(z)| < CMg) f(x)

and
G f ()] < CNiM o) f (),

which can be proved similarly to Lemma 2(iv); see also Remark 8.1 in [29].
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Let v be as in the theorem. The geometric mean of (2.17) and (2.18)
yields

(2'19) S ’EjDiDi-i-mGlﬂ le-‘rml s le G/fz-i-mz G]k;Vl (l‘a y)\g(x) dﬂ(ﬂﬁ)
Rd
< C N, Clo~ 2=l —iltlitm—ku|krtmi—ko |t ki mi =]

" 2729(1,,,)|kl+ml7k|2f291/[\m\+|m1|+...+|ml—1‘+|mlHM(l;')3(g)(y).

Inserting (2.19) into (2.15) leads to

o

VD 2H{ fidpe o) (@)|%9(x) du()

Rd j:—oo

< [CNl (2—N(s+21/0) + 2—N(21/6‘—s))
% (002)1(2—N1(8+2V0) +2—N1(2V0—s))l]q/q’
xCNiCy > 2Uhs

k7j7i7m7{kt 7mt}l1

% 2*29(1*’/)[U*i|+|i+m*k1\+\k1+m1*k2|+-~~+|k171+ml71*kl\+|kl+m1*ku
x 2200l §A7E () (5)2559) fi () |7 dp(y).
Rd

If we sum first over j, then over 7 and finally over m, then the last term is
dominated by

< [CNl(Q_N(S+2V0) + 2—N(21/0—s))(CCQ)Z(Q—Nl(s—l-QVG') + 2—N1(21/0—s))l]q/q’

k{ke,me}h
X 2_29(1_V)[|k1+m1_k2‘+~-~+|kl*1+m171—kl\+|kz+ml—kH

x 220t mll 753 (g) ()29 £ ()9 dpy).
Rd

Repeating this procedure [ times by the Holder inequality we obtain

§ D> 2H (iR o) (@) g () dpulz)

R4 j:—oo

< [CNl(Q_N(S+2V0) + 2—N(2y0—s))
X (C’CQ)Z(Q*NI(SJFQVG) + 2*N1(21/975))l]q/q’
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> CN1(2—N(5+21/0) + 2—N(2V6—S))(CCg)l(Q—Nl(S+2lI9) + 2—N1(2V9—s))l

< § @] D 21h)1} duly)

R4 k=—o0

< CN1(2—N(5+2V6) + 2—N(2V9—8))qélllI(Q—Nl(S-}—QVG) + 2—N1(2l/9—s))lq

X ”M(l;)S(Q)HLr’(M)H{ i 2k8q’fk|q}1/q’ q
P——

Lr(p)

< ONl(QfN(SJrQVG) + 27N(21/978))qéllQ(2fN1(s+21/9) + 27N1(21/973))lq

q

9

L ()

X HgHLr,(“)H{ki 2k8q|fk|q}1/f1’

=—00

where, in the second-to-last inequality, we used the L" (11)-boundedness of
My and we let C; = Cmax{Cs,C3}; see [28]. Taking the infimum over
g € L" () with ||g| - () < 1 yields

I 3 2oz}

L ()

< CN1(2_N(S+2V9) + 2—N(2V9—s))6{(2—N1(s+21/9) + 2—N1(2V9—s))l

N e

Combining this with (2.10), we finally obtain

S 2 o}

Lo(n)

LP(p)

§0N1(2—N(5+2V9)+2—N(2u6 {Z (2~ Ni(s+208) 4 o—Ni (26— s))}

=0
- ks /4
S

< Cl(TN(sHue) _‘_27N(21/975))H{ i QkSq\fk]q}l/q

Lr ()

Le(p)’

where (' is a constant independent of N and { f }rez, and we chose N; € N
large enough such that

51(2—N1(s+21/0)+2—N1(21/9—s)) < 1.

This completes the proof of Lemma 3.
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Proof of Theorem 1. We first verify (2.2). If 1 < p = ¢ < oo, then (2.2)
was proved in [4]. If 1 < ¢ < p < oo, then Lemma 3 tells us that (2.2) in
this case is also true.

We now suppose 1 < p < g < oo. Recall that if 1 < p < oo and
0 < g < o0, then

(2.20) (LY (1) ()" = LP(1%) ()

(see Proposition 2.11.1 in [33, p. 177]; the proof there is also valid for
any non-doubling measure). Moreover, LP(I7)(u) is the set of all sequences
{fe}32 _, of measurable functions such that

oo = g
I fr}re— ool Lr 19y () H{k;oo|fk| } Hmm < o0
Let {gr}72 oo € L (1) (1) with [{g}22 ool 1o 1)y < 1- Then

(2.21) H{ i 2j5q|EjRNf|Q}l/q)

j=—o00

L (p)

= sup‘ Z 278 S(EjRNf)(x)gj(x) du(z)|,

j:—oo Rd

where the supremum is taken over all {gx}32 € LV (19) (1) as above.
The formulae (2.5)—(2.7) tell us that

(E;RNf) ()
= > EDiDiynGi,Gryym - - G, Gryym Gy G (f) ()
Lkyim,{keme})
(the sum over [ is from 0 to co). Thus,

o0

> 2 [ (BiRy f)(2)g;(w) dp(x)

j:—oo Rd

- Y {ahw

kogibismo{ke,me }§ R
X 2st]kV1 Grytm Gy - - - Gy +my Gy Digm Di Ej (g])(x) du(z).

Noting that 1 < p < ¢ < oo implies 1 < ¢’ < p’ < 00, by Lemma 3 (and its
proof), (2.20) and the Holder inequality, we obtain
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| Z 2 § (B ) gy o) ap(x)

<IN 3 i ()|} |

k=—00
00
<30 2
k=—o0

X Givl GkH‘ml le e Gk1+m1 le D1+mD1EJ (gj)

LP ()

2.

lvjﬂ:)m){kt s }ll

q’}l/q’

< CI(Q—N(5+2y9) + 2—N(2u6—s))H{ i kaq\Gk(f)]q}l/q‘

LY ()

L (p)

<X oy

< Cl(Q—N(s+2V€) i 2—N(2u9—s))H{ i 2ksq|Gk(f)|q}1/Q‘

k=—o00

LY ()

Lo ()

Combining this with (2.21) finally yields (2.2) in the case 1 < p < ¢ < o0,
and so we have completed the proof of (2.2).

To verify (2.4) under the assumption (2.3), in fact, we only need to
note that in this case, we have (2.6). Thus, using (2.2) and the Minkowski
inequality, we further obtain

i > wanmia) .,
[{ 3 2mimay )]

j=—00

Ci(2—N(s+2w9)_|_2—N(21/0—s))lH{ i 2ksq|Gk(f)|q}
k=—c0

IN

St

Le(p)

IN

1/(1’

; LP ()

c|{ 3 2eucunm”

k=—o00

I
o

IN

Le(p)’

where C' is independent of f. This proves (2.4) and finishes the proof of
Theorem 1.

We now use the approximation to the identity in Definition 1 to introduce
the “test function space”.
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DEFINITION 2. For all f € L?(u), we define

Wl = [{ 32 200}

k=—o00
Fial) = 1 € L2(0) 171 g5, ) < 0}

To show that Definition 2 is independent of the chosen approximations
to the identity, we first establish the following lemma.

L()

LEMMA 4. For all f € L?*(u) and N so large that (2.3) holds,

”{ji v 3w},

<cl{ 32 »munr)”|

Le(p)
where C' is independent of f.

Proof. The essence of the proof is the same as in the proof of (2.2). We
sketch it for the reader’s convenience.

If 1 <p=¢q < o0, then Lemma 2 and the Holder inequality tell us that

H{ i 9isd i EjD,iVDk(f)‘q}l/q‘

j=—o0 k=—o0 Lr(p)
= {jio?jsq kioEjD,iVDk(f)\ ip(m}l/q
SC{ i 2jsq{ i 22|jkw”Dk(f)‘Lp(u)]q}l/q
Jj=—00 k=—o00

[e.e] (e}

{ Z [ Z 2(j—l~c)s—2\j—k|92ksqHDk(f)"%p(u)]}1/4

j=—0o0 k=—00

IN
Q

> /
<o ¥ 2650 Dy (1) 0+

- CH{ kioo zksqle(f)lq}l/q]

If1<q<p<oo,let r=p/q. Then r > 1. For g € L" (1) with ¢ > 0 and
llgll .~ () < 1, the Holder inequality, the Minkowski inequality, Lemma 2

LP(n)
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and the LP(u)-boundedness of M) yield

> 24§ | 3 EDYDU@)| (@) dula)
j=—00 Rd k=—c0
< Y [ Y IEDN el dut)]””
j=—00 R¢ k=—ocoRd

<[ 3 T IEDY) @D ) du)|o(e) duc)

k=—oo Rd

<C i [ i 2(j—k)s—2|j—k\0}q/q'{ i oi—k)s

j=—00 k=—o00 k=—o00

% § [T IEDY )@, w)la(w) dul@) |25 De( ) )] duy) }

j=—00 k=—00 Ra

SCHM@)QHL”(WH{ i 2ksq‘Dk<f)‘q}1/q‘
k=—00

L ()

L (p)

<cl{ 3 ey

We obtain the desired inequality by taking the supremum over the above g.
Finally, using (2.20) and the case 1 < ¢ < p < 0o, we can also verify the
assertion for 1 < p < ¢ < oo; this finishes the proof of Lemma 4.

Applying Theorem 1 and Lemma 4, we can now verify that the test
function space fgq(u) in Definition 2 is independent of the chosen approxi-
mations to the identity.

PROPOSITION 1. For all f € L*(u),

I S 2muse} "~ 5 2ommr)”

Proof. For given |s| < 0, we choose v € (0,1/2) such that |s| < 2v6. By
(2.5), for any j € Z, we can write

LP(p)

Eif(z) = Z E; Dy DipTR(f)(),

k=—o00
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where N € N is large enough such that (2.3) holds. Then Lemma 4 and
Theorem 1 yield

H{ i 2jSQ|Ejf’q}1/q‘

j=—o0

L ()

(S

j=—00

E:l?DﬁDﬂ‘(ﬁr}Uw

Le(p)

<c|{ 3 2parior}”]

k=—o00

<clf £ v}

By symmetry, the proof of Proposition 1 is finished.

LP ()

LP(n)

The following theorem is one of the main results of this paper.

THEOREM 2. If 1 <p< oo and 1 < q < oo, then for all f € f;q(u),

(222) f=)_ DEDiT!(f) =) Ty'Dy'D
kEZ kez
in both the norm || - || s (v ond the norm [ (u)- Moreover, for all
rq poo

E];“;q(u) with 1 <p< oo and 1 < q < o0,

(2.23) (f.9) = (DDYTR(f), 9)
keZ

= (Ty'DiDY (f),9)
keZ

forall f € (fpfq(u))* with 1 <p < oo and 1< ¢q < .

Proof. We only show the first equality in (2.22). The proof for the second
equality in (2.22) is similar. The proof that (2.22) holds in the norm H-HF;OO( )
is easy by noting that ]'-'qu(u) C f;oo(u) for 1 < g < oo, which is a simple
consequence of the monotonicity of 17; see the proof of Proposition 2.3.2/2
in [33, p.47].

Let f € ]l";q(u), l1<p<ooand 1 <q< oo. It suffices to show that

(2.24) lim H > D,iVDkTil(f)}

L—oo
|k|>L

. =0.
s, (1)

Lemma 4 and Theorem 1 lead to
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| 3= DDty )

|k|>L

Fs, (1)

~ || f; y|p,( Y DD (n)[ )]

J=—00 |k|>L

LP ()

—0 asL — oo,
L ()

<c|{ 3 2 pery (e}

|k|>L

since T'(f) € fgq(u). Thus, (2.24) holds, and therefore the first equality
in (2.22) holds.
From (2.22) we can deduce the second equality in (2.23). In fact, for all
g € Fpy(p) with 1 < p < oo and 1 < ¢ < oo, we have
(

1.9) = (1,3 DY DTRMg)) = S (1, DY DT (9)),

kEZ keZ

where f € (];";q(u))*.
To finish the proof, we only need to verify that for any k € Z,
(2.25) (£, D' DiTy ' (9)) = (DkDR TR (f). 9).

To this end, for any M > 0, let Qo x be the cube centered at the origin
with side length 2M . Define

gem(@) = | DY (2,9) (DT ") (9)(y) dusly).

Qo,m

We claim that
(2.26) Jim (D DRTH(9) = gra g, ) = O-

In fact, Theorem 1 tells us that Ty'g € Fpsq(u), and Lemma 2 and the
boundedness of M) in LP(u) further yield

HD/iVDkTﬁl(g) - Qk,MHF;q(M)

00
e
l=—00

l/q‘

D d\g DY () (DT )(9) W) diaty) ||}

Lp(p)

< CNH { S Q(Z—k)sq—Qll—k9q}1/q2ksM(2)[XRd\QOYMDkTNl(g)]‘Lp(u)
=

<onet[ | DI @) WP dutw) 0
RA\Qo, M

as M — oo, where we used the facts that |s| < § and 1 < p < oo. Thus,
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(2.26) holds. Therefore,
(2.27) (£, Di DTy (9)) = lim (f, gk,r).

Let S = Qo,m Nsupp(p). For any z € S, there is a cube @ y4n centered
at z. Thus, {Q, r4N}-es is a covering of S. By the compactness of S, we
can find a finite number of cubes, {Q., x+~N}71 C {Q:k+N}zcs, such that
Uiz Q2 en D S. We now decompose S into the union of a finite number of
cubes with disjoint interiors, {Q] _1, such that each Q; for j € {1,..., No}
is contained in some @, 4+ n for some i € {1,...,v}. We then divide each Q;

into a union of cubes, {Ql 5\717 such that E(Ql) ~ 277/ where Nj ~ 270(Q;)
for j =1,..., Ng. Now we write

z

§ DY (@, 9) (DT ") (9) (v) dua(y)
1Qj
NJ

ng

<.
Il
[y

Z

11:=1

<.
Il

§ (DX (2,y) = Dy (2, yo)N (DR Ty ) (9) () dpaly)
Qi

[y

N

+ DY (,yg:) § (DRTR")(9)(y) duy)
7j=11i=1 Q;ﬂ

g

= gli,M(m) + 91%,1\4(95):

where y: is any point in the cube Q; We now claim that for any fixed k
J
and M,

; 1 ) _
(2.28) JILH;O ”gk,M”Fzgq(M) =0.
To prove this claim, let
Fioij(2:y) = [DR (2,9) — D (2, 99:)]xq: ().
Lemmas 2.4 and 2.5 in [29] tell us that

(2.29) supp Fiij(,y) C Qyi—N—3, suppFi;;i(z,-) C Q:r-N—3;

(2.30) V Frij(z,y) du(z) = 0;
R4

(2.31) |Frij(2,9)] < Ca2770(Qu prn) ™

1

S WUQagr ) + UQursn) + 12 —y])"

if Q; C @z, k+n for some ig € {1,...,v}; and
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(2.32)  |Fhij(z,y) — Frij(Z,v)]

/
2 — z 1
>~ U4 ( 107k N) g(Qmo,k N) (E(Qz7k+N) e(Qy,k+N) ‘ y‘)n

if z,2" € Qg+ for some zo € supp(p) and Q; C ino,le for some
ip € {1,...,v}. Here Cy depends on N. From (2.29)—(2.32), Lemma 2 and
its proof, it follows that for all I,k € Z and x,y € supp(u),

(2.33) supp (DiFij) (5 y) C Qy min(l,k—N—1)—3>
(2.34) supp (DiFi j)(2, ) C Qpmin(i,k—N—1)—35
and for all x € supp(u) and y € Q; C @z, k+n for some ig € {1,...,v},
(2.35)  [(DiFlyij) ()]
< 042—J2—2\l—k|9£<QZi0JHN)—l
1
(UQzmin(tk+N)+1) + U Qy min( e+ N)+1) + [ =y

X

Let

1
Cs=max(Cy,—:i=1,...,v .
i {4mmw) }

Then C5 depends on N, k, but not on J and [. Set

No Nj
K(z,y) =Y Y (DiFkij)(x,y).

j=1i=1
Then, by (2.34) and (2.35), we have
(236) | § K@ n)(DeTR") (0)(w) dia(w)
R4
< 0052—J2—2|l—k\9

No Nj —1
«3Y S |(DkTN ) (9) ()] du(y)

— ¢ i +lz =y
J=11=1 QiNQq min(t,k—N-1)-3 ( (Qnmm(l’k—i_]v)—'—l) ’ y’)

— 0052—J2—2|l—k\9

g3 S M@memwl ()
=1 Q5NQy min(t,k—N—-1)—3 r,mln(l,k+N)+1) + |z —yl)
< CCsNo2™ 7272 M011 1 §(Q, mmin(ib—N—1)—3> Qumin( b+ M) +1)]
X Mo)[(DTx)(9)] ()

< Cg27 7272 HO N o [(DR TR M) (9)] (),
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where (Y is independent of J and [, but it may depend on M, N and k.
Therefore, from (2.36) and the LP(u)-boundedness of M s, it follows that

Dl(ZZ S - DY (-, vq:)l

=1 1= lQl

% (DT )(9) () dp(y) )|} /q(

237) gkl iy ) H{ zlsq

L (p)

_ N A lsge—2li— 1/q _
< Co2/{ 3 220 (DT () 1y
l=—00

< CO27 725 (DT ) () Loy — O
as J — oo. Obviously, (2.37) implies (2.28). By (2.27) and (2.28), we have

= 1' 1' D 7, D T_l *
MILHOOJL%;; v () yg: gi( W' )(9)(y) du(y)
J

We now write

Nj
+ § {2V (N we:) — DY () W)xg: () } (DT (9) () dinty).
Rd =1
Using the second difference property of the approximation to the identity
in Lemma 1(f), by a proof similar to that for (2.37), we can show that

S C72_J7

F5.()

Nj
| >0 () = D (Vs )
i=1
where C7 is independent of J. It follows that
| Z DY (£)wg:) ~ D (NWlxgy )| < 2711l g,

for all y € supp(p). Noting that (DyTx")(g) € Li(p) by Theorem 1 and
the construction of {Qj} for j € {1,...,No} and i € {1,...,N;}, by the
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Lebesgue dominated convergence theorem we have

Nj
Jim § {3 IDN (N o) — DY (D @)xgs ) F(DTR ) (9)(w) duly) = 0.
Rd =1

Thus, together with (2.38), we further have

(f,DNDyTy'(9)) = lim lim ZZ | DY ()W) (DKTR") (9) () dpay)

M—o0 J—o0
J=11i=1 Ql

= | DY W)(DRTR ) (9) () duly)
Rd
= (Tx' DDy (), 9)-
That is, (2.25) holds and we have completed the proof of Theorem 2.

3. Triebel-Lizorkin spaces. It is easy to see that Dy(z,-) € L?(u)
with compact support for all z € supp(x) and all k € Z. We will show that
Dy(x,-) € Fp () for all = € supp(u). We first recall the definition of the

space B;q(u) in [4].

DEFINITION 3. For all 1 < p,q < oo and f € L?(u), we define

171155 { Z 20D fl1 0+

38 2 .

00— 11 € L201)- 141155,y < o0}
LEMMA 5. The following assertions are true.
(1) € Foalt) C 2 oin (W)

(ii) Let {Dy}2_., be as in Theorem 1. Then Dy(z,) and Dy(-,x) are

in .7;"3 (1) for all = € supp(u) and all k € Z.
Proof. (i) is obvious by the Minkowski inequality and the monotonicity

of 17 for q € (0, c¢]; see the proof of Proposition 2.3.2/2 in [33, p. 47].

It was proved in [4] that for all [s| < 0,1 < p,q < oo, all z € supp(p)
and all k € Z, Dy(z,-) and Dg(:,z) are in B, (u). From this and (i), it is
easy to deduce (ii). This proves the lemma. m

We can now introduce the Triebel-Lizorkin spaces F;q(u).

DEFINITION 4. Let p’ and ¢’ be the conjugate indices of p and ¢, respec-
tively. We define

Es(n) = {F € (Fy 5 (m)” < 1l s, < 20},
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where

LP(p)

105,00 = ||{ kiz’“qwmq}” ’

Based on Lemma 5 and Theorem 2, for all f € (F, o (1)), we have

oo
Eijf(z)= Y E;DYDiTy'(f)(x),
k=—o00
where N € N is large enough such that (2.22) holds. The above equality and
the same proof of Proposition 1 show that the spaces ng(u) are independent
of the choice of approximations to the identity in Definition 1. We leave these
details to the reader.

It is well known that the Schwartz test function space is dense in Triebel—
Lizorkin spaces on R?. The following result shows that our test function
space fg’q(u) is also dense in the Triebel-Lizorkin space Flfq(u). More pre-
cisely, we have

PROPOSITION 2. Let fgq(u) be the closure of ];“Ifq(ﬂ) with respect to the
norm ”f”F;q(u)' Then

(3.1) Fnli) = F5, (1)
Proof. We first claim that if f € 73, (n), then f € (‘7':1:/2/ (p))* and
(3:2) ||f||(]—";:"q/(u))* < CHfHF;q(M)

To show this claim, let f € f[fq(u) and g € ]EI;Z,(/L). Let {Dy}rez be
as before. It is easy to see that D,]gv has the same properties as D with a
constant depending on IV, namely C'IN, if C' is the constant appearing in the
properties satisfied by D;. for k € Z.

Noting that (DY)* = DY, by (2.5), the Holder inequality, Theorem 1
and Proposition 1, we obtain

[f(9)l = I{f,9)| (in the sense of (L*(n))* = L*(u))

:H > D;iVDkTﬁl(f)gdu‘
Rd k=—o00

z( > VDTt () DY (9) du’

k=—o00 ]Rd

j{ S 2D, Ty } { S ok DY >|q} d

Rd k=—o0 k=—0oc0

IN
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<|{ X 2eupargine”

L ()

k=—00
> —ksq' N q l/q/
<|{ > 2}
k=—0oc0

—1
< CITN (Dl 11972y < Ol g, 19l -
Thus, f € (.7;—13_/;/ (1)) and

LY (1)

Hf”(f',;fq/(u))* B CHfHF;q(,L)-
That is, (3.2) holds.
Now to show that fgq(u) C Flfq(u), let {fx}ren be a Cauchy sequence in
f;q(u) in the norm || - ||F;q(u). Then, by (3.2), it is also a Cauchy sequence

in the norm || - H(]}z;fq’(“))*' Since (F,,%,(n))" is a Banach space (see [35]),
there is an f € (.7317_,8[],(/1))* such that fr — f in (fp_,‘z,(u))* as k — oo. We

still need to verify that | f1l s () < 00 From Lemma 5 and
ra

IDufa = D] < 1Pk i ol — Pl
it follows that for all 2 € supp(u) and all k € Z,
(3.3) Jim Dy fu(2) = Dy f(x).
Thus, the fact that || fy|| ) < C with C independent of n, Definition 4,
the Fatou lemma and (3.3) tell us that

£l 0 < C.
which shows f € Fﬁq(ﬂ) and fr, — f in 'p

Fpy (e
We now prove the other direction: ng(u) C fgq(u). This comes from

Theorem 2 and its proof. More precisely, if f € F;q(p), then by Theorem 2
and its proof, we can write (2.23) as

f=>_DiDYTY'(f),
keZ

where the series converges in the norm of Fpsq(u). As in the proof of Theo-
rem 2, if we define gi ar(x) by

gear(z) = | DY (x,y) (DT () duly),
Qo, M

it is easy to check that gx as(x) belongs to fgq(u) and f can be approximated
by a finite sum of gy ar(z). We leave the details to the reader. This shows

) as k — oo.

that ng(u) C fgq(u) and completes the proof of Proposition 2.
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We remark that, in particular, Proposition 2 shows that Fpsq(u) is a
Banach space.

We now establish the boundedness of Riesz operators defined via the
approximation to the identity in the spaces F s ( ); then we show that the

spaces I, (1) have the lifting property by using these operators.

DEFINITION 5. For a € R, f € L*(u1) and all z € supp(u), we define the
Riesz potential operator I, by
= ) 27" Dyf(x)

k=—0oc0
THEOREM 3. Let|s| < 6 and |s+a| < 6. Then I, is bounded from F;q(ﬂ)
to F;j"‘(u), that is, there is a constant C' > 0 such that for all f € Fpsq(u),

ot ey < ClF Mg,

Proof. 1f p = q, then B;q(u) = F;q(u) and the conclusion of the theorem
was proved in [4].

If1<q<p<ooletr=p/gand g € L" (u) with g > 0 and HgHL,«/(M)
< 1. By Theorem 2 and the Hélder inequality, we then have

(34) Y 2CF DL f(2)|%(x) dp(x)

j=—o0 R
= 3 | it ‘ Z D;I,DY DT f(a )‘ 9(x) du()
j=—ocoRd k=—oc0

_ i gitssan | | f: f: 2D, DD DTy £ ()] 'gl) dia)

j=—00 Rd k=—00t=—00
S L Do DL (DT
j=—00 R4 k=—o0i=—00

% (DUTRM () duly)| 9(a) du(a)

< Y wern {3 S ek | 0,008 o) duty) )"
j=—o00 R4 k=—o00i=—00 R4
x { Z Z 27k | |(D; DiDY) (w, y)|

k=—00i=—00 R4

x 29 (DT ) ()| dia(y) o () dia(a),

where we assume that N satisfies (2.3).
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Since |s| < 6 and |s + a| < 6, we can choose v € (0,1/2) such that
|s +al <206, |s| <2v0 and |s| < 2(1 — v)@. Similarly to (2.11) and (2.12),
by Lemma 2, we have

(3.5) 1D; DiD}Y (2, )| 1y < €220,

(3.6) |D; DiDY (2, )| 11y < C27 21K

The geometric mean of (3.5) and (3.6) tells us that

(3.7) |D;Di DY (, ) || g1y < C27 20N =7 200k,

Inserting (3.7) into (3.4) leads to

(38) > YT D;I f(x)|g(x) du(x)

j:—oo Rd

<C i 9d(s+a)q

j=—o0

x S { Z i 2*“‘*’“2*2914171'\2729(17u)|¢,k‘}q/q’

R k=—o00i=—00

x{ i i g—ia—ks

k=—001=—00

% § 1(D3DDY ), )2 (DT )W) dpy) fo ) du(x)
R4

<C i 2j(s+a) i i g—ia—ks

j=—00 k=—o00i=—00
x § { 1D DiDY) (@, y)lg(@) dpu(w) }25 (DT £) (9) 17 dia(y):
Rd R4

Some arguments similar to those for (2.17) and (2.18) tell us that

(39) [ (DD )lg(a) dut) < C2 27012, (),
Rd

(3.10)  { (D;DiDY)(w,y)lg(x) du(z) < C2721HME) g(y).
Rd

The geometric mean of (3.9) and (3.10) yields

3.11)  { [(D;DiDY) (2, y)lg() dp(x)
R4 . .
< 02_29’/']_1‘2_29(1_V)|l_k|M(22)g(y).
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By inserting (3.11) into (3.8) and applying the LP(j)-boundedness of M),
we obtain

(3.12) Z 206+ { | Dy f(2)|g(x) dp(x)

j=—00 R4
o0

oo 00
<C Z 2j(s+a) Z Z 27ia7k32720u|j7'i|2720(171/)|1l7k|

j=—o0 he— o0 i=—o0
x § M3 g(0)25 (DLTR ) ()| dps(y)

R4

<c|Mm Z 259\ (Dy Ty £) ()| dpaly)

Rd k=—0oc0

< C||M(22)9||LT(M)H{ i 2ksq|(DkT]§1f)(y)|q}l/q‘ ip(#)

=—00

<Clgllrw|{ 3 I
k=—00

LP(n)

<c|{ ¥ 2euoirg i}
k=—00

Taking the supremum in (3.12) over g leads to
(3.13) Mo lnsge < Cl L

ifl1<g<p<oo.

Let now 1 < p < g < oo. Note that then 1 < ¢’ <p’ < oo.If {g;}2_ €
LP' (17 (1) and
{932 ool Lo oy ) < 15
then an argument similar to that for (3.13) can be used to show
(3.14) H{ o—ksq' i i 2j(8+a)2_iaD’]<JVD’ingj‘q/}l/ql
Pl LY ()

< C"{gi}'?ifoo”Lp'(lQ’)(u) <C.
The Hoélder inequality, Theorem 1 and the estimate (3.14) then yield

Mo fllpspa g = H{ i 2j(3+°‘)q\Danf’q}1/q‘

j=—00

L (p)
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[e.9]
= sw Y P § (DL (@) (@) dula)
Mo el 0 €1 5500 g
= | ELED YD SER
Y2 ol ot 107y 1 200 i ko

% § D;DiDY DT (£)(@)g; () du()]|
R4

— sup Z 2](S+Ot)

H9:32 ool 1o 107y S j=—o00

<3y o § DT L(£)() DY DiDjg () dp(x)|
i=—00 k=—00

o0

< oksa| p, =1 q 1/q
e T e
{ Z DR EED SR VDD,V )
4 RIS
<

T3 ()l e Sup
P H{gi}ioifoo”LPl(lq,)(u)Sl

> o= > - 7\1/q
% H{ Z 2—k‘8q Z 2](S+Oé) Z 2—Z(XD’]€VD1D]9J‘ }
k=—o00 j=—00 1=—00

< Clfll g

LY ()

This proves that I, is bounded from Fﬁq(ﬂ) to Fps;r *(u) and completes the
proof of Theorem 3.

We now establish the converse of Theorem 3. To this end, we first show
that when « is very small, the composition /oI, is invertible in the spaces
Fj,(p). To do so, for any given Ny € N, we decompose I—-1,1_, into

I =TI = Z > (1=2")DiDjym + Z > (1-2")DiDiym
1=—00 |m|<Np 1=—00 |m|>Ny
=k + 14,

We will show that if IVy is large enough and if « is small enough, then the
operator norms of Ly in Fy, (1) will be very small for i = 1,2. Thus, Io]_4

is invertible in F;, ().
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The same procedure as in the proof of Theorem 3 can be used to verify
the following theorem. We leave the details to the reader.

THEOREM 4. Let |s| < 0 and |s—a| < 0. Then for any v € (0,1/2) such
that |s| < 2v0 and |s — a| < 2v0,
1 . . _ gma|o—20v|m|—ms
HLNlqusq(u)HF;q(H) <Gy Z [1—272 )
[m|<Ny

< Oy Z |1 - 2mo¢|2—291/\m\—ms7
|m|>N1

2 . i
80 g ) 5,0

where Cg is independent of N1 and «.
From Theorem 4, it is easy to deduce the following result.
COROLLARY 1. Let |s| < 0 and |s—a| < 6. Then there is ap(s) > 0 such
that if |a] < ap(s), v € (0,1/2), |s| < 2v0 and |s — a| < 200, then
Cs{ D 1 —gmajpm2imizms g N7 |y gmajy=2rimlzmad o g,
[m|<Ny [m|>N1

Thus, if |a| < ag(s), then (Io1_o)~! eists in F;q(u) and

—1 . .
|(Iad-a) HFIfq(M)HF;q(“) <G

If we change the order of I, and I_,, we have a similar result which is
a simple corollary of the above Corollary 1.

COROLLARY 2. Let |s| < 0 and |s+a| < 0. Then there is ap(s) > 0 such
that if |a| < ag(s), v € (0,1/2), |s| < 2v8 and |s + a| < 2v0, then
08{ Z |1 _ 2—ma|2—29u|m|—ms + Z |1 _ 2—ma|2—20u|m|—ms} < 1.
|m|<Ny |m|>N1

Thus, if |a| < ag(s), then (I_olo)~! eists in F;q(,u) and

-1y .
1(TaZo) iy g o < C
Theorem 3 and Corollary 2 imply the following lifting theorem for the
spaces Fy, ().

THEOREM 5. Let [s| < 0 and |s+a| < 0. Let ap(s) be as in Corollary 2
and |a| < ap(s). Then there is a constant C' > 0 such that for all f € F,, (1),

C g, ) < Mgy < CIF Nl

Proof. We only need to verify the left-hand inequality. In fact, by Corol-
lary 2, we have

. — -1 . . .
10, = I Uada) ™ ool iy g < ClHalallpg o < Ol f I psog.
This completes the proof of Theorem 5.
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Finally, we study the dual spaces of the spaces szq(u). To begin with,
we establish the following lemma.

LEMMA 6. Suppose that {gi}rez is a sequence of functions on RY. If
l<p<oo,1<g<oo and

> 1/q
[{ 32 2iguir}™
k=—o00

then g(ﬂj) = Zkez Dkgk;(x) € F;fq(u) and

> /
ol < {32 2lguie} |
k=—o00

where C > 0 is a constant.

Proof. For Li,Ls € Z and L < Lg, we define

ng Z Digr(x

k=L,

Then for [ € .731)72,(#), noting that Dy(z,y) = Dy(y,z) and by the Holder
inequality, we have

< 00,
Lp(p)

Lo ()’

Lo
gz = | D (Drgr. f ‘ Z [(gk; Dr.f)
k=L k=L,
Lo 1/q L2 ’ N 1/d
< {32 2 et} S 2 s}
=L, et = LP (1)
L2 1/q
ks
<2 2t} 10 0
k=L,
Thus, gff € (]EI;Z,(M))* and

9520 - < | Z 2t} |

It follows that g € (.73[;2,(#))*; and Lemma 4 tells us that

LP

”gHng(u) < C’H{ki 2k5q|gk|q}1/61}

=—0Q

Le(p)

That is, f € Flfq(u), which finishes the proof of Lemma 6.

We can now establish the dual theorem for the spaces Fpsq(u).
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THEOREM 6. If 1 < p,q< o0 and g € Fpsq(u), then
Ly(f) =g, f)

defines a linear functional on ]l"p_,sq,(u) and
(3.15) ||£g||(ﬁz;fq,(#))* < CHQHFPS(Z(#)-

Conversely, if 1 < p,q < oo and L is a linear functional on Fpsq(u), then
there exists a unique g € Fp_’Z’ (u) such that

L(f) =g, f)
on f;q(u) and

(3.16) lgllz2e (< CIEN g, )

Proof. (3.15) is just (3.1) in Proposition 2.

Conversely, suppose that £ is a linear functional on F;q(u). By Propo-
sition 2, it is easy to see that L is also a linear functional on f;q(u), and
therefore, for all f € 7 (1),

[LCON< L g, gy

Let {Dg}rez be as before. If f € ]'-'Ifq(u), then the sequence {Dy f}rez is in
the sequence space

L2(18) (1) = {{firez :
bt = {55 #18)" . <)
k=—00

Define £ on this subset of LP(12)(1) by
L{Dyfrez] = L(f).
Then, if f € f;q(u), we have
ZUDFhweal] = 1ECEN < N0 g e 171 5, 0
= 1Ll e, ()= LDk S ezl Lo gy oy -

g, (-

Thus, £ is bounded on this subset. The Hahn-Banach theorem tells us that
L can be extended to a functional on LP(I%)(p). Since it is well known that

LP()(p)* = LP (19,)(p) for 1 < p < 0o and 1 < ¢ < oo (see [32]), there
exists a unique sequence {gi}rez € Lp/(lq_ls)(,u) such that

H{gk}keZHLp/(lgs)(#) < CIL zoayuy- < CILN (25, -
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o0

LU fithez) = D (ars fr)

k=—o00

for all {fi}rez € LP(14)(p). Thus, if f € F35, (1), then Lemma 6 yields

L(f) = LUDrfrez) = Y gk Di(f))
k=—oc0
= > (Dilge), f) =< > Dk(gk)af>7
k=—o00 k=—o00
since D; = Dy. Let
9=>_ Dilgr)
k=—o00

Then Lemma 6 tells us that g € FJZ/(M) and

HgHFJ,Sq/(“) < CH{gk}kEZHLp/(l‘ils)(,u) < CHEH(FSq(M))*

Thus, (3.16) holds.
This finishes the proof of Theorem 6.
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