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On the relationships between Fourier—Stieltjes
coefficients and spectra of measures

by

PRZEMYSEAW OHRYSKO and MICHAL WOJCIECHOWSKI (Warszawa)

Abstract. We construct examples of uncountable compact subsets of complex num-
bers with the property that any Borel measure on the circle group with Fourier coefficients
taking values in this set has a natural spectrum. For measures with Fourier coefficients
tending to 0 we construct an open set with this property. We also give an example of a
singular measure whose spectrum is contained in our set.

1. Introduction. Let M (T) denote the convolution algebra of Borel
measures on the unit circle group. For details of notation and basic defini-
tions see [Kal. The closure of the set of Fourier coefficients of u € M(T)
is obviously a subset of the spectrum o(u) of u. However, as was observed
by Wiener and Pitt (see [WP]) in general it is a proper subset. There are
several different proofs of this phenomenon (cf. [S], [G]). This Wiener—Pitt
phenomenon is equivalent to the inversion problem which states that the
assumption |fi(n)| > ¢ > 0 for all n € Z and constant ¢ does not ensure the
invertibility of x as an element in the Banach algebra M (T). Moreover, it is
closely related to the asymmetry of the algebra M(T), discussed in [R].

On the other hand there are classes of Borel measures for which the
spectrum equals the closure of the set of Fourier coefficients. Such measures
are said to have a natural spectrum. It is known that absolutely continuous
and purely discrete measures have a natural spectrum (cf. [Za]). A natural
question is how to recognize a measure with a natural spectrum using only
the information about its Fourier coefficients. Motivated by this problem
we introduce the notion of Wiener—Pitt sets. We say that a compact set
A C Cis a Wiener—Pitt set whenever [i(Z) C A implies that p has a natural
spectrum.

Finite sets are easy examples of Wiener—Pitt sets. Indeed, if A = {ay,...
...,ag} then by Gelfand theory, the polynomial P(z) = (z —ay)...(z — ay)
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satisfies @(n) = 0 for every n € Z. Therefore P(u) = 0, which in turn
yields P(1(u)) = 0 for every multiplicative linear functional ¢. Hence ¥ (u)
is a root of P and therefore o(u) C A. The finite sets are the only known
class of Wiener—Pitt sets. The aim of this paper is to construct infinite (even
uncountable) Wiener—Pitt compacta. Our construction gives a quite flexible
family of zero-dimensional examples which are, moreover, stable under suit-
able small perturbations. Furthermore we construct an open subset U C C
such that 0 € U and any continuous measure p with 7i(Z) C U U {0} sat-
isfies u € Rad(L'(T)); thanks to the theorem of Zafran (see Theorem (19| in
Section 4), this gives

THEOREM 1. There exists an open set U C C with 0 € U such that every
continuous measure j with 1(Z) C U U {0} has a natural spectrum.

In the general case we prove the following.

THEOREM 2. There exists a set K homeomorphic to the Cantor set such
that 0 € K and every measure p with i(Z) C K has a natural spectrum.

To complete the above results we provide an example of a singular mea-
sure with spectrum contained in the set U of Theorem 1. The example,
interesting in its own right, is given in Section 6; we combine the techniques
of Riesz products with Rudin—Shapiro polynomials to get a singular mea-
sure with coefficients smaller than any sequence tending to 0 sufficiently fast
taken in advance.

The construction is quite involved—it uses four main ingredients. The
first is the Zafran characterization of measures with Fourier coefficients
tending to zero with a natural spectrum. The second is the Katznelson—
DeLeeuw theorem which is the main ingredient of their qualitative ver-
sion of the Gruzewska—Rajchman theorem (however, we use a stronger and
more involved result from [GM], just to avoid unnecessary complications).
The third ingredient is the Bozejko—Pelczyriski theorem on the uniform
invariant approximation property of L!(T). The fourth is the Littlewood
conjecture proved by McGehee-Pigno—Smith and independently by Konya-
gin.

The main construction of the proof of Theorem 1, under the additional
assumption that the relevant measure has Fourier coefficients tending to 0, is
presented in Section 3. The aim of Section 4 is to prove that this additional
assumption can be omitted. In Section 5 we complete the proof of Theorem 1
and we show how Theorem 2 can be derived from Theorem 1. Section 2
contains auxiliary lemmas. Here we combine two main analytical ingredients,
the Bozejko—Petczyniski uniform invariant approximation property and the
Littlewood conjecture, to derive Lemma 8, the main tool used in further
inductions.
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REMARK 3. Some results of this paper are contained in the first author’s
MA thesis (see [O]).

2. Preparatory lemmas. In this section we prove some crucial lemmas
which are also of independent interest. The following definition will be useful.

DEFINITION 4. For p € M(T) and € > 0 we write u € F(e) iff [u(n)| < e
for all n € Z. The set of trigonometric polynomials will be denoted &?. The
abbreviation # f will be used for the number of elements in the support of

f(forfeﬂ)le #f=#supp f = #{neZ: f();é()} Also, for f e &

and a positive number a we write f € G(a) when |f(n)| > a for all integers
n such that f(n) # 0.

We will use two powerful results. The first is the Littlewood conjecture
(for a proof consult [MPS]| and [Kol)

THEOREM 5 (McGehee, Pigno, Smith; Konyagin). For every f € & of

the form
N
t) _ cheznkt7
k=1

where ny, is a sequence of increasing integers and |ci| > 1 for 1 < k < N,
we have
[ fllL1(ry > L1In N,

where the constant L > 0 does not depend on N.

The second fact is the invariant uniform approximation property of L!(T)
(proofs are contained in the papers [BP] and |B| and in the book [Wal).

THEOREM 6 (Bozejko, Pelczyniski; Bourgain). Let A C N be a finite set
with #A = k. Then for every € > 0 there exists f € &2 such that

(i) f(n) =1 forn € A.

(i) [|fllprry <1 +e.

(iii) #{n € N : f(n) # 0} < (a/e)* for some a > 0.
We will write BPB.(A) for the set of polynomials with properties (i)—(iii).

It is now time to formulate our first lemma.

LEMMA 7. Let f € 2. If #f > d for some positive number d, then there
exists a two-sided arithmetical progression I' C Z such that

d < #(supp n 1r) < 2d.

Proof. If d < #f < 2d, we take I' = Z. Otherwise # f > 2d and taking

I' =27 and Iy = 2Z + 1 we get d < #(suppu N 1p,) for some i = 1,2. If

moreover #(supp fﬂ 15,) < 2d, we put I' = I;. Otherwise we repeat this
procedure. m
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The second lemma is much more sophisticated (since for absolutely con-
tinuous measures the norm in M(T) is equal to the norm in L'(T) of the
density with respect to the Lebesgue measure, we will use these two notations
interchangeably).

LEMMA 8. There exists a function ¢ = e(K,a) and ¢ > 0 such that
whenever || f + v|ary < K for some f € G(a) and v € F(g), then #f <
exp(cK/a).

Proof. Set d = exp(%) and define

alLlnd 4K
W = Kexp(—?ln(a) eXp(a/_L))

where « is the constant from Theorem [6] We will show that the assumption
#f > d leads to a contradiction, which proves our lemma with constant
c=4/L.

By Lemmal 7| there exists I" C Z such that d < #(supprvN1lp) < 2d. We
define f; € & and 11 € M(T) by taking f1 f 1y and 773 = 7 - 1. Since
multiplying Fourier sequences by the characteristic function of I" corresponds
to convolution with a measure of norm one, we have [ f1 + v1 || ar(1) < K. By
the definition of I'; #f1 < 2d. It follows from Theorem [5 that H le M(T) 2
a-Llnd. Let © € BPBy(supp f1). Then ||O| 1y < 2, O(n) = 1 for n €

supp f1, #6 < a*? for some o > 0. By the triangle inequality,
2K > ||(f1 +v1) * Ollarery = [1f1 +v1* Ollarery = I fllzrery — 110 * vl

Estimating the L'-norm by the L?-norm we get

(1) e=¢(K,a) =

10 * vl 1y < 10 * vl p2(r) < 260

Altogether this gives 2K > aLlnd — 2ca??. Hence the formula (1)) for ¢ =
e(K,a) leads to a contradiction. =

The next lemma gives more information.

LEMMA 9. For every € > 0 there exists 6 = 0(g,a,K) such that if
If + vlaeery < K for f € G(a) and v € F(3), then || f|lp1(ry < K(1 +e).

Proof. Let © € BPBE/Q(suppJ?). Then |O|f1ry < 1+ ¢/2, é(n) =1
for n € supp f, #6 < (A\/e)*#I = exp(2#fIn(\/e)) for some A > 0. By
Lemma [§] for sufficiently small § we have

#6 < exp <2 1n(2> exp(cKa_1)>a

where c is as in Lemma [8| By the triangle inequality

e
<1+2>K 2 @x(f+v)llia = If +O vl = [ fllLr) — 1€©*vllLi(r)
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Since |6] < 14 ¢/2, we have © x v € F((1+£/2)§). Obviously
#(O xv) < #6O < exp (21n(2> exp(cKa,_l)).
Estimating the L'-norm by the L?-norm we get

16+ vluscn < 1€ s vluzqey < (145 )oexp (n( 2 ) explerca ).

Altogether we get

(1 + ;)K > || fllzrery — <1 + ;)5exp (111(2) exp(cKa_1)>.

then the assumption || f|[z1()y > (1 +¢)K leads to a contradiction. m

3. The case of My(T). We will make use of the following result (see
[W, Proposition 1.9]).

PROPOSITION 10. Suppose A is a commutative Banach algebra with unit
and x € A has a finite spectrum, o(x)={A1,..., A\n}. Put 0 =min;2; |X\;— ;.
Then there exist orthogonal idempotents x1,...,x, € A (i.e. xf = x; and
xix; =0 fori#j,i,j=1,...,n) such that

T =Mz + Xozo+ -+ N\Tn.
Moreover, ||z;|| < §—F12n=Y|z||"t fori=1,...,n.

One abbreviation is useful when it comes to manipulating with convolu-
tion powers. We will write f = f*™ = fx.--x f (m-times) for a function (or
a measure) f and to avoid any misunderstandings we will not use pointwise
multiplication for functions up to the end of this section.

Now, we prove a simple corollary of the last proposition. From now on,
unless otherwise stated, || - || denotes the L!(T) norm.

LEMMA 11. Let f be a trigonometric polynomial such that
F(Z) = {0, A1, ..., A}
Put \g = 0 and define 6 = min;z; [A; — Aj|, Amax = max{|A| : A € F(z)y.
Then, for every m € N,
£ < k6F28 | FF A

max*
Proof. We easily see that, if f is a polynomial, its spectrum in the algebra
M(T) is equal to f(Z). Hence, by Proposition we have

f=MfA+Xfo+ 4+ N fi
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for some orthogonal idempotent polynomials f;. A simple calculation shows

that
k K
= (ZAlfl) =Y N'fi
=1 =1

Applying the estimate from Proposition [10| we complete the proof:

1™ < Z NIl < kSR 28| I A G m

=1

The next theorem allows the strict spectral conditions of the previous
lemma to be relaxed.

THEOREM 12. Let A C C be a finite set with #A = m+1 such that 0 € A
and denote Amax = max{|A| : A € A}. Then there exists C = C(A) such that,
for every K > 0 and every k > m, there exists € = e(K, A) with the property:

~

if a trigonometric polynomial f with ||f|| < K satisfies f(Z) C A+ B(0,¢),
then

IFFI < CAR LA™,

where C' = C(A) = C(tA) for any t € C\ {0}.

Proof. Let \g =0, A ={0,A1,..., Ay} and put 6 = min;£; |A; — A;[. We
may assume that € < §/2, which guarantees B(Xi,e)NB(Aj,e) =0 for i #j.

Fix n € Z. Then there exists a unique A;, with minj—o1,...m R¥ —fln)| =
| A, — ( )|- Now, we define a polynomial fo by the condition fo( )=\, €A
for every n € Z. It is obvious that fo( ) C A. Moreover, g = f — fo satisﬁes
9(Z) C B(0,¢).

We have to estimate ||g[| (an upper bound for || fol| follows from Lem-
ma! A simple observation is that, 1ff( ) = 0 for some [ € Z, then g(I) = 0.

Recall that, for any polynomial h, we write #h = #{n € Z : ﬁ(n) # 0}.
Using Parseval’s identity we obtain

lgllLrry < Ngllzzery < ev#g < eV#f.

Putting v = minneZ{|f(n)| : f(n) # 0}, from the McGehee-Pigno—Smith +
Konyagin theorem we obtain ~y||f|| > LIn(#f), which leads to

VEL <o) < e S8,

Altogether we have ||g|| < e exp(5-K). Finally

k k — k l k—I1
LFA < 8T+ p NIl gl
=0
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Using Lemma [T1] we obtain
I < ma—™m2mAL £l fori=1..., k.

Moreover, ||g||*~t < F exp( (k DK ) Collecting these facts, we get

k—1
_ k—1
171 < 2 1 (M2 X ()Mt e (25 )
1

1=
e oo )
+ ——¢efFlexp K
HR 2l

Taking ¢ so small that the expression in parentheses is smaller than 2\F
we finally get ||f*|| < md—m2m+HY| £k .. Putting C = m2m+i\m _/6m

max-* max

we have C' = C(A) = C(tA) for every t € C\ {0}, which gives the desired

estimate. m

We now introduce the following notation. Let C' > 0 and k € N, k > 2.
We say that a compact set A C C with 0 ¢ A belongs to the class U(C, k)
provided for every K > 0 there exists an open neighborhood Vi of A such
that for every p € Mo(T) satisfying ||l arer) < K and o(u) C Vi U {0} we
have

I ey < Cllullid,.

By Theorem every finite set A C C with 0 ¢ A and #4 = k belongs to
the class U(C\ k).

THEOREM 13. Let C > 0 and k € N. Assume that X,Y € U(C,k) are
such that X C B(0,7) and Y C {z € C : |z| > R} for some R,r > 0.
Then for every C' > C, there exists € = e(r, R,C") > 0 such that eX UY €
U(C' k).

Proof. Fix K > 0 and take p € My(T) such that
o(p) C (eXUY + B(0,6)) U{0}

and ||u|| < K. Since p € My(T), there are only finitely many n € Z satisfying
i(n) € Y + B(0,0). Hence, we may define a polynomial f by the conditions
F(n) = 7i(n) if i(n) € Y+B(0,6), and f(n) = 0 otherwise. Then the measure
v = p — f satisfies U(Z) C (¢X U B(0,6)) U0 and the equality u = f + v
holds.

Now, we apply Lemma [ For sufficiently small & = e(c) we get | f|| <
CHMH, where ¢ is any number greater than 1, and consequently ||v|| < |||+ f]I

< (1+¢)||u]. The measure e ~'v has Fourier coefficients in (X + B(O e~ 19))
U {0}. By the assumption there exists § > 0 such that |[(e~'v)¥|
Clle=tv||*~1, which yields ||*|| < Ce|lv||*1. We also have f(Z) = o(f) C
(Y + B(0,9)) U{0} and Y € U(C, k). Hence, taking smaller § if necessary,
we get || f*|| < C||f]I*~". Clearly, we may assume that the sets e X + B(0, §)
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and Y + B(0, ) are disjoint, which leads to v % f = 0. A simple calculation
1 = 15+ 2 < R+ A< CIFIEE + Celw)
<O e(l+ o P

Since ¢ can be chosen arbitrarily close to 1, and € may be as small as we
wish, the theorem follows. =

In the formulation and the proof of the next theorem we will write s(n)
instead of s,, for a clearer display.

THEOREM 14. Let 0 < a < b and k € N, k > 2. For every C > 0 there
exist a sequence of continuous functions i : Ry — Ry, I € N, such that
whenever a decreasing sequence s(n) tending to zero satisfies

s(2n 4271 4 1) s(2in 4 271)
@i Y (“ s(@n +1) )

for everyl € N,n=0,1,...,2" and A, € U(C,k), A, C B(0,b)N{z € C:
|z| > a} and (ry,) tends to zero rapidly enough, then any measure p € My(T)
with ||pl|prry < K and with

z) < | J(s(n)An + B(0,72)) U {0}

satisfies p* € LI(T).

Proof. For simplicity assume s(1) = 1. Let C},, be an increasing sequence
of real numbers such that ¢ < C,, < C for all m € N and some C' > 0.
Let us also define v; by 1/11( ) = ¢&(b, -, C;) where £(+, -, ) is as in the previous
theorem for C' := C)_1.

We show first by induction that for every m,n > 0,

(n+1)2™ S(])
2 Bmn = = A; € U(C, k),
( ) ) j:ngn—H 8(n .om 4 1) J ( )

Indeed, for m = 0 clearly By, = Ap4+1. For m > 0 the interval of integers
[n-2™+1, (n+1)-2™] is the disjoint union of [(2n)-2m~1 41, (2n+1)-2m71]
and [(2n +1)-2m"1 4+ 1,(2n + 2) - 271], which implies

s((2n+1)2m 1 4 1)

3 B = Bm— U
(3) e m—1,2n s(n-2m41)

Bin—12n+1-

It is easy to check that

‘2m+2m—1
Br-1,2n C {ZE(C: |z >as(n )}

s(n-2m+1)

and By,—12n+1 C B(0,b). From the previous theorem it follows that if we
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take in the coeflicient s(@nt)2m 7 41) such that

s(n-2m+1)
s((2n+1)2m~1 4+ 1) s(n-2m +2m1h)
s(n-2m+1) )’

s(n-2m+1)
then the resulting union belongs to U(Cyy, k) and hence to U(C, k).
Applying (2) to n =1 and n = 0, we see that for every m =0,1,2,...,
2T7L

< Jm <a

s(J) ~
Bmfl,l = — A € U(C, k‘)
j291+1 s(2m=1 4+ 1)
and
2m
(4) Bmo\Bm-1o=|J s()4;=s2""+1)Bn_11.
j=2m-141

Then it follows from Theorem [13| that there exists r/, such that for every
measure v € M (T) with

4K ~
(5) H’Y”M(T) < m and J(Z) C Bp—1,1 + B(0,7),)
we have
6) M llrery < ElEs,
Let p € Mo(T) with ||u[[prmy < K satisfy
iz) < |J (Bmo\ Bm-10) + B(0,7))
m=1

where 7, = !/, 5(2™"1 4+ 1). Since u € My(T), for any fixed m € N there
exist only finitely many p € N such that fi(p) € (Bmo \ Bm-1,0) + B(0, )
(we may assume that these sets are disjoint for different m’s). Hence we
can define polynomials f,, by the condition ]/”;L(p) = pu(p) for p € Z such
that 7i(p) € (Bm,o \ Bm-1,0) + B(0,7y,), and f;b(p) = 0 for other p’s. Then

—

w= E;j:o Jm-

The polynomials f! = fn,/s(2™71 + 1) satisfy . In fact, the second
part of follows directly from . For the first part it is enough to show
that || fm|| < 4K. This follows from the observation that

m m—1
fn=(38) - (3 5),
=0 =0
the triangle inequality, Lemma [ and the properties

ij € G(as(2™)) and Z fj € F(bs(2™ +1)).

j7=0 j=m+1



126 P. Ohrysko and M. Wojciechowski

Indeed, let us put in Lemma [9]
m
f:Zf]7 V:M_.ﬂ e=1,
=0

and define a sequence of functions v, by the formula
o~ 1
Ym () = min (@Z)m(), 56(1, . K)> )

Then the assumptions of Lemma [9] are satisfied, which leads to || f|| < 2K.
The second term is estimated analogously.
Finally, by @ we have

|5 llscry < s@ 7+ DO fmllbrly < s@ + DEEK),

Consequently, the series > ° fk is absolutely convergent in L'(T) to uF,
which finishes the proof. m

4. Reduction to the case of My(T). The first result which will be used
in this section is the following theorem taken from the book [GM], closely
related to results from [DK].

THEOREM 15. Let r € N, r > 2 and p € M.(T). Define
Q=Qn) ={necZ:|un) =1}
and suppose that |f(n)| < e~ forn ¢ Q.
o If||u|| <r'/?/4, then Q is a finite set.
o If||u|| <r'/2/4 and N €N is such that
r < (In(N/4)Inln N)/2
then #Q < N.

Applying the above theorem we will prove that a continuous measure
belongs to My(T) if special assumptions are imposed on the range of its
Fourier transforms.

In the next lemma we denote

Lirit)={zeC:r<z|<t} (0<r<t).

LEMMA 16. Let wy, ti with wg < tp be sequences of positive real numbers
such that

o tp — 0 ask — oco.

o tp\/In(tg/wy) is increasing and divergent to oo.
Let Ly, = L(wg, ty). If p € M(T) satisfies i(Z) N Ly, = 0 for all k € N, then
€ Mo(T).
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Proof. Define zj, = In 5}—’2 Then the second condition on wy, t; implies
that the sequence t;./Tg is increasing and divergent to co. Hence, there exists

ko € N such that for every k > kg,

|l < tiv/xg/4.

By the assumption, fi(Z) N Ly = 0 for every k > ko. That means
w(im)/ty ¢ L(e”**,1) for all m € Z, k > k.
From Theorem [15] we deduce that the set
Ar={neZ:|un)/ty] > 1} ={n € Z:|u(n)| > ty}
is finite for all £ > kg, which finishes the proof. m

REMARK 17. Obviously the assumption fi(Z)NLg = () from the preceding
lemma can be replaced by (Z) N Ly, = 0 for any subsequence k.

This will be used in the proof of Theorem 1 in the next section. The
second reduction, needed in the proof of Theorem 2, is as follows: having an
arbitrary p € M(T) we split it as g = pe + g where . is the continuous
part and pg the discrete part. Then from the assumptions on the set i(Z)
we would like to extract information about fi.(Z) which with the aid of the
last lemma leads to the conclusion that p. € My(T), and for measures from
this class we shall apply Theorem [14]

One thing remains to be proved: if 4 € My(T) has a natural spectrum
and v is an arbitrary measure with a natural spectrum, then p + v also has
a natural spectrum. The key to obtain this fact is an important theorem of
Zafran |Za)]. To formulate it we introduce the following definition.

DEFINITION 18. Let % denote the set of measures with natural spectrum
with Fourier—Stieltjes coefficients from cg, i.e.

% = (i€ My(T) : o(s2) = A(Z) = (Z) U {0} }.
For any commutative Banach algebra A we denote by 9t(A) the space of

maximal modular ideals of A, identified also as the set of all multplicative
linear functionals on A (cf. |Z)).

THEOREM 19 (Zafran). The following hold true:
(1) If h € M(Mo(T)) \ Z, then h(p) =0 for p € €.

(ii) € is a closed ideal in My(T).

(iii) M(¥) = Z.

It is easy an elementary fact that L'(T) C ¥ and from the preceding
theorem we conclude that

Rad(LY(T)) = {p € M(T) : u** € LY(T) for some k € N} C %.

In contrast to the second conclusion of Zafran’s theorem, the sum of two mea-
sures with natural spectrum does not necessarily have a natural spectrum.
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The proof of this fact is based on the construction of a measure supported
on an independent Cantor set as in [R] (see also [Za] for details). However, as
stated before, assuming more on one summand provides the desired property.

THEOREM 20. The sum of two measures with natural spectrum has a
natural spectrum if one of them has Fourier coefficients tending to zero.

Proof. The spectrum of a measure is the image of its Gelfand transform.
Hence using the result of Zafran for 4 € ¥ and v with natural spectrum, we

obtain
o(p+v) ={p(p+v):peMMT))}
= (L+)(2) U{p(v) : p € MM(T)) \ Z}.
Since v has a natural spectrum, for every ¢ € MM(M(T)) we have p(v) €
v(Z). Now we consider two cases:

1. o(v) € v(Z)\ V(7).
2. o(v) € V(Z).

In the first case there exists an increasing sequence (ng)gen of integers such
that limy_,o 7(ng) = @(v). Since p € My(T), we get p(v) = limyg_o0 V(ng) =
limy 00 (8 + V) (nk). Hence o(v) € (i + V)(Z), which completes the proof in
this case.

In the second case ¢(v) = V(ng) for some ng € Z. If ji(ng) = 0 then
o(v) = v(ng) + fi(no) € (1 + V)(Z) and the result follows. Assume now
f(ng) # 0. If U(ng) is an accumulation point of o(v) = U(Z), then we proceed
as in the first case. It remains to consider the case when 7(ng) is an isolated
point of 7(Z). Because pu € My(T) we see that also 7(ng) is an isolated point
of (4 v)(Z). We will prove a stronger statement: 7(ng) is an isolated point
of o(u+v).

Indeed, suppose on the contrary that there exists a sequence of complex
numbers (Ag)reny C o(pu + v) tending to 7(ng). Since the spectrum of a
measure is the image of its Gelfand transform, we can choose a sequence ¢ ¢
(hi)ken C M(M(T)) such that hi(p + v) = M. Without losing generality,
we may assume that for a sufficiently large k, the functionals hj are not the
Fourier coefficients (otherwise 7(ng) € (it + 7)(Z) and the proof is finished).
Using again the theorem of Zafran we get

lim hi(p+v) = lim hg(v) = U(ng).
k—o0 k—o0
But hy(v) € o(v) = D(Z). Hence D(ng) is not an isolated point of D(Z),
which contradicts the assumption.

Since o(p + v) has a complex number 7(ng) as an isolated point, we
can find two open sets A, B C C such that ANB =0, o(u+v) C AU B,
v(ng) € B and o(u+v)\v(ng) C A. Let f be a holomorphic function defined
on AU B by putting f(z) = z for z € A and f = V(ng) + 1 on B. By the
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spectral mapping theorem there exists a measure v := f(u + v) € M(T)
satisfying
o(m)=f((g+7v)(m)) forall m e Z.
By the definition of f we have v(n) = (i +v)(n) for n # ng. Moreover, since
we have assumed fi(ng) # 0 we have fi(ng) + U(ng) # V(no) and fi(ng) +
v(np) € A, which leads to
v(no) = (1
Therefore, the measures v = f(u + v) and p + v have the same Fourier

coefficients, which implies f(u + v) wu + v. From item (i) of Zafran’s
theorem we have () = 0, which by functional calculus implies

V(no) = o(p+v)=o(f(u+v)) = fle(n+v))
= [(p(v)) = f(¥(no)) = V(no) + 1.

This contradiction completes the proof. =

+9)(n0).
)

5. Proofs of the main theorems. We begin with the proof of The-
orem 1. Let t;, wy and L; be as in Lemma and let b > 2, a < 1. We
put A, = A = {-1,1} for n € N and take C' > 0 from Theorem 12 such
that A € U(C,2). Next, let us denote by v, the sequence of functions from
Theorem [T4, We construct inductively a sequence &, as follows: £g = 1 and
if g, ..., e, are chosen, take the smallest k such that t < e1-... -, and re-
name it as k,. Now let ,+1 be any number which satisfies 0 < g,,41 < %wkn
and €41 < Yp(agr ... e,). Every n € N has a unique binary expansion

n= Zaﬂi, a; € {0,1}.
We put s(n + 1) = []e;*. We take the sequence r(n) from Theorem (14| and
modify it (if necessary) to guarantee that r(2"~!) <t and r(2") < Jwy,.
Finally, we put
U= [J(s(n)An + B(0,7(n))).
neN

Let u € M(T) be such that 1i(Z) C U U {0}. Then, by the construction,
(UU{0}) NI, = 0. By Lemma and the remark following it, p € My(T).
Finally, Theorem [14] yields ? € L'(T). Hence, by Zafran’s theorem u € %,
i.e. p has a natural spectrum.

We move on now to the proof of Theorem 2. We start from the following
simple lemma whose proof is left to the reader.

LEMMA 21. Let S = |Jpo; Bx C C be a union of balls such that 0 € S.
Then there exists a (topological) Cantor set K such that K — K C SU—S.
Let D = {—1,1} and E = {-2,—1,1,2}. By Theorem [12, D € U(C,?2)
and E € U(C,4) for some C > 0. Let (s5,)02, = (s(n))2>, and (r,)52,
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satisfy the conditions of Theorem |14 for A, = D, n=1,2,..., and (s,)

n=1

and (r7,)5° ; satisfy the conditions of Theorem (14| for A, = E, n=1,2,...;
suppose moreover that 2|s,,|+ 7., +r}, < r, for m > n. Let G, n =1,2,...,

be a Cantor set satisfying, by Lemma
Gn—Gn C | B(sk, ) U | B(=sp, 1)

k>n k>n
We also put Ag = By = Gy = {0}, ro = rj, = 0, sp = 1 and with a little
abuse of notation B(0,0) = {0}. Then we define

o0
X = |J(sndn+Gn).
n=0
Clearly the set X is closed. Suppose now that fi(Z) C X. We will use the
following result from [GW].

LEMMA 22. Let p € M(T). Then 1g(Z) C u(Z) where pq is the discrete
part of .

Therefore
7.(Z) C J(Z) — fia(Z) € X—X C ( fj (5nAn + Gn)) —( G (50 An + Gn))
n=0 n=0
C | (sndn = sk A + G — G) U J((snAn + Gn) = (snAn + G))
n#k n
C U (sndn + B(0,2]si| + 77, + 7))
n<k

U J(suBn + Gn = Gn) U J(Gn — G)

C U (snBn + B(0,2|sg| + 71 +17))
n<k

U J(suBn + B(0,2r,)) U J(snBn + B(0,77,))

C | J(snBn + B(0,10)).
n
By Theorem 1, we derive that . has a natural spectrum. Finally, since
additionally p. € Mp, Theorem shows that 4 = p. + pg has a natural
spectrum.

6. The example. In this section we construct an example of a singular
measure satisfying the assumptions of Theorem 1 which we call the Riesz—
Rudin—Shapiro product. Our construction is an instance of generalized Riesz
products, which are elaborated in Chapter 5 of the book [HMP].
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First, let us recall a few results concerning the usual Riesz products. They
are continuous probability measures on the circle group given as weak-star
limits of trigonometric polynomials of the form

N
H(l + ay, cos(ngt)),
k=1
where —1 < a; < 1 and ny is a sequence of natural numbers satisfying the
lacunarity condition ngi1/n; > 3. We will write
o
R(ag,mx) = [ J(1 + ax cos(nxt))
k=1
for the Riesz product built on the sequences a; and ny satisfying the above
conditions. One of the oldest results (see [Zy]) on Riesz products is that
R(1,3%) is singular with respect to Lebesgue measure (we will write simply
“singular”). However, a much more general theorem was proved in [BM]. In
its formulation below, ;1 L v means that the measures p,v € M(T) are
mutually singular and g ~ v denotes equivalence of measures, i.e., y is
absolutely continuous with respect to v and vice versa.

THEOREM 23 (Brown and Moran). If ax, by satisfy —1 < ag,br < 1 and
the natural numbers ny have the property nyy1/ni > 3 then
o0
R(ag,n) L R(bg,ni) & > (a — bg)* = 00,

k=1
oo

R(ak,nk) ~ R(bk,nk) 54 Z(ak — bk)z < 00.
k=1
As we stated in the introduction, Riesz products may be used for a simple
proof of the Wiener—Pitt phenomenon (see [G]). Moreover, Zafran [Zal] gave
a necessary and sufficient condition for the Riesz product R(ax,ny) to have
a natural spectrum under the assumption that the sequence aj, converges to
ZEro.

THEOREM 24 (Zafran). Let ay be a sequence tending to zero such that
—1 < ar <1 and ng be a sequence of natural numbers with nyq1/n; > 3.
Then the Riesz product R(ax,ny) has a natural spectrum if and only if there
exists m € N such that

[e.9]

Z lag|™ < oo.

k=1

It is also proven in [BBM] that in the case when the Riesz product has all
powers mutually singular, its spectrum is the whole disc {z € C : |z| < 1}.
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However, usual Riesz products are not sufficient for our needs and we move
on to the construction of a more general class of measures.
Let us start with some preliminary lemmas and notation. The first one is
a very simple arithmetic argument needed in calculating the Fourier—Stieltjes
coefficients of our measure.
LEMMA 25. Let (m;)52,, (r;)52, and (n;)52, be increasing sequences of
positive integers with
k—1
TR > 22((2"1 —1)mj+r;)  fork>2.
=1
Moreover, let (cj)‘]?‘;1 be a sequence of positive integers satisfying
c;j € {rj,mj+rj,2m; +r4,..., (2" —1)m; +1r;}  forjeN.

Assume that an integer s is expressible in the form

N
5= ijcj where N €N, b;j € {-1,0,1} and by # 0.
j=1
Then this expression is unique.

The proof is obvious and we omit it.
The fundamental ingredient in our construction are the Rudin—Shapiro
polynomials (cf. [R]). We recall them in the next definition.

DEFINITION 26. Let Py = 1 and ()9 = 1. We define inductively two
sequences of polynomials by the formula

Poui1(t) = Pa(t) +€2'Qu(t),  Quia(t) = Pa(t) — €' Qu(t).
We will reserve the name ‘Rudin-Shapiro polynomials’ for the sequence
(Pn)5% - Now, we collect the well-known properties of these polynomials.
PROPOSITION 27. For every n € N we have
2n—1
P.(t) = Z are®  where aj, € {—1,1} for k € {0,...,2" —1}.
k=0

Hence || Py||p2(1) = 27/2. Also, [ Prllo) < 2(n+1)/2,
Using (P,)s2, we define another sequence (wy);2; of polynomials.
DEFINITION 28. Let (P,)>2; be the sequence of Rudin-Shapiro poly-
nomials and (ry)p, (mx)i,, (nk)72, be increasing sequences of positive
integers. Let (ex)72; be a decreasing sequence of positive numbers vanishing
at infinity. We define polynomials (wy)?2; by the formula
Wg = 5kPnk (mkt)eirkt + EkPnk (mkt)e_irkt.

We summarize the properties of the polynomials wy.
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PROPOSITION 29. The polynomials wy, are real-valued on T and have the

following form (the prime denotes a sum without the term corresponding to
[=0):

(7)
2"k —1

/ . . .
wi(t) = ep E ame”(lm’“"'sgn(l)r’“) +ag(e” "% 4 ") where a; € {—1,1}.
l=—27k 41

Hence, Hwk”%%r) = £2(2mF1 — 1), Moreover, lwk ey < £, 20K t3)/2,

Proof. The polynomials wy, are real-valued by Definition 28 Equation
is straightforward by Proposition The remaining properties follow
from @ and Proposition n

Equation reveals an important feature of the polynomials wy, namely
the sequence of their Fourier coefficients has gaps of lengths my.

We are now ready to construct the Riesz—Rudin—Shapiro products. The
proof of the following proposition is standard, based on fact that the weak-
star convergence of a bounded sequence of measures follows from the point-
wise convergence of its Fourier transforms (see for example [HMP]).

PROPOSITION 30. Let (11)72, (mi)32,, (nk)32, be increasing sequences
of positive integers. Let (e1,)72, be a decreasing sequence of positive numbers
vanishing at infinity and (wy)32, be the corresponding sequence of polyno-
mials. Assume that

k—1
(8) re>2Y (2" —Dmj+r;)  fork>2
j=1

and moreover £;,2+3)/2 < 1 for all k € N. Then the sequence of polynomials
N

In(t) = H(l — wi(t))

k=1
converges in the weak-star topology of M(T) as N — oo to some positive
measure p € Mo(T) with ||p||pr(ry = 1 with the additional property

(2 {iﬁgij 1y, € {0,1}, meN}u{O}.
k=1

We will write
o0

p=TT0—wy)
k=1
to denote the measure p obtained by the procedure described above. Adding
more restrictions on our sequences we get
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PROPOSITION 31. Let (14)72, (mi)32,, (nk)32, be increasing sequences
of positive integers. Let (ex)72, be a decreasing sequence of positive numbers
vanishing at infinity and (wg)5>, be the corresponding sequence of polyno-
maals. Assume that

k—1
TR > 22((2”1 —1mj+rj)  fork>2,

j=1

(9) ol
me>2Y (2% = mj+r;)  fork>2

j=1

and moreover e;,2"t3)/2 < 1 for all k € N. Also, assume that there exists a
constant ¢ > 0 such that

(10) e2(2™ T — 1) >¢  forall k €N.
Then the measure pn = [[re; (1 — wy) does not belong to L*(T).

Proof. The above assumptions yield the existence of a measure p as in
Proposition Fix N € N and consider the polynomial

N

() =T = w(t).

k=1

An easy application of Parseval’s identity gives

k_z (k)| > k_Z N )12 = 1wl

Hence it is enough to show that HfNH%mr) — 00 as N — oo. We calculate

(using the normalized Lebesgue measure on [0, 27])

N N
HfN||%2 SH 1 —wy(t SH 1 — 2wy (t) + wi(t)) dt.

Expanding the last product we get multiples of the expressions

£ {wlt(8) - wi2(t) - wlm (8 dt = = (h(1) dt,

i i
where 1 <m < N,i3 < -+ <y and ly,..., I, € {1,2}. A simple arithmeti-
cal argument based on @ shows that the 1ntegral equals O unless |} = --- =
Iy, = 2. Indeed, it is equal to h( ), and to prove this assertion let us assume
on the contrary that I, = 1 for some 1 < s < m. If h(0) # 0, then there exist

integers ji, 71, .., Jm, Ji, satisfying jg, j, € {—2"a +1,...,2"a — 1} \ {0}
for all d = 1,...,m except d = s, for which js belongs to the same set of
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integers but j. = 0, such that

m
0 =" (mr(ix + ji.) + ri(sen(jx) + sen(j;))).
k=1
Condtions @ imply that this is possible if and only if j; 4 j;, = 0 for all k.
However, this is excluded by the assumption [y = 1, which leads to the
vanishing of j.. Putting all this together we obtain
N N
N2y = V10— we(®)?dt =\ T] (1 + wi (1)) dt.
k=1 k=1

Forgetting the terms of order higher than two we have, by Proposition
N N N
JJO+wi@)dt>1+> (wi)ydt =14 252" —1)).
k=1 k=1 k=1
Using the assumption we finally get
HfNH%Q(T) >14+Nc—oo asN —o00. =

The main result of this section states that under additional assumptions
on the sequences (r4)72,, (mx);e, and (ng)p2, the resulting measure is
singular. We also show how to satisfy these assumptions.

THEOREM 32. Let (e;)52, be a decreasing sequence of positive numbers
vanishing at infinity such that ex41 < %6k for all k € N. Then there exist
sequences (1)72 1, (mr)esy, (nk)32, of positive integers satisfying the con-
ditions

k—1
re>2Y (2% —Dmj+r;)  fork>2,
j=1
(11) k—1
my > 22((2”j —1)m;+rj)  fork>2,
j=1

1/2 < g 2mH+3)/2 < 1,

such that the positive measure p = [[pe, (1 — wy) € Mo(T) with norm 1 is
singular and satisfies

(z) {iﬁeﬁj 1y, € {0, 1}, meN}u{O}.
k=1

Proof. We show first how to choose the sequence (ny)2,. We define ny,
as the smallest integer satisfying

1 1
2log25—5<nk<210g25—3.
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To satisfy ng.y1 > ng it is enough to have 2log, (1/e;)—3 <2logy (1/ek+1)—5,
which is equivalent to g5 < %ak. Now we define the sequences (r)3, and
(mg)3e,. We put m; =r; = 1 and then we choose inductively
k—1
TR > 22((27” —1)mj+r;) for k> 2,
j=1
k—1
me>2> (2% = 1)mj+rj) for k> 2.
j=1
We can apply Proposition [31] to derive that the measure p exists and does
not belong to L*(T) (in fact, the assumption 2™ef > 1/32 leads to this
result without referring to Proposition . The proof of singularity follows
essentially the argument given in [BM] and |[GM]| for Riesz products.

We obviously have
oo

Zané“k = OQ.

k=1
Hence, we may choose a sequence (cx)?; € [?(N) of real numbers and an
increasing sequence ()72, of integers such that
It
(12) Z c2Me =1 forallkeN
I=lp+1
with the additional property

o

(13) D e < oo

=1
We set

Ap={r,m+my,rp4+2my, oo+ (2" = 1)my €N for I € N,

Clearly, Ay Ar =0 for | # k and |A;| = 2™. Moreover, ji(n) = sgn fi(n)e
for n € A;. Consider polynomials fi for k € N defined by

Ikt

(14) fey= > a ) senfi(n)e™.

I=l,+1 nEA,

By we have
lk+1

(15) ka”%Q(T) = Z 2Mct 0 ask— oo.
I=lp+1
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We now perform a crucial calculation of || fk||%2(.[r )

el m 0y =\ £ (8 Fi(E) da
= Z 2m el Z Z sgn ji(n) sgn (m) p(m —n) + Z c2Meie, 2" ey
l

n,meA; l,r
n#m l#r
However, fi(m —n) = 0 for m,n € A;, n # m (by and the construction

of 1 in Proposition and the second sum vanishes. Simple manipulations
of the remaining terms give

2
Z el 4 Z c2Meic,2"e, = Z el 4 (Z 2’”6101) - Z crmie?,
] Lr / ] /
l#r
By , the second term equals 1 and so

lkg1

il ey =1+ D cf2™(1—2"ef).

l=lk+1

The assumption 2”1512 > 1/32 leads to 1 — 2"le€l2 < 31/32, which, with the
aid of , gives

lk41
Z 2" (1 —2"Me?) =0 as k — oo.
I=lk+1
Hence
(16) ||fk‘||L2(T“u) —1 ask— oo.

We shall now show that
(17) kh_{go 1 fx = Ulpier,y =0

Applying the Schwarz inequality we get

2 2 2
(S0 = 1ldu)” < §1sk = 12 dpe = §1 2 dpe = 2Re | fidpe+1
Ikt
= S | fe|” dp — 2Re Z 2Me;+1—-0 ask — oo.
I=lp+1
The last assertion follows from and . This proves .

Finally, by and , we can find a subsequence (fx;) and a Borel
set F' C T of full Lebesgue measure and with u(F') = 1 such that

lim fi,(t)=0 forte F, lim fi, =1 p-ae onF.
j—o0 j—o0
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Both the normalized Lebesgue measure and p are positive and have norm 1.
Hence p is singular with respect to the Lebesgue measure, which finishes the
proof. m

7. Final remarks. 1. The components of the open set U constructed
in Theorem 1 tend to 0 very fast. A closer look at the proof shows that
the reciprocal of the distance of the nth component to 0 grows as fast as
the Ackermann function A(4,2n), which is very fast. It is not easy to see in
which places of the proof this growth could be optimized.

2. Our proof shows that the continuous part of a measure satisfying the
assumptions of Theorem 1 has an absolutely continuous convolution square.
We do not know, however, whether this could be improved. In particular it
would be interesting to find an example of an open set U; such that a con-
tinuous measure is absolutely continuous if it has all its Fourier coefficients
in Ul.

3. It would also be interesting to construct an open set U with the
property that any function with Fourier coefficients from Uy has only the
kth convolution power absolutely continuous, and such that there exists a
measure with Fourier coefficients in U, with all smaller convolution powers
singular.

4. The above property uses the fact that the sum of measures with Fourier
coefficients tending to 0 whose convolution powers are absolutely continuous
belongs to the Zafran class . We also conjecture that the converse holds:
any measure from ¢ can be decomposed into an (infinite) sum of measures
whose convolution powers are absolutely continuous.

5. The crucial element in our proof was the use of the Littlewood con-
jecture to estimate the number of repetitions of any specific value taken by
the Fourier coefficients. In the case of the Cantor group, the Littlewood con-
jecture does not hold. This fact encourages us to ask whether any infinite
Wiener—Pitt set exists for the convolution measure algebra on the Cantor
group.

6. Our Lemma 8 is a stronger version of the second part of Theorem 15,
which is taken from [GM]. Our proof uses the exact version of the Little-
wood conjecture, which was not available when [GM| was written. But our
proof differs in more respects: it uses Bozejko—Pelczyniski’s invariant local
approximation property, which seems to be a simpler method.

7. While Lemma 8 does not hold for torsion abelian groups, because the
Littlewood conjecture is false there, it seems likely that Lemma 9 may be
extended to this case—but this would require completely different methods.
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