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Polaroid type operators and compact perturbations
by

CHUN GUANG LI and TiNG TING ZHOU (Changchun)

Abstract. A bounded linear operator T acting on a Hilbert space is said to be
polaroid if each isolated point in the spectrum is a pole of the resolvent of T'. There are
several generalizations of the polaroid property. We investigate compact perturbations of
polaroid type operators. We prove that, given an operator 7" and € > 0, there exists a
compact operator K with | K|| < e such that T'+ K is polaroid. Moreover, we characterize
those operators for which a certain polaroid type property is stable under (small) compact
perturbations.

1. Introduction. This paper is inspired by [I, 4 5], where the stability
of polaroid type properties under some commuting perturbations is studied.
The purpose of this paper is to investigate the perturbations of polaroid
type properties under small compact perturbations.

Throughout this paper, H denotes a complex separable infinite-dimen-
sional Hilbert space. We let B(H) denote the algebra of all bounded linear
operators on H, and K(#) the ideal of compact operators in B(H).

Let T' € B(#H). We denote by o(T'), 0p(T'), 05(T") and 0, (T") the spectrum,
the point spectrum, the surjectivity spectrum and the approximate point
spectrum of T' respectively. Denote by ker T" and ran T the kernel and the
range of T respectively. The ascent of T is defined as the smallest non-
negative integer p := p(7T') such that ker TP = ker TP*!. If such an integer
does not exist we define p(T') = co. Analogously, the descent of T is defined
as the smallest non-negative integer ¢ := ¢(T) such that ran TP = ran TP*!,
If such an integer does not exist we define ¢(7") = oco. It is well known that
if p(T') and ¢(T) are finite then p(T") = ¢(T).

Recall that T is Drazin invertible if p(T') and ¢(T') are finite; this holds
if and only if 0 is a pole of the resolvent of T' (see [13], Proposition 50.2]).
Moreover, T is left Drazin invertible if p(T) < oo and ran(TP()+1) is closed.
Analogously, T is right Drazin invertible if ¢(T) < oo and ran(T9T)) is
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closed. We say A € 0,(T) is a left pole of T if T'— X is left Drazin invertible,
and A € o4(T) is a right pole of T' if T — X is right Drazin invertible.

Given a subset o of C, we denote by isoo the set of all isolated points
of 0.

The notion of polaroid operators was first introduced in [IT].

DEFINITION 1.1. We say that T' € B(H) is polaroid, denoted by T' € (P),
if every A € isoo (7)) is a pole of the resolvent of T'.

The polaroid property is often used as a basic condition to study Weyl’s
theorem for operators and its generalizations (see [2], [3, 4} [8, @, [I1]). Since
people are interested in the stability of Weyl type theorems under pertur-
bations, we are going to study small compact perturbations of polaroid
properties.

Some other variants of the polaroid property are introduced in [2].

DEFINITION 1.2. We say that T' € B(H) is a-polaroid, denoted by T €
(AP), if every A € isoo,(T) is a pole of the resolvent of 7'; T" € B(H) is said
to be left polaroid, denoted by T' € (LP), if every A € iso0,(T) is a left pole
of T; T € B(H) is said to be right polaroid, denoted by T € (RP), if every
A € isoog(T) is a right pole of T'.

It is easy to see that
T a-polaroid = T left polaroid = T polaroid,

and
T left polaroid < T right polaroid.

In [10], Duggal introduced the concept of hereditarily polaroid operators.

DEFINITION 1.3. We say that T' € B(H) is hereditarily polaroid, denoted
by T € (HP), if the restriction of T' to each closed invariant subspace is
polaroid.

The purpose of this paper is to investigate compact perturbations of
Hilbert space operators with polaroid properties. We shall prove that given
T € B(H) and € > 0, there exists K € K(H) with || K| < e such that T+ K
is polaroid. Moreover, we shall study the stability of polaroid properties
under (small) compact perturbations. In order to state our main results, we
first introduce some notations and terminology.

An operator T' € B(H) is called semi-Fredholm if ranT is closed and
either nul7T or nulT* is finite, where nul7 £ dimker7 and nul7T* £
dimker T*; in this case, ind7 £ nulT — nulT* is called the index of T.
In particular, if —oco < indT < oo, then T is called a Fredholm operator.
T is called a Weyl operator if it is Fredholm of index 0. The Wolf spec-
trum oye(T), the Weyl spectrum oy (T') and the essential approzimate point
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spectrum oe,(T') are defined by

owe(T) 2 {\ € C: T — X is not semi-Fredholm},

ow(T) = {\€ C: T — \is not Weyl},

oa(T) 2 (] 0u(T+K).

KekK(H)
psF(T) = C\ 01(T) is the semi-Fredholm domain of T. It is known that
C\ 0ea(T) = {A € pur(T) : ind(T — A) < 0},

We denote
pep(T) = {X € por(T) : ind(T — A) > 0},
poe(T) 2 (A € por(T) + ind(T — )) < 0},

Per(T) £ {X € psr(T) : T — X is Weyl}.
For T € B(H) and \ € psp(T), the minimal index of A\ — T is defined by
min ind(A — 7') = min{nul(A — T'), nul(A — T)*}.

It is well known that the function A — min ind(A—T) is constant on every
component of psp(T) except for an at most denumerable subset p$ (1) of
ps-F(T) without limit points in psp(7"). Furthermore, if p € p x(T') and A
is a point of psr(7) in the same component as p but A ¢ pS (7'), then

minind(A —7) < minind(p — 7).

psp(T) is called the set of singular points of the semi-Fredholm domain
psF(T); pip(T) = psr(T) \ p2p(T) is the set of regular points. For details,
one can see [12, Corollary 1.14].

For \g € C and § > 0, we denote Bs(Ag) ={A € C: |X — \o| < d}.

We let E(T) = {\ € ope(T) : 39 > 0 such that ind(T — p) < 0 for
€ Bs(0) \ {A} and minind(T — 2) = 0 for j € By(A) \ [{\}U (7))}

The main results of this paper are listed below.

THEOREM 1.4 (Main Theorem 1). Given T' € B(H) and € > 0, there
exists K € IKC(H) with | K|| < e such that T + K € (P).

THEOREM 1.5 (Main Theorem 2). Let T € B(H). Then the following
statements are equivalent:

(1) Givene > 0, there is K € K(H) with || K|| < e such that T+K ¢ (P).

(2) There exists K € IC(H) such that T + K ¢ (P).

(3) isoow(T) # 0.

THEOREM 1.6 (Main Theorem 3). Let T' € B(H). Then the following
statements are equivalent:

(1) Givene>0, there is K € K(H) with | K|| < € such that T+K € (AP).
(2) E(T) = 0.

(>
—~—
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THEOREM 1.7 (Main Theorem 4). Let T' € B(H). Then the following
statements are equivalent.

(1) Given e>0, there is K € K(H) with | K|| <e such that T+K ¢ (AP).
(2) There exists K € K(H) such that T + K ¢ (AP).
(3) isoow(T) # 0 or p_p(T) # 0.

The rest of this paper is organized as follows. In Section 2, we make
some preparations. In Section 3, we give the proofs of the main results. In
Section 4, we study compact perturbations of the left and right polaroid
properties. Section 5 is devoted to investigating the compact perturbations
of the hereditarily polaroid property.

2. Preparations. Let T' € B(H). If o is a clopen subset of o(T'), then
there exists an analytic Cauchy domain (2 such that o C 2 and [¢(T)\o]N 2
= (). We let E(0;T) denote the Riesz idempotent of T corresponding to o,

that is,
1

ST -1
B(0:T) = 5 ;(A )"t dA,
where I" = 0f2 is positively oriented with respect to {2 in the sense of complex
variable theory. In this case, we denote H(o;T") = ran E(o; T'). If A € isoo (7)),
then {A} is a clopen subset of o(T) and we simply write H(A; T') instead of
H({A}; T); if, in addition, dim H(\; T') < oo, then A is called a normal eigen-
value of T'. The set of all normal eigenvalues of 7' will be denoted by oo (T).
Obviously, each normal eigenvalue of T' is a pole of the resolvent of T

LEMMA 2.1 ([15, Theorem 2.10]). Let T' € B(H) and suppose that o(T)
= 01 U og, where o; (i = 1,2) are clopen subsets of o(T) and o1 Nog = (.
Then H(o1;T) + H(o2;T) = H, H(o1;T) N H(o2;T) = {0} and T admits
the matrixz representation
1 0
0 1Tp

H(O’l; T)
H(oo; T)

)

where o(T;) = o; (i = 1,2).

LEMMA 2.2 ([12, Corollary 3.22]). Let T € B(H) and suppose that T
admits the representation

A C| Hp
OB’H27

where os(A) Noy(B) =0. Then T ~ A® B.

Using the above lemma, we can obtain the following result, whose proof
is left to the reader.
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COROLLARY 2.3. Let T € B(H) and suppose that o is a clopen subset
of o(T). Then

A 0
0 B

A x| H(o;T)

0 B| H(o;T)* -

where 0(A) =0 and o(B) =o(T) \ 0.
If S,T € B(H), then S ~ T denotes that S and T are similar. By [6),

Theorem 2.11] and Lemma we can obtain the following lemma.
LEMMA 2.4. Let T € B(H). Then:

(1) T is Drazin invertible if and only if

T o M
0 To| ML
where 17 s nilpotent and Ts is invertible.
(2) If 0 €iso,(T), then T is left Drazin invertible if and only if
n 0| M
0 Tp| MY
where 11 is nilpotent and Ts is left invertible.

LEMMA 2.5 ([7, Proposition 6.9]). Let T € B(H) and g € isoo(T).
Then the following statements are equivalent:

(1) Ao € Uo(T).

(2) Ao € plp(T).

(3) Ao € psr(T).

LEMMA 2.6 ([14, Lemma 3.2.6]). Let T € B(H) and suppose that () #

I' C o1e(T). Then, given ¢ > 0, there ezists a compact operator K with
|K|| < e such that

H(o;T)
H(o:T)*:

TN

T ~

N x
0 A

M

T+K = e

where
(1) N is a diagonal normal operator of uniformly infinite multiplicity,
and o(N) = ope(N) =T,
(2) o(T) =0(A), ope(T) = o1e(A) and ind(T — \) = ind(A — ) for all
AE pS_F(T).
LEMMA 2.7 ([I6, Corollary 2.9]). Given T € B(H) and ¢ > 0, there
exists K € KC(H) with
|K|| < &+ max{dist[\, Opsr(T)] : A € 00(T)}
such that oo (T + K) = plp(T).
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3. Proof of the main theorems. For nonzero vectors =,y € H, we
define the rank-one operator z ® y € B(H) as (z ® y)z = (z,y)x for each
zeH.

We first give a useful lemma.

LEMMA 3.1. Let T € B(H) and e > 0. Then there exists K € K(H) with
| K|l < e such that isoo(T + K) = 0o(T + K) and

minind(7 + K — A) = minind(7 — \)
for all X € p_x(T).
Proof. 1fisoo(T)Noe(T) = 0, by Lemma 2.5 we have iso o(T) = oo(T).
In this case, we need to do nothing. If isoo(T) N oye(T) # 0, without loss
of generality we assume that isoo(T) N ope(T) = {A\n}72; the proof of the

finite case is similar.

By Corollary we have

Ay x| % ] My

T 0 Ay - | * | Ha _ A x| Hp
0 0 .| : 0 B| Ho’
0 0 ---\B Ho

where 0(Ayn) = {M\}, @pi Hi = > poy H(Ag; T) for each n > 1 and Hy =
H O Bry Hp- It is not difficult to see that o(B) C o(T) \ { M\ }22;.

For £ > 0, by Lemma there exists a compact operator Ky on 3’-[0L
with [|[Ko|| < &/2 such that

@Zo:l Anln  *
0 Ag

Dz Ma

A+ Ky = :
’ [ HE & (@, M,)

where

e dim M,, = oo and I, is the identity operator on M,, for each n > 1,
e 0(Ay) = 0(A), one(Ag) = oe(A) and ind(Ag — A) = ind(A — A) for
all A € psr(A).

Fix n > 1. Choose an ONB {e,gn)}zil of M,, and define

Lo )
Kn:anzgek ®ep
k=1
where 0 < a,, < &/2"t! with B,, (\,) No(T) = {\,} and B,, (\,) N
By, (Am) = 0 for m # n. We denote
N

Ky = .
0 0| Ho
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We let K =), K,. Noting that > >° || Ky|| < ¢, we have K € K(H)
and ||K|| < e. It suffices to prove that isoo(T + K) C oo(T + K) and
minind(7" 4+ K — A) = minind(7T" — A) for all A € p_(T).

Noting that

D1 Al + Kn) % % Dzt Mn
T+K= 0 AO * HOL S/ (@Zo:l Mn) )
0 0 B Ho

it is not difficult to see that
o iso0(T+K)={ i+ an/k:nk>1}Uoo(B) =00(T + K),
o for A € p_p(T), we have X ¢ o(Ag) Uo (P, (Al + Ky)) and hence
nul(7 4+ K — A) =nul(B — \) =nul(7 — \).
If Ao € p_p(T + K), we have
minind(7 + K — A\g) = nul(T' + K — X\g) = nul(B — \g)

=nul(T — A\o) = minind(7 — Ag). =

Proof of Theorem, . For ¢ > 0, by Lemma there exists K € IKC(H)

with [|K|| < e such that isoo(T + K) = 0o(T + K); then it is easy to see
that T+ K € (P). m

LEMMA 3.2. LetT € B(H) and suppose that iso o(T)Noywe(T) # 0. Then
for each e > 0 there exists K € K(H) with |K|| < € such that T + K ¢ (P).

Proof. Fix \g € isoo(T) Noye(T). By Corollary T can be written as
A x| HAo;T)

0 B| HO\g;T)*’

where o(A) = {\o} and o(B) = o(T') \ {\o}. Noting that g € o1,(T"), we
have dim H(X\o; T) = oo and oye(A) = {No}-

Fore > 0, by Lemma there exists a compact operator K1 on H(\g; T)
with || K|| < €/2 such that

LY
0 A

M

A+ Ky = ,
! [ H(o; T) & M

where

e dim M = oo and [ is the identity operator on M,
[ ] 0'(140) = Ulre(AO) = {)\0}
Choose an ONB {e,, }>2 ; of M and define Ky € IC(H) by

o
3
KQ - Z mek_l,_l & €.
k=1
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We denote
Ki 0 H(M\;T)
K = L
0 0| H(Ao;T)

In addition, we let K = Kj; + Ko; then K € K(H) and |K| < e.
Moreover, T'+ K can be written as

MI+Ky x  x M
0 2 Ay x| H;T)
T+K= 0 Ao * H()\();T)@M: L
. 0 B| H(\;T)
0 0 B H(Xo; T)

It is easy to see that Ay — Ag is not nilpotent. Noting that o (Aol + K2) =
o(Ag) = {No} and Ny ¢ o(B), we have \g € isoo(T + K). We claim that
T + K — )\g is not Drazin invertible. Otherwise, by Lemma [2.4] we have
Ha
HE

7 0

T+ K— X~
0 Ty

where 77 is nilpotent and 73 is invertible. Using a matrix calculation and
[12, Theorem 3.19], it is easy to see that A; — A\g and 7} are similar; this
means that A; — Ao is nilpotent, a contradiction. Hence the claim follows
and T+ K ¢ (P). =

Proof of Theorem[1.5 (1)=(2). This relation is obvious.

(2)=3). T+ K ¢ (P) for some K € K(H), then there exists \g €
isoo (T + K) such that Ag is not a pole of the resolvent of 7'+ K. By Lemma
we have \g € ope(T + K) = op.(T"). Noting that Ay € isoo(T + K),
there exists 0 > 0 such that 7'+ K — X is invertible for all A € Bs(Ao) \ { o}
Hence ind(T — A) = 0 for all A\ € Bs(X\o) \ {Mo}. Thus A\g € isoow(T), so
isoow(T) # 0.

(3)=(1). If isoow(T) # 0, we choose A\ € isoow(T). For € > 0, we
denote

o1 ={X € 0o(T) : dist[\, 0ps.r(T)] > €/2} and o9 =0(T)\ 01.

Then o is a finite clopen subset of o(7T). By Corollary T admits the
representation

A x
0 B

H(O’l; T)
H(al;T)J-’

where 0(A) = 01, 0(B) = 02 and it is easy to verify that
max{dist[\, dpsr(B)] : A € 09(B)} < &/2.
By Lemma there exists a compact operator K; on H(oy;T)* with
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|K1]| < /2 such that o, (B + K1) = pl(B). We denote

0 H(o; T)
K = — ;
[ KJ H(o; 1)+
then K1 € K(H) and || K1 < e/2.

Since A\g € is0 0w (T'), there exists 6 > 0 such that ind(T'+ K7 — X\) =0
for all A € Bs(Ao) \ {Xo}. For fixed A € Bs(A\g) \ {Ao}, it is easy to see that
ind(B+ K; — A) = 0 and hence X\ ¢ o,(B + K7). It follows that B+ K7 — A
is invertible. Noting that Ao ¢ o(A), we have \g € isoo (T + Kj).

Since A\g € iso ow(T'), we have A\ € opo(T) and hence Ao € ope(T+ K71)N
isoo(T + K1). By Lemma [3.2] there exists Ko € K(H) with ||Ka|| < /2
such that T+ K1 + Ky ¢ (P). =

As a corollary of [12, Theorem 3.47], we have the following result.

LEMMA 3.3 ([12, Theorem 3.47]). Let T € B(H) and € > 0. Then there
exists K € K(H) with | K|| < & such that:

(1) There exists no singular point in the components of p_p(T + K) with
minimum index zero.

(2) minind(T + K — A\) = minind(T — ) for all X € p% (T).

Proof of Theorem[1.6, (1)=(2). If E(T) # 0, there exists Ao € ope(7T)
and § >0 such that ind(T'—\) < 0 for all A € Bs(Ao)\{ o} and minind(7T'—\)
= 0 for almost all A € Bs(Ao) \ {Xo}-

Fix po € Bs(Xo) \ {Ao} such that minind(7 — pp) = 0. Then T — pp is
bounded below. Hence there exists ¢y > 0 such that

(T = o)z = 2e0

for all x € H with ||z| = 1.

We are going to show that T+ K ¢ (AP) for any K € K(H) with
|K|| < eo. Otherwise, there exists Ko € K(H) with ||Ko| < eo such that
T+ Ky € (AP). We claim Ay ¢ iso 0,(T+ Kjp). In fact, if Ag € iso 0,(T'+ K)),
then since T'+ Ky € (AP), the operator T+ Ky — Ao is Drazin invertible,
which means that Ao € isoo(T + Kj), a contradiction. It follows that Ao ¢
iso 0, (T + Ko) and hence there exists a sequence {\,}7>; C op(T + Kop) N
(Bs(Xo) \ {Xo}) such that A, — Ao.

Noting that |[(T — po)x|| > 2¢¢ for all z € ‘H with ||z|| = 1, we have

(T + Ko — po)xl| = (T — po)zl| — [[Koz| = €0

for all x € H with ||z| = 1.

This means that minind(7 + K¢ — A\) = 0 for all A in an open neighbor-
hood of 1, hence min ind(7+ Ky —A) = 0 for almost all A € Bs(\g). Now we
can deduce that {\, }72, are singular points in a component of p_(T'+ Ko)
with minimum index zero.
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Fix A\, € Bs(Xo). Then A\, € isoo,(T + Kj), and since T + Ky € (AP),
it follows that T'+ Ky — A, is Drazin invertible. Hence \,, € isoo(T + K)),
a contradiction.

(2)=(1). Fore > 0, by Lemma[3.3] there exists K1 € K(H) with || K;| <
£/2 such that

(a) there exists no singular point in the components of p_ (T+ K1) with
minimum index zero,

(b) minind(7 + K7 — A) = minind(7 — A) for all X € p. (7).
By Lemma [3.1] there exists Ko € K(#) with ||K2|| < £/2 such that

o isoo(T+ K; + Ka) = 00(T+ Ky + Kg),
e minind(7T+K;+Ko—\) = minind(T+ K —A) forall A € p_ o (T+K7).

Let K = K; + K. It suffices to show that T+ K € (AP).

If Ao € isoo,(T + K), there exists § > 0 such that 7'+ K — A is bounded
below for all A € Bs(Ao) \ {Ao}. We claim that ind(T+ K —\) =0 for all A €
Bs(Mo)\{ Mo} Infact, suppose that ind(T+ K —X\) < 0forall A € Bs(Ao)\{ o}
By the construction of K7 and K, we have minind(7' — A) = 0 for almost all
A € Bs(Ao)\{ o} Noting that E(T") = 0, we have Ay & 01,0(T) = ope(T+K).

Now we have A\g € ps.p(T+ K) and hence ind(T+ K — X\g) < 0. It follows
that 0 < nul(T'+ K — X\g) < co. By the construction of K2, we have

minind(7 4+ K; — A\g) = minind(7 + K7 + K3 — A\g) > 0,

and
minind(7 + K; — A) = minind(T + K; + Ko — A\) =0

for all A € Bs(A\o) \ {No}-

This means that \g is a singular point in a component of p_ (T + K1)
with minimum index zero, which contradicts (a).

Hence ind(7' + K — A\) = 0 for all A € Bs(\o) \ {Xo}. This means that
M €iso0(T + K) =0o(T + K), hence \g isapole of T+ K. u

Proof of Theorem[1.7. (1)=-(2). This is obvious.

(2)=(3). Ifisoow(T) = p_p(T) = 0, we are going to show that T+ K €
(AP) for all K € K(H). For fixed K € K(H) and Ao € isoo,(T + K), there
exists 0 > 0 such that 7'+ K — X is bounded below for A € Bs(\o) \ {Mo}-
Hence ind(T — X) < 0 for A € Bs(Ao) \ {Xo}. Since p_(T) = 0, it follows
that ind(T — X\) = 0 for A € Bs(\o) \ {\o}. Noting that iso ow(T) = 0, we
have Ao ¢ o1e(T) = one(T + K). Since ind(T + K — \) = ind(7T — X) = 0 for
A € Bs(Xo) \ {Mo}, we conclude that Ao € isoo(T + K). By Lemma [2.5 we
have A\ € 0¢(T + K) and hence )\ is a pole of T + K.

(3)=(1). If isoow(T) # 0, by Theorem [L.5] there exists K € K(H) with
|K|| < e such that T+ K ¢ (P), hence T'+ K ¢ (AP).
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If p_p(T) # 0, let 2 be a component of p_.(T'). Fix a Ay € 8£2; obviously,
Ao € ope(T). For ¢ > 0, by Lemma there exists K1 € K(H) with
| K1]| < &/2 such that
Ao *
0 A

Vie}

T+ K= 2
1

)

where |le|| = 1 and H; = {e}*.
We denote
o1 ={X € 0p(A) : dist[\,0psr(A)] > e/4} and o2 =0(A)\ 01.

Then o7 is a finite clopen subset of o(A).
By Corollary A can be written as

A % Hi(op; A)
0 Ay| HioHi(o1;A)’
where 0(A1) = o1 and 0(Ag) = 09. It is easy to verify that

max{dist[\, Opsr(A2)] : XA € 0p(A2)} < €/4.

By Lemma there exists a compact operator Ko on Hi © Hi(oq; A)
with || K3 < €/4 such that op(As + K2) = pl(A2). We denote
0 Vd{e}
Ky = 0 Hi(o1; A)

Ky| Hi1 6 Hi(o1; A)

Choose a A1 € {2 such that |A\; —\g| < £/4. We define a rank-one operator
Ksas K3 = (/\1—/\0)e®e. Let K = K1+ Ko+ Ks. Then K € ,C(H), ”KH <e€

and
A1k * VA{e}
T+K=|0 A * Hi(op; A)
0 0 A +F2 7‘[1@7‘[1(0'1;A)

We claim that T+ K ¢ (AP). Since ind(T + K — \1) < 0, we have
ind(As+ K — A1) <0. Hence there exists § >0 such that ind(A4z+ Kz —\) <0
for all A € Bs(A1). Noting that o,(A2 + K2) = pl(A2), we conclude that
Ay + K5 — )\ is bounded below for all A € Bs(A1). Since o(A1) N Bs(A1) = 0,
it follows that 7'+ K — A is bounded below for all A € Bs(A1) \ {A\1}. Since
A1 € 0p(T + K), we have \; € isoo,(T + K).

On the other hand, since \; ¢ isoo (1" + K), we conclude that \; is not
a pole of the resolvent of T'+ K. Hence T+ K ¢ (AP). u

4. Left (right) polaroid and compact perturbations. As a gener-
alization of Theorem we get the following result.
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THEOREM 4.1. Given T € B(H) and ¢ > 0, there exists K € K(H) with
|K|| < e such that T + K € (LP) and T+ K € (RP).

Proof. 1f is0 0¢a(T) = 0, we shall show that T" € (LP). In fact, if Ny €
iso 0, (T'), we can deduce that \g € psr(T") and hence 0 < nul(7T — Ag) < oo.
This means that A\g is a singular point in psr(7). By [12, Theorem 3.38],
we have

A 0] M
0 B| ML’

where M is a finite-dimensional Hilbert space, 0(A) = {A\o} and A9 €
prp(B). It is easy to see that A — Ag is nilpotent and B — )¢ is bounded
below. By Lemma [2.4] we can deduce that )\ is a left pole of T" and we
have T' € (LP). On the other hand, if iS0 0ea(T™*) = (), on can deduce that
€ (RP).

We directly assume that iso 0ea (7)) ={ A\ }02; and iso gea(T™) = {fn }5° ;.
The proof of the other cases is similar or easier.

It is easy to see that {\,}22 U{un}oe; C ope(T). For € > 0, by Lemma
[2.6] there exists Ko € K(H) with ||Ko|| < £/4 such that

Dozt Maln *| Doz Hn
0 A Ho

T ~

)

T—i—Ko:[

where

e dimH, = oo and [, is the identity operator on H,;
e Ho=HoS (@20:1 Hn);
e 0(A) =0(T), one(A) = ope(T) and ind(A — A) = ind(T — \) for all
A € psr(T).
One can easily deduce that {fi,}22; C ope(A*). By Lemma 2.6} m applied
to A*, there exists a compact operator Fy on Hg with || Fy|| < /4 such that

Ho © (B2 Mn)
Bnzi Mn

*

A+ Fy=
0 Dol mnly

)

where

e dim M,, = co and I/ is the identity operator on M,;
e 0(B) =0(A), oire(B) = o1e(A) and ind(B — ) = ind(A — ) for all
A€ ps—F(A)'
We choose 0 < ay, < /22 such that B,, (\y) \ {M\} C psr(T) and
{Ba,, (An)}22, are pairwise disjoint. For fixed n > 1, choose an ONB {e,(:)}»zo:1

of ‘H,,. We define
E : (n)
K, =ay, E & ek .
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Also, choose 0 < 3, < £/2""2 such that Bg, (un) \ {tn} C psr(T) and

{Bg, (pn)}32, are pairwise disjoint. Select an ONB {f,gn)},‘le of M,,. We
define

Z‘” L) on
k=1

We denote
0 0

D1 Hn
0 F '

Ho

Let K =Y 20 K; + Y i0y F;. Then K € K(H) and || K| < e. It suffices
to show that T+ K € (LP) N (RP). Now, T+ K can be written as

0=

D, (Mnln + Ky)  * * Drz1 Hn
T+K = 0 B * Ho © (D M)

It is easy to check that each A, is a limit of eigenvalues of T'+ K and
each 17, is a limit of eigenvalues of T 4+ K*.

If A\ € is00,(T + K), we claim that A\g & o1e(T + K). Indeed, if A\ €
one(T + K), it is easy to see that A\g € is00e,(7') and hence )¢ is a limit
of eigenvalues of T'+ K, a contradiction. Hence A\ € psr(T + K) and we
have 0 < nul(T' + K — X\g) < oo. This means that Ao is a singular point
in psr(T + K). Using [12, Theorem 3.38] again, we see T+ K — A¢ is left
Drazin invertible. If py € isoos(T + K), we consider T + K* and use a
similar argument to deduce that T+ K — pg is right Drazin invertible. »

THEOREM 4.2. Let T' € B(H). Then the following are equivalent:

(1) Givene>0, there is K € K(H) with ||K||<e such that T+ K ¢ (LP).
(2) There exists K € IC(H) such that T + K ¢ (LP).
(3) is00ea(T) # 0.

Proof. (1)=(2). This is obvious.

(2)=-(3). Suppose that is0 0ea(T) =0 and K € K(H). Since is0 0ea(T+K)
= i800ea(T) = 0, as in the proof of Theorem we can deduce that 7'+ K
€ (LP).

(3)=(1). Suppose that iso gea(T") # 0 and choose g € i80 0ea (7). Then
Ao € 0ue(T) and there exists 6 > 0 such that ind(7" — ) < 0 for all
A € Bs(Xo) \ {Ao}-

For € > 0, there exists K; € K(H) with ||K;|| < &/2 such that

Y ’]—[1l

T+ K = ,
0 Al H,
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where dim Hi = 00, 0p6(A) = 01e(T) and ind(A — \) = ind(T — ) for all
A€ ps—F(T)'
We let
o1 ={A € 0p(A) : dist[\,0psr(A)] > €/4} and o2 =0(A)\ 01.

Then o is a finite clopen subset of o(A). By Corollary A can be written
as

A1 *
0 A

Hl(O'l;A)
Hi © Hi(o1; A)’

where 0(A1) = 01 and 0(Az) = o09. It is easy to verify that
max{dist[\, Ops r(A2)] : A € 09(A2)} < e/4.

By Lemma there exists a compact operator Ky on Hy © Hi(o1; A)
with ||K2|| < e/4 such that

op(A2 + Ks) = P::F(AZ)-
We denote
0 Hi
Ky = 0 Hi(o1; A)
Ky| Hi©Hi(or; A)

Then K5 € IC(H) and ||K2|| < 5/4.
Choose an ONB {e,, }°2, of Hi. We let

(o)

g

K3 = E k+3€k+1®€k-
k=1

Then K3 € K(H) and || K3|| = ¢/4. We let K = K; + Ko + K3. Then
K € K(H) with |K|| < e and T + K admits the representation

Mol + K3 % * ’HlL
T+K= 0 Ay * Hi(o1; A)
0 0 A+ K| Hi10Hi(o1; A)

Since there exists 0 > 0 such that ind(A — X) <0 for A € Bs(A\o) \ {0},
for fixed A € Bs(Ao) \ {Ao} it is easy to verify that ind(As — A\) < 0, hence
ind(As + Ky — \) < 0. Noting that o,(As + Ka) = plp(A2), it follows that
Ag + Ko — )\ is bounded below.

It is easy to see that Ao ¢ o(A41) and o(Agl + K3) = {\o}. Hence \g €
is0 0, (T + K). On the other hand, since \g € op0(A) = ope(A2), we have
Ao & op(Aa + K3). Noting that op (Aol + K3) = 0, we have \g ¢ o (T + K).
We claim that T+ K — \g is not left Drazin invertible. Otherwise, by Lemma
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[2.4] we have

1 0
0 Ty

Hi

TH+EK— )\~ ,
Hi

where 77 is nilpotent and 75 is bounded below.

Since T 4+ K — )¢ is injective, it follows that 77 is absent and hence
T 4+ K — )y is bounded below. This means that K3 is bounded below, a
contradiction. Hence the claim follows and T+ K ¢ (LP). m

We have the following result, dual to Theorem
THEOREM 4.3. Let T' € B(H). Then the following are equivalent:

(1) Givene>0, there is K € KC(H) with | K||<e such that T+ K ¢ (RP).
(2) There exists K € IC(H) such that T + K ¢ (RP).
(3) isooea(T™) # 0.

5. Hereditarily polaroid and compact perturbations. We first
state the main results of this part.

THEOREM 5.1. Let T € B(H) and suppose that p}(T) = 0. Then given
e > 0, there erists K € K(H) with |[K|| < & such that T + K € (HP).

THEOREM 5.2. Given T € B(H) and € > 0, there exists K € K(H) with
|K|| < e such that T + K ¢ (HP).

Recall that T € B(H) is a triangular operator if it admits an upper
triangular matrix representation, i.e.

air aig | el
(3.1) T=10 a2 --| e,

with respect to a suitable ONB {e, }2° ;.

LEMMA 5.3 ([12, Theorem 6.4]). Let T' € B(H). Then the following are
equivalent:

(1) Given e > 0, there exists K € IC(H) with | K| < e such that T + K
1s triangular.

(2) pep(T) =0.

LEMMA 5.4 ([12, Theorem 3.40]). Let T € B(H) be a triangular operator
with matriz representation (3.1), and let d(T) = {ann 22, be the diagonal
sequence of T. If M is a non-zero invariant subspace of T*, then the com-
pression Taq of T to M is triangular with d(Th;) C d(T). Furthermore,
card{n : an, € 0} = dimH(o;T) for each clopen subset o of o(T).
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Using a technique in the proof of [12, Theorem 3.40], we can now prove
Theorem [5.1]

Proof of Theorem . If pto(T) = 0, for any given € > 0, by Lemma
there exists K € K(H) with |K]|| < & such that T* + K* admits a
representation

ai; aiz | el
(3.2) T"+K*= |0 azx --| e,

where {e,}2° is an ONB of H. In addition, for suitable K, we can assume
that a;; # a;; for ¢ # j. We claim that T+ K € (HP).

If T+ K ¢ (HP), there exists an invariant subspace H; of T'+ K such
that (T'+ K)|y, is not polaroid. Hence 7'+ K admits a representation

A k Hl

T+K= :
0 B| Hi

where A is not polaroid.
Since T 4+ K* has form (3.2), where a;; # aj; for i # j, there exists a
linearly independent sequence { f,,}22; with

fn €ker(T* + K* — apy) N (\71/{61.3}) forn>1
k=1

such that \/7” {fn} = H.

Noting that
B*  x
0 A

Hi

T+ K" = ,
Hi

we have
My = Py, H = Py, (\/ {fn}) = \/ {(Prifu} © \/ ker(4" — ann) C Ha,
n=1 n=1 n=1

where Py, is the orthogonal projection with range H;.

It follows that Hi = /oo {Pu, fn}, where Py, fr € ker(A* — apy,) for
each n > 1. There exists a linearly independent subsequence { Py, fn, }7,
such that H1 = \/po{Py, fn,}. It is easy to see that A* has an upper
triangular matrix with respect to an ONB of H; obtained by Gram—Schmidt
orthonormalization of { Py, fn, }32, and d(A*) = {an,n, } 32

Since A ¢ (P), there exists \g € isoo(A) such that A — \g is not Drazin
invertible. By Corollary A admits a representation

A Hi(Ao; A)
0 As| HioHi(M;A)
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where 0(A41) = {X\o} and 0(A2) = o(A) \ {\o}. Since A — Xg is not Drazin
invertible, we have dim H;(Ag; A) = oc.

By Lemmalp.4] we conclude that A7 is triangular with d(A}) C {an,n, }721,
and

dim Hy (No; A%) < card{k : an,n, = Ao}

Noting that a;; # aj; for i # j, it follows that dim H;(Ao; A*) < 1 and hence
dim #H;(M\p; A) < 1, a contradiction. =

Now we are going to prove Theorem

Proof of Theorem . For fixed € > 0, choose a A\g € o1¢(T'). By Lemma
there exists K1 € C(H) with || K|l < €/2 such that
Ml x| M
0 Bl MY
where dim M = oo and [ is the identity operator on M. By Lemma (3.2

there exists a compact operator K» on M with |[K3|| < £/2 such that
Mol + K5 is not polaroid. We let

T+ K = [

Ko M
ngl 2 0] "l and K = K| + K.

Then K € K(H) with |K|| < € and (T + K)|r is not polaroid, hence
T+ K¢ (HP). u

Noting that Theorem [5.1|is established for p(T) = 0, we conclude this
paper with the following problem.

PROBLEM 5.5. Given T € B(H) and e > 0, can one find K € K(H) with
|K|| < e such that T + K € (HP)?
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