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A Hardy space related to the
square root of the Poisson kernel

by

JONATAN VASILIS (Gé&teborg)

Abstract. A real-valued Hardy space H}(T) C L'(T) related to the square root of
the Poisson kernel in the unit disc is defined. The space is shown to be strictly larger
than its classical counterpart H'(T). A decreasing function is in H/(T) if and only if the
function is in the Orlicz space Lloglog L(T). In contrast to the case of H'(T), there is
no such characterization for general positive functions: every Orlicz space strictly larger
than Llog L(T) contains positive functions which do not belong to H}(T), and no Orlicz
space of type Ag which is strictly smaller than Ll('JI‘) contains every positive function
in H} (T). Finally, we have a characterization of certain eigenfunctions of the hyperbolic
Laplace operator in terms of Hj(T).

1. Introduction. Let T denote the unit circle in R?, which we identify
with angles in R/27Z. The classical real-valued Hardy space H!(T) can be
defined as the set of f € L'(T) such that the radial maximal function P*f
is in L'(T). Here (P*f)(0) = sup,epq(|(Pf)(r,0)], 6 € T, and Pf is the
Poisson extension of f, that is, (Pf)(r,0) = { P(r,0 — ¢)f(¢) d¢ for r €
[0,1] and € € T, where

1 1—r?
P(r.6) = 21 1 — 2rcosf + r2
is the Poisson kernel in the unit disc. We are instead interested in the space

corresponding to the square root of the Poisson kernel, defined as follows.
For f € LY(T), r € [0,1[ and § € T we let Py(r,0) = \/P(r,0) and define

(Pof)(r,0) = | Po(r, 0 — ) f () dop,

T
_ (Rof)(r,0)
(P{)f)(r, 9) - (‘[:)01)(7‘7 0) ’
(Pof)(0) = sup [(Pof)(r, 0)],
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where, as opposed to the classical case, we must normalize by dividing by
the radial function Pyl. A Hardy type space related to P; is now defined
just as in the classical case.

DEFINITION. The real-valued Hardy space H}(’]I‘) is the subspace of
LY(T) consisting of functions f € LY(T) such that P;f € LY(T). A norm
Il 2y o H(T) is defined by [[f ]| 1) = 16 fll 1 y-

Our interest in studying how classical results change when the ordinary
Poisson operator P is replaced by Py stems from the article [23] by Sjogren.
Classically, Fatou’s theorem on boundary convergence states that if f &
LY(T), then (Pf)(r,0) — f(a) almost everywhere as (r,60) — (17, a) non-
tangentially, in the sense that |# — «|/(1 — r) remains bounded. Replacing
P by Py, we get a similar result [23]: if f € L(T), then (Pof)(r,0) — f(c)
almost everywhere as (r,60) — (17, «) weakly tangentially, meaning that
0 — a|/((1—7r)log(:2;)) remains bounded. That is, the operator Py allows
us to extend the approach region given by Fatou’s theorem—which is sharp
for P by a theorem due to Littlewood [13]. For Py there are several results on
sharp approach regions for boundary functions f in other function spaces,
including LP(T) for 1 < p < 400 and weak LP(T) for 1 < p < +4o00; see
[2, B, 19} 24]. There are also similar results in other settings [4], 5] 16}, 20, 21]
99, [26].

Interest in the operator Py itself comes from the fact that every eigen-
function of the hyperbolic Laplace operator, i(l —72)2A, admits an integral
representation in terms of a power of the Poisson kernel [10, [12]. The expo-
nent is determined by the eigenvalue, and the square root is the case giving
the smallest possible eigenvalue with positive eigenfunctions.

Finally, note that f € H!(T) obviously does not imply that |f| € H'(T),
and that the same is true for H} (T). That is, whether a function is in the
Hardy space or not may depend on cancellation between the positive and
the negative parts. Nevertheless, studying the positive functions—as we will
do—is of interest also in the classical case; see for instance [14].

2. Results. The space H} (T) is strictly larger than its classical coun-
terpart H'(T), with the inclusion given by the following proposition.

PROPOSITION 2.1. HY(T) C H} (T), and there exists a constant C' > 0
such that HfHH}(T) < CHfHHl(T) for all f € H'(T).

For positive functions f € L'(T), f > 0, it is well known in the classi-
cal case—see for instance [25] or [8, Section I1.2]—that f € H!(T) if and
only if f € Llog L(T). It is easy to see that this equivalence also holds if,
instead of positivity, we require that f € L!(T) be decreasing, as defined in
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Proposition Our next result states that in the case of H} (T), a similar
equivalence—with an iterated logarithm—holds for decreasing functions.

PROPOSITION 2.2. Assume that f € LY(T). If both f(¢+6) and f(¢—0)
are decreasing functions of 6 € [0, 7] for some fized ( € T, then f € H}(']I‘)
if and only if f € Lloglog L(T).

The Orlicz spaces Llog L(T) and Lloglog L(T) are defined in the next
section.

The equivalence of Proposition does not, however, extend to general
positive functions. In fact, our main result (Theorem states that neither
implication can hold: although H} (T) contains Llog L(T), it contains no

strictly larger Orlicz space, and conversely, L!(T) is the smallest Orlicz space
of type Ao that contains all, or all positive, functions in H} (T).

THEOREM 2.3. Let ®: [0,+o00[ — [0,4+00] be a conver and increasing
function satisfying ®(0) = 0 and ®(xr) — 400 as x — +oo. Denote by
L*?(T) the corresponding Orlicz space.

(i) If liminf, 4o P(x)/(zlogx) = 0, then there exists a function f €
L*(T), f >0, such that f ¢ H}(T).

(il) If @ is of type Ag—that is, if P(2z) < CP(x) for all sufficiently large
x—and limsup,_, . P(x)/x = +oo, then there exists a function
g € Hi(T), g >0, such that g ¢ L®(T).

Just as in the classical case, the space H} (T) does not change if we

a priori allow distributions rather than just L!(T)-functions in the definition.
That is, defining P3T for distributions T' € D'(T) in the obvious way (see
Section, we prove that P;T € L'(T) implies that T is actually a function
in L1(T).

PROPOSITION 2.4. Let T € D'(T). If P{T € L*(T) then T € LY(T).

Finally, we have a characterization of certain eigenfunctions of the hy-
perbolic Laplace operator in terms of H} (T).

PROPOSITION 2.5. Let D be the unit disc in R2. If u € C*(D) satisfies

) 0)|
i) u* e LY(T), where u*(9) = sup L,
(i) (T) (©) refo.1] (Po1)(r,0)

then there exists a function f € H}(T) such that u = Pyf. Conversely, if
fe H} (T) then uw = Pyf defines a function satisfying (i) and (ii).
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3. Preliminaries. As usual we identify the unit circle T with angles in
R/27Z, and we let |f| denote the modulus of the representative for § € T
in the interval |—m, w]. Unless otherwise specified, integration over subsets
of T is always with respect to the rotationally invariant arc measure of T,
normalized so that T has measure 27. Suitably interpreted, this coincides
with ordinary Lebesgue measure on the real line, and we let |E| denote the
Lebesgue measure of a measurable set £ C R. Identifying a measurable set
E C T with a subset in R, we have |E| = {.df, where the integration is
in T.

The symbol C will denote a sufficiently large, strictly positive but finite
constant whose exact value can change even within the same line. Similarly ¢
denotes a small, strictly positive constant; that is, ¢ = C~'. Given functions
f and g satisfying cg < f < Cg pointwise, we write f ~ g. For z € R, we
let |x] denote the largest integer less than or equal to x.

In the introduction we defined the classical Hardy space H'(T) to be
the set of f € L'(T) such that P*f € L'(T). Equivalently, this space can be
defined in terms of atoms [6], namely

HYT) = {Z Ajay; Z |\j| < +o00 and ag,aq,... are atoms},
320 320

where } ;5o Aja; converges in LY(T). An atom is a function a € L>(T)
which is either the constant %, or is such that for some interval I C T,

(i) suppa C I,
() [all poo(ry < /111,
(iii) §;a(0)dé = 0.

A norm on H'(T) is defined by [ £l grrery = inf 37550 [Aj], where the infimum
is over all atomic decompositions .-, Aja; of f.

By an Orlicz space on T, denoted L?(T), we mean the set of all mea-
surable functions f: T — R such that {,@(a|f(0)])df < +oco for some
constant « > 0, where @: [0, 4+00[ — [0, +00[ is a given convex and increas-
ing function such that ¢(0) = 0 and ®(x) — 400 as * — 4o00. As usual,
two functions in L?(T) are identified if they are equal almost everywhere.
Since @ is increasing and convex it follows that the space L?(T) is a vector
space. We say that L?(T) and @ are of type Ay if ®(2x) < CP(z) for all
sufficiently large . In this case a measurable function f is in L?(T) if and
only if | @(f(0))df < +oco. We refer to [18] for a background on Orlicz
spaces.

Two Orlicz spaces will be of particular interest to us: the classical space
Llog L(T), which is the Orlicz space L?(T) with &(z) = zlog(1 +x), z > 0,
and the space Lloglog L(T), defined as follows.
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DEFINITION. The space Lloglog L(T) is the Orlicz space L?(T) with
®(x) = zlog(1+log(l +z)), = > 0.

Clearly, both spaces are of type Ay and are subspaces of L(T).

4. Proofs

4.1. The inclusion H'(T) C H}(’]I‘) The main step of the proof of
Proposition [2.1] is to show that the atoms have uniformly bounded norm in

LEMMA 4.1. There exists a constant C > 0 such that HaHH}(T) < C for
all atoms a.

The normalizing factor (Pyl)(r,0) satisfies
2
(Po1)(r,0) ~ (1 —1)'/? 10g<H>
(see [23]), valid for all r € [0,1].

Proof of Lemma If a is the constant atom, then obviously || Pgall 1y
< C. Otherwise {1 a(f) d§ = 0 and there exist ¢ € T and s € |0, 7] such that
suppa C {n € T;|C—n| < s} and [af foo(y < 1/(2s). Without loss of
generality we may assume that ¢ = 0.

To show that |Pgall 1y < C, we first consider integration over 6 € T
with |0 < 2s. We have |(Poa)(r,0)| < ||lafl o (1) < 1/(25), and hence

| sup |(Poa)(r,0)|do < C.
|6]<2s re[0,1]

For the case when || > 2s, we make use of the moment condition
{1 a(¢) dp = 0 by subtracting Py(r,6) when estimating (Poa)(r, 6):

1
g7 (P 0 — ) = Fulr )a(o) s

C
< T eog() )P0 =) = Rlr )l fa(o)] do.

Letting Do Py denote the partial derivative of Py with respect to the second
variable, the mean value theorem gives

|PO(T39 - ¢) - PO(T79)| = |(D2P0)(Ta€)| ’ |¢‘7

where |¢| < s and ¢ is some point on the shortest path between 6 — ¢ and 6,
and since |¢| < s < |0|/2 we have |£| ~ ||. Since
1 |sin €|
(] — r2)1/2
V21 rd =7 (1 —2rcos& + r2)3/2

|(Poa)(r, 0)] =

[(D2P0)(r,€)| =
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we get
Cslsin |
[(Poa)(r, 0)] < |a(¢)| do,
TST log(72)(1 — 2rcos§ + r2)3/2
and if |¢] < /2, then |sin€| ~ €] ~ 0] and 1 — cos& ~ [¢]* ~ |0]?, so that

|(Poa)(r,0)| <

C'slé| Cs
a dp < —.
log(ﬂ)((l—r)2+c7“]9|2)3/21§,| (#)]de < 0]

If instead [£| > 7/2, then [(D2FPy)(r,&)|/(Pol)(r,0) < C for some universal
constant, so that [(Poa)(r,0)| < C | |a(¢)|d¢ < C. In either case

sup |(Poa)(r,0)|dd < C. m

|6]>2s re (0,1

Proof of Proposition . Let f € H'(T). Then f has an atomic decom-
position f = ",<, Akak, converging in L'(T), where (ay)r>0 are atoms and
the weights satisfy Y, <, [ x| < +o00.

Suppose that we have proved that

(4.1) (PS)O) < D 1Akl - (Pgar)(6)

k>0

almost everywhere. Then by monotone convergence and Lemma 4.1 we get

I1Ps Fllprery < D0 Il PG akll iy < C Y I

k>0 k>0

where C' does not depend on f, and taking the infimum over all atomic
representations of f yields the proposition. Hence it only remains to prove
inequality . The proof we give carries through for every weak type (1, 1)
operator T' that pointwise satisfies |T'(f + ¢)| < |Tf| + |Tg| and |[T'(Af)| <
|A| - |T'f] for all functions f, g and scalars A € R. That the radial maximal
function P§ is of weak type (1, 1) was proved in [23]; in fact this was shown
even for the weakly tangential maximal function.
We have, for N € N,

(Pi)(6) = (Po - Aean ) (0) = sup | (oY Mwar ) (r,0)]

k>0 rel0,1] k>0
N
sﬁwéwu%mmMWQQXMWwD

N
< 3l (Pan)(©) + (P D Mar ) (6).

k=0 k>N
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Given € > 0, we deduce by the weak type (1,1) estimate that

{oem (P 3 nar) o2 f| < T3 na
k>N k>N

which converges to zero as N — 400, that is,

LTy’

Ps Z Acar, — 0 in measure
k>N
as N — +o0o. Consequently there exists a subsequence (N;);j>1 such that
Ps > ks N, Axap — 0 a'lglost everywhere as j — +00. Hence inequality |D
holds, and the proposition follows. =

4.2. Decreasing functions and positive functions. Clearly, Propo-
sition implies that H} (T) is strictly larger than its classical counterpart

HY(T). For example, fix p € ]1,2] and let

B 1

 ¢log(1/¢)P

for sufficiently small ¢ > 0, and zero otherwise. Then f is a positive and

decreasing function, and we see that f € Lloglog L(T) \ Llog L(T). Hence
by the proposition and the classical result, f € H} (T) \ HY(T).

f(9)

Proof of Proposition . Take f € LY(T) as in the statement of the
proposition.

Without loss of generality, we may assume that ( = 0. We may also
assume that f is positive, as we see by decomposing the function into
its positive and negative parts, f = fT — f~. Now fT is positive and
decreasing from 0, and f~ is positive and decreasing from 7, and obvi-
ously f € Lloglog L(T) if and only if f*, f~ € Lloglog L(T). Furthermore,
f e H}(T) if and only if f+,f~ ¢ H}(’H‘), which is easy to see since any
singularities of fT and f~ are separated, in fact even antipodal. Finally, we
may assume that the support of f is contained in [0, 7]; the general case
follows easily from this special case.

Assume first that f € Lloglog L(T). In the simple estimate

(Pof)(0) < sup (Pof)(r,0)+ sup (Pof)(r,0)
rel0,2/3] re)2/3,1]

1 f(¢)do
C 1 C ;
=l =€ 58 ol S= )+ 03

the first term is obviously in L!(T).
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Let ¢t € ]0,1/3]. For almost all § we have
161/2

L flo)do 1 S f(¢)do 1 S f(¢) do
log(1/) 3t +10— ¢l log(1/t) 5 t+10—¢l ~ log(1/t) 3 t+16— 9]
1 1z
< @70 [T § f(9)do +C£(161/2)

161/2

2

< BT @/IeD | f(¢)de+Cr(6]/2),

0

where the last inequality follows by considering separately the cases |0]/2 <
t < 1/3, in which case t — tlog(1/t) is increasing, and t < |0|/2. Hence, for
almost all 6,

l01/2

2
T ) (@) do,
|0]10g(2/16]) (SJ
where, of course, the first two terms are integrable. As for the third term,
we see that it is obviously integrable over large 6, say for |#| > 2/e. For the
remaining range, |f| < 2/e, we have

(Pof)(O0) < Cllflla(my + CF(101/2) +

101/2 1/e

| f(¢)dpdo =21\ f(¢)loglog(1/¢)ds.

S 6] 1og(2/16]) 2, 0

16]<2/e

Now let g(¢) = f(¢) + 1/V/o, 0 < ¢ < 1/e, which, being a finite sum of
Lloglog L(T) functions, satisfies the condition S(l)/e D(g(¢))dop < +o0 for
P(x) = xlog(1 +log(1+ z)), z > 0. Since 1//¢ < g(¢), taking logarithms
gives

loglog(1/¢) < loglog g(¢) +log2 < log(1 + log(1 + g(¢))) + log 2,

so that
1/e 1/e
| f(¢)loglog(1/¢)dp < | ®(9(8)) dé + C|| fll 1 (p) < +00-
0 0

Hence f € H}(’]I‘) and we have shown that Lloglog L(T) C H}(’]I‘) when
restricted to positive and decreasing functions.

Conversely, suppose that f € H} (T). Without loss of generality we may
assume that [|f|[,1r) < 1. Let ¢ €]0,1/2[ and |0 < 1. Then

161/2 101/2

(P31)(60) > fe)do ¢ A

S f(9)do
~log(1/t) § t4[0—¢| T log(1/t

t+3|6]/2°
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and choosing t = |0|/2 we get
161/2

* £(9) do
PinO) = ooy | oy

Since P} f € L}(T) we may integrate over § € T with || < 2/e and get
161/2 1/e

1
+o0 > 6|<§2/e TR @/ AO f(¢)dpdo =2 (S) f(¢)loglog(1/¢) do.
Now f(¢) < 1/¢ for almost all ¢ € |0, 7], since
¢
1> fllpry =V £(0)d0 > f(6)
0

for almost all ¢ in this interval. Thus

log(1 +log(1 + f(¢))) < log(1 +log(1 +1/¢)) < C'loglog(1/¢)
where the last inequality holds for ¢ € [0,1/3], say, so that

1/3 1/3
| £(¢)log(1+1log(1+ f(¢)))dp < C | f(¢)loglog(1/)de < +oc.
0 0

Since f € L'(T) is decreasing, we may extend the integration to all of T and
get f € Lloglog L(T), which completes the proof of Proposition u

We now turn to the proof of Theorem 2.3 showing that both implications
in Proposition may fail for positive functions which are not decreasing,
even if we consider a smaller or a larger Orlicz space. In the proof we will
construct the functions required for parts (i) and (ii) by forming linear com-
binations of indicator functions 1g. The weight « for 1g is chosen so that
&(a) - | E| is small compared to ||P§(a1E)||L1(T) in part (i), and vice versa
in part (ii). The indicator functions we will use are given by the following
two lemmas.

LEMMA 4.2. Let R > 0 be a real number, v > 1 an integer and J C T
an interval. If 2V > R% and |J| > 278, then there exists a set E C J with
measure |E| = 27V"R=1 and whose indicator function 1g satisfies

| (Po12)(0)do > cv27 R,
J
where ¢ does not depend on v, R, or J.
LEMMA 4.3. Let R > 0, v > 1 be real numbers and J C T an interval.
If 22" =1 s a strictly positive integer and |J| > 27, then there exists a set

E C J with measure |E| = 2=2"~% and whose indicator function 1 satisfies
1P31El 1 (r) < C27%", where C does not depend on v, R, or J.
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Proof of Lemma [{.2 Without loss of generality we may assume that
v>4andthat J={0 € T;0<6<2 %} For f e LYT), t €]0,1/2] and
0 €T we let

_ _f(@)dd_
FD0) = 1oga/) |9_¢S<1/2 Tk
(KX f)(0) = sup [(Kf)(t 0)].
t€]0,1/2]

Note that K*f is measurable, and that (Pgf)(0) > c(K*f)(0) if f € L}(T)
with f > 0.

We now recursively define dyadic sets K, and I,,, p € N, such that at
step u, the set K, is divided into intervals of length 2_R_2M+1, with the union
of every second interval forming K1, and the union of the rest forming
I,,+1. More precisely, we let Ko = [0,27F~1 Iy = [27Ff~1 27F] and for
pe N,

o% 2%k +1 -
K,= [WW] N K1, Ly =K1\ K
0<k<22t-1

Then K, = K,pU--- UK, N, and [, = I,1 U---Ul,n,, where K, =
2k /22" +E (2K + 1) /22" +1] and 1,5, = [(2k — 1) /2% TR 2k /22" 48] (Fig. [1).
The number of connected components in K, or I, is N, = 22" =1 but we
will not need this fact.

1
=o' ?
Ky
1 2
0 1 1
M—l I e s |
Ky I,
1 2 3 1
0 16 16 16 16
l”:2 e |
Ky, I, Koo I
16 32 48
0 256 26 256
=3 [T [

Fig. 1. Level u consists of 22"=r=1 intervals of each type, K and I, each having length

27R72M, where in the figure R = 0. The set E is chosen as K,, the union of the K-
intervals at level v, and the integral of Py1g will be estimated from below by integrating
over I-intervals up to level v.

Let F = K, which is a measurable subset of J with |E| = 27"~ and
it remains to prove the desired lower bound on §,(P§1g)(0) df. For this we
fix € N such that /2 < p < v, and assume that 6 € I,,. Letting k be such
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that K, 1 2 I, we have

S 1g(¢) de

(K*1E)(0) > (K1g)(27"%",6) = (R+2")7" R g g

KuﬁKufl,k

_ -1 1p(¢) do
= (R+2") ;Ki 2-R=2" 1 19 — ¢|’

where the sum is over those 7 for which K, ; C K, _1 . In the integral over
K, ; we may—at the cost of a constant—replace 1g by its average value
2177 over K, ;, using the fact that the kernel 1/(27%72" 4|0 — ¢|) varies no
more than by a factor of two when ¢ varies in K, ; and 6 is fixed. Thus we
find that

(K*1p)(0) > c(R+ 24~ 2077 |
KuNK,_1,

s
2T T 10—

as
2T 10— 4]
k

> c(R+2")7 " 2rv |
Ku—L
where, again at the cost of a constant, the integration has been extended to
all of K,,_1 1. Since 6 € K,,_; j the quantity |6 — ¢| will vary at least from 0
to |[K,—1k|/2 = 2-B=2"""=1 when we integrate over ¢ € K, _1, so that
—R—2n—1_4

2 S )

—R—2#

0 2 +y

> (R +2M) 7L 07V Lok > corTr

(K*15)(0) > (R + 2#)~L . gv—v

where the last inequality follows since 2 > R? and we have assumed that
> v/2. Integration over I,,, which has measure |I,| = 27#7#71 gives

| (K*1g)(0)dO > c2r— - 27 Ronl,
Iy
Finally, using the fact that (I,),>0 have pairwise disjoint interiors, we sum
over p such that v/2 < u < v to get
| (K*1p)(0)do > c277 770,
J
which finishes the proof of Lemma .

Proof of Lemma [{.3 Without loss of generality we may assume that
J={0eT;0<0< Q_R}. Let the operators K and K* be as in the proof
of Lemma Henceforth we consider only positive f € L'(T), f > 0. Note
that K* f is measurable and that

(4.2) (Po.f)(0) < Cllfll 1 (r) + C(KTF)(6).
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We have
(K*f)(6) < C sup (Kf)(27*",6),
neNT
since clearly (K*f)(0) < Csupyen+ (Kf)(27V,0), and if 271 < N < 2#,
then

_ 1 f(¢)do
KkneNe== | oo
N g T 109l
1 HO)dd 5 epya-2" g
Furthermore, (K*f)(0) < C'sup;,(£;f)(0), where
1 d
CnO =5 | e jent
0—¢|<2-2 7"
since
_ou f(¢)d¢
24 (Kf)(27%,0) = ]
|9¢>|S<1/22 Y10l
I S (L S (L
— 272" 416 — ¢| L2740 - ¢
=192 <lo—gl<2- ! 0-gl<2-2""
5 S f)do 1(9) do
= o—of L2740 - ¢
=192 <lo—g|<2-2" 0—g|<2-2L
nw
<2 Z (L5 £)(0).

1

J

Let M = 2%~F_ where v and R are as in the statement of the lemma, and
M-1
E=|J k27 k27 +2727,
k=0
which is a measurable subset of J having measure |E| = 272" %,
We now estimate £;15, j € NT, and consider first the case when j < |v].
In this case the kernel of £; satisfies 272 4| +68)) ~ (272 + |p|) ! for
¥ € T and [6] < 27%, so that

M—1 k2-2" 42-2"11

Ly 1e(¢)d dé
(Li1p)(0) < gﬂm N Z ) 22 10— g
k2-2"
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M-1 (k+1)2—2

< 02,] Z 272u+1+2u S . dgb
< T Lo
k=0 k2—2Y 2 + ‘0 ¢|
2—R 2—R
=272 S 40 g S _W
02709 T 5 27+

=C2 ¥ T log(1+2¥ By <c27?.

Consider now the case j > [v] + 3. Obviously (£;1g)(0) < C, where C does
not depend on j, and since (£;15)(6) = 0 if dist(¢, £) > 272" we see that
(Li1E)(0) < C15(0) for all § € T, where again C' does not depend on j, and

M-1
~ v v+1 v
E=J ke 27" k27 4227
k=0
Thus (£;15)(0) < C(272" 4+ 15(0)) for all j € Nt except j = |v] + 1 and
j = |v] + 2. By inequality (4.2)) we then get

2u+1]

IPs1gll iy < CIE|+C(27% +[E]) + 14wy Bl papy + 1L 21 E ] oy
<C27?%,

since ||£;1E|| nm < C 11£l 1 (ry by Young’s inequality for convolutions,
where C' does not depend on j = Ll/j + 1, |v] 4+ 2. The proof of Lemma
is complete. »

REMARK. The referee made the interesting observation that the con-
structions in the proofs of Lemmas and are, quite unexpectedly,
similar to the constructions used to prove the Talagrand example for ball
packings (see [I1]).

Proof of Theorem 2.5 Let ¢(z) = &(z)/x for x > 0.

(i) There exists a continuous function v such that ()2~ 2¥®) = ¢ for
all sufficiently small ¢ > 0, and () — 400 as t — 07. In fact, ¥(t) =
—aW_1(—bt), where a,b > 0 are constants and W_; is a branch of the
Lambert W function (see [7]).

Since liminf, ,~ ¢(z)/logz = 0 by assumption, we may for each k €
N7 pick oy > 1 such that ¢(ay)/logay < 1/k. We also assume that ay is
chosen so large that ¢(ﬁ) > k. Let v, = Lw(ﬁ)J and Ry = w(ﬁ)
Since Y, 27T < 27, we may pick pairwise disjoint intervals (Ji)g>1 with
|J,| = 27 B, Using Lemmal4.2 with J = Ji, v = v and R = Ry—which for
k > 7 clearly satisfy the conditions of the lemma—we get subsets Ej of Jj
satisfying |Ey| = 277+ f+~1 and SJk (Pilg,)(0)dO > cup2—ve— B,
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Now let f = Ek27 ailg,, which is measurable, and note that, since
oy = 228% /(Ry.k) by the definition of Ry, and 1,

S¢<f(9)) df = Z arp(ag) - 9—vk—Rr—1

T k>7
logoy, ., _p. 1
< =Rt i) b
= ZO% L
k>7
22 1 228 C
= L2 Lok =l < = <
Rek & Og(Rkk> <2 g <o
k>7 k>7

and hence f € L?(T). On the other hand,
[ (PeF)©0)do > S | ax(Piln)(0)dd > e ago2 e

T k>7 Jy k>T7

1
>c - = 400,

so that f ¢ H}(']I‘)

(ii) Since limsup,_ ., ¢(z) = +oo by assumption, we may for each
k € NT pick ay > 4 such that ¢(ay) > k3. Let v, = logylogy(k%ay,) and
Ry, = 2logy(k) — €k, where ¢, € [0, 1] is chosen so that 2"# — Ry, € N. Since
> sq 271 < 27 we may pick pairwise disjoint intervals (Ji)g>1 with |Ji| =
2~ Bk Using Lemma with J = J, v = v and R = Riy—which clearly
satisfy the conditions of the lemma—we get subsets Ej of Jj satisfying
‘Ek| — 9~ 2k Ry, and ||P61Ek“L1(’]I‘) < 0272%.

Let g = ) ;> lp,, which is clearly integrable, and note that g €
H}(']I‘), since

* * _9V, ]-
1P59llrimy < D ol Pilir < O a2 ™ =C ) o5 < +oo,

E>1 E>1 E>1
where the first inequality follows by monotone convergence. However,
1

v 26k 1
— —2"k—R 3 _
[ 2(9(0)) a0 = 3" cu(an) 2 2 3 gkt Tg 23 = e,
T k>1 k>1 k>1

so that g ¢ L?(T), since L?(T) is of class As. =

4.3. Distributions and eigenfunctions. We defined H(T) to be the

set of f € LY(T) for which Pgf € L'(T). However, just as in the classical
case of H'(T), this space does not change if we a priori allow f to be a
distribution, in the following sense. Given a distribution 7" € D'(T) we
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define, for r € [0,1[ and 6 € T,

(POT)(T79) = T(PO(ra 0— - ))7
(PoT)(r,0) = T(Po(r,0 — -)),

(PST)(0) = sup [(PoT)(r,0)],
rel0,1]

where Py(r,0) = Py(r,0)/(FPol)(r,0) is the normalized kernel.

In the proofs of Propositions[2.4 and [2.5] we will use Alaoglu’s theorem in
the separable case. Let C'(T) be the set of continuous functions on T. The set
C(T)* of bounded linear functionals on C(T) is identified with the set M (T)
of complex Radon measures on T, equipped with the norm ||u| = |u|(T),
where || is the total variation of y € M(T). Then for any family (A;),¢cjo]
of operators in C'(T)* with uniformly bounded operator norm, we may take
a sequence (ry)p>1 in [0, 1] and a measure p € M(T) such that r, — 1 and
A, — p vaguely as n — +o00, that is,

lim Ay, (f) = £(6) du(6)
n—-+4oo
T
for all f € C(T).

The proof of Proposition [2.4] is essentially the same as in the classical
case (see for instance [9, Theorem 6.4.3]). Basically we show that there exists
a sequence (1,)p>1 such that (PyT)(ry, - ) converges both to 7" in D'(T) and
to some measure, a measure which is then shown to be absolutely continuous
with respect to the arc measure on T.

Proof of Proposm'on. If r€[0, 1] is fixed we may interpret (PoT")(r, - )
as an element in C(T)* by letting, for f € C(T),

(PoT)(r, ))(f) = | (PoT)(r,0)£(6) do,
T

and we see that |((PoT)(r, - ) ()] < [[fllgoo () IPoT N 1y

Take (rp)p>1 in [0,1] and g€ M(T) with r, — 1 and (PoT)(rp, - ) — p
vaguely as n — +o0. Both the measure p and the function (PoT')(r, - ), for
fixed r € [0,1], are interpreted as distributions in the usual way. We now
proceed to show that y = T by first proving that (PyT)(r, - ) — T in D'(T)
as r — 17. That is, we show that for every f € D(T) we have
(4.3) lim ((PoT)(r, -))(f) =T(f)-

r—1-

Since ((PoT)(r, -))(f) = (T * Po(r, - ))(f) = T(f * Po(r, - )) we only have
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to show that fx Py(r, -) — f in D(T) as r — 1. However, for all o € N,
[0%(f = Po(r, - ))(0) — 0% f(O)] = |((0%f — 0% f(6)) = Po(r, -))(0)]

c 0% (¢) — 0%/ ()]
< d
(D)) G-nT-a @
< C'2 HaaHfHLoo(ir) 16 — 9| do
GO fl ooy

log (727)

as r — 17, and equation follows. Hence if f € D(T) we see that
$p fdp =limy oo \(PoT) (1, 0) f(6) d6 = T(f), so that = T.

It only remains to show that p is absolutely continuous with respect to
Lebesgue measure. Take £ C T with |E| = 0. Fix a closed set F' C E and
let € > 0. Since Pju € LY(T) there exists 6 > 0 such that |§, P5udf| < e
for all A C T with |A| < §. Let, by outer regularity of Lebesgue measure,
U D FE be an open set having |U| < §. Using Lusin’s theorem we get a
continuous function f € C(T) satisfying |u[(f # 1r) <€ [[f| foo(r) < 1 and
supp f C U.

Now pu(F) = {1 fdu+ §p(1p — f) dp, where

1§ (L = ) du| < 20ul(f # 1) < 26,
T

Hf ’: lim SPO,u T, 0 d@‘

n—-+4oo

=
=

< hmsupﬂr (Po) (ra, 0)] - | £(0)] d6 < | (PGu)(0) - 1d6 < e,
n—-+00 U
since |U| < ¢. Hence |u( )| < 3e, and since € > 0 is arbitrary, it follows
that u(F) = 0. Noting that p and |u| have the same null sets, we find that
|u|(F) = 0, and by inner regularity |u|(E) = 0, showing that u(E) = 0.
Consequently p is absolutely continuous with respect to Lebesgue measure,
and Proposition [2.4] follows from the Radon-Nikodym theorem. m

By [10, Theorem 1.7], any function satisfying condition (i) in Proposi-
tion can be represented as PyT—defined in the obvious way—for an
analytic functional T. We will not need this general result, but Proposi-
tion follows easily from its proof. However, for completeness we instead
give an essentially self-contained proof of our special case. Although the
method of proof is the same as in [10], our proof does not employ the more
general theory used there. In passing, we also mention that an eigenfunction
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is represented by a distribution 7' € D'(T) if and only if it grows at most
exponentially with the hyperbolic distance to the origin [T}, [15].

Proof of Proposition[2.5. The converse statement is trivial. On the other
hand, if u € C?(D) satisfies conditions (i) and (ii) of the proposition, then
we define a family of bounded linear functionals 4, € C(T)*, r € [0, 1[, by

1
A =————\u(r,0)g(0)dd for g € C(T).
)= gy LU 90) ge o)
Now [Ar(9)] < l[w*l[1(m)llgll oo (1), S0 we may take a sequence (rg)r>1 in
[0,1] and a measure g € M(T) such that r, — 1 and A,, — p vaguely as
k — +o0.

Hence to finish the proof we only need to show that Py = u, since in that
case du = fdf for some f € H} (T) by Proposition and condition (ii).
Expanding u(r, - ) in a Fourier series, u(r,0) = >_, cn(r)e™, we first show
that there exist constants a,, such that ¢, (r)e™® = a, f,,(r,0), where

Falr,0) = 5= § ol 0 = )™ o,

T
Note that both (r,0) — ¢, (r)e™ = 5=(u(r, - ) * €™)(6) and f,, satisfy
(4.4) i(l — %) Au(r,0) = —lv(r 9),
(4.5) v(r,0) = me v(r,0).

Also observe that (Py(r, -)/(Fo1)(r,0))rc0,1] is an approximation of the
identity, in the sense that for every g € C (T) we have

(4.6) (Pog)(r,0) = (1301)1(0) [ Po(r, )g(6) dé — 9(0)
A\

as r — 17. In fact, for each ¢ > 0 there exists § € ]0,7[ such that
19(¢) = g(0)] < e for |¢] <4, thus

[(Pog)(r; ) — g(0)] = |(Polg — 9(0)))(r, ¢)]
2[lgll oo

ZIIEM P, ¢)d
(Po1)(r, 0) |¢S>5 hiro)do
) Csllgll oo (my
T log(g%)

where the last term tends to zero as r — 17. Consequently, f,(R,0)
# 0 for all sufficiently large R € ]0,1[, with n fixed. For such R we de-
fine constants dg by c,(R) = dgfn(R,0). Then c,(R)e™ = drf.(R,0)
for all & € T, because of . Applying the strong maximum principle
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to (r,0) — (co(r)e™ — dpfa(r,0))/fo(r,0) (see for instance [I7, Theo-

rem 2.10]), we deduce that c,(r)e™ = dgrf.(r,0) for all r € [0, R] and

0 € T. Obviously dr cannot depend on R, allowing us to pick a,, = dg.
Since Py(r,0 — ¢) = >, fu(r,0)e"™?, it suffices to show u(e™ ™) = a,

in order to prove that Py = u. However, by the vague convergence,

Ciny e 1 —ind g, 1 2men (k)
W) = i R0y ) M O e = )

. QWanfn(rk 0) . an .
i ZTOn0) G pp oo gy g,
k—lfli-loo (Pol)(rk,()) k—1>r.|1_100 (Pol)(rk, 0) é O(Tk ¢)€ ¢ a

where the last equality follows from (4.6]). =
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