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On operator-valued cosine sequences on UMD spaces
by

WoJiciecH CHOJINACKI (Adelaide and Warszawa)

Abstract. A two-sided sequence (cp)nez with values in a complex unital Banach
algebra is a cosine sequence if it satisfies cn+m + Cn—m = 2¢ncm for any n,m € Z with
co equal to the unity of the algebra. A cosine sequence (cn)nez is bounded if sup,, ¢y [|cn||
< 00. A (bounded) group decomposition for a cosine sequence ¢ = (¢n)nez Is a repre-
sentation of ¢ as ¢, = (b" + b7 ")/2 for every n € Z, where b is an invertible element of
the algebra (satisfying sup,,c; [|b"]] < oo, respectively). It is known that every bounded
cosine sequence possesses a universally defined group decomposition, the so-called stan-
dard group decomposition. Here it is shown that if X is a complex UMD Banach space
and, with Z(X) denoting the algebra of all bounded linear operators on X, if ¢ is an
Z(X)-valued bounded cosine sequence, then the standard group decomposition of ¢ is
bounded.

1. Introduction. Given a strongly continuous one-parameter group
{G(t) }+cr acting on a Banach space X, it is immediate that
1
Ct) = 5(G() + G(=1)
is a strongly continuous cosine function, that is, a strongly continuous op-
erator-valued solution of the cosine functional equations:

(i) C(s+1t)+C(s—t) =2C(s)(¢t) for any s,t € R,
(ii) C(0) = Ix,

where Iy denotes the identity operator on X. One of the central themes in
the theory of cosine functions is whether a representation of the above form,
analogous to the equality cosat = (e’ + e~) /2  exists for a given cosine
function [I, Section 3.16], [3], [12], [13, Section 2.5|, [14, Sections III.6 and
II1.8], [I7], [19, Section III.1.1], [21]. Recently Haase [I5], improving on a re-
sult of Cioranescu and Keyantuo [9], showed that every strongly continuous
cosine function acting on a complex UMD space has a group decomposi-
tion generated by a bounded strongly continuous one-parameter group. In
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this note, a complement to [8] in which the group decomposability of co-
sine sequences was discussed, we establish an analogue of Haase’s result for
operator-valued cosine sequences. The starting point for our work is the fact
that every bounded cosine sequence with values in a complex unital Banach
algebra admits a universally defined group decomposition generated by an in-
vertible element of the algebra. This so-called standard group decomposition
may or may not be bounded itself, that is, the invertible element generating
the group decomposition may or may not be doubly power bounded. The ex-
istence of a standard group decomposition is specific to cosine sequences and
does not have a counterpart for cosine functions; in fact, a bounded strongly
continuous one-parameter cosine family of operators may fail to have any
group decomposition whatsoever [7), [16] [I8]. The main result of this paper
asserts that if a cosine sequence is formed by operators acting on a com-
plex UMD space and is bounded, then the standard group decomposition
for this cosine sequence is bounded. This result confirms the naturality and
effectiveness of the concept of standard group decomposition in dealing with
problems concerning bounded cosine sequences.

2. Background. In this section we shall give some basic definitions and
results that will be needed throughout.

2.1. Cosine sequences. Let A be a complex Banach algebra with a
unity e and a norm || - ||. A two-sided sequence ¢ = (¢, )nez with values in A
is called a cosine sequence, or a discrete cosine function, if

(1) Cntm + Cn—m = 2¢cpcp, for any n,m € Z,
(il) ¢o =e.
Every cosine sequence ¢ is even: the equality ¢_,, = ¢, holds for all n € Z.

Furthermore, every cosine sequence c is uniquely determined by its element
indexed by 1, namely,
Cn = \n\(cl) (n € Z)a

where, for n € NU {0}, T,,(x) is the nth Chebyshev polynomial of the first
kind

[n/2] n

T, (x) = Z <2k> 22k (22 — 1)k

k=0
The element ¢; is commonly termed the generator of c. Every element of A
generates a unique cosine sequence. The cosine sequence generated by a € A
is given by ¢, (a) = Tj,(a) for n € Z and is denoted c(a).

An A-valued cosine sequence (c,)nez is bounded whenever sup,,cz ||cy||

< o00. For an A-valued bounded cosine sequence ¢ = (¢ )nez, we let ||¢/|oo
= suppez leal.
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Let Inv A be the group of invertible elements of A. It is readily verified
that, for each b € Inv A, the sequence ¢(b) defined by
1
(b) = i(bn +bv™) (neiZ)

Cn

is a cosine sequence. A group decomposition for an A-valued cosine sequence
¢ = (¢p)nez 1s a representation of ¢ in the form

(2.1) ¢ = c(b)

for some b € Inv A. In view of the uniqueness property of cosine sequences,
for (2.1]) to hold it is necessary and sufficient that

o= e(b) = 50+,

The element b in is referred to as the generator of the corresponding
group decomposition. If b is doubly power bounded, i.e, if sup,,c5 ||b"| < oo,
then the group decomposition is termed bounded and b is said to generate a
bounded group decomposition.

Suppose that a € A generates a bounded cosine sequence ¢(a). Then the
series Y, -, (4n? —1)"!copn(a) is absolutely convergent and the following two
elements of A can be defined:

ba)= 23 o enfa), wla) = atid(a)
keZ

It turns out that ¢(a) is invertible, has a—i¢(a) for its inverse, and generates

a group decomposition for ¢(a) [8, Theorem 3.1]. This group decomposition is

the standard group decomposition for c¢(a). The above general construction is

perhaps best illustrated by considering a C-valued bounded cosine sequence

of the form ¢ = (cosnt),ez, where t € [0, 27). In this case a = cost alongside
2 1
P(a) = - ;Z P cos2nt = /1 — cos? t = |sint|,
n

Y(a) = cost +isint|,

(2.2)

and it is clear that ¢ (a) generates a bounded group decomposition for c.

2.2. UMD spaces. Throughout the paper, all Banach spaces will be
assumed complex. Let X be a Banach space. Let (£2,.%,P) be a probability
space, and let (%, ),en be a non-decreasing sequence of sub-o-algebras of 7.
A sequence (d,)nen of Bochner integrable X-valued random variables is a
martingale difference sequence relative to the filtration (%, )nen if for all
n € N, d,, is %,-measurable and E(d,+1 | %#,) = 0, where E(- | 4) denotes
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conditional expectation given the sub-o-algebra & of .%; the latter condition
can be equivalently restated as

\dni1dP =0
A

for all A € #,. Let LP(£2, X) denote the set of all X-valued strongly mea-
surable functions f on (£2,.%,P) such that {, || f(w)||? dP(w) < co, with the

17l = (§ 17 @I ap(e)) .

0

The Banach space X is UMD (unconditional for martingale differences) if
for some (equivalently, all) 1 < p < oo, there exists a positive constant Cp x
such that, for all n € N,

n n
p,X »,X
k=1 k=1

for every X-valued sequence of martingale differences (di)xen and for every
sequence (€ )reny with € = £1. The class of UMD spaces contains the LP-
spaces of an arbitrary measure for 1 < p < oo and their non-commutative
analogues, including the von Neumann—Schatten p-classes for 1 < p < oo,
and is stable under the formation of closed subspaces, quotients, and duals.
Furthermore each UMD space is reflexive. For the theory of UMD spaces we
refer the reader to [4, [5] and references given therein.

In this note the UMD spaces will appear in connection with a specific
operator-valued multiplier transform. For 1 < p < oo, let IP(Z, X) denote
the space of all X-valued two-sided absolutely p-summable sequences, that
is,

(2, X) = {n=(m)nez € X*| 3 I < oo},
neL

Il = (3 Inall?) "

nel

with the norm

When X = C, we abbreviate [P(Z, X) to IP(Z) and || - ||p.x to || - ||p. Given
€ = (&)rez € 12(Z), we denote by ¢ the Fourier transform of £&—that is, the
element of L?([0,27)) defined by

£(t) = Z&ce_ikt
kez

for almost every (a.e.) t € [0,27), with the right-hand side understood as
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the limit in the L2-norm of the sequence (d,,(€))nen in L2([0,27)) given by

da(§)(t) = Y Ge ™ (te[0,2m)).

k=—n
Let f: [0,27) — R be given by
1 ifo<t<m,
t) = B
Uy {—1 if <t < 2.

Since f is bounded, Plancherel’s theorem ensures the existence of a bounded
linear operator My: [?(Z) — [*(Z) satisfying

Msé = f& (€€ P(2)).
Since, in addition, f is of bounded variation, it follows from a result of

Stechkin [20] (cf. also [II, Theorem 6.4.4]) that f is a p-multiplier for each
1 < p < oo—there exists a positive number m,, such that

(2.3) IMyelly < myllélly (€ € 12(2) NIP(2)).

The estimate together with 1?(Z) N IP(Z) being dense in IP(Z) allows
My to be uniquely extended to a bounded linear operator from [P(Z) into
itself, also denoted My, of norm < m,.

Given a linear space £ of complex-valued two-sided sequences, we shall
treat the algebraic tensor product £ ® X as a linear space of X-valued two-
sided sequences, with a typical element

Z’Ekz®$k (fl,...,anE, xl,...,xneX)
k=1

of /® X identified with the X-valued two-sided sequence 1 = (1;);cz given by

n

m=>Y (&hzr (1€Z).

k=1
With this convention, [P(Z) ® X is a subspace of IP(Z,X) for 1 < p < oc.
Assuming that 1 < p < oo, consider the tensor product
My x =My®Ix

as an operator acting on [P(Z) ® X; in other words, if n = > 7_; { @ ay, €
P(Z) ® X, then My xn € IP(Z) ® X is given by

n
My xn = ZMf&c ® T,
k=1
A fact of relevance to this paper will be that if X is a UMD space, then My x
can be extended to a bounded linear operator on P(Z, X) |2, Scholium 3.1].
Since IP(Z) ® X is dense in IP(Z, X ), the extension is necessarily unique and
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hereafter it will also be denoted My x. The operator My x acting on IP(Z, X)
is an instance of an operator-valued p-multiplier.

3. Standard contraction cosine sequences. Let X be a Banach
space and let .Z(X) denote the algebra of all bounded linear operators on
X, with identity Ix. Let 1 < p < oo, and, for each n € Z, let T,, be the
translation operator on [P(Z, X) defined by

(Tumk = Mhtn (= (Micz € P(Z,X), k € Z).

The operator T,, is a surjective linear isometry and its inverse is T_,,. The
companion operator C, defined by

C = %(Tn T
is a contraction. The sequence C = (C,)pnez is an Z(X)-valued bounded
cosine sequence, with ||C||sc = 1; it will be termed the standard contraction
cosine sequence on IP(Z, X).

Strictly speaking, the notation T,, C,, C is not precise, since it does
not indicate on which of the [P spaces these objects are being considered.
However, as this will be specified in each result, no confusion should arise.

We now present a result that will form the basis for the subsequent
development.

THEOREM 3.1. Let1 < p < oo and let X be a UMD Banach space. Then
the standard group decomposition of the standard contraction cosine sequence

C onlP(Z,X) is bounded.

Proof. We denote the generator of the standard group decomposition of
C, ¥(Cy), by B. To prove that B is doubly power bounded, we first observe
that, for each n € (12(Z) NIP(Z)) ® X,

Cin(t) = (cost)i(t)

for a.e. t € [0,2m). Here, for n represented as
n = ka@l‘k (517'-',511 € lz(Z) HZP(Z)v L1y, Tn € X)a
k=1

7 denotes the Fourier transform of n—the element of L?([0,27)) ® X de-

fined by
n= ZfAk @ Tk
k=1

With the aid of (2.2)), it is easily verified that
(3.1) Bn(t) = (cost + ilsint|)7(t)
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for a.e. t € [0,27). Using the operator-valued p-multiplier My x from the
previous section, we define two (projection) operators P* in .Z(IP(Z, X)) by

1
Pt = 3 (Ip(z,x) + My x).

Clearly, we have Pt + P~ = Ijp(z x), and ]5:77 = 1jo,m7 and ]5—\7] = lirom®
for n € (I*(Z)NIP(Z)) ® X. In view of (3.1), if n € Z and n € (1*(Z) N
’(Z)) ® X, then

B PHi(t) = (cost + isint)" g (D)7(t) = e PHy(t) = T, PHn(t),
BPP1(t) = (cost — i sint)™ Lz o (() = e ™ P(t) = T_, P¥1)(t)
for a.e. t € [0,27). Hence, taking into account that (I(Z) NIP(Z)) ® X is

=T

dense in [P(Z, X), we infer that B"PT = T,P* and B"P~ _,P~, and
further

IB"| < [B"PT|| +[[B"P~|| = |TuPT|| + [T-aP~ || = I[Pl + [P
Thus B is doubly power bounded. =

4. Transference result. To make use of the result from the previous
section, we shall need a variant of the transference method of Calderon [6]
and Coifman and Weiss [10]. This technique, in varying forms, transfers
operators affiliated with groups, along with their bounds, to spaces in which
the groups act. Here we establish a relevant transference result in the form
of a discrete analogue of a transference result of Haase [15, Theorem 3.1]|.

Let [1(Z) be the Banach space of all even sequences in [*(Z). For each
n € 7, let 9,, be the two-sided sequence with all entries equal to 0 except for
the nth entry which is equal to 1, and let

1
€n = 5(5,1 +0_p).
With the convolution
(s%t), = Z Sn—mtm (s, € lé(Z))
meZ

as product and with €y (= &) as unity, I1(Z) is a unital Banach algebra.
Let A be a complex Banach algebra with a unity e, and let ¢ = (¢,)nez
be an A-valued bounded cosine sequence. For each s = (s,)nez € IL(Z), we

define m.(s) € A by
Te(s) = Z SnCn.-

neZ
It is easily verified that

7 IN(Z) — A, s Te(s),

e
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is a representation of the convolution algebra I}(Z), that is,

(i) (s xt) = me(s)me(t) for any s,t € IL(Z),
(il) me(eg) = e.

Moreover, 7. is continuous, with ||7.| < ||¢/|oo-

THEOREM 4.1. Let X be a Banach space, let ¢ = (¢p)nez be an L (X)-
valued bounded cosine sequence, and let 1 < p < co. Then, with C the stan-
dard contraction cosine sequence on IP(Z,X),

(4.1) Ime(s)]| < 12llell3 Ime(s)]

for each s € 11(Z).

Proof. Let s = (sp)nez be an element of [}(Z) with compact support,
say in {—N,—N +1,...,N — 1, N}, where N € N; in other words, s, = 0
for each n with |n| > N. Then, for each € X and each k € Z,

1
cxme(s)x = Z sickaT = Z si(Crq1 + iy

l€Z lez
N
1
=3 E s1(cp41 + cr—1)z.
I=—N

For each m € N, we define an operator i,,: X — IP(Z, X) by

. if <

(i) = {Ckx if |k| < m, (xe X, keZ).
0 otherwise

Clearly, if k is in the range |k| < n, [ is in the range |[| < N, and = € X,

then

(kg1 + ck—1)r = (CrineNT)k-

2
Consequently, for each k with |k| < n,
N
(42) erme(s)z =Y su(Cringna)e = 3 s(Cringn)e = (mc(8)ins NT).
I=—N l€Z

As Ix = 26% — cgf, for each k € Z, we have

n

2 ) 1 =
T g_:nckx T2+ 1 k;nc%x

for all n € N. Substituting 7.(s)z for z in this last identity and taking
into account that, in view of (4.2)), cxme(s)x = (wc($)ign+NT)r whenever
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|k| < 2n, we see that, for each n € N,

n

(4.3) 7(s)x 2 Z me(s)x ! Z corTe(S)x

2n+1 = on—+1 Rt
2 " 1 n
=—n —n

For each n € N, we define an operator P, : [P(Z,X) — X by

n

2 = 1
Pan = - > = (Z,X)).
=5 > crmn TS mek  (n = (m) € I"(Z, X))

k=—n

=—n
We can now rewrite (4.3]) as
(4.4) FC(S) = PnWC(S)i2n+N~

With this identity in hand, establishing (4.1)) is a matter of suitably estimat-
ing the norms of P, and @954 N
We have, for each x € X,

2n+N 1/p
||i2n+N:v|p,X=( > IICkap) < (4n + 2N + 1)M7||c]|oo || 2]
k=—(2n+N)
SO
(4.5) lignen || < (40 + 2N + 1)YP||¢]| .

Let ¢ be the conjugate index of p, defined by 1/p + 1/q¢ = 1. By Holder’s
inequality, for each n = (n) € IP(Z, X),

n

2lelloo §- 1
P, < = g E

=—n
2n
2||elloo +1
< T.—T-l Z Al
k=—2n

2n+1
_ 2elloo+1
- n—+1
= (2llefloo + 14 9(n + 1) |Inll, x

(4n + 1)Vl x

(4n + 4"y

p,X

(4.6) 1Pall < 2flelloc +1)4"9(n + 1)71/P.
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Now, on account of (4.4)—(4.6) and 1 < ||¢||~,
Ire(s)I| < (2llelloo + 149 (n+ 1) 7P (4n + 2N + 1)VP e oo |7 ()]
< (2lleoo + 149 (n + 1)V (4n + AN + 4) | cl oo [[mc ()]

N \l/p
< _
< @+ 14(1+ 57 ) el

N 1/p
< 12l (14 257 ) Mellalime(o)l.

Letting n — oo, we deduce (4.1]).
In the last step, we remove the support restriction on s. For s = (s,) €
11(Z) and N € N, let s¥) be the element of I1(Z) given by

(N)Y _ ) Sk if ’k‘ <N,
(e { 0 otherwise (ke 2).

For each N € N, sV) has support in {~N,-N +1,...,N —1,N}, and
SO holds with s replaced by sV). Furthermore, (S(N))NGN converges
in norm to s, and hence also (m.(sV)))yen and (mc(s™™))) yen converge in
norm to 7.(s) and mc(s), respectively. This immediately implies in the
general case. =

5. Main result. We are now in a position to establish the central result
of the paper.

THEOREM 5.1. The standard group decomposition of an £ (X)-valued
bounded cosine sequence, where X is a UMD Banach space, is bounded.

Proof. Let X be a UMD Banach space and let ¢ = (¢, )nez be an Z(X)-
valued bounded cosine sequence. Define two elements by and b_ of I}(Z)
by

br=ea F % Z ﬁ@k-
kEZ
Observe that m.(€1) = c1, that the generator of the standard group decom-
position for ¢, 9(c1), coincides with 7 (b4 ), and that 7.(b_) is the inverse
of m.(by). Select 1 < p < oo arbitrarily and let C be the standard contrac-
tion cosine sequence on [P(Z, X). As above, note that mc(e1) = Cy, that the
generator of the standard group decomposition for C, ¥(Cy), coincides with
mc(by), and that mc(b-) is the inverse of mc(bs4). Now, for each n € N,

Te(be)” = m(bY') and  wc(by)™ = mwc(bY),

where
s =s5%---%8
—_—

n times
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for any s € [1(Z). This and Theorem [4.1|imply that

lme(b)™[| = e (03 < 12[lelZ e (b3 = 12]le]Zllme (b)" |

for each n € N. But, by Theorem sup,en llmc(b+)™|| < oo. Therefore we
also have sup,,cy || 7¢(b+)"|| < oo, and so 7. (b4 ) is doubly power bounded. =
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