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Interpolation of Cesaro sequence and function spaces
by

SERGEY V. ASTASHKIN (Samara) and LECH MALIGRANDA (Lulea)

Abstract. The interpolation properties of Cesaro sequence and function spaces are
investigated. It is shown that Ces,(I) is an interpolation space between Cesy, () and
Cesp, (I) for 1 < po < p1 < oo and 1/p = (1 — 0)/po + 0/p1 with 0 < 6 < 1, where
I = [0,00) or [0,1]. The same result is true for Cesaro sequence spaces. On the other
hand, Ces,[0, 1] is not an interpolation space between Ces; [0, 1] and Cess |0, 1].

1. Introduction and preliminaries. The structure of Cesaro sequence
and function spaces was investigated by several authors (see, for example,
[Be], [MPS], [A], [AM] and references therein). Here we are interested in
interpolation properties of these spaces. The main purpose is to give inter-
polation theorems for the Cesaro sequence spaces ces, and Cesaro function
spaces Cesp(I) on I = [0,00) and I = [0,1]. In the case of I = [0,00)
some interpolation results for Cesaro function spaces are contained implic-
itly in [MS]. Moreover, using the so-called KT-method of interpolation it
was proved in [CEM] that the Cesaro sequence space ces), is an interpolation
space with respect to the couple (I1,1;(27)).

Our main aim is to give a rather complete description of Cesaro spaces
as interpolation spaces with respect to appropriate couples of weighted L1-
spaces as well as Cesaro spaces. For example, if either I = [0,00) or [0, 1]
and 1 < pg < p1 < oo with 1/p=(1—-0)/po+6/p1 for 0 < 6 < 1, then

(1.1) (Cespy (1), Cesp, (I))gp = Cesp(I) and (cesp,,cesp, )o,p = cesp,

where (-, -)g, denotes the K-method of interpolation.

We have a completely different situation in a more interesting and non-
trivial case when I = [0,1] and pp = 1, p; = co. It turns out that Cesp[0, 1]
is not an interpolation space between Ces;[0,1] and Cess[0,1], whereas
(Ces10, 1], Cesxs [0, 1])g,p for 1 < p < 0o is a weighted Cesaro function space.
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Let us collect some necessary definitions and notations related to the
interpolation theory of operators as well as Cesaro, Copson and down spaces.

C
For two normed spaces X and Y the symbol X — Y means that the
imbedding X C Y is continuous with norm not greater than C, i.e., ||z|y <

C|lz||x for all z € X, and X — Y means that X £ Y for some C > 0.
Moreover, X =Y means that X — Y and Y — X, that is, the spaces are
the same and the norms are equivalent. If f and g are real functions, then
f ~ g means that ¢ g < f < ¢g for some ¢ > 1.

For a Banach couple X = (X, X7) of two compatible Banach spaces Xg
and X, consider the Banach spaces XgN X1 and Xy + X with their natural
norms

£l xonx, = max(|| fllxo, [[flx,)  for f € XoN X,
and for f € Xo + X1,

1flIx0+x, = mE{[ follxo, +IAllxy = f = fo+ f1, fo € Xo, f1 € Xa}.

For more careful definitions of a Banach couple, intermediate and in-
terpolation spaces with some results introduced briefly below, see [BK| pp.
91-173, 289-314, 338-359] and [BS|, pp. 95-116].

A Banach space X is called an intermediate space between Xy and X7 if
XoN Xy — X < Xg+ X1. Such a space X is called an interpolation space
between Xy and X; (and we write X € Int(Xo, X1)) if, for any bounded
linear operator T : Xg + X7 — Xy + X1 whose restriction Tix, : Xi = X;
is bounded for ¢ = 0,1, the restriction T|x : X — X is also bounded and
1Tl x—>x < Cmax{||T||x,—x0: |Tllx,—x,} for some C > 1. If C' = 1, then
X is called an exact interpolation space between Xy and X7.

An interpolation method or interpolation functor F is a construction (a
rule) which assigns to every Banach couple X = (X, X;) an interpolation
space F(X) between Xg and X7. The interpolation functor F is called ezact
if the space F(X) is an exact interpolation space for every Banach couple
X. One of the most important interpolation methods is the K-method, also
known as the real Lions—Peetre interpolation method. For a Banach couple

X = (Xo, X1) the Peetre K-functional of an element f € Xo+ X is defined
for t > 0 by

K(t, f; Xo, X1) = inf{|| follxo + tll f1llx, : f = fo + f1, fo € Xo, f1 € Xu}.
Then the spaces of the K-method of interpolation are

(X(),Xl)g’p = {f S X() + X1 :

o0 1/p
£l = {0, x0p ) < oo}

0
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if0<f<land1l<p< oo, and
(X0, X1)0,00 = {f € Xo+X1:[[flloo = SUEK(t7f;X0,X1)/t0 < OO}
t>

if 0 < 0 < 1. Very useful in calculations is the so-called reiteration formula
showing the stability of the K-method of interpolation. If 1 < pg,p1,p < 00,
0 < 6y,01,60 <1 and 6y # 61, then with equivalent norms

(1'2) ((X07 X1)90,P07 (X07 X1>91,p1)9,p = (XOa Xl)mpv

where n = (1 — 0)0y + 06, (see |BS, Theorem 2.4, p. 311]|, |[BL, Theorems
3.5.3], [BK, Theorem 3.8.10]) and [Tr, Theorem 1.10.2|).
The space (X, Xl)g of the general K-method of interpolation, where @ is
a parameter of the K-method, i.e., a Banach function space on ((0, 00), dt/t)
containing the function ¢ — min{1, ¢}, is the Banach space of all f € Xo+ X,
such that K(',f;Xo,Xl) € @ with the norm HfHK¢ = HK(, f;X(),Xl)H@.
The space (X, Xl)g is an exact interpolation space between Xy and Xj.
In particular, if L, = L,(£2, 1), where ({2, 1) is a complete o-finite mea-
sure space, then for any f € L1 + Lo, we have
t
(1.3) K(t, f; L1, Loo) = | f*(s) ds.
0
Here and below, f* denotes the non-increasing rearrangement of | f| defined
by f*(s) =inf{\A > 0: u({x € 2:|f(x)| > A}) < s} (see |BK|, Proposition
3.1.1], |[KPS, pp. 78-79|, |BS, Theorem 6.2, pp. 74-75]). Moreover, for two
non-negative weight functions wg,w; and for f € Lq(wo) + L1 (w1) we have

(1.4) K(t, f; L1(wo), L1(w1)) = [min(wo, tw1) f| L,

(see [BK| Proposition 3.1.17| and [Ovl, p. 391]).

If the inequality K(t,g; X0, X1) < K(t, f; X0, X1) (t > 0) with f € X
and g € Xo + X implies that ¢ € X and ||g||x < CJf|x for any X €
Int(Xp, X1) and some C' > 1 independent of X, f and g, then (X, X;) is
called a K-monotone or Calderén—Mityagin couple. For every K-monotone
couple (Xp, X1) the spaces (Xo, X)X of the general K-method are the only
interpolation spaces between Xy and X (see [BK]).

Now, we recall the definitions of Cesaro spaces. The Cesaro sequence
spaces cesy, are the sets of real sequences x = {x}} such that

© /1 p1/p
||£C||ces(p) = [Z <nz |xk|> ] <oo forl<p<oo,
n=1 k=1

and

1
= — < f = 00.
Hches(oo) iléll\)l n ; ’xk’ o0 or p =00
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The Cesaro function spaces Ces, = Cesy([) are the classes of Lebesgue
measurable real functions f on I = [0, 1] or I = [0, 00) such that

17 p 1/p
HN@WV=“<xSﬂwMQ m] coo forl<p<oo
I 0

and
X

| llces(ooy = sup = §£(1)] dt < 50 for p= .
O<zel T 0
Cesaro spaces are Banach lattices which are not symmetric except when
they are trivial, namely, ces; = {0}, Ces;[0,00) = {0}. By a symmetric
space we mean a Banach lattice X on I with the additional property: if
g (t) = f*(t) for all t > 0, f € X and g € LY(I) (the set of all classes of
Lebesgue measurable real functions on I), then g € X and ||g||x = || f]|x (cf.

IBS], [KPS]). Moreover, [, & cesp, Ly(I) & Ces,(I) for 1 < p < oo (in what

follows 1/p+1/p’ = 1), and if 1 < p < ¢ < oo, then ces, <y cesy N CeSoo-

Also for I = [0,1] and 1 < p < ¢ < oo we have Ly, <i> Cesso <i> Ces, <i>

1 1
Cesp, — Ces; = Li(In(1/t)) and Cesoo — L.
Let 1 < p < oco. The Copson sequence spaces cop,, are the sets of real
sequences = = {xy} such that

s o 26\ ? 1/p
HSUHCop(p) = |:Z <Z k‘) :| < 00,
n=1

k=n
and the Copson function spaces Cop,, = Cop,,(I) are the classes of Lebesgue
measurable real functions f on I = [0,00) or I = [0, 1] such that

11/p
| fllcopm) = [ S < S fgﬁ ) dt> dx < oo for I =][0,00),

0 T
and

AT AN
£l cop(p) = [g (g tdt) de| <oo forI=10,1].

0~z -

Sometimes we will use the Cesaro operators
1
C C =— t)|dt
ax(n Zum fa)=—§1f@®)

and the Copson operators

Cia(n Z’x’f’, Cfla)= | FAGI
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related to appropriate spaces. Then ces, (resp. cop,) consists of all real
sequences = {x}} such that Cqx € [, (resp. Cjz € [,), and Cesy([)
(resp. Cop,(I)) consists of all classes of Lebesgue measurable real functions
f on I such that Cf € L,(I) (resp. C*f € L,(I)) with natural norms.
By the Copson inequalities (cf. [HLP, Theorems 328 and 331], |Be, p. 25]
and [KMP], p. 159]), valid for 1 < p < oo, we have ||Cjz|, < pllz;, for
€ ly and |C*f|lp, 1y < Pllf |, 1) for f € Ly(I). Therefore, I, <> cop, and
L, &y Cop,,.

We can define similarly the spaces cop,, and Cop,, but it is easy to see
that cop,, = l1(1/k) and Cop,, = Li(1/t). Moreover, for I = [0, 1] we have
L, Ly Cop,, é Cop; = L.

We will also consider more general Cesaro spaces Cesg([), where E is a
Banach function space on I with the natural norm || f|lces(zy = ICf]|E-

For a Banach function space E on I = [0,00) the down space EY is the
collection of all f € LY such that

£l = sup | [£(£)]g(t) dt < oo,
I
where the supremum is taken over all non-negative, non-increasing Lebesgue
measurable functions g from the Kothe dual E’ of E such that ||g| g < 1.
Let us recall that the Kéthe dual of a Banach function space E is defined as

B ={fer’:|flp= sw [If(g(t)dt<oc}.

llgllz<1 T

It is routine to check that the space EY has the Fatou property, that is, if
0 < f, increases to f a.e. on I and sup,ey ||fullp < o0, then f € E¥ and

| full gv increases to || f||gv. Moreover, E” = EY, where E” is the second
Kothe dual of E. Recall also that a Banach function space E has the Fatou
property if and only if £ = E” with equality of norms.

Sinnamon [Si01, Theorem 3.1] proved that if E is a symmetric space
on I = [0,00), then ||f||z ~ [|Cf||g if and only if the Cesaro operator
C : E — Eis bounded. In particular, then E¥ = Cesg. Moreover, (L1)% = L4
since

Wqﬂwﬁmwmﬂﬁwﬁwwwﬂﬁmmwzwm

o<g M9l To<gr M9l T IMllie
(cf. IMS| p. 194]).

The paper is organized as follows. In Section 2 we prove that the Cesaro
and Copson sequence and function spaces on [0, 00) are interpolation spaces
obtained by the K-method from weighted Li-spaces. At the same time, in
the case of I = [0, 1], only the Copson spaces can be described as interpola-
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tion spaces with respect to the analogous couple of weighted L;-spaces (see
Theorem 1(iii)). In particular, we obtain a new description of the interpola-
tion spaces (L1, L1(1/t))1—1/pp in the off-diagonal case both for I = [0, o)
and I = [0, 1].

In Section 3 it is shown that the Cesaro function spaces Cesp[0,00),
1 < p < o0, can be obtained by the K-method of interpolation also from
the couple (L]0, 00), Cesso [0, 00)). Hence, applying the reiteration theorem,
we conclude that Cesy[0,00) is an interpolation space with respect to the
couple (Cesy,[0,00), Cesy, [0,00)) for arbitrary 1 < pg < p1 < oo and 1/p =
(1—6)/po+0/p1 with 0 <6 < 1.

In Section 4 interpolation of Cesaro function spaces on [0,1] is investi-
gated. We prove that for 1 < p < o0,

(L1(1 = 1)[0,1], Cesso[0,1])gp = Cesp[0,1]  with 8 =1 —1/p.
As a consequence of this result and the reiteration equality (1.2), we infer
(1.5) (Cesp, [0, 1], Cesp, [0,1])g,, = Cesp[0,1]
for all 1 < py < p1 < oo and 1/p = (1 —6)/po+6/p1 with 0 < 6 < 1.
We are also interested in description of interpolation spaces between
Ces1[0,1] and Cesuo[0, 1]. In Section 5, in Theorem 3, we find an equiva-

lent expression for the K-functional with respect to this couple and then in
Section 6 we prove that the real interpolation spaces

(Ces1[0,1], Cesoo[0, 1])1-1/pp

for 1 < p < oo can be identified with the weighted Cesaro function spaces
Ces,(In(e/t))[0, 1].

Finally, in Section 7, we show in Theorem 6 that Ces,[0,1] for 1 < p < oo
are not interpolation spaces between Ces;[0, 1] and Cess[0, 1].

2. Cesaro and Copson spaces as interpolation spaces with re-
spect to weighted Li-spaces. We start with the main result in this part.

THEOREM 2.1.
(i) If 1 < p < oo, then
(11, ll(l/k))l,l/pyp = ces) = cop,,.
(ii) If I =[0,00) and 1 < p < oo, then
(Lq, Ll(l/t))l_l/p’p = Ces, = Copp.
(i) If I =10,1] and 1 < p < oo, then
(L1, L1(1/t))1-1/pp = Cop,,.

/

Moreover, Cop,, Z, Ces;, and the reverse imbedding does not hold.
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Proof. (1) If f € Iy +1:(1/k), then K (¢, ;11,11 (1/k)) =t >z |xk|/k for
0<t<1, and

[] e
k=1 k=1 k=[t]+1

for t > 1. Therefore, for n <t <n+1 (n > 1), we have

K(t,x;1,11(1/k)) 1 « 20 .
; < nkz_l|$k|+k_z:+lkZCdx(n)+Cdx(”+1)'

Since

CaCliz(n) = % ; < i le:|>

(55,3

n

1 x «
IS o 3 2 Gt + a1,
k=1

k=n-+1

3

it follows that, forn <t <n+1 (n>1),

K(t,x;l1,01(1/k
Using the classical Hardy inequality (cf. [HLPL Theorem 326| or [KMP), The-

orem 1]), we obtain
YUKt x i, h(1/E)\P O\ VP
Hlefl/p,p: <S ( ( 1t 1( / ))) dt)
0

e+ 3T (B0 o]

n=1 n
[Cdx —i—Z CyChx(n))P } v

< Cgz(1) + HCdCdSCHlp < Ciz(1) + ' Cazll,

< (' +D)Cqzlly, = @'+ Dlz]lcop(r)
This means that cop,, < (I1,/1(1/k))1-1/pp- On the other hand, for n <t <
n+1(n>1), we have

K(tax;llvll(l/k» - ’mk‘ *
P > _ZJrlk:CdLU(n—{—l)
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and

I /l1—1/pp = <O§j <K(t7w;llt, l1(1/k))>z’dt>1/p

(Cdx P chl‘ n + 1) ) = ”CZEZL'Hlp = ||chop(p)

which gives the reverse imbedding (I1,11(1/k))1-1/pp N cop,,- The equality
cesp = cop,,, 1 < p < oo, was proved by Bennett (cf. [Bel, Theorems 4.5 and
6.6]).

(ii) For f € L1 + L1(1/s) = L1(min(1,1/s)) we have

K(t, f;L1,Li(1/s)) = | |f(s)| min(1,¢/s) ds

<+ o

:S|f \ds+t§ |
0 t
Thus,

K(t, f;L1,L1(1/s))

g = Cf(t)+ C*f(t), t>0,

and therefore

(2.1)

*®IK 1. L p 1/p
T G e ) I B TR Pt
0

Since, by the Fubini theorem,

c0s0) = | (5 §176)1ds)

0

(}jg) \ds+o§o<0§;> 5)| ds

freolas+ | L0 as - o+ oo,

0 t
from the Copson inequality (cf. [HLP, Theorem 328|) it follows that

[fllcesp) = 1C Iz, (0,000 < NCF + C™ fllz, 0,00)
= IC*CfllL,0,00) < PICS L,0,00) = Pl fllces(p)-
Combining this with (2.1)), we obtain || f[l1—1/p, = ||l ces(p)

&~ | = OL”‘*w
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On the other hand, since

o - L <°§° 765 ds) "

by the Hardy inequality,

Hf”Cop(p) = HC*f”Lp(O,oo) < Hcf + C*fHLp(O,oo)
= |ICC* fllL,0,00) < P'NIC* Fll (0,000 = Pl fllCop(m)

and, applying once more, we conclude that || f[l1_1/,p = || fllcop(p)

(iii) For I = [0,1] and f € L1+L1(1/s) = Ly we have K (¢, f; L1, L1(1/s))
=||fllif t > 1, and

t 1
K(t, f; L1, Li(1/s)) = {1 f(s)|ds + ¢t |
0 t

if 0 <t < 1. Therefore, for 1 < p < oo,

| f

Was — o pw) + e p 1)

1 o]

£l =1pp = (S [CF(t) + C*f(t)]P dt + | fpufuffdt)””
0

1
1 1/p
- (1es+ersip+ i)

Firstly, the last expression is not smaller than [[C* fll, = || flcop(p)- On the
other hand, since again CC* f(t) = C'f(t)+C* f(t), by the Hardy inequality,
it follows that

i} 1 1/p § B
-1y = (ICC IR+ —11E) < 1CC Sl + 0= D211

< p/HC*pr + (p - 1)_1/p||f||Cop(p) = (p/ + (p - 1)_1/p)||f”Cop(p)
Thus, (L1, L1(1/t))1-1/pp = Cop, with equivalent norms for 1 < p < oo.
For p = oo we have (L1, L1(1/t))1,00 = L1(1/t) = Cop4, [0, 1].

The imbedding Cop, & Cesy, for 1 < p < oo follows from the inequality
I£llcesmy = ICFllp < NCF + Cfllp = ICC fllp < PIC fllp = P'll.f | copn)

1
Moreover, Ces,[0, 1] N L]0, 1] A Cop,[0,1] for 1 < p < oco. In fact, observe
that in the case of I = [0, 1] the composition operator C*C has an additional
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term. More precisely,
1
C*Cf(t) = CF() + Cf(t) = | f(s)]ds.
0
Therefore,

[ lcop@) = I1C" fllp < ICF + C fllp
1

= |[c*Cf+1f(s)|dsllp < IC*Cfllp+ 1 £
0
<plICFlp + 11f1lh < (p+ 1) max(|| fllces(py: 1 £111)-
Finally, let us show that Ces;, <+ Cop,, by comparing norms of the func-
tions fp,(t) = \/%X[h,l)(t)v 0 < h < 1, in these spaces. We have

|
S ds if0<t<h,
. LS 1—s
C*(f)) =9 | .
S ds ifh<t<1,
;S 1-—s
and
h ,1 1 p 1 1 p
C* P> ds| dt=nh d
Col P /2
d =2Ph(1 — h)P
< ) -
Also,
SO = if0<t<h,
h (2/t)( I—h—V1I—-t) ifh<t<l,
and
1
VI=h = VT=1\?
1ol = IO = 27§ ( JO)
h
e ( 10/2 1— ot
<o —oP(] _pp2_—_ "
}SL ( h) (p_ 1)hp—1
Thus,
fn Ph(1 — B)P/2(p — 1 )P~ 1L p
I H0010 (p) > 2°h(1 — h)""(p — Dh = (p—l)hi —o00 ash — 11,
||thCes 2p(1 _ h)p/Q(l _ hp—l) 1 — hp-1

and the proof is complete. =m
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REMARK 2.2. Alternatively, the space ces, for 1 < p < oo can be
obtained as an interpolation space with respect to (l1,11(27")) by the so-
called K *-method, a version of the standard K-method, precisely, ces, =

(11, l1(2_”))l]§(+1/n) (cf. [CEM], proof of Theorem 6.4]).

REMARK 2.3. The results in Theorem [2.]] give a description of the real
interpolation spaces (L1, L1(1/t))i—1/p, in the off-diagonal case. Before it
was only known that they are intersections of weighted L;(w)-spaces with
the weights w from certain sets (cf. [Gi, Theorem 4.1], [MPl Theorem 2]) or
some block spaces (cf. [AKMNP] Lemma 3.1]).

The following corollary follows directly from Theorem [2.1] the reiteration
formula (1.2]) and the equalities Cop,,[0, 1] = Li(1/t) and Cop,[0,1] = L;.

COROLLARY 2.4. If 1 <pg<p1 <ooand 1/p=(1-0)/py+0/p1 with
0< 0 <1, then

(2.2)  (cespy,cesp, )gp = cesp, (Cesp,[0,00), Cesp, [0,00))s,, = Cesp[0, 00).
If1<py<pi<ooandl/p=(1—-6)/po+0/p1 with0 <6 <1, then
(2.3) (Copp0 [0, 1], Cop,, [0,1])g,, = Copp[(), 1].

REMARK 2.5. A different proof of the second equality in ([2.2]) was given
by Sinnamon [Si91, Corollary 2].

3. Cesaro spaces on [0,00) as interpolation spaces with respect
to (Li,Cess). All the spaces considered in this part are on the interval
I =1[0,00). By [MS, p. 194] we have D> := (Ls,)* = Ces, isometrically. On
the other hand, for a Banach lattice F' with the Fatou property we have F' €
Int(Ly, D®) = Int(L1, Cesso) if and only if F' = E¥ with equality of norms
for some E € Int(Li, L) (see [MS, Theorem 6.4]). Then, in particular,
Lfg € Int(L1, Cess). Since the operator C' is bounded in L, for 1 < p < oo,
by [Si01) Theorem 3.1] it follows that

11l = N1l = NC Iz, = 1 lceser)-

Thus, for any 1 < p < oo we have Ces;, € Int(L1, Ces) and Ces, = Li.
Moreover, by using Theorem 6.4 from [MS], it is easy to prove the fol-
lowing more precise and general assertion.

PROPOSITION 3.1. Let E,F € Int(Li, L) and & be an interpolation
Banach lattice with respect to the couple (Loo, Loo(1/u)) on (0,00). Then

(3.1) (BY Fp = (B, F)5]"
In particular, if 1 < p < oo, then
(3.2) (L1, Cesoc)1-1/pp = Cesp.
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Proof. Firstly, since the Banach couple (L1, Lo ) is K-monotone [KPS|
Theorem 2.4.3|, by the assumption and the Brudnyi-Krugljak theorem (cf.
IBK|, Theorem 4.4.5]), E = (L1, Lo )}, and F = (L1, Loo) 5, with some inter-
polation Banach lattices @y and @1 with respect to the couple (Loo, Loo(1/u))

n (0,00). Applying the reiteration theorem for the general K-method (see
IBKl, Theorem 3.3.11]), we obtain
<E7 F)g = ((L17 Loo)go’ (le Loo)gl)g = (L17 Loo)g,
where ¥ = (P, P1)5 . Moreover, from the proof of Theorem 6.4 in [MS] and
the equality L% = L (see Section 1) it follows that

BY = [(L1, Loo) gy " = (L1, D%)g,, F* = [(L1, Loo) g, 1" = (L1, D%)g,
and
(B, F)g]" = (L1, L)y ]* = (L1, D™)y;.
Therefore, using the reiteration theorem once again, we obtain
(EY, FY5 = ((L1,D™)5,, (L1, D®)§))s = (L1, D™)§ = [(E,F)§]".

and equality (3.1]) is proved. In particular, from (3.1)) and the well-known
identification formula (L1, Loo)i—1/pp = Lp [BL, Theorem 5.2.1] it follows
that

(L1> CeSOO)l—l/pvp = (L%7Lio)1—1/p,p = Li = Cespa
and equality (3.2)) is also proved. =

For a given symmetric space F on I = [0,00) the Cesaro function space
Cesg is defined by the norm |[|f[lces(zy = [|Cflle. If the operator C' is
bounded in E, then, by [Si01, Theorem 3.1], Cesg = E*. Therefore, ap-
plying Proposition 3.1, we obtain

COROLLARY 3.2. Let the operator C' be bounded in symmetric spaces E
and F on [0,00) and let @ be an interpolation Banach lattice with respect to

the couple (Loo, Loo(1/u)) on (0,00). Then
K
(Cesg, Cesp)p = Ces (g, pyis -

In particular, for any 1 < py < p1 < 00,
1-60 6

+—.

bo b1

REMARK 3.3. If 1 < p < oo, then the restriction of the space Ces,[0, c0)

to the interval [0, 1] coincides with Cesy[0, 1] N L1[0, 1] (cf. [AM, Remark 5|).
Therefore, if we “restrict” (3.3]) to [0, 1] we obtain only

(Cesp, [0, 1] N L1[0, 1], Cesp, [0,1] N L1[0, 1])g,, = Ces,[0,1] N L1[0, 1],
where 1 < py <p1 <oocand 1/p=(1-0)/po+0/p1.

1
(3.3)  (Cesp,, Cesp, )gp = Cesp, where 0 <6 <1 and P
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4. Cesaro spaces on [0, 1] as interpolation spaces with respect to
(L1(1—1),Cesx). In contrast to the case of [0, 00), Cesp[0,1] for 1 < p < co
is not even an intermediate space between L;[0,1] and Ces[0, 1]. In fact,
Cesxo [0, 1] < L]0, 1], but it is easy to show that Cesy[0,1] ¢ L1[0, 1] for
every 1 < p < o0.

On the other hand, from the inequality 1 —u < In(1/u) (0 < u < 1)
it follows that Cesp[0,1], 1 < p < oo, is an intermediate space between
Li(1—1)[0,1] and Cess[0, 1], because

Cesa[0, 1] < Ces,[0,1] < Ces1[0,1] = Ly (In(1/£))[0,1] < Ly(1 — 1)[0,1].
THEOREM 4.1. If 1 < p < oo, then

(4.1) (Ces1[0, 1], Cesoo 0, 1])1—1/pp <> Cesy[0, 1]
and
(4.2) (L1 (1 = £)[0,1], Cesso 0, 1])1 1/, = Cesy[0, 1].

Proof. All function spaces in this proof are considered on I = [0, 1] unless
indicated otherwise.
First, for any f € Ces; and all 0 <t < 1 we have
t
(4.3) K(t, f) = K(t, f; Cesy, Cess) > | (Cf)*(s) ds
0
In fact, we can assume that f > 0. If f=¢g+h, g >0, h >0, g € Cesy,
h € Cesy, then C'f = Cg + Ch, and therefore, by (|1.3)),

HgHCes(l) + tHhHCes(oo) = HCngd + tHChHLoo
>inf{||y|lL, +tl|2llee :Cf=y+2,y€ L1, 2 € Loo}
t
= K(t,Cf; L1, Loo) = | (Cf)"(s) ds
0
Taking the infimum over all suitable g and h we get (4.3)).
Next, by the definition of real interpolation spaces, we obtain
at
tl/P YK (t, /)P " = \tPK(t, f)Pdt
0

T

t

- [g V() ds]dt > CFIE ) = 1By

O ey = O!’

and the proof of (4.1)) is complete.
Before proceeding with the proof of (4.2)) we introduce the following no-
tation: for a Banach function space E on I = [0,00) or [0,1] and any set
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A C I, by E|4 we denote the subspace of E which consists of all functions
f such that supp f C A. Let also X, := (L1(1 —t), Cesoo)1-1/p,p- Since

1f1lx, = 1fX0,1/21lx, + 11 Fx0 /2,10 x,5

to prove it is sufficient to check that
(4.4) ||fX[0,1/2} ||Xp ~ ||fX[0,1/2] ||Ces(p)7
(4.5) 1 x/20llx, = 1 X/2,1 |l ces(p)-
Firstly, since L1(1 —t)[[0,1/9) = L1[0,00)[0,1/2] and

Cescol[0,1/2) = Cesoo[0,00)|[0,1/2)»
by Proposition (see (B3.2)) we obtain
(4.6)

1 x10,1 /2111 x, 2 11 X10,1/2 1 (2.4 [0,00),Ces00 [0,00))1 1/ = 1 X[0,1/2] | Cesy [0,00) -

Note that
(4.7) Cesy|0,00) 10,1721 = Cespl0,1]](0,1 /2]

with equivalence of norms. In fact, by [AM, Remark 5], Ces,[0,00)j0,1] =
Ces, N Ly. If supp g C [0,1/2], then

1/2 1 1 t p 1/]3
ol = § lotolas < 22( § (Fflate)1as) ar) " <2 gl
0 1/2 V0

Combining this with the previous equality, we obtain . Clearly, is
an immediate consequence of and .

Now, we prove ([4.3)). Since (L1(1 — 5)|[1/2,1], CeSoclf1/2,1]) is a comple-
mented subcouple of (Li(1 — s),Cesy ), the well-known result of Baouendi

and Goulaouic [BGlL Theorem 1], valid for all interpolation methods (see also
[Tt Theorem 1.17.1]), yields

HfX[1/271] HXp ~ HfX[1/2,1] ||Yp,

where Y}, := (L1(1—35) 112,11 Cescol[1/2,1))1-1/p,p- To prove (4.9)) it is sufficient
to show that

(48) Yy = Cesylit/oy

On the one hand, since 1 —u < In(1/u) < 2(1 —w) for all 1/2 <u <1
and Ces; = L1(In(1/s)), we have Cesi|(1/21] = L1(1 — 8)|1/2,1], and, by the
imbedding (4.1), we obtain

Y, = (Cesl\[1/2,1]7 CeSoo’[l/z,l])lq/p,p - CeSp|[1/2,1}-
To prove the opposite imbedding we note, firstly, that for any function h
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with supp h C [1/2,1] we have

1
hllcesory = sup — | [A(s)| ds,

1/2<z<1 ¥ 1/2
whence
1 1
IRl = | [h(s)lds < [[Bllcesoey <2 | [R(s)|ds = 2|,
1/2 1/2

Therefore, using the formula for the K-functional with respect to a couple
of weighted Lj-spaces (see ([1.4))), we obtain
(4.9) G(t,h) < K(t,h; L1(1 = 8)|j1/2,1), Cescol1/2,1)) < 2G (2, h),

where
1
G(t,h) = K(t,h; L1(1 — 8)|j1/2,1), Laljjz0) = S min(1 — s,t)|h(s)| ds.

1/2
Furthermore, let h € L1[[;2,1)- Then
Chis) =~ | Ih(w)ldu> | [hu)|du,
%172 1/2
whence
1-s
(Ch)*(s) > | |h(u)|du, 0<s<1.
1/2
Therefore, for all 0 <t < 1, we obtain
t t 1-—s
f(ony (s)ds > | ( | Inw) du) ds
0 0 1/2
1-t ¢t 1 1—u
= | (§in)ds)du+ § (§ |hw)ds) du
1/2 0 -t 0
1—t 1
=t | |h@)du+ | (1—w)lh(u)|du=G(t,h).
1/2 1—t
From this inequality and the definition of G(t, h) it follows that
min(1,t)

| (Ch)*(s)ds > G(t,h)
0

for all ¢t > 0. Hence, by (4.9) and the classical Hardy inequality, for every
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h € Ces, with supp h C [1/2,1] we have

o0

HhHYp = ( S PR (t, hy L1(1 - 5)|[1/2,1}>CeSoo\[1/2,1])p dt) v
0
< 2(050th(15, h)P dt)l/p
0
. 2(0§t_p < mmS(l,t)(Ch)*(S) d8>p dt) 1/p
0 0
< 2(§t‘P<§(0h)*(s) ds)pdt>1/p + 2(08075—P<§(Ch)*(5) ds)pdt>1/p
0 0

1 0

4

P p
<2 [HHChHLP[o,H + ‘ChHLl[O,l]] < plehHCesp[o,u-

1
b1
Thus, Cesp\[l/m] C Y), (4.8) holds, and the proof is complete. m

The following result is an immediate consequence of (4.2)) and the reiter-

ation equality (|1.2]).

COROLLARY 4.2. If 1 <pp <p1 < oo and 1/p=(1—0)/po+ 0/p1 with
0<0<1, then

(Cesp, [0,1], Cesp, [0,1])g,, = Cesp[0, 1].
REMARK 4.3. An inspection of the proof of Theorem [I.1] shows that

(Cesl\[l/z,u, Cesoo‘[l/Q,l])l—l/p,p = CeSp|[1/2,1}

for every 1 < p < oo with equivalence of norms.

REMARK 4.4. Comparison of formulas from Remark [3.3] and Corollary
shows that the real method (-,-)g, “well” interpolates the intersection of
Cesaro spaces on [0, 1] with L;[0, 1] or, more precisely,

(Cespy[0,1] N L1]0, 1], Cesp, [0, 1] N L1[0, 1])gp
= (Cesp, [0, 1], Cesyp, [0,1])g, N L1[0, 1]

forall 1 <pyo<pr <oo,0<@<landl/p=(1-06)/po+6/p:.

REMARK 4.5. We will see further that the imbedding is strict for
every 1 < p < oo and, even more, Cesp[0,1] is not an interpolation space
between Ces; [0, 1] and Cesno [0, 1]. Thus, the weighted Ly-space L1 (1—t)[0, 1]
is in a sense the “proper” end of the scale of Cesaro spaces Ces)[0,1], 1 <
p < oo.



Interpolation of Cesaro sequence and function spaces 55

5. The K-functional for (Ces; [0, 1], Cesso |0, 1]). In this section we will
find an equivalent expression for the K-functional

K(t, f) = K(t, f;Cesy, Cesso) = K (t, f; Ces1]0, 1], Cesso [0, 1]).

We start with a lemma giving its lower estimate. Let us introduce two func-
tions defined on (0, 1] by

(5.1) mi(t) =t/In(e/t) and m(t)=e " for0<t<1.

It is easy to see that there exists a unique tg € (0, 1) such that 7 (to) = 72(to)
and 71 (t) < 72(¢) if and only if 0 < ¢ < .

LEMMA 5.1 (lower estimates). Let f € Ces[0,1], f >0 and 0 < t < 1.
(1) If fo = fx0n @)@, then

(5.2) K(t, f) > 1l follces(u)-
(i) If f1 = fXim@)m()s then

1
(53) K(t7 f) > gt||fl||Ces(w)-
Proof. (i) Firstly, let us prove that
(5.4) K(t, f) > gllfxom@llcesy forall 0 <t <1,

Let f € Cesy, f = g+ h, where g € Cesy, h € Cesyo. We may assume that
f>0and 0<g<f,0<h<f. Then

(5.5)  3(llgllces(r) + tlAllces(oo)) = llgllcesr) + 3tNAllces(oo)

> II(f = h)X[0,m (1) lcesr) + 3t||hX07—1(t)]||Ces

= [l Fxp,m@)llcesr) — ”hX[o n@0)llces) + 3tHhX0n(t)]”Ces (00)
Let us show that for any v € Cesno, v > 0, with suppv C [0, 71(¢t)] we have

(5.6) [0l ces(1) < 3t[vllces(oo)-

In fact, by the assumption on the support of v and the Fubini theorem,

71(t) 18 1 1 71 ()
[v]lces(1y = (S Sv( )du) ds + S < S v(u) du) ds
0

m1(t) ® 0
T1(t) 18 T1(t) 1 1
<Sv(u) du> ds + S < S ds)v(u) du
0 0 “n@®

t) 18 m1(t)
<S§)v(u)du> ds + (S) v(u)dulnT(t).
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Since 71 (t) <t it follows that
)
0

Moreover,

T1 s

7 N

1¢ 1
- S v(u) du) ds <7(t) sup - S v(u) du < ][] ces(oo)-
s 0 0<s<ri(t) S 0

T1(t) s
1
v(u)duln —— < 7 (t)ln — sup —\v(u)du
(S) 71(t) T1(t) 0<s<ri (1) 8 (S)
Int+1Inln¢
= %t“v”(}es(w) < 2t||vHCes(oo)a

t
and (5.6)) follows. Combining this estimate for v = hx(o ()] With (5.5 we

conclude that
3([lgllcesry + tllcesioo)) = 11X (0,71 (1))l Ces(1)-

Taking the infimum over all decompositions f = g+ h, g € Ces1, h € Cesyo
with 0 < g < f, 0 < h < f we obtain ([5.4)).

Next, since Ces; = L1(In(1/s)) and Cesqo = Ly, we have
K(taval(ln(l/s))7L1) = K<t7f;ceslyL1) < K(t7f)

Therefore, applying the well-known equality

1
K(t, f; Li(In(1/5)), L1) = {min(In(1/s), )| f(s)| ds

0
and the elementary inequality
1 1
[ min(in(1/s),0)[f(s)|ds > | W(1/9)|f(s) ds = || FXpra(e), 11l Ces(r)
0 et
we obtain

K, f) 2 1 Xra@),1llcesr)-

Inequality is an immediate consequence of the last inequality and .
The proof of (i) is complete.

(ii) Since is obvious for t € [tg, 1], it can be assumed that 0 < t < ty.
Let again f € Cesy, f = g + h, where g € Cesy, h € Cese and 0 < g < f,
0 < h < f. Then for any ¢ € (0,1) we have

(5.7)  llgllces(1) + Ml ces(oo)
> 19X 71 (t),m (0] lces(r) + I (f = 9)X[r0), 7201 Ces(o0)
> 19X ()72 ()] lces1) = CElgX[m 8),700)] [l Ces(oo) T CHIF X (1), 72 (8] | Ces(oo) -
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We want to show that for every positive function w € Ces; with suppw C

[T1(2), 72(t)],

1
(5'8) ? tHwHCes(oo) < HwHCes(l) for any 0 <t < .
Since
1 s T2(t)
1
lwllcesry = | g[ V ww) du X @ mn(s) + | w(w) du X[Tz(t),l](s)i| ds
0 m(t) T1(t)
T2(t) s 2(t) 1
1 ds
= S <S S w(u) du) ds + S w(u) du S ~
T1(t) T1(t) T1(t) T2(t)
T2(t) , 72(t) T2(t)
= S ( S ds)w(u) du + S w(u) duln !
s To(t)
Tl(t) u Tl(t)
Tg(t) . (t) Tg(t)
= S w(u) In 2u du +t S w(u) du,
Tl(t) ’Tl(t)

to prove (|5.8)) it suffices to show that for all ¢ € (0,t9) and s € [11(t), T2(t)]
we have

1 S T2 (t) 7_2 (t) T2 (t)
(5.9) = t S w(u)du <'s [ S w(u) In " du +t S w(u) du} :
m1(t) 1(t) (1)

We consider the cases when s € [1(t), 2(t)/e] and s € (12(t)/e, T2(t)] sepa-
rately. Define a unique t; € (0,t9) such that 7 (¢1) = 72(t1)/e and note that
the interval [71(t), 72(t) /€] is non-empty only if 0 < ¢ < t;. Let

o(s) = sn TZS) for s € [r1(¢), m2(t)/€].

Since

n(t) |, 0
S €S

#(s) = In >0 forall s € [r(t), 72(t)/e],

it follows that ¢ increases. Therefore, p(s) > p(71(t)) for all s€ [11(t), 2(t) /€]
and so

(5.10) s | w(u)n
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We show that

1
(5.11) () In 728 > 5t forall0<t<t.
1 &
The function
In ¢
CoTi(t) . m(t)  In—t—
P(t) = ” In n) - e for t € (0, t1]

is differentiable and its derivative is

Y(t) = —[(H— 1)(1 —i—ln:) +1n71(t)]/[t<ln:>2].

It is not hard to check that v is increasing on (0, t2) and decreasing on (t2, t1]
with to € (0,¢1). Hence, by the definition of ¢1, for all ¢ € (0, ;1] we have

Y(t) > min[t)(07),(t1)] = min (1,ln_1 tel) =In! % =t le T > 2

Thus, we obtain ([5.11)). Combining it with (5.10]), we obtain (5.9) in the case
when 0 <t <t; and s € [1(t), 72(t)/€].
In the second case, when s € (12(t)/e, 2(t)], we have s > e~ 17t > 72

and so
T2 (t)

t S w(u) du < e*ts S w(u) du.
®) T1(t)

Hence, (5.9) holds again, and so (/5.8]) is proved. Combining (5.8)) and (5.7)

with ¢ = e™2, we obtain

T1

1
9llces(r) + 1Rl ces(oo) = gtHleCes(oo) for all 0 < t < to.

Taking the infimum over all decompositions f = g+ h, g € Cesy, h € Ceso
with 0 < g < f, 0 < h < f we come to (5.3), and the proof of (ii) is
complete. m

THEOREM 5.2. For every f € Ces1[0,1] we have

1
202 11X [0, 10tm(0),1] lces1) F ELF X[ (0),ma0)] lces(ooy ] < K (E, f; Cest, Cesoo)

< 1 fX[0,m @012 0),1] lces@) F L X [r ),70(6)] | Ces(o0)
for all 0 <t <1, and K(t, f; Ces, Cesoo) = || fllces(ry for all t > 1.
Proof. The first inequality is a consequence of Lemma and the def-
inition of the K-functional. The equality K(t, f; Ces, Cess) = || fllces(1)
(t > 1) follows from the imbedding Cesy, < Cesy. m

If a positive function f € Ces[0, 1] is decreasing, then the description of
the K-functional can be simplified.
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THEOREM 5.3. If f € Ces1[0,1], f > 0 and f is decreasing, then
(5.12) X0, @)l cesay < K (L, £ Cest, Cesae) < || X (0.7 (1))l ces(1)
for all0 <t <1, and K(t, f; Ces, Cesoo) = || fllcesr) for all t > 1.

Proof. Taking into account the proof of Lemma [5.1fi) (see (5.4)) it suf-
fices to prove the right-hand inequality in ([5.12)).

Let fo := [f=f(T1(t))]x[0,r, (1)) @nd f1 := f— fo. Since f > 0 is decreasing,
we have || f1||ces(oo) = f(71(t)). Therefore, by the Fubini theorem,

[ follcesay +t|!f1HCes (00)

= S S [ Tl(t))] X[o,71 (1)) (W) duds + tf(71(t))
0
1 1 s 71(t) 1

= | SV Fxion () duds = f(ni() | In—duttf(n(1))
0 O 0

~ 17Xy = RO 1410 |+ 7 (0)

1 +1In(In §/t)
ln%

om0ty + £ (71 (8) [1 -

tf(ri(t)) In(In 7)
- HfX[O,ﬁ(t)}HCes(l) - In € < HfX (0,71 t)]”Ces
t

whence
K(t7 [ Cesy, CeSOO) < ||fX[O,Tl(t)] ||Ces(1)7
and the desired result is proved. =
6. Identification of the real interpolation spaces (Ces;[0,1],
Ceso[0,1])1-1/pp for 1 < p < co. Let us define the weighted Cesaro func-

tion space Cesy(In(e/t))[0, 1] to consist of all Lebesgue measurable functions

f on [0, 1] such that
1 1 x D e 1/p
HfHCes(p,ln) = <S <$ S |f ()] dt) In p d:1:> < 0.
0 0

Clearly, Ces,(In(e/t))[0,1] = Cesp[0,1] for every 1 < p < oo, and this
imbedding is strict.

THEOREM 6.1. For 1 < p < oo,

(6.1) (Ces1 [0, 1], Ceswo[0, 1])1_1 /pp = Ces, <ln :) [0, 1].
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Proof. Denote X, = (Cesy, Cesoo)1—1/pp; 1 < p < 00. Using Theorem [5.2
on the K-functional for the couple (Cesy, Cess) on [0, 1], we have
to

_ p 1/p
10, < [ § P10 Wy @]+ [ TP 10,0 sy 2]
0 0

fo p T 1/p
[ P X )t oo ]+ [ § £ By ]
¢
211+()1'2+I3+I47 ’
where
fo () : p 11/p
I = |:S tfp( S Cf(s) ds + S C(fX[O,Tl(t)])(S) dS) dt:|
0 0 71(t)
to T1(t) 1/p
< | \tTP Cf(s)ds "t
o ({ errnya
fo ! p q1/p
+ { | t*p( | CUxpm@)(s) ds) dt} = I + 2.
0 Tl(t)

First of all, we estimate all five integrals from above. Since 7(t
(In(e/t)+1)/(In(e/t))? and so 1/In(e/t) < 7 (t) < 2/In(e/t) for all 0 < ¢
we get

):
<1,

to e p—1 T1(t) P
< Stp<lnt> (§ crsas) a

0 0

to 71 (1)

<fnyr( | cf@)ds) dn).
0 0

Putting uw = 71(t) and using the classical Hardy inequality, we obtain

71(to) 1 u P 1/p
|V (Liereas) ) <1C3 0
0 0
< p,HCfHLp[O,I] = p,HfHCes(p) < p,HfHCes(p,ln)'

Next, by the estimate In(1/71(¢)) < 2In(e/t), 0 <t <1, we get

1, :tgo t‘p< § (ing(t)y f(u)|du> ds)pdt

0 Tl(t) 0
to T1(t)

P 1
=\t du) In? —— dt
§ ( | 1ro u) s

to T1(t)

<2 {n@7( | |f(wlde)" dt
0 0
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The substitution ¢ = 7, *(s) and the inequalities
1

e e
(6.2) (r7 1 (s) = — <In— <In-
' (71 (5)) i (s) 8
show that
71(to) 1 s p e 1/p
< — —
112_2[ (S) <S§)\f(u)du> lnsds]

L e 1P
<2[JCserm ] =2 o
0

61

From the equality Ces;[0,1] = Li(In(1/u)) and the inequalities In(1/u) <

e(l—u) (1/e<u<l)and () =et>1—-1(0<t<1) it follows that

to to 1

_ _ 1
1 = By @t = (10l au)

0 0 (%)
to 1

<erfer( | |f(u)\(1—u)du)pdt
0 T2(t)
to 1 »

gepgt—p( { |f(u)|(1—u)du> dt.
0

1-t

Arguing in the same way as in the second part of the proof of Theorem [4.1]

for g = fx[e—1,1) and 0 < s <1 we have

Cols) = | 1f@ldu> | 1f(w)]du,

e~ 1 e~ 1
whence (Cg)*(s) > Si:f |f(u)| du and

1—

J(Coy(s)ds = [( | If(w)du)ds
0 0 e-1!
1-t ¢t 1—

= | <S|f(u)|ds>du+ § ( Su\f(u)!ds) du > § |f(w)

e-1 0 -t 0 1—
Therefore, again by the Hardy inequality,

to

B<e[§er(§(Coras) a] " < elcteo o

0 0

<ep'[(Co)* I, = e ICll 1,101 = Pl F X111 | cesp)

< ep/HfHCes(p) < ep,”f”Ces(p,ln)-

(1 —u)du.
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For the third integral, we have
o 1/p

Jg—[éHfmanGM%mmﬂﬁ]

to 1°
<[V s (G
o Ti(t)<s<1/2 \ S
1% p 1/p
+[ aw (G (t>]<u>|du) i
1/2<s<m(t) \ 9§

_ [tg sup (i | 17 )\du)pdtr/p

o T1(t)<s<1/2

to 1% p 11/p
[ s (2 i) a] s

0 1/2<s<ma(t) \$ ()

If (t) < s<1/2, then 25 <1 and

1’U
= 1w du ) dv
2 i)

Tl(t)
71(t) 2s 231
= | ( g dv>|f(u)|du+ | (Svdv>|f(u)|du
0 7 m(t) "
T1(t) 2s
= S w)| duln 25 + S ]f(u)\ln§du
Tl(t) U
0 Tl(t)
2s s
2s — 11(t) 2s 2s — 11(t)
> = | [F(w)|In = du > In2 =— == | 1f ()] du.
T1(t) 71(t)
Thus,
sup ! § |f(u)] du < 2 sup 1 258 Cf(v)dv
n()<s<1/25 1y N2, (yes<iyo 25 — () o

S mMcf(Tl( ))s

where M is the maximal Hardy-Littlewood operator on [0,1]. The above
estimates show that
to

I3 < l( S Mcf(ﬁ(t))pdt)

1/p
In2 '
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Using once again the substitution ¢ = 7, (s) and (6.2)), we obtain

I3 < —

71(to) 1/p 9
<3

e
§) [MCf(s)f"In—ds| < S IMCflL,n(ess))-

We will show in the next lemma that the maximal operator M is bounded
in Ly(In(e/s))[0,1] for 1 < p < oo, which implies that for some constant
B, > 1, which depends only on p, we have

2B
I < 2HCf||Lp(ln (e/s) = 1 2p||f||CeS(p,ln)'

The second part of I3 is estimated in the following way:

to  T2(t)

to 1 s P P
I, = S sup ( S |f(u)\du> dt < 2pS ( S ]f(u)]du) dt
0 1/2<s5m(®) \ 5 - 0 n(
to 1 T2(t) P
< 2P ( flu du) dt,
| (5 1 o

and, changing variable s = 7 (t) = ™, we obtain

1 Pd 1/
Lp<2[§ (Mﬂ@ﬁm)j §2dW(§Cﬂ@p@>p
e_tO s 0 s 0

< 2€HfHCes(p) < 2erHCes(p,ln)'
Since to > 1/2, for the last integral we have
1

2 2
Iy (p B )l/ptl_l/p Hf”CeS(l) = p—1 HfHCes(l) =01 HfHCes(p,ln)

Finally, summing up the above estimates, we get ||f[|x, < Cy|f Hces(p,ln)
where C), depends only on p. Thus, the imbedding Ces(p, ln) — X, is
proved.
Now, we proceed with estimations from below. Firstly, by (5.4)),
to
63) 118, =377 7N Fxtomoili 4t = 37710 = 37712,
0

It is not hard to check that lnﬁ(t) =1In ln(i/t) > e 'In¢ for t € (0,1).

Therefore,

to T1(t) to T1(t)

@:gﬁ(gumm@ﬁﬁ ﬁzfﬂﬁ®”<SUMM@%t
0 0

0 0 (1)

Since 7(s) < 2/In(e/s), 7, (s) < sln(e/s) and Inln(e/s) < e 'lIn(e/s)
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(0 < s <1), we have

and so, taking into account (6.3), we get
T1 (to) e
P -1 -p Plp =
1711%, > 47" (3e) § Cf(s)In_ ds.
On the other hand, by the definition of ¢y,
1 1

| Cf(s)plngds <In | Cr(s)”ds < (14 1)1/ 11Psy)
71 (to) 71(to)
< 20 flespy < 2051,

where the last inequality follows from (4.1). Hence,

71(to)

1
_ _ e 1/p 1
1£lx, > 87730 ([Cf () ds) ™" = | fllcestpm:
0
and the imbedding X, — Ces(p,In) is proved. Thus, the proof of Theorem
will be finished if we prove the lemma below. m

LEMMA 6.2. If 1 < p < o0, then the maximal Hardy—Littlewood op-
erator M on [0,1] is bounded in the weighted space Ly(In(e/x))[0,1] =
L,([0, 1], In(e/)dx)

Proof. Muckenhoupt [Mul, Theorem 2| proved that the maximal operator
M on [0,1] is bounded in L,([0,1],w(x)dz) if and only if the weight w(x)
satisfies the so-called A,-condition on [0, 1], that is,

10 1! Pl
sup <b_aSw(:L‘) d$> <b_agw(x)_1/(p_1) dx) < 0.

(a,b)C[0,1]
Therefore, it is enough to show that for all intervals (a,b) C [0, 1] we have

b, b e\ "/ NPl
. = = < 2(b—a)P.
(6.4) Slnx dm<§ (11133) dm) <2(b—a)

a
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Note that for ¢t € (0,b),

)
b & e e
Sln—d:p:blnf—tln7+b—t
. b t

and

< b<1ne) —t<lne> ,
b ¢

where v > 0. Since the functions
bln(e/b) —tln(e/t) +b—t

e1(t) = b1
and b(1 b))~« 1 -
oa(t) = (In(e/b)) b:z( n(e/t))

are both decreasing on (0, b) for every 0 < b < 1 it follows that maxg<<p ©1(t)
= 1(0%) = In(e?/b) and maxgi<p p2(t) = p2(0F) = In"*(e/b). Therefore,
setting a =1/(p—1), for all 0 < a < b <1 we have

b e\ ~1/(p—1) p—1 o2 e\ ~V(@=1)7p-1
Sln —dx S — dx <In In( -
a)P ; 3: b
In

>

a

and (6.4]) is proved. m

7. Cesp0,1], 1 < p < o0, is not an interpolation space between
Ces1]0,1] and Ces[0,1]. We start with two lemmas (it is instructive to
compare the first with (4.1])).

LEMMA 7.1. If1 < p < oo, then
(7.1) Cesy[0, 1] & (Ces1[0, 1], Cesoo[0,1])1-1/p.00
Proof. Let us consider the family of characteristic functions fs = X0,
0 < s < 1. As we know (cf. Theorem [5.3)),
K(ta fSa 0681, CeSOO) > %HfSX[O,TMt)}HCeS(l) for all £ > 0.
Since

| fsX 0,7 (01| ces(1) = [1X[0,min(s,m () ces(r) = 1X[0,min(s,m1 () |21 (in(1/5))

min(s,71(t)) 1 1
= S In - ds = min(s, 71(¢)) | In

—+1
0 s min(s, 71 (t)) 1
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it follows that for all ¢ such that 71(t) < s we have || fsx[o.r @)llces(t) =
71(t)In(1/71(t)). Therefore, using the inequality 7, '(s) < sln(e/s) once
again, for 0 < s < e~! we obtain

”fs”(Cesl,Cesoo)l_l/p,oo = iug tl/p_lK(tv fs; Cesq, Cesoo)
>

Y

. 1/p—1
sup ¢ 71(t) In ——
t>0,71(t)<s 71 (t)

1.1 |
(Tfl(s))l/p_lslnf > 6<51n e) sln —
s s
s (I € I/P.
s

s 1 P 1 1 u P 1/p
HfSHCesp = |:S <USX[O,5}(U) dv) du+g <USX[075](’U) d’U> du]
0 s 0

0
1 1/
= (s + 5P S u P du) v = <s + il (s'P — 1)> ’

s

Y

v
D= Wl W=

On the other hand,

1/p

b 1 D "N\1/p1/p

= £ s — < )
( 13 18) (p')'Ps

Therefore, for 0 < s < e 1,

Hsz(cesl,CesOo)l_up,oo § %81/p(1n§)1/p - 1(111 e>1/p
”fSHCesp = (p/)l/p Sl/p - Gp/ s s
whence
||ﬁ<>’”(CeS1,CeSoo)lfl/pyoo _
sup 0
0<s<1 1 £sllces,

which shows that ([7.1) holds. =

Recall that the characteristic function ¢(s,t) of an exact interpolation
functor F is defined by the equality F(sR,tR) = ¢(s,t)R for all s,¢ > 0.
By the Aronszajn—Gagliardo theorem (see [BL, Theorem 2.5.1| or [BK], The-
orem 2.3.15]), for every Banach couple (Xo, X1) and every Banach space
X € Int(Xo,X;) there is an exact interpolation functor F such that
F(Xo, X1) = X.

LEMMA 7.2. Let 1 < p < oo. Suppose that Cesp[0,1] € Int(Ces[0,1],
Cesx[0,1]) and F is an ezxact interpolation functor such that
(7.2) F(Ces1]0, 1], Ceso [0, 1]) = Ces, |0, 1].

Then the characteristic function p(1,t) of F is equivalent to P for 0 < t
<1.
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Proof. To simplify notation set V}, := Cesp|[1/2,1] (1 < p < 00), that is,
Vp is the subspace of Ces,[0, 1] which consists of all functions f such that
supp f C [1/2,1]. Since (V1, V) is a complemented subcouple of (Ces; [0, 1],
Cesx[0,1]), by and the equality in Remark we obtain
(73) ‘F(‘/h Voo) =V = (Vvla Voo)lfl/p,zr
Consider the sequence of functions gx(t) = Xj1_g—+1-9-+-1(t), k =1,2,.. .,
and the linear projection

) 1—2- k-1
Prt)=3"2"" | f(s)ds-gi(t), [ € Vi
k=1 1—2—k
We have
0o 1-27k=1
IPfllvae < 20PFllLsyy o <2025 1 [f(s)ds- 275!
k=1 1-9—k

= 2”f”L1|[1/2,1] < 2Hvaoo7
and, since 1 —u <In(1/u) < 2(1 —u) for 1/2 <u <1,

00 1—-27k=1 1_9—k-1 )
IPflv < D22 [fe)lds- | ot
k=1 1—2—k 1—92—k
00 1—2— k-1 1—9—k-1
<> 22\ fs)ds- | (1-t)at
k=1 1—2—k 1—9-k
00 1-27k-1 0o 1—2—k—1
222k+2,2—2k—1. S ‘f(5)|d5§4z S |f(5)’(1—8)d8
k=1 1-2-k k=1 1-92-k
oo 1-27Fk-1 1
<4y | |[f(s)[n—ds = 4] fllz, an(1/5)) = 4l Flva-
k=1 1-2-k

Therefore, P is a bounded linear projection from Vi onto Im Py, and
from V7 onto Im Py;. At the same time, it is easy to see that the sequence
{2k+1g 12 | is equivalent in Vi (resp. in V4) to the standard basis in I1 (resp.
in [1(27%)). Hence, (I1,11(27%)) is a complemented subcouple of (V1, Va,) and
therefore, by and by the Baouendi-Goulaouic result [BG, Theorem 1|
(see also [Ty, Theorem 1.17.1]),

Fll, b)) = (i, 12" 1a/pp-
In particular, from the last relation it follows that
F(R,27FR) = (R,27*R);_,/,, = 27*/PR
uniformly in k£ € N. Since the characteristic function of any exact inter-

polation functor is quasi-concave [BK| Proposition 2.3.10], this implies the
result. m
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THEOREM 7.3. For any 1 < p < oo, Cespl0,1] is not an interpolation
space between Ces1[0,1] and Cesso[0, 1].

Proof. Assume that Cesp[0, 1] is an interpolation space between Ces1 [0, 1]
and Ces [0, 1]. Then there is an exact interpolation functor F such that (7.2
holds. By Lemma the characteristic function ¢(1,t) of F is equivalent
to t1/P for 0 < t < 1. Therefore, for any Banach couple (Xo, X1) we have
(74) f(Xo,Xl) C (XO-;Xl)w,oo;
where (Xo, X1)y,00 is the real interpolation space consisting of all x € Xo+.X;
such that sup,.g @K(t,x; Xo,X1) < oo and ®(t) = min(1,t/?) [BK,
Proposition 3.8.6]. Since Ces[0, 1] N Ces1[0, 1], applying |D to the couple
(Ces1]0, 1], Cesso[0, 1]) we obtain
(7.5) F(Ces1[0,1], Cesso [0, 1]) C (Ces1[0,1], Ceso[0, 1])1-1/p,00
whence Cesy[0,1] C (Ces1[0, 1], Ceseo[0,1]) 11 /p oo- But in view of Lemma
the last imbedding does not hold, and the proof is complete. »
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