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Spectral theory of
SG pseudo-differential operators on LP(R"™)

by

APARAJITA DASGUPTA and M. W. WoNG (Toronto)

Abstract. To every elliptic SG pseudo-differential operator with positive orders, we
associate the minimal and maximal operators on LP(R"™), 1 < p < oo, and prove that
they are equal. The domain of the minimal (= maximal) operator is explicitly computed
in terms of a Sobolev space. We prove that an elliptic SG pseudo-differential operator is
Fredholm. The essential spectra of elliptic SG pseudo-differential operators with positive
orders and bounded SG pseudo-differential operators with orders 0,0 are computed.

1. SG pseudo-differential operators. We give in this section a pre-
cise introduction to the formal properties of SG pseudo-differential oper-
ators, also known as pseudo-differential operators with symbols of global
type. In [7], they are also called pseudo-differential operators with exit be-
havior. SG pseudo-differential operators and related topics can be found in
[3], [4], [6], [10], [12] and the references therein.

Let my, my € (—00,00). Then we let S1"2 be the set of all functions in
C*°(R™ x R™) such that for all multi-indices o and 3, there exists a positive
constant C,, g for which

(DS D{0) (. 8)] < Caple)™ )™, 2 g R,
where () denotes the function on R given by
(z)=(1+12)'2  zeRY,

for every positive integer V. A function in S™™2 is said to be an SG
symbol of orders myi, mo. It is clear that if o € §™1"2 then o € §™, where
S™ is the class of symbols of classical pseudo-differential operators studied
extensively in the book [19] by Wong.
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Let o € S™1™2_ Then we define the pseudo-differential operator T, with
symbol o by

(1.1) (Top)(w) = (2m) "2 | %0 (x,£)p(&) dE, o €R",
Rn
for all functions ¢ in the Schwartz space S, where
p(6) = 2m) ™2 | () de, €€ R
RTL
It can be proved easily that T, : § — S is a continuous linear mapping.

The following two results on the basic calculus of SG pseudo-differential
operators can be found on page 251 of [7].

THEOREM 1.1. Let o € S™"™2 agnd 7 € SFv#2. Then T,T, = T, where
= Smitp,meth2 gy g

—i)lul
A~ ( ;j (0a)(D7).
17

Here, the asymptotic expansion means that for every positive integer M,
there exists a positive integer N such that

—4)lul it Moo
A= X B0 @tann) € smsmttma,

lul<N

THEOREM 1.2. Let 0 € S™v™2. Then the formal adjoint T7; of T, is a
pseudo-differential operator T, where T € S™™2 and

—q)lul
N
o

m

Here, the asymptotic expansion means that for every positive integer M,
there exists a positive integer N such that

_\lul
T — Z & 8582‘6 e gmi—Mma—M

|
<~

Using the formal adjoint, we can extend the definition of a pseudo-
differential operator from the Schwartz space S to the space S’ of all tem-
pered distributions. Indeed, let ¢ € S™™2, Then for all u in §’, we define
the linear functional T,, : S — C by

(Tou)(p) =u(T5p), ¢€S.

It is easy to check that T, maps S’ into S’ continuously. In fact, we have
the following theorem.

THEOREM 1.3. Let 0 € SV, Then T, : LP(R™) — LP(R™) is a bounded
linear operator for 1 < p < oc.
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Theorem 1.3 follows from Theorem 10.7 in [19] and the fact that every
symbol in S%Y is in S°.

Let 0 € §™™2 —0co < mq,my < oco. Then o is said to be elliptic if
there exist positive constants C' and R such that

o(z, &) > C{z)™ ()™, |z +[¢* > R.

THEOREM 1.4. Let 0 € S™"™2 —o0 < my,me < 00, be elliptic. Then
there exists a symbol T in ST T™2 such that

T, 7,=1+R and T,T.=1+S5,

where R and S are infinitely smoothing in the sense that they are SG pseudo-
differential operators with symbols in ﬂkl,kgeR Shkikz

The SG pseudo-differential operator T in Theorem 1.4 is known as a
parametriz of T,.

The aim of this paper is to investigate the spectral theory of SG pseudo-
differential operators with symbols in S™™2 my,me > 0, on LP(R"),
1 < p < 00, in the context of minimal and maximal operators, the domains
of elliptic SG pseudo-differential operators, Fredholm operators and essen-
tial spectra. Results on essential spectra of bounded SG pseudo-differential
operators of orders 0,0 on LP(R™) are also given. An essential ingredient
in the spectral theory is the family of LP-Sobolev spaces of orders sy, so,
1< p<oo, —o0 < s1,82 < 00, which we introduce in Section 2. In Section 3,
we present the minimal and maximal operators of SG pseudo-differential
operators with symbols in S™%™2 mj,mo > 0, and show that they are
equal for elliptic SG pseudo-differential operators. The main tool is an ana-
logue of the Agmon—Douglis—Nirenberg inequalities for elliptic SG pseudo-
differential operators, which we also establish in Section 3. Section 4 is de-
voted to Fredholmness and essential spectra of elliptic SG pseudo-differential
operators with positive orders and bounded SG pseudo-differential operators
with orders 0, 0.

The spectral theory for another class of elliptic pseudo-differential oper-
ators on LP(R"), 1 < p < oo, can be found in [20].

2. Sobolev spaces. For s1,s2 € (—00,00), we let Jy, 5, be the Bessel
potential of orders s1, so defined by

JS1,82 =T

Osq,597
where

0-81782(:7375) = <x>_82<£>_817 33‘,5 € Rn
Obviously, 05, s, € S™7%2. It can be shown easily that the mapping Js, s, :
S’ — &’ is a bijection and
(2.1) I =T 61070, -5

1,82
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and hence, by Theorem 1.1, Js_1,152 is an SG pseudo-differential operator of
orders —s1, —So.

For 1 < p < 0o and —o0 < 81,89 < 00, we define the LP-Sobolev space
H?5%2:P of orders s1, so by

Hov2P = {4 e 8" J g _s,u € LP(R™)}.
Then H*®%2P is a Banach space in which the norm || ||5, s, p is given by
HUHSLSMD - HJ—517—52UHLP(R“)7 u € Ho 5P,
where || ||z»(gn) is the norm in LP(R™). Obviously,
HO0P = [P(R™).

We also have the following simple proposition.

PROPOSITION 2.1. For 1 < p < 0o and —00 < 81,52 < 00, J_g g, :
Hsv52P — [P(R™) is a surjective isometry.

Proof. Since
sy, —soullLo@ny = lullsy,s0py v € H2P,

it follows that J_g _s, @ H*2P — LP(R™) is an isometry. For every v
in LP(R™), let u = J:slh_SQv. Then J_,, _s,u = v € LP(R™), and hence
u € H*1»%2P and the surjectivity is established. m

We can now extend the LP-boundedness result in Theorem 1.3 from

symbols in S%0 to symbols in S22, —00 < my, My < 0.
THEOREM 2.2. Let 0 € S™™2 —o0 < mq,mo < co. Then for 1 < p

< 00 and —oo < 81,89 < 00, Ty : HS1S2P — [S1=M182=M2.0 4s q bounded
linear operator.

Ts
HsP —% fs—mp

= |

HOp — HO»p
T

Fig. 1. The vector notation for subscripts and superscripts is used. Precisely, s = (s1, s2),
m = (m1,mz2) and 0 = (0, 0).

Proof. We factorize the pseudo-differential operator T, as in Figure 1
and get

T, =J,} Trd sy —sy, where Tr = Jo s mossTod o

m1—81,m2—S2 —S81,—82°
By Theorem 1.1 and (2.1), we see that T is an SG pseudo-differential oper-
ator with symbol in S%. Hence, by Theorem 1.3, T : LP(R") — LP(R") is
a bounded linear operator, and this completes the proof of the theorem. m
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The following Sobolev embedding theorem is the LP-analogue of the one
in [5].

THEOREM 2.3. Let s1,82,t1,ta € (—00,00) be such that s1 < t; and
s9 < to. Then H'12:P C H5:52P gnd the inclusion i : H1 2P s H51:52P jg
a bounded linear operator.

We need a lemma.
LEMMA 2.4. Let si,s9 > 0. Then H*%2P C LP(R™) and
lullrrny < lullsysops v H?WP.
Proof. Let w e H*%2P_ Then J_;, _gs,u € LP(R™). So,
()1 J_syu € LP(R™),

where J_g, is the classical pseudo-differential operator with symbol o_j,
given by

0_5,(§) = <§>32’ §eR"

Therefore J_g,u € LP(R™), which is the same as saying that u is the classical
LP-Sobolev space H*2P studied in Chapter 11 of [19]. By Theorem 11.5 in
[19], uw € LP(R™) and

[l o my < Nluullssp < Nltellsy 50,05

where || |5, is the norm in H**P. =

Proof of Theorem 2.3. We first suppose that s; < t; and s3 < t9. By
Lemma 2.4,

”uHShSz,p = HJ*Sh*SzuHLP(R") < HJ*SI,*52u‘|t1*517t2*32,p7 (VRS Htl’t2’p.
By Theorem 2.2, there exists a positive constant C' such that
HJ—817—52u‘|t1—81,t2—827p < CHthth,P’ u € Htl’t%p?
and this completes the proof of the theorem. m

THEOREM 2.5. Let s1,82,t1,ta € (—00,00) be such that s1 < t; and
Sy < to. Then the inclusion i : H 2P s HS152P s q compact operator.

To prove Theorem 2.5, we recall pseudo-differential operators with sym-
bols first introduced by Grushin [8]. Let m € (—o0,00). Then we let Si* be
the set of all functions o in C*°(R™ x R™) such that for all multi-indices «
and (3, there exists a bounded function C, g on R" for which

(DS DLo)(x,)| < Capla)(1+ )™, z,¢ e R,
and
lim Coc,ﬁ(x) =0

|| —o0
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for |a| # 0. For o € S, the pseudo-differential operator T, is defined as in
(1.1). Then we have the following theorem proved in [17, 18]. The L2-version
of the theorem is in [§].

THEOREM 2.6. Let o € S*, m € (—o0,00), be such that
lim Caﬁ(l‘) =0

|z|—o0
for all multi-indices o and (3. Then for every positive number e, Ty, : H5T™P
— H®7%P 4s a compact operator for —oo < s < o0 and 1 < p < oo.

We need the following simple consequence of Theorem 2.6.

COROLLARY 2.7. For every positive number €, J. . : LP(R") — LP(R")
s a compact operator for 1 < p < oo.

Proof of Theorem 2.5. Let € be a positive number such that
t1—81—6>0, tg —s9 —e > 0.

Since J_ 1J_s, —s, is an SG pseudo-differential operator of orders s;+¢, sa+e,
it follows that the composition J; ciJ, 1 s1,—so Of the mappings

Jggjfsl,f.SQ . ftutep Ht1—81—€7t2—82—5717’
i Ht173175,t273275,p SN Lp(Rn),
Jee: LP(R™) — LP(R"™)
is compact since J 1 J g s, 1 HW2P — Hh=s178k=2740 5 4 hounded

linear operator by Theorem 2.3 and J.. : LP(R") — LP(R") is a compact
operator by Corollary 2.7. Thus, the linear operator

Ht17t27p S u+— JE,E’L.JE_,EI‘]*Sh*SQU = stl,fsQU € LP(RTL)

is compact, and this completes the proof. m

3. Minimal and maximal operators. Let o € S™V™2 mq,mg > 0.
Then we can consider T, to be a linear operator from LP(R"™) into LP(R"™)
with dense domain § and we can easily prove that it is closable. Thus, the
minimal operator T}, o of T}, exists. In fact, the domain D(T,) of T}, ¢ con-
sists of all functions u in LP(R™) for which there exists a sequence {¢y}7°,
in S such that ¢ — v in LP(R") and T — f for some f in LP(R") as
k — oo. Moreover, if u € D(T5 ), then it can be shown that the limit f
does not depend on the choice of the sequence {¢}7°, in S and so we can
define T, ou to be f.

Let v and f be functions in LP(R™). Then we say that v € D(1,,) and
T, 1u = f if and only if

(u,Ty0) = (f,9), @E€S,
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where
(u,0) = | u(@)o@) d
Rn

for all measurable functions v and v on R™, provided that the integral exists.
It can be proved that T 1 is a closed linear operator from LP(R™) into LP(R™)
with domain D(T5,1) and S C D(T,1). In fact, we can also prove that S is
contained in the domain D(T}, ;) of the true adjoint T | of T, ;. Furthermore,
Toqu = Tyu for all uw in D(T,1).

It is a simple fact that T}, ; is an extension of Ty . Thus, D(T, 51) C
D(T: ) and hence S C D(T} ). In fact, Ty, 1 is the largest closed extension
of T, in the sense that if B is any closed extension of T}, such that S C D(B?),
then T, ; is an extension of B. So, Ty 1 is called the maximal operator of Ty .

The main results that we want to prove in this section are given by the
following theorems.

THEOREM 3.1. If o € S™V"™2 'my,mg > 0, is elliptic, then T o =Ty 1.

THEOREM 3.2. If o € S™"™2 my,my > 0, is elliptic, then D(T,0) =
H™Mi,m2,p

We give a proof of Theorem 3.2 based on the following result that con-
tains an analogue of the Agmon—Douglis—Nirenberg inequalities in [1] for
SG pseudo-differential operators.

THEOREM 3.3. Let o € S™™2 my,mg > 0, be elliptic. Then there exist
positive constants C1 and Cy such that

Cillullmymap < 1Toullzr@n) + llullr@ny < Collullmymop, — we H™HM2P.

Proof. By Theorem 2.2 on boundedness of SG pseudo-differential oper-
ators between Sobolev spaces and Theorem 2.3 on the boundedness of the
Sobolev embedding, there exists a positive constant C’ such that

Tl o gny + 1l pony < Clllmymops  w € H™M2P,

Since o is elliptic, Theorem 1.4 ensures that there exists a symbol 7 in
ST™m=M2 guch that

u="TTyu— Ru, wue H™ P

where R is an SG pseudo-differential operator with symbol in [ k1 ko €R Shkiska,
So, by Theorem 2.2 again, there exists a positive constant C' such that

[tllmy,map < CUToull Lo@ny + [lullo@ny), e H™™2P.
This completes the proof. =
We also need the following result.

PROPOSITION 3.4. For —oo < 81,82 < 00 and 1 < p < oo, S is dense in
F51:52:P
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Proof. Let uw € H**2P_ Then J_4 _s,u € LP(R™). Since S is dense in
LP(R™), we can find a sequence {¢}7, in S such that ¢p, — u in H¥%2P
ask — oo . Fork=1,2,... let i =J) o Thentp €S, k=1,2,...,
and

9k —ullsy,50,0= HJ*Sh*@ﬂ’k’_']781,782UHLP(R”) = HSDI?_J*SI,*S2UHLP(R’") —0

as k — oo, and this completes the proof of the theorem. m

Proof of Theorem 3.2. Letu € H™V"™2P By the density of S in H"1"2:P,
we can find a sequence {¢;}7°, in S such that ¢, — w in H™"2P ag
k — oo. By the second of the Agmon-Douglis—Nirenberg inequalities in
Theorem 3.3, we see that {T,¢;}7°, and {pg}72, are Cauchy sequences
in LP(R™). Hence ¢, — u and T, — f for some v and f in LP(R™) as
k — oo. Hence u € D(T,) and T, ou = f. Now, let u € D(T} ). Then
there exists a sequence {¢;}7°; in & such that ¢, — w in LP(R™) and
Ty — f for some f in LP(R™) as k — oo. So, {¢}72, and {T,¢}72, are
Cauchy sequences in LP(R"™). By the first of the Agmon—Douglis—Nirenberg
inequalities in Theorem 3.3, we see that {¢}?°, is a Cauchy sequence in
H™m2:P - Since H™V™2P is complete, it follows that ¢ — v in H™H™2P
for some v in H™V™2P as k — o0o. So, by Theorem 2.3 on the boundedness of
the Sobolev embedding, ¢ — v in LP(R™). Hence u = v and w € H™V"2P, u

Proof of Theorem 3.1. Since T, is an extension of T, o and D(T,) =
H™mvm2P it is enough to prove that D(T, 1) € H™ 2P, Let u € D(T,1).
Since o is elliptic, it follows from Theorem 1.4 that there exists a symbol 7
in ST™MLT™2 gyuch that

u="T,T,u— Ru,

where R is an SG pseudo-differential operator with symbol in [ k1 ko €R Shkiska
Since

Tou =Ty u € LP(R"),

it follows from the boundedness of SG pseudo-differential operators between
Sobolev spaces in Theorem 2.2 that u € H™"™*P. So, D(1,,1) C H™™2P,
as asserted. m

4. Fredholm SG pseudo-differential operators. Let us first recall
that a closed linear operator A from a complex Banach space X into a
complex Banach space Y with dense domain D(A) is said to be Fredholm if
the range R(A) of A is a closed subspace of Y, and the null space N(A) of A
and the null space N(A?) of the true adjoint A' of A are finite-dimensional.
For a Fredholm operator A, the index i(A) of A is defined by

i(A) = dim N(A) — dim N (A").
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The following criterion for a closed linear operator is usually attributed
to Atkinson [2].

THEOREM 4.1. Let A be a closed linear operator from a complex Banach
space X into a complex Banach space Y with dense domain D(A). Then A
1s Fredholm if and only if we can find a bounded linear operator B : Y — X,

a compact operator Ki : X — X and a compact operator Ko :' Y —'Y such
that BA=1+ K; on D(A) and AB=1+ Ky onY.

Let X be a complex Banach space and let A be a closed linear operator

from X into X with dense domain D(A). Then the spectrum X(A) of A is
defined in the usual way, i.e.,

2(4) = C\ o(A),
where o(A) is the resolvent set of A given by
0(A) ={X e C: A— A is bijective}

and I is the identity operator on X. The essential spectrum Xy (A) of A in
the sense of Wolf [16] is defined by

Yw(A) =C\ &y (A), where &y(A)={AeC:A— A\ is Fredholm}.

An important fact is that i(A — AI) is a constant for all A in a connected
component of @y (A). The essential spectrum Xs(A) of A in the sense of
Schechter [13] is defined by

Sy(A) = C\ B5(A), where @4(A) = {\ € Dy(A):i(A— ) =0}

All the results on Fredholm operators hitherto described can be found
in the books [14], [15] by Schechter.
The first main result in this section is the following theorem.

THEOREM 4.2. Let 0 € S™™2 myq,mg > 0, be elliptic. Then for 1 <
p < o0, Ty is a Fredholm operator on LP(R™) with domain H™ 2P,
Furthermore, if o € S%0 is elliptic, then the bounded linear operator Ty :
LP(R™) — LP(R™) is Fredholm.

Proof. Since o is elliptic, it follows from Theorem 1.4 that there exists
a symbol 7 in ST 7™2P guch that

T 7 =I+R and 1,7, =145,

where R and S are infinitely smoothing in the sense that they are SG pseudo-
differential operators with symbols in ﬂkl’kﬁR Skik2 Qo for all positive
numbers ¢; and ¢, the linear operator R : LP(R"™) — LP(R™) is the same
as the composition of the linear operators R : LP(R") — H'2P and i :
H't2P — [P(R"). Since R : LP(R") — H™""™? is bounded by Theorem
2.2 and i : H"%2P — [P(R™) is compact by Theorem 2.5, it follows that
R : LP(R™) — LP(R™) is compact. Similarly, S : LP(R") — LP(R") is
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compact. So, by Theorem 4.1, T, o is a compact, as asserted. The proof for
the Fredholmness of T, : LP(R™) — LP(R") when o € S%0 is the same. =

The following theorem gives the essential spectrum in the sense of Wolf
of an elliptic SG pseudo-differential operator.

THEOREM 4.3. Let o € §™™2 my,mo > 0, be elliptic. Then
Yw(Tsp) = 0.

Proof. We only need to prove that o — X is elliptic for all A in C, for then
by Theorem 4.2, T, o — Al is a Fredholm operator on LP(R™) with domain
H™m2:P By the ellipticity of o, there exist positive constants C' and R such
that

o(,€) = A > Cla)™ ()™ = ()™ (¢ I(O—mm

|o(z,8) = Al = C{z)" () ()" (€) ) (6
whenever |z|2 4+ €] > R. Since (z)™2(&)™ — oo as |z|? + [£]2 — oo, it
follows that there exists another positive constant R’ such that

C
0(0.6) = A = S (™
whenever |z|2 + [£]? > R'. Thus, o — A is elliptic. =

The proof of Theorem 4.3 depends on the hypothesis that ¢ is a symbol
with positive orders. If 0 € S%9 then by Theorem 2.2, T, : LP(R") —
LP(R™) is a bounded linear operator and we have the following result on the
essential spectra of Tj.

THEOREM 4.4. Let o € S%9. Then
Ys(To) C{NeC: |\ < L}, Xw(T,) C{AeC: |\ > Li},

where
L; = liminf |o(z,§)|, Ls= limsup |o(z,§)|.

|(@,8)|—o0 |(2,8)| =00

REMARK 4.5. A proof for X5(T,) € {A € C : |A| < L} can be found
in [11] by Nicola and Rodino using more advanced techniques. We give a
completely elementary proof here.

Proof of Theorem 4.4. Let A € C be such that |A| > Ls. Let ¢ be a
positive number such that
A —e > Ls.

Then there exists a positive number R such that

sup  |o(2,§)] < Ls +¢/2.
|o[2+[€[2> R

So, for |z|? + |¢|> > R,
lo(x,&) = A > |\ = |o(x,§)| > Ls+e— Ls—e/2 =¢/2.
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Therefore o — A is elliptic and hence T, — AI : LP(R™) — LP(R™) is Fredholm
by Theorem 2.2. Thus, {\ € C: |\| > Ls} € &y (T5), which is the same as

Yw(T,) C{N e C: |\ < Lg}.

Since (T, — AI) is constant for all A in {\ € C: |\| > Ly} and
o(T,)N{N e C: |\ > Ls} # 0,

it follows that i(T, — A\I) =0 for all XA in {\ € C : |A\| > Lg}. Thus,
Ys(Ty) C{A e C: |\ < Lg}.

Now, let A € C be such that |[A\| < ;. Let € be a positive number such
that
‘)\’ +e < L.

Then there exists a positive number R such that

inf ,E)| > Ly —e/2.
|m|2+lﬁ|2ZR\0(:v Ol > Li—¢/

So, for |z[2 + [¢]2 > R,
(@, &) = Al 2 |o(@. &) — A > Li— /2 — Li+ ¢ = /2.

Therefore o — A is elliptic and hence T, — AI : LP(R™) — LP(R™) is Fredholm
by Theorem 4.2. Thus, {\ € C: || < Li} C & (1y), or X (T,) C{A e C:
Al > Li}. =

As a consequence of Theorem 4.4, we have the following spectral alter-
native for a class of elliptic SG pseudo-differential operators with symbols
in SO0,

THEOREM 4.6. Let o € S%0 be such that

lim |o(x,&)| =L >0.
‘(m)l_m! (@,8)

Then
YulTy)={NeC: |\ =L} or X{(T,) C{AeC: |\ =L}
Proof. By Theorem 4.4,
Yw(Ty) CT{AeC: |\ =L}

Suppose that X (T,) # {A € C : |\| = L}. Then there exists a complex
number g such that [A\g| = L and A\g € P (T%). So, using the first conclusion
in Theorem 4.4, the fact that &y (7},) is an open set and that i(7T, — AI) is

constant on every connected component of @y (1, ), we see that i(T,—AI) =0
for all A in C with |A| # L. So,

S(T,) C{AeC: |\ =L},

as asserted. m
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REMARK 4.7. Suppose that
Yu(Ty)={ e C: |\ =L}

Then the best that we can say about Xs(7) is given by the first conclusion
of Theorem 4.4 to the effect that

Y(T,) C{AeC: |\ <L}
To see this by means of an example, let o be the symbol in S%° given by
U(.%',{) _ Leiarg(a:+i§)

for all  and ¢ in R such that ? + ¢2 > 1. Then T, : L?(R) — L?(R)
is a Fredholm operator with nonzero index. In other words, for p = 2,
0 € X(T,) \ Yw(Ty). So,

SU(T,) ¢ {AeC: |\ =L}

See, for instance, Theorem 2.3 in Chapter 5 of the book [9] by Kumano-go
for more details.

Acknowledgments. We are grateful to the referee for the very useful
comments that have improved the formulation and the presentation of the
spectral alternative given in Theorem 4.6 and Remark 4.7.
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