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JOP’s counting function and Jones’ square function
by

KARIN REINHOLD (Albany, NY)

Abstract. We study a class of square functions in a general framework with applica-
tions to a variety of situations: samples along subsequences, averages of fo_ actions and of
positive L' contractions. We also study the relationship between a counting function first
introduced by Jamison, Orey and Pruitt, in a variety of situations, and the corresponding
ergodic averages. We show that the maximal counting function is not dominated by the
square functions.

1. Introduction. In [8], Roger Jones introduced the square function
for ergodic averages together with the following result.

THEOREM 1.1 (Jones). Let 7 be a measure preserving transformation
on a probability space (X,3,m). Let 1 < p < oo. Then, for any sequence

{nr} C N, the operator
(Z e rp>”p

is finite a.e. and is of weak type (1,1).

Jones proved Theorem 1.1 for p = 2, but his technique works for any
p>1.

In Section 3 we examine what is behind this theorem and extend it to a
much larger framework, which can then be applied to a variety of different
situations.

Another operator we study is the maximal function associated with a
counting function. In [7], B. Jamison, S. Orey and W. Pruitt realized that
what was behind the convergence of weighted independent random vari-
ables was the behavior of the following counting function. Let {X;} be in-
dependent identically distributed random variables and {w;} a sequence
of positive numbers. Let S, = >/, w;X; and W, = > ", w;. Define
N(z) = |[{n : Wy /w, < z}|. Jamison, Orey and Pruitt gave conditions
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on the counting function N necessary to obtain strong laws for the averages
Sy /W,,. Later 1. Assani in [4] applied this technique to ergodic averages and
to sums of independent random variables with weights given by return time
sequences.

In Section 4 we examine the counting function associated to averages
of operators induced by positive contractions. When these operators are
actually induced by measure preserving transformations, we show the rela-
tionships between the maximal function associated to the counting functions
and the maximal function of the corresponding ergodic averages. Otherwise,
we show a domination of a maximal function corresponding to the counting
functions by the appropriate square function.

In the measure preserving case, one of the relations between the above
mentioned maximal functions is related to extending a restricted weak type
inequality to a weak type inequality. Therefore, before we introduce such
maximal operators, we discuss what is known about such extensions in Sec-
tion 2.

Lastly, in Section 5, we apply the results of the previous two sections
to averages along subsequences, averages of Z‘fr actions, and averages of
positive L' contractions. We answer the question of whether the counting
function is dominated by the square function in the negative.

As in the definition of the counting function N(z) above, we use hence-
forth the notation |A| for the cardinality of the set A.

2. Restricted weak type. Let (R, ) be a o-finite measure space and
f a measurable function on it. Define f* to be the rearrangement function

of f,

() = sup{A s plf] > A) > ).
The Lorentz space LP'? consists of all measurable functions, up to measure
zero, for which

{Oso[tl/pf*(t)]q %}l/q if 0 < g < o0,
1fllpq = 0

sup {t'/7f*(t)} if ¢ = oo,
0<t<oo

is finite.
The space LPP coincides with the Lebesgue space LP, and || f1|pp = || f|lp-

DEFINITIONS 2.1. Let (R, ;) and (S, ) be two o-finite measure spaces.
Suppose 1 < p,q < o0.

(1) L is a weak type (p,q) operator if it is a bounded operator from LP:!
to L?°°. That is, there exists a constant C' such that

1L fllg00 < Cllfllp,-
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(2) L is a uniformly weak type (p,q) operator if it is a bounded operator
from LP to L?*°. That is, there exists a constant C such that

ILfllg00 < ClIflp-

(3) L is a strong type (p,q) operator if it is a bounded operator from LP
to LY. That is, there exists a constant C' such that

1Lfllg < CllFllp-

Notice that weak type (1,1) and uniformly weak type (1,1) coincide,
but since ||f|l, < || fllp,1, uniformly weak type is a stronger condition than
weak type for p > 1. The following is an even weaker condition than weak

type.

DEFINITION 2.2. Let (R, ) and (S,v) be two o-finite measure spaces.
Suppose 1 < p < oo and 1 < g < co. Let L be an operator defined on the
p-simple functions on R and taking values in the v-measurable functions
on S. Then L is of restricted weak type (p,q) if there is a constant C' such
that

(2.1) supt'/1(Lxp)*(t) < Cu(E)'/”
t>0

for all measurable sets £ C R.

When ¢ < 00, (2.1) can be reformulated as
C 1p )"
v(|Lxg| > A) < 3 w(E) P for any A > 0.

The natural question is when restricted weak type (p,q) implies uni-
formly weak type (p,q). The following theorem from Bennett and Sharp-
ley [5] shows that restricted weak type (p,q) implies weak type (p,q) if
g > 1. In the case of restricted weak type (1,1), Theorem 2.10 below shows
that it does not always extend to weak type (1,1).

THEOREM 2.3. Suppose 1 < p < oo and 1 < q < oco. Let L be a linear
(respectively, nonnegative sublinear) operator defined on the simple func-
tions and suppose L is of restricted weak type (p,q). Then L has a unique
extension to a linear (respectively, nonnegative sublinear) operator of weak

type (p, q)-

NOTE 2.4. When p =1 and 1 < g, this theorem extends to operators L
satisfying (a) L is continuous in measure, (b) L(f + g) < L(f) + L(g) if the
supports of f and g are disjoint, and L(af) = |a|Lf.

As a consequence of this theorem, we obtain uniformly weak type for
finite measure spaces.
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COROLLARY 2.5. Let (R, u) be a probability space. Suppose 1 < p < oo
and 1 < g < oo and let L be a linear (respectively, nonnegative sublinear)
operator defined on the simple functions. If L is of restricted weak type
(p,q) then L has a unique extension to a linear (respectively, nonnegative
sublinear) operator of uniformly weak type (r,q) for any r > p.

Proof. This corollary follows straightforwardly from Theorem 2.3 and
the following observation about the norm. For any 1 < r < oo, let r’ denote
the conjugate index of r, that is, 1/r + 1/r' = 1. Now assume r > p.

By definition, since pu(|f| > X) < p(R) = 1, we have f*(t) =0if ¢ > 1.
Thus
1

oof* "
o= 1 0 = |
0 0

o,

t1/p’ t

/1

7‘ 1 1/r
irorol i

0

. g (e =)
1A ( ) = (B ,
p-=r r—p

because " < p’ as r > p. Then, by Theorem 2.3,

ILflg00 < C(p,7)|| £l m

The following interpolation theorem for restricted weak type operators
is a consequence of the Marcinkiewicz interpolation theorem. Both can be
found in [5].

THEOREM 2.6 (E. M. Stein & G. Weiss). Suppose 1 < pyp < p1 < o0
and 1 < qo,q1 < oo with qo # qi. Let p and q be defined by 1/p =
(1—=0)/po+6/p1 and 1/q = (1 —8)/q0 + 0/q for some 0 < § < 1. Let
L be a linear (respectively, nonnegative sublinear) operator defined on the
simple functions, and suppose that L is of restricted weak types (po,qo) and
(p1,q1). If 1 < r < oo, then L has a unique extension to a linear (re-
spectively, nonnegative sublinear) operator, again denoted by L, which is
bounded from LP" into L9". If in addition p; < q; (j = 0,1), then L is of
strong type (p,q).

Curiously, the above theorem does not take care of the case p; = oo,
whereas the interpolation theorem of Marcinkiewicz does. But the interpo-
lation with L°° is easily obtained.

COROLLARY 2.7. Let L be a linear (respectively, nonnegative sublinear)
operator defined on the simple functions. If L is of restricted weak type (p,p)
and satisfies |Lxa| < 1 for any measurable set A, then L is of strong type

(q,q) for any q > p.
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Proof. Since L is of restricted weak type (p,p), it is also of restricted
weak type (g, q) for any ¢ > p. Indeed, if 0 < A < 1,

, n(E) (£)
and if A > 1,
E
V(xZ’LXE|>)\):0§C%.

For any p < r < q, there is 0 < 8 < 1 such that

1 1-6 0

=4 -

r p q

Since the operator L is of restricted weak types (p, p) and (g, ¢), Theorem 2.6
asserts that L is of strong type (r,7). m

The only satisfactory extensions from restricted weak type to uniformly
weak type are Moon’s Theorem [13] for convolution operators, and Ash’s
Theorem [3] for operators that commute with translations.

THEOREM 2.8 (Moon’s Theorem). Let {h,}n>1 be a sequence of inte-
grable functions onRY (or T?). Let Lf = sup,, | f*hn|. Then L is of restricted
weak type (1,1) if and only if L is a uniformly weak type (1,1) operator,
that is, there is a constant C' > 0 such that

m(z:Lf >\ <C H];HI,

where m is the Lebesgue measure.

THEOREM 2.9 (Ash’s Theorem). Let X =R or T = R/Z, with Lebesgue
measure. Let T be an operator defined on L*. If T commutes with transla-
tions, then the following are equivalent:

(1) T is of strong type (2,2),
(2) T is of restricted weak type (2,2).

However, for discrete systems, Akcoglu, Baxter, Bellow and Jones [1]
showed that the extension may fail. The next theorem considers convolution
operators on [(Z), where Z is equipped with counting measure.

THEOREM 2.10. There exists a countable set C of probability densities
¢ € 11(Z) such that

Mf=suppxf
peC

is of restricted weak type (1,1) but not of weak type (1,1).
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3. Jones’ square function. The main theorem of this section gives
a necessary condition for a certain type of “square function” to be a weak
(1,1) operator. Square functions were introduced in ergodic theory by Roger
Jones when he proved Theorem 1.1 in [8]. The next theorem was inspired
by his work.

Let (X,[) be a set and a o-algebra. Let m,v be two positive Borel
measures that are o-finite on that space. Let I" be a countable infinite set,
and {7}, }ner a collection of operators defined on the measurable functions
on X.

DEFINITION 3.1. A collection { gy }ner of nonnegative measurable func-
tions is adapted to the operators {7}, },cr with respect to the pair of mea-
sures (m, v) if there exists a constant M > 0 such that

(3.1) S AT F @) > Agale) < 5§l dm

nel’
for all A > 0 and f € L'(m).

ExaMPLE 3.2. Let (X, 3,m) be a probability space, and 7 : X — X a
measure preserving point transformation. Let I' = N. Given any sequence
{sn} C N, let T,,f(x) = f(r°z). Let g, = n. Then the integrability of
functions gives that {g,} is adapted to the operators {71} with respect to
the pair (m,m). Indeed, if f € L'(X),

> m(|Tuf (@) = Aga(@ z)| = An)
n=1

m(|f| > An) S%d

DEFINITION 3.3. An operator T is said to be of weak type (L' (m), L' (v))
if there exists a positive constant C' such that for any A > 0, and any

fe Lt (m), .
v(a: [Tf(x)] > X < 5 [If] dm.

For a nondecreasing function @ : [0,00) — [0, 00), its inverse is defined
by @~ 1(u) = inf{t : &(t) > u}. Such a function defines a “square” operator
as follows. Let {7, }n,er be a sequence of linear operators and {g,}ner a
sequence of functions adapted to it with respect to the measures (m,v).
Define, for integrable functions on (X, 3,m), the operator

oo (S5

nel’
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We are now ready to prove a general version of Theorem 1.1 for such a
general class of “square” operators.

THEOREM 3.4. Let {T,}ner be a sequence of linear operators, {gn}ner
a sequence of functions adapted to it with respect to the measures (m,v),
@ : [0,00) — [0,00) a nondecreasing function, and Saf the corresponding
operator as defined above. Let B(\) = 81/ (4n) &(1/t) dt.

(a) If there exists A such that B(\) < oo, then Sgf(r) < oo v-a.e. for
all f € LY(m).

(b) If in addition limy_. B(X)/P(N) = 0, then Sgf satisfies a pseudo-
weak (1,1) inequality, that is, there exists a function C(X\) with
limy o, C(A) = 0 such that

v(Saf = X) < C(\) ||f]dm

for all X > 0 and f € L'(m). If the operator S¢ is homogeneous of
degree one, Sp(af) = |a|Sef, then S¢ is a weak type (L*(m), L*(v))
operator.

(c) If there exists a constant K such that for all X > 0,

AB(A) < KP(N),
then Spf is a weak type (L'(m), L' (v)) operator.
Proof. Let A > 0. For each x € X, split the index set I' into two pieces:
nNn=nA={nel:|T,f(x) <Agn(x)} and Iy = I'5(z,\) ="'\ I.
Both I} and I'; depend on x and A, but for simplicity we drop their indexing.

(a) Let A be such that B(\) < oo. Let [t] denote the integer part of
t € R. By noticing that

T, T,
Z¢<’gnf’> ZX[Tnf|<Agn1¢<| f|>

nell nel’ In

we have

32 | o <‘ ”f‘>d <> | @(’T"f’>dz/

nell nel [|T, f|<Agn] gn

Yy S o 1)

n€l’ j>[logy(1/A)] [1/27+1<|Tn f|/gn<1/27]

SEORIERT

j>ogy(1/3)] nel’ In

<MY 2J+1q§( )S]f]dm

j=[logs(1/)]
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27
<M Y 4 | oqypat||fldm

j>[logy(1/A)] 291
<am | e(yde (|f1dm < aMBON) (| ] dm,
210g2(1/)\)72

where the fourth inequality is due to (3.1).
Since B()\) < oo, we see that for any f € L!(m),

2 qﬁ(%—nﬂ) - ZXnTnfsxgn]@C];nﬂ) )

nell nel’

for v-almost every .
The sums over I are also finite for v-almost every x, for any f € L!(m),
because, by (3.1), Iy = I'»(x, ) is a finite set for v-almost every z. Indeed,

Valdv =" v(ITufl > Agn) < — S|f|dm

nel’
Combining the sums over I and I yields Sgf(z) < oo for v-almost
every z, for any f € L'(m).
(b) Since @ is increasing and ®(0) > 0, there exists Ao = inf{\ > 0 :
S(A) >0} If0< X< Ao,

v(Sef >N < v(Sef >0) < Zy<¢<’T"f’) > 0)

nel’ In

< S vl 2 Aogn) < 3§ Ifldm < 5 151 dm.

If A > Ao, -
V(Saf > ) < 4%@(’?{‘) > @(A)]
<o S o(BH)= 5 [ T o(B) = 5]

To handle the first term, we use the estimate obtained in (3.2),

12 G0 = S5

nell nell

BN
< 8M ()S\f\d
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For the other term,

[0 o) 5 20 o 5 o) o]

nels In nels n
But ’ f’ | |
T, Tn
> @( p ): ZX[Tm»gn]@( p >
nely n nel’ "
Thus
IT,.f] M
V{ 5 ¢(g_n > 0| £ 3 wlITufl > Aga) < {11 dm.
nely nel’
Letting
BN M
A)=8M =20
C\) =8 DS

we have proven

v(Saf > X) < C) ||f|dm,

where under the assumption of (b), C(A) — 0 as A — oc.
(¢) Under the assumption of (c), B(A)/@(\) < K/A. Hence, C(\) < C'/A,
proving the desired weak type (L'(m), L'(v)) inequality. m

COROLLARY 3.5. Let {T),,}ner and {gn}ner be as in Theorem 3.4. Then

or-[5 (22)]"

nel’

is a weak type (L'(m), L' (v)) operator for any 1 < p < oo.

Theorem 3.4 has applications to a variety of situations. We will use it
for averages of Z¢ actions and averages of positive L' contraction operators
in Section 5.

4. JOP’s counting function. Let I" be a countable set, and {3},
a nested sequence of finite sets such that |J;°, I; = I'. Let D; = I \ I—1,
with Iy = 0.

Let (X, ) be a set endowed with a o-algebra, and v, m two positive
Borel o-finite measures on it. Let {7, }ner be a family of linear operators
defined on the measurables functions on (X, ).

Given a sequence {gi}rer of positive functions, adapted to the family
{T}} with respect to (m,v), define G, (z), their dominant on each I,, by

(4.1) Gn(7) = max gi(z).

Since the I,’s are nested, {G, ()}, is increasing for each x.
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Define the partial sums and the averages operators respectively by

Suf = Y Tef and Byf =L,

kel, Gn

and, for any given a > 0, the counting function

Naf(;r):g {keD %:((ﬁ)” > é}’

The corresponding maximal functions for the averages and the counting
functions are

Nq
B*f= sup |B,f| and N*f=sup /

1<n<oo a>0 «

respectively. The counting functions N, first appeared in Jamison, Orey and
Pruitt [7] to study strong laws of weighted averages of independent random
variables. Later Assani [4] applied them to ergodic theory.

The following lemmas state the basic properties of these operators.

LEMMA 4.1. The operators N, have the following properties:

(a) Nof(x) is increasing in a, that is, if o < [3, then Nq f(x) < Ngf(x).

(b) Nalaf) = Nigjof for any a # 0.

(¢) Nao(f1 + f2) < Nogf1 + Noafo for any pair of measurable functions
and any o > 0.

(d)

Ny
| fdngg\f\dm
a
for all o > 0, where M is the constant in (3.1).

Proof. (a) is immediate by definition of N,, and (b) follows by the lin-
earity of the operators T}. Property (c) follows from the inequality

Na(f-i-g)(ﬂf) — Z {k €D, ’kal(x();t;;ka(ﬁﬂ > é}‘
n=1 n

00
<X
n=1

frep, Bt 1)

Go() ~ 2a
 [{xen B 1

= Nzafl(x) + Noo fo(x).
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Since {gn} is adapted to {7}, } with respect to the measures (m,v), inequal-
ity (3.1) gives property (d):

Nof 1 Gn
S " dygaz Z y<\ka] > ;)

n kebD,

< 25 o112 2 ) < 2 .
« kel «

LEMMA 4.2. The operator N* has the following properties:
(a) N* is homogeneous of degree 1, that is, N*(af) = |a|N*f for all
scalar a.
(b) N*(f +g) <2(N*f + N*g).
Proof. Property (a) follows from Lemma 4.1(b), and property (b) from
Lemma 4.1(c). =

For the next lemma, we need to know which G,,’s are the same. Define
then, for each z,

m(n) =m(n,z) = max{r : G.(z) = Gp(x)}.
LEMMA 4.3. Let the operators Ty, be induced by measure preserving trans-
formations i, Ty f(x) = f(z). Then

(a) for any measurable set A,

NG,y (@)X A(T)

(b) if sup,, |In|/Gn < C < 0o v-almost everywhere, then N* is a bounded
operator in L. Moreover

I
N*f <sup 1w Ifllc  v-almost everywhere.
n>1 Gn

= Bnmyxa(r) and Nxa = B*xa, v-a.e;

Proof. Given a > 0, let n(a) = n(a, z) = max{n : Gp(x) < a} (we drop
the x to simplify notation).

(a) We have
S  Tixa@) | 1 . _
Navae) = 32| € D J8) 2 T = (k€ T xatra) = 1
= Z XA(TeT) = Spiayxal(z).
kEFn(a)
Thus .
NaXA ()
— Pn(a) — < Bn(oa)XAv
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which shows
N*xa(z) < B*xa(z).

On the other hand,
NG,y (@)X A(T)

Therefore B*y4(xz) < N*xa(x). Thus N*x4 = B*xa.
(b) Assume f € L*°. Then

f(mx)| 1
{keDn. e 25}‘

3 IDal=" > IDual = [Tagaf s

{n:Gn(@)<a|flloc} 1<n<n(a|| flloo)

= Bmxa(z) and B*xa = sup By,n)Xa-

IN

Thus
Nof(x) _ [Tl si)l
o Gn(allflloo)

[ flloo < Sup on HfHoo .

The following theorem is the main ingredient of this section. It shows the
interrelationship between the maximal operators N* and B*. We will apply
this result later on to two types of averages with different natures: averages
on Z%, and averages along subsequences (in Z). For both we obtain similar
results, but the structure needed to handle both cases simultaneously is a
little intricate. Bear in mind that, in these applications, G, = n? for some
deN.

THEOREM 4.4. Let (X,[3,m) be a probability space. Let {Ty}ner be a
family of operators induced by measure preserving transformations as above,
and let {gitner be a sequence of functions adapted to it with respect to the
pair (m,m). Assume that {gi} also satisfies the following growth conditions,
given in terms of the sequence {Gy} defined in (4.1):

(a) there exists a constant K such that sup, Gp+1/Gn < K a.e.,

(b) there exists a constant k such that sup, G5 1> o [G; — Gj-1]/G;

<k a.e forany 1 <s < oo,

(c) sup, [In|/Gn € L,

(d) G1 > 1.

Let 1 < p < o0.

jzn

(i) If N* is of uniformly weak type (p,p) then B* is of strong type (r,r)
for all r > p, and if p> 1 then B* is also of weak type (p,p).

(i1) If B* is of uniformly weak type (p,p) then N* is of strong type (r,r)
for all r > p.
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Proof. (i) Since by Lemma 4.3, N*x4 = B*x4, and N* is a uniformly
weak type (p,p) operator, B* is of restricted weak type (p,p). Thus, since
B* is a nonnegative sublinear operator, by Corollary 2.7, it is of strong type
(r,r) for all » > p. Now, if p > 1, then by Theorem 2.3, B* is of weak type
(p,p) as well.

(ii) Since B* is a uniformly weak type (p, p) operator and N*x 4 = B*x 4,
N* is of restricted weak type (p, p). However, N* may fail to be subadditive,
and hence we cannot apply the results of Section 2. Instead, this direction
follows as in Assani’s [4].

First note that by (3.1), if we let

7 T f ()]
J(@) = sup max “o oy
then fv is finite almost everywhere for any f € L.
Let » > p and f € L". Write r = ps, with s > 1. Let

Nof
«

N,
N*f < sup Naf + su
0<a<l @ a>1

= N{f+ N;5f.

The first term is simple to handle. Indeed, if o = [2f(2)]~!, then
Nof(x) =0 for all @ < ag. And since N, f is increasing in «,
@) Nif = swp Nl < NI oFe N )
a<a<ll & Qo
Since f € L™ C L', (3.1) gives that Nif is finite almost everywhere. Thus
N7 f(z) < oo almost everywhere.

For the second term, observe that by the growth condition (c), and the
fact that I}, — I" and I is an infinite set, we have Gy (z) — oo for al-
most every z. Then, since N, f(z) is increasing in «, and by the growth
condition (a),

Ne, () f(x)
N2f( )<K§11§1)T($) a.e.
Now,
Na, @) f(x) < \FnHZ {keD] ’Téj((;))' > Gnl(x)}' ITa| + R f(z)

The last term is estimated by

zz('ﬂf’) - g = e

j>nkeD; J keD;

- Z i Si(1f1°) G]j—l(lfl)

j>n
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=§: L7 - H<|f|5>1+§Z—Gj‘f“ijl(W)
G? G*
7> J

jzn J
<2 [Gs = G| B + Baca) g
ji>n J+1 n
* s Gj _Gj—l
+ B Y~
j=n J
<4 R)BI oo

where the last inequality is due to the growth condition (b). Let L =
llsup,, | I'n|/Gnlloo, which is finite by condition (c), and put ' = 1+ &.
Since G1 > 1,

4.3 su = < sup —I—

( ) nzli Gn n>1 G 1 Gn
Since f € L" and r = ps, we have |f|* € LP. By hypothesis, B* is of
uniformly weak type (p,p). Therefore B*|f|* is finite a.e., showing that

sup,,>1 N, f/Gnr is also finite almost everywhere.
From (4.2) and (4.3), we have

N*f < 2fNif + K(L + &' B*|f]*).

< L+ &' B*|f].

But then
mIN*f > 24 K(L+#)] <m(fNif > 1) +m(B*|f|* > 1)
<m(f>1)+m(Nif > 1) +m(B*|f|* > 1)
< | Uftdm+ o\ £ dm < Cs\ | f[dm.
[1£121]
Thus, if A > 0, by the homogeneity of N*,
/
m(N*f > A) :41\7*(%0 > 2+K(L—|—n’)]
2+ K(L+£)]", .i1r
AR L

The above theorem yields convergence results. The same techniques used
in Assani [4] prove the following corollary. Part of this corollary was already
obtained by Jones, Rosenblatt and Wierdl [11].

COROLLARY 4.5. With the assumptions of Theorem 4.4 and assuming
that limy, o Bpxa(z) exists a.e. for all measurable sets A, we have:
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(a) If N* is of uniformly weak type (p,p), then lim, .- Ng, f(x)/Gn
exists a.e. for all f € LP and lim,_. By f(z) exists a.e. for all
felL, r>p.

(b) If B* is of uniformly weak type (p,p), then limy, o By f(x) exists
a.e. for all f € LP and lim,,—,oc Ny, f(x)/n ezists a.e. for all f € L",
r>p.

5. Applications

5.1. Counting along a subsequence. Let (X, 3, m) be a probability space
and 7 : X — X a measure preserving transformation. Let n; be an increas-
ing sequence of positive integers. Define

(5.1) Buf(z) = %gﬂr%), Nof(z) = Hk > 1 T é}'

Let also

N,
B*f =sup|B,f|, N*f=sup af.
n a>0 «
COROLLARY 5.1. Let np be an increasing sequence of positive integers.
Let 1 < p < o0.

(a) If N* is of uniformly weak type (p,p) then B* is of strong type (r,r)
for all r > p, and if p > 1 then B* is also of weak type (p,p).

(b) If B* is of uniformly weak type (p,p) then N* is of strong type (r,r)
for all r > p.

Proof. If welet I' = Zy, I, = [1,n], Ty f(z) = f(7™*x), and g = k, all
the hypotheses of Theorem 4.4 are satisfied. m

Jones, Rosenblatt and Wierdl in [11] showed that if f € L!, then for any
1<p<oo, Spf = (3, |f(7™x)/k|P)/P < oo a.e. whenever N*f < oo a.e.
But we already know, by Corollary 3.5, that S, f < oo a.e. for any f € L.
However, N* f may fail to be finite.

Using Corollary 5.3 below, we will show how to construct an f € L! such
that N*f = oco on a set of positive measure.

DEFINITION 5.2. Let (X, 3,m) denote a measurable space and {R,} a
sequence of positive operators defined on simple functions. Given § > 0,
{R,} is d-sweeping out if for all € > 0, there exists a measurable set A
with m(A) < e such that limsup,,_,., Rn(xa) > 0 a.e.; and {R,} is strongly
sweeping out if it is 1-sweeping out.

COROLLARY 5.3. {Byp}y is d-sweeping out if and only if {N,/n}, is
d-sweeping out.
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Proof. This result is an immediate consequence of the relationship from
Lemma 4.3,
Nnxa
n

EXAMPLE 5.4. Let 7 be an ergodic measure preserving transformation
on a probability space (X,3,m). Let {n;} be a strongly sweeping out se-
quence, meaning that the averages along this subsequence, n 1>} _, f(7"z),
form a sequence of strongly sweeping out operators. An example of such a
sequence is ng = 2%, See [2].

Now construct a sequence of measurable sets Aj. as follows.

Let Ay be sets such that m(A;) < 1/2% and

N,
lim sup M = limsup By, (xa,) =1 a.e.
n— o0 n n—oo
Define f = > 32 kxa,. Then f € L'. But since f > kya, for any k > 1, we
have Ny, (f) > Ny(kxa,) for any n > 1, and

N N, (k N
lim sup Nnf > limsup M = klimsup M
n—oee n n—oo n n—o0 kn
k N, k
> — hmsupM > — a.e.
n—00 n 2

for any k£ > 1. Hence N*f = oo a.e. as desired.

Consider now the operators

SByf(x) = [i w} 1

periL
and o
Vol (@) = | D 1Bef (@) = By f(@) "] "
where Byf = 0. -
Let S,/(2) = [ 32, /(7)1 /0] 7.
LEMMA 5.5.

SByf(z) < C(p)Spf ().

Hence SBy, is a weak type (1,1) operator and a bounded operator on L.

Before we prove this lemma, note that it does not follow from Corol-
lary 5.11 because we are not dealing with blocks along the powers of one
transformation. The proof in this one-dimensional case is quite simple and
does not require the use of martingales as Theorem 5.12, used for Corol-
lary 5.11, did.
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Proof. By the Holder inequality,

| B f(z)|P < — Z’f’p (t"z) = By(|f[")(z)

Thus,
pr f n; p
Bpf Z‘ kS| <§k:§:l‘ kpfl‘
J
n; P
<Z|f (T ) |pzkp+1: szg(p)ggf..
k>j J

PROPOSITION 5.6. Let 1 < p < oco. Then
Vof (@) < C[Spf(x) + SBp f(z)].

Hence, Vy f is a weak type (1,1) operator and is a bounded operator on L.
Hence it is a strong type (q,q) operator for 1 < q < oco.

Proof. For k > 1,

(5.2) Brf(z) — Br_1f(x) =
Then

f(r"x)  Bypf(z)
k—1 k-1~

+1
Vi f(z) <277 [SPf(x) + SBY f ().
The rest of the proposition follows from Theorem 1.1 and Lemma 5.5. »

REMARK 5.7. This result is interesting specially for sequences {n;} for
which the averages By f fail to converge. It shows that, even though the
averages Bif may fail to converge, the difference of consecutive terms
By f — Bi_1f always goes to zero a.e. as k — oo.

NoTE 5.8. Both results 5.5 and 5.6 also hold without changes if one
replaces the composition operators with 7™ by a sequence of operators T}
satisfying

. C
> mlITkf ()] = Ak) < - | £l
k=1

5.2. Counting for Z‘i—actions. Let 71, ..., 74 be commuting measure pre-
serving transformations of a probability space (X, 3, m). They define a Zi

semigroup action {Tk}kezi by letting 7,z = T{“ e dex for k € Z4.
Let I' = Z4, I, = [1,n]?, and
=Y flme),  ALf(x) = Suf(x)/n

kel
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Define now the counting function
1
Noc k Zd |f(7—kx)| -
s =|{rezt: > 2

where k = (ki,...,kq) and ||k||cc = max{ki,...,kq}. Define the maximal
functions

A f@) = suplAuf(@)],  N*F() = sup Nl )
n>1 a>0 (€7

In this situation we have operators T} induced by the point transforma-
tions 74: T f(x) = f(mpz). Let g = ||k||%,, which gives G,, = n?. It is easy
to see that the gi’s are adapted to the operators T}’s with respect to the
pair (m,m), due to the integrability of the functions.

The index sets are I}, = {k € Z% : ||kllc < n}. Then {T}} and {gx}
satisfy the hypotheses of Theorem 4.4. Indeed,

Gn+1 1 d d
— 42| <2
(@ ] <
Gj — G] 1 g4 j—l 1
(b) > =T =) oy
jzn jzn
(c) || =

Since the operators A< f are the regular ergodic averages, A* is a weak type
(1,1) operator ([15]). Thus Theorem 4.4 gives the following corollary.

COROLLARY 5.9. For any p > 1, N* is a strong type (p,p) operator.

DEFINITION 5.10. A sequence R,, of nondegenerate rectangles in Z4 4 is
pseudo-increasing if (a) for each n there exists k, € Z% such that R, + k,
C Ruy1, and (b) |R,| — oo as n — 0.

This definition says that the rectangles are nested after a shift is per-
formed on them.

COROLLARY 5.11. Let T be a measure preserving action of Z on a
probability space (X, 3, m). Define Ag, f(z) = |Ru|™" Y 1ch, f(Tkx) where
R, is a pseudo-increasing sequence of nondegenerate rectangles in Zd . Then,
for any 1 < p < oo, the operator

(Z |ARn Ip)l/p

is of weak type (1,1).
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This corollary follows from Theorem 3.4 and the following result in
Rosenblatt and Wierdl [14].

THEOREM 5.12 (Rosenblatt & Wierdl). Under the hypothesis of Corol-
lary 5.11, there exists a constant C(d) such that for any f € L' and A > 0,

> m(iAr, £1 > an) < S g
n=1

The following result was already obtained for p > 2 and d = 1 in [9], and
for d > 1 in [10]. Here is a simple proof for 1 < p < co and d > 1.

LEMMA 5.13. For any 1 < p < oo, the operator
1/p
Vof(e) = (3 1ALf (@) — AL f(@)P)
n>1
is of weak type (1,1) and bounded in L.
Proof. We have

AL f(x) — Ay f()] < [Snf (@) {% - ﬁ]
+ [Snt1f(2) = Snf(2)] ﬁ
d x
< c(d) W + [Snt1f(2) — Snf ()] (n _i 1)d’

The first term is handled by Corollary 5.11. The second term can be seen
as the sum of d averages of a Zi‘l action, divided by n. Indeed,

d
|Snr1f (@) = Snf (@) <D Sl /(T a)
=1

where the ith term of the sum corresponds to the (n 4 1)th sum of a Ziﬁl
action:

Swlfl) = Y Ifllof---a'y),

ke[l,n+1]d-1
with o; = 7; if j < and 0 = 7541 if j > 4. Thus
d —
Snaf ()~ Sul (@] 3~ AV )
(n+1)d - n '

=1

=[S ()]

n=1

Let
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and for 1 <7 <d,

' 0 Ad_lf(T-n—H.f) p11/p

Sif — n+1 7 )

= | (B2
n=1

By Corollary 5.11, S, and each S;,, 1 <i<d,is a weak type (1,1) operator.

Hence V), is also a weak type (1,1) operator. Moreover, S, and the S; are

also bounded in L°°, thus V), is also bounded in L*°. =

5.3. Positive contractions in L'. Let (X,3,m) be a o-finite measure
space, and U a linear operator defined on the measurable functions on X
satisfying

(a) U is positive, that is, Uf > 0if f >0,

(b) U is an L' contraction.

Given ¢ >0, g € L', and f € L', define S,g = Zz;é Ukg and

{k21JUW@N>}} Nof

> ,  N*f=sup .
Skr19(z) — @ a>0 «

Lemmas 4.1 and 4.2 now apply with I' = Zy, g, = G, = Spt19 and
T.f=U"f.
Let mg denote the measure induced by g, mgy(A) = {, gdm, and

B ’ka’ pl/p
=2 (s500) |

From the proof of the Chacon-Ornstein Theorem (Lemma 2.3 in [12]),
we have the following estimate.

Nof(x) =

LEMMA 5.14.

k=1

Theorem 3.4 and Lemma 5.14 now give the following square function
result.

COROLLARY 5.15. For any 1 < p < oo,
C

my(Syf > ) < 5§11 dm.

Unfortunately, in this situation, the operators are not induced by mea-
sure preserving transformations, so we do not get the full strength of The-
orem 4.4. Instead we obtain the following result.

PROPOSITION 5.16. For any 1 < p < oo and f € L'(m), the operator

N, f)/P
N;f = sup —( 7)
a>0 «a
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satisfies:
U* f|

a N*f <2|su
(@) b/ < [ kp8k+19

+1}Spf

almost everywhere on the set [g > 0],
(b) N, is a weak type (L*(m), L*(my)) operator, that is, there exists a
constant C > 0 such that for any f € L'(m) and X > 0,

C
mg(Ny f > A) < < |f] dm.

Proof. First note that

N, f)1/p N, f)1/P
a>1 o n>1 n
and
N, o Uk 4
np Sk+19 P
k=1
For a < 1, let ag = ag(z) be such that 1/ag = 2sup |U*f(2)|/Sk119(x).
Then
Na Na 1 k p © k P
sup —f: sup fS—pN1f§2psup<—‘U f’) Z(—W f‘) .
0<a<1 OP ap<a<l OP oy k w19/ = \Skt19
Hence
U }
N f<2|sup—=——+1|S5,f.
Thus,
x U*f|
mg(N, f > 4) <my| sup gSpf>1 +mg(Spf >1)
k Ok+1

k
< mg<supM > 1) +2mg(Spf > 1)
k ©Ok+19

< mg([URf] = Sirag) + 2mg(Spf > 1) < C\|f|dm.
k

The weak inequality then follows because the operators NN, are homogeneous
of degree 1. m

PROPOSITION 5.17. Let Bif = Skf/Skg. Then for any 1 < p < oo, both

o0

Vit =[S 1Buss - Busp] "

k=1
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sorp =S (29N g
pf—;(Sng) |Bif|

are weak type (L'(m), L'(my)) operators.

p

roof. To show that SB), satisfies a weak type inequality from L!(m) to

L'(my), it suffices, by Theorem 3.4, to show that

> mg(UrgISks1 f| > Sitag) < el flh-
k

But since U*Fg < Sj.41g, we have

mg(U*g|Ski1 f] > Si19) < mg(ISks1f] > Skt19)

and the result follows by Lemma 5.14.
For the other operator, write

Then

Uty Uy
Sk+19  Skt19

By f — Brf = By f.

VEf <2P[SPf + SBYf].

The weak type inequality for V), now follows from those for S, and SB,,. =
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