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('-Spreading models in subspaces of mixed Tsirelson spaces
by

DENNY H. LEUNG and WEE-KEE TANG (Singapore)

Abstract. We investigate the existence of higher order #'-spreading models in sub-
spaces of mixed Tsirelson spaces. For instance, we show that the following conditions are
equivalent for the mixed Tsirelson space X = T[(0n,Sn)ne1]:

(1) Every block subspace of X contains an £'-S,-spreading model,

(2) The Bourgain ¢'-index I;(Y) = I(Y) > w* for any block subspace Y of X,

(3) limy, limsup,, @min/0n > 0 and every block subspace Y of X contains a block
sequence equivalent to a subsequence of the unit vector basis of X.

Moreover, if one (and hence all) of these conditions holds, then X is arbitrarily distortable.

1. Introduction. The discovery and construction of nontrivial asymp-
totic ¢! spaces has led to much progress in the structure theory of Banach
spaces. The first such space discovered was Tsirelson’s space [24]. Subse-
quently, Schlumprecht constructed what is now called Schlumprecht’s space
[22]. This space plays a vital role in the solutions of the unconditional basic
sequence problem by Gowers and Maurey [12] and the distortion problem by
Odell and Schlumprecht [19]. Argyros and Deliyanni [5] introduced the class
of mixed Tsirelson spaces which provides a general framework for Tsirelson’s
space, Schlumprecht’s space and related examples such as Tzafriri’s space
[25]. Mixed Tsirelson spaces have been studied extensively. In particular, re-
sults about their finite-dimensional ¢!-structure were obtained in [6, 7, 18].
The present authors computed the Bourgain ¢'-indices of mixed Tsirelson
spaces in [16], and investigated thoroughly the existence of higher order £!-
spreading models in such spaces [17]. (Results in this direction for certain
mixed Tsirelson spaces were first proved in [7].)

In the present paper, we investigate when a mixed Tsirelson space con-
tains higher order ¢!'-spreading models hereditarily. Again, the first result of
this kind is found in [7]. We prove some general characterizations and ob-
tain the result in [7] as a corollary. Roughly speaking, our results show that
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the complexity of the hereditary finite-dimensional ¢!-structure of a mixed
Tsirelson space is the same whether it is measured by the existence of higher
order ¢!-spreading models or Bourgain’s ¢'-index. These are also related to
what may be called “subsequential minimality” of the mixed Tsirelson space
in question and imply that it is arbitrarily distortable.

Denote by N the set of natural numbers. For any infinite subset M of N,
let [M], respectively [M]<>°, be the set of all infinite and finite subsets of M
respectively. These are subspaces of the power set of N, which is identified
with 2 and endowed with the topology of pointwise convergence. A subset
F of [N]=* is said to be hereditary if G € F whenever G C F and F € F.
It is spreading if for all strictly increasing sequences (m;)*_; and (n;)k_,,
(n))F_, € Fif (m))F, € F and m; < n; for all .. We also call (n;)F_; a
spreading of (m;)¥_,. A regular family is a subset of [N]<* that is hereditary,
spreading and compact (as a subspace of oN ). If I and J are nonempty finite
subsets of N, we write I < J to mean max/ < minJ. We also allow that
) < I and I <. For a singleton {n}, {n} < J is abbreviated to n < J.

Given a regular family F C [N]<°° a sequence of sets (E;)%_; is said to
be F-admissible if (min E;)¥_, € F. If G is another family of sets, let

k
FIg) = { JGi:Gieg. (Gl is F—admissible}
i=1

and
(F,G)={FUG:F<G,FeF, Geg}.

Inductively, set (F)! = F and (F)"! = (F, (F)") for all n € N. It is clear
that F[G] and (F,G) are regular if both F and G are. A class of regular
families that has played a central role is the class of generalized Schreier
families [1]. The reason for their usefulness as a measure of the complexity
of subsets of [N]<* is by now well explained [11, 13]. Let Sy consist of all
singleton subsets of N together with the empty set. Then define S; to be
the collection of all A € [N]<* such that |A| < min A together with the
empty set, where |A| denotes the cardinality of the set A. If S, has been
defined for some countable ordinal «, set Sp+1 = S1[Sa]. For a countable
limit ordinal «, specify a sequence («,,) that strictly increases to «. Then
define
So ={F:FeS,, for some n <minF} U {0}.

Given a nonempty compact family F C [N]<* let F 0 = F and FO be the
set of all limit points of . Continue inductively to derive F(@+1) = (F(@)1)
for all ordinals a and F(®) = s<at (%) for all limit ordinals a. The index
(F) is taken to be the smallest o such that F(@+1) = (). Since [N]<* is

countable, ((F) < w; for any compact family F C [N]<*°. It is well known
that ¢(S,) = w® for all & < wy [1, Proposition 4.10].
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Denote by ¢y the space of all finitely supported real sequences. For a
finite subset E of N and = € cgg, let Ex be the coordinatewise product of
x with the characteristic function of E. The sup norm and the ¢!-norm on

coo are denoted by || - ||, and || - || respectively. Given a sequence (F,) of
regular families and a nonincreasing null sequence (6,)5 ; in (0,1), define
a sequence of norms || - ||, on coo as follows. Let ||z||o = [|z||¢, and
T
1) s = mie { . s1p B sup > [ Eun .
" i=1

where the last sup is taken over all F,-admissible sequences (E;);_;. Since
these norms are all dominated by the ¢!-norm, ||z|| = lim,, ||z||., exists and
is a norm on cgg. The mized Tsirelson space T[(0y, Fpn)52 ] is the completion
of cgg with respect to the norm || - [|. From (1) we can deduce that the norm
in T[(0r, Fn)o2 ] satisfies the implicit equation

T
@) e = max { [ ey sup 0 sup D | B .
i=1
with the last sup taken over all F,-admissible sequences (E;)!_,. For the
rest of the paper, we consider a fized sequence (0n, Fpn)o>, as above and let
X =T[(0n, Fn)oq]. Set o, = o(Fy,) for all n. Families F,, with «(F,) =1
contain singletons and the empty set only and may be removed without effect
on the norm ||-||. Also the spaces T'[(6y,, Fr)22 ;] and T[(0r, Up_; Fr)o2,] are
identical (since (6,) is nonincreasing). Hence there is no loss of generality
in assuming that oy, > 1 for all n and that (cv,) is nondecreasing. We will
also assume that o, < sup,, Gm = wwg, 0 < £ < wi. Otherwise, the relevant
result has been obtained in [17, Proposition 2], except for the case when
¢ = 0. The coordinate unit vectors (ex) form an unconditional basis of X.
Given a Banach space B with a basis (by), the support of a vector x =
> agby (with respect to (b)), denoted supp x, is the set of all k such that
a # 0. A block sequence in B is a sequence (xy) so that supp z; < supp xx41
for all k. The closed linear span of a block sequence is called a block subspace.

Acknowledgements. We thank the referee for suggestions to improve
the exposition and for providing the proof of the last statement of Proposi-
tion 4.

2. Technical preliminaries. In this section, we present some technical
results prior to the main discussion. If (x) and (yx) are sequences of vectors
residing in (possibly different) normed spaces, we say that (z) dominates
(yk) if there is a finite positive constant K so that

|| < £ o]
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for all (ay) € cop. Two sequences are equivalent if they dominate each other.
The first lemma shows that under certain mild assumptions on the families
(Fn), any subsequence of (ex) is equivalent to its left shift. The proof uses
essentially the idea in [10, Lemma 2], dressed up in the present language.
The family of all subsets of N with at most k elements is denoted by Ay.

LEMMA 1. Assume that for all n, either F,, = Aj for some j € N or
FulAs] C (Fn)?. Suppose that (i) € [N]. Letz = Y- apey,,, andy = Y age;,
for some (ay,) € coo. Then for any m, there exist By < Eo < E3 such that

3
Izllm <> 1 Eiylm-
=1

Consequently, the sequences (e;,) and (e;, ) are equivalent.

Proof. For any set E C N, let the left shift of E be the set Ly = {iy :
ix+1 € E}. We will prove by induction that for any m > 0 and any E C N,
there exist Fy < Fy < Ej3, subsets of Lg, such that ||Ex||,, < Z?Zl Eiy||m-
The case m = 0 is clear. Assume that the lemma holds for some m. Given
E CN, let z= Ex. If ||z|]lm+1 = ||2|lm, there is nothing to prove. Otherwise,
1zllms+1 = On > iy || Fiz|lm for some n and some Fj-admissible sequence
(F;)"_;. By the inductive hypothesis, there exist F} < Fi < F&, subsets of

L, such that
3

1Ezllm < Y I Fyllm,  1<i<r
k=1
We claim that (F{)T_; 3_, is (A1 UF,, (F,)?)-admissible. Indeed, if F,, =
Aj for some j, then
(min F})I_y 31 € Aj[As] = As; = (Fn)® C (A1 U F, (Fn)?).

Otherwise, since min F§ > min Fj,

.
| {min Fj, min F3, min F{ ™'} € F,[As] C (F,)*.
=1

Clearly, {min F}'} € A;. Thus

T
U{mian,minFQi,mianf} € (A1 UFy, (Fn)?),
i=1
as claimed.

It follows from the claim that there exist £y < Ey < FE3 so that Uf;:l E,
= Uiz Ui:l F}, each E, is a union of finitely many F} and that &, = {F} :
F. C Ey}is (AU fn)—admissible if p =1 and F,-admissible if p = 2, 3.
Notice that 6, > Fics, | Fiyllm < || Epy|lm+1 since &, is either Fy,-admissible
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or A;-admissible. Hence

[Ez[lms1 = [|2]lm+1 = On Z [Eiz]lm < On ZZ 1FEyllm < Z 1Epyllm+1-

=1 k=1

Upon taking the limit as m — oo, we see that (e;, . ,) is dominated by (e;, ).
Since the reverse domination is clear, the two sequences are equivalent. m

A tree in a Banach space B is a subset 7 of | J;- | B" so that (x1,...,2y)
€ T whenever (z1,...,Ty, Tp+1) € 7. Elements of the tree are called nodes.
It is well-founded if there is no infinite sequence (x,) so that (z1,...,2zy)
€ 7 for all m. If B has a basis, then a tree 7 is said to be a block tree
(with respect to the basis) if every node is a block sequence. For any
well-founded tree 7, its derived tree is the tree DU(T) consisting of all
nodes (z1,...,xy,) so that (z1,...,z,,2) € T for some x. Inductlvely, set
DD (T) = DD (T)) for all ordinals o and D) (T) = No<a @) (1)
for all limit ordinals «e. The order of a tree 7 is the smallest ordinal o(T) =«
such that D@ (T) = 0.

LEMMA 2. Let T be a well-founded block tree in a Banach space B with
a basis. Define

H = {(maxsuppw;)j_, : (z;)j—1 € T},
G ={G: G is a spreading of a subset of some H € H}.
Then G is hereditary and spreading. If G is compact, then 1(G) > o(T).

Proof. 1t is clear that G is hereditary and spreading. Assume that G
is compact. We show by induction on ¢ that for all countable ordinals &,
1(G) > £ if o(T) > . There is nothing to prove if & = 0. Suppose the
proposition holds for some £ < wy. Let 7 be a well-founded block tree with
o(T) > &+ 1. For each (z) € 7, let

T, = U{(ml,...,xn) sz, @y, 1) €T
n=1

According to [9, Proposition 4], o(7') = sup,yc7(0(7;) +1). Therefore, there
exists (zo) € T such that o(7,,) > £. By the inductive hypothesis, «(G") > &,
where G’ is defined analogously to G for the tree 7. Let kg = maxsupp xo.
Then {ko} UG € G whenever G € G'. Thus {ko} € G©. Since G
spreading, {k} € G© for all k > ko. It follows that ¢(G) > £ + 1.

Suppose o(7) > &, where & is a countable limit ordinal and the propo-
sition holds for all & < &y. Since o(7) > & for all £ < &, by the inductive
hypothesis, ¢(G) > £ for all £ < &. Hence «(G) > &. This completes the
induction. =
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3. Main results and proofs. The main results concern two measures
of the finite-dimensional ¢'-complexity of the space X. These are the Bour-
gain ¢'-index and the existence of ¢'-spreading models of higher order. Given
a finite constant K greater than 1, an ¢'-K-tree in a Banach space B is a
tree in B so that every node (x1,...,x,) is a normalized sequence such that
| > apzr|| > K713 |ag for all (ag). If B has a basis, an £1-K-block tree is a
block tree that is also an ¢'- K-tree. Suppose that B does not contain ¢!, and
let I(B, K) = sup o(7 ), where the sup is taken over the set of all /!- K-trees
in X. The Bourgain (‘-index is defined to be I(B) = supg.. (B, K).
The block indices I,(B,K) and I,(B) are defined analogously using /£!-
block trees. We refer to [2, 14] for thorough investigations of these indices.
In particular, it is shown in [14] that for a Banach space B with a basis,
Iy (B) = I(B) if either one is > w*. With the same notation as above, a nor-
malized sequence () is said to be an (1-Sg-spreading model with constant
K if || Y per anzell > K1Y, cp lak| whenever F € Sg.

We are now ready to work our way towards the main Theorem 9. The ma-
jor parts of the computations are contained in Proposition 4 and Lemma 7
(tree splitting lemma). Let (yx) be a normalized block sequence in X and
let Y be the block subspace [(yx)]. For any n € N, we call the space
Y, = [(yx)?2,,] the n-tail of Y. We emphasize that in the next lemma both
admissibility and the support of a vector are taken with respect to the basis
(er). Recall the assumption that (ay,) = (¢(F,)) is a nondecreasing sequence

which converges to w* nontrivially.

LEMMA 3. Assume that I,(Y) > w**. Then there is a constant C < oo
such that for all n € N, there exists a normalized vector x in the n-tail of Y
such that > | E;z|| < C whenever (E;) is Fr-admissible for some k < n.

Proof. There exists K < oo such that I,,(Y, K) > w**. Let T be an
¢1-K-block tree in Y such that o(7) > w**. Given n, consider the tree 7
consisting of all nodes of the form (z;)’_, for some (z;)j_; € 7, r > n.

Then 7 is an ¢'-K-block tree in Y,, such that 0(7A') > w**. Choose o and f3
so that oy, < w® < WP < w**. Define

H = {(maxsuppz;)i_, : (z;)i_, € T},

G = {G : G is a spreading of a subset of some H € H}.

By Lemma 2, G is hereditary and spreading, and either G is noncompact or
it is compact with «(G) > o(T) > w*". By [11, Theorem 1.1}, there exists
M € |N] such that

U Zen [M]=° € Sa N [M]™° C S5 N [M]=® C G.
k=1
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Now [21, Proposition 3.6] gives a finite set G € Sg N [M]<> and a sequence
(ap)pec of positive numbers such that > ap =1 and 3 pap < 6, when-

ever /' C G and F' € S,. By definition, there exist a node (z;)7_, € T
and a subset J of the integer interval [n r] such that G is a spreading of
(maxsupp z;)je.s. Denote the unique order preserving bijection from J onto
G by u and consider the vector y = ., au(J):cJ Since (z;)7_,, is a nor-
malized (- K-block sequence in Y, and Y a, ;) = 1,y € Yy, and ||y| > 1/K.
Let (E;) be Fj-admissible for some k& < n. For each j € J, let & be the
collection of all E;’s that have nonempty intersection with suppx; if and
only if j/ = j. Also let & be the collection of all E; such that F; intersects

supp x; for at least two j € J. Since (E;) is Fi-admissible, for each j € J,
D Byl < auby izl = au) 8y
EZEEJ-
Set J' = {j € J : & # 0}. The Fjp-admissiblity of (E;) implies that
(maxsuppz;)jey € Fp. Thus u(J'), being a spreading of this set, also
belongs to Fj. Since u(J') € G € [M]|<*®, we conclude that u(J') €
Fr N [M]<>* C S,. Hence > jesr Qu(j) < On. Also, since each suppzj, j € J,
intersects at most two F; in £/,

Yo Byl <Y aug Y 1Bl <2 aug) =2

E;c€’ jeJ E;eg’ jeJ
Therefore,
SNIEyll =Y 1Byl + > Y 1Byl <2+6,0 > au) < 3.
E;eg! jeJ! E;e&; jeJ’

It is clear that the normalized element x = y/||y|| satisfies the statement of
the lemma with the constant C' = 3K. =

We pause to introduce another method of computing the norm of an
element in X using norming trees. This is derived from the implicit descrip-
tion of the norm in X (equation (2)) and has been used in [8, 17, 20]. An
((Fk)-) admissible tree is a finite collection of elements (E™), 0 < m < r,
1 <i < k(m), in [N]<* with the following properties:

(1) k(0) =
(2) For each m, BEf* < Byt <--- < Bl
(3) Every E/"™! is a subset of some BT
(4) For each j and m, the collectlon {Eptt . gt C ET} is F-

admissible for some k.

The set EY is called the root of the admissible tree. The elements E™
are called nodes of the tree. It £j* C E7* and n > m, we say that Ej' is a
descendant of E}”, and E]m is an ancestor of E*. If, in the above notation,
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n =m+1, then E" is said to be an immediate successor of EJ’.”, and E}” the
immediate predecessor of EI'. Nodes with no descendants are called terminal
nodes or leaves of the tree. Assign tags to the individual nodes inductively as
follows. Let t(EY) = 1. If t(E™) has been defined and the collection (E;”H)
of all immediate successors of E/" forms an Fj-admissible collection, then
define t(E;-"'H) = Oxt(E™) for all immediate successors ET " of E". If
x € coo and 7 is an admissible tree, let 7o = Y ¢(F)||Ez|, where the
sum is taken over all leaves in 7. It follows from the implicit description
(equation (2)) of the norm in X that ||z|| = max 7z, with the maximum
taken over the set of all admissible trees. Let us also point out that if £ is a
collection of pairwise disjoint nodes of an admissible tree 7 so that E C | &
for every leaf £/ of 7 and = € coo, then Ta = ) po t(F)| Fx||.
We make the following definitions for notational convenience.

DEFINITION. Suppose that F and G are families of finite subsets of N.

(1) An element G € G is mazimal (in G) if it is not properly contained
in any other element in G.

(2) The family F © G is the collection of all sets F' so that there is a
maximal G € G, G < F, with GUF € F.

DEFINITION. A sequence of regular families (F,,) is tame if

(1) for each n, either F,, = A; for some j or F,[As] C (Fn)?,
(2) there exists ng € N so that (F,, © Fp,)[A2] C F,, whenever n > ny.

PROPOSITION 4. Assume that (F,) is a tame sequence. Let Y be a block
subspace of X. Suppose that there exists a constant C < oo such that for all
n € N, there is a normalized vector x in the n-tail of Y such that Y’ | E;x|| <
C whenever (E;) is Fi-admissible for some k < n. Then there exists a
normalized block sequence (z) in'Y that is equivalent to a subsequence of
(ex). Moreover, Z = [(zy)] is a complemented subspace of X.

REMARK. In [18, Propositions 5.7 and 5.8], similar results were shown
for mixed Tsirelson spaces of the form T'[(6,,S,)22 ] containing certain
semi-normalized special convex combinations. Proposition 4 generalizes
these results. In [4, Theorems 2.1 and 2.4], it was proved that in the Schlum-
precht space S, every block subspace contains a block sequence (z,,) that is
equivalent to a subsequence of the unit vector basis with Z = [(2,,)] comple-
mented in S. This case does not follow from Proposition 4 since the sequence
(Ay) is not tame. However, the following result may be proved by similar
methods.

PROPOSITION 5. Let ()22, be a sequence in (0,1) decreasing to 0 so
that lim 0oy, /60, =1. Suppose thatY is a block subspace of X =T (0, An)0 ]
such that there exists a constant C < oo so that for alln € N, there exists a
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normalized vector x in the n-tail of Y with Y | E;x| < C whenever (E;) is
A,-admissible. Then there exists a normalized block sequence (zy,) in'Y that
is equivalent to a subsequence of the unit vector basis (ex) of X. Moreover,
Z = [(zn)] is a complemented subspace of X.

Proof of Proposition 4. Let ng be the integer occurring in the defini-
tion of tameness for the sequence (F,). Inductively, choose a normalized
block sequence (z,) in Y and a strictly increasing sequence (my)32, in N
so that mg > ng, O, ||znlls < 27" and ZHE zn|| < C whenever (E;) is
Uret Fr-admissible, n € N. Consider 2z = Y apz, for some (a,) € cop
and let y = Zanekn, where k, = maxsupp z,. Let 7 be an admissible
tree that norms z. Without loss of generality, we may assume that all
nodes in 7 are integer intervals and that all leaves in 7 are singletons.
Say that a node is short if it intersects supp z, for exactly one n. On
the other hand, call a node long if it intersects suppz, for more than
one n. The tree 7 is endowed with the natural partial order of reverse
inclusion. Let £ be the collection of all minimal short nodes in 7. Then
2]l = > pes t(E)||Ez||. For each n, let &, be the collection of all nodes in
& that intersects only supp z,. In particular, &€ = |J&,. Further subdivide
each set &, into two subsets & and & depending on whether t(E) < 6,,,
or not. We have

3 Y ur rEzH<Zemnranruznue1<z’ < Iyl

n EeE&]

For each n, let D,, be the set of all minimal elements in the set of all nodes
in 7 that are immediate predecessors of some node in &/. Since D,, con-
sists of pairwise disjoint long nodes that intersect supp z,, |Dn| < 2 for
all n. For each D € Dy, let £/(D) = {E € &' : E C D} and let £/(D)
be the subset of & consisting of all E € £/ that are immediate succes-
sors of D. Fix E, p € E;{(D) and j,.p € E, p Nsuppz, arbitrarily and

set
w:E E an€j, -

n DeD,

Since |D,| < 2 for all n, |w|| < 2|ly||. Any immediate successor of D that
contains some E € £/(D)\ £/(D) must be a long node. Hence there are
at most two immediate successors of D, say G1 and G2, that all nodes in
EI(D)\EJ/(D) are descended from. Note that t(G1) = t(G2) = t(E,, p) since
they are all immediate successors of the same node. Thus

> E)[Ez| < Z ) Giznll < 2t(En D).

Ee&l/(D)\EY(D )
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Hence

@ > > > UB)E:

n DeD, EcEl( )\g//( )

=S5 Y HBE)aw] 1B

n DeD, Ec&!(D )\g//( D)

<Z Z 2’0,”“ n,D —22 Z nD HEanHco

n DeD, n DeDy
=2T"w < 2|jw|| < 4|y,

where 7" is the subtree of 7 consisting of all nodes E, p, D € D,, and

their ancestors. Now let D], consists of those D in D,, such that g,’{ (D) is
Ut Fr-admissible. Then

G) D>, > UB)E:

n DeD!, EGE” D)

=22 D tB)anlBml <CY ] Y HEnp)lan

n DeD], Eeg// D) n DeD!,
O S B o) Bl < Clh] < 20
n DeD;,

It remains to consider the nodes that belong to D, \ D), for some n. We
have

oY N wmE =Y Y > UB) ]|z

n DeDn\D}, Eegll( D) " DeDn\Dj, Bl ( )
<2 X HDalIDzl <Y, Y, UDanl
n DeD,\D), n DeD,\D),

But by Lemma 7 below,
D D tD)anl < 4|yl
n DeD,\D),
Thus

(6) Yoo D BB <4yl

n DeD\D;, Ee€ll( )
Combining inequalities (3) to (6), we see that
(7) Izl =D tBE)IE=]| < (9 +20)]y]-
Ec&

Hence (z,) is dominated by (e, ), where k, = maxsupp z,. On the other
hand, (z,) dominates (e, ,) (take kg = 1). Therefore, using the tameness
of (F,), we see that (z,) is equivalent to (e, ) by Lemma 1.
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Finally, we show that Z = [(z,)] is a complemented subspace of X.
For each n € N, let 2/, be a normalized vector in X’ such that supp z/, C
supp z, = Ey, and z;,(2,) = 1. Define P : X — X by P(z) = >, 2,(z)zn.
Let [, = minsupp z,. For any x € X,

1Pall = || > 2@zl | < || D 1Enallz
n n

< (9+20)|| 3 I Buex,

| <1,

al
n

as ||z

by (7),

<309+ 20)|| X |1 Bucle,

by Lemma 1 and the spreading property of (F,,)22,. Also, note that since
lp < supp E,x,

E,x
| S imaten] < | Sz = |2 e
4 4 1Baal| 112

Hence P is bounded. Clearly P is a projection onto Z. =

| < Jall.

LEMMA 6. Suppose that ny < ny and D € Dy, \D,,,. Then no descendant
of D belongs to £/, . In particular, D ¢ Dy, .

Proof. If E is a descendant of D € Dy, \ D,,,, then t(E) < t(F) for any
immediate successor F' of D. In particular, t(E) < t(F') for all F' € 57’{2 (D).
By definition of Dj,_, 57’1’2 (D) is not Fr-admissible for all » < m,,. Hence
t(F) < Op,, forall ' € 57’{2 (D). Therefore, t(E) < O, if E'is a descendant

of D € Dy, \ D,,,. This shows that £ ¢ £ by definition of £ . m

Let 7’ be the subtree of 7T consisting of all nodes in D = U, (D \ D))
and their ancestors. By Lemma 6, for each D € 15, there is a unique n = np
such that D € D, \ D.,. If G is a node in 77, let D(G) consist of all D € D
such that D C G. Recall the vector w defined in the proof of Proposition 4
above. It was observed that ||w| < 2y|.

LEMMA 7. For any G € T', there exist subsets G1 and G of G, G1 < G,
and admissible trees 7y and Ty with roots G1 and Go respectively so that

Y tD)lany| < HE)(Tiw + Tow).

DeD(Q)
In particular,
Do D UD)aal <4yl
n DeD,\D),

Proof. The second inequality follows from the first by taking G to be the
root of 7' (which is also the root of 7). To prove the first inequality, we begin
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at the terminal nodes ofN’T’ and work our way up the tree. Let G be a terminal
node of 7'. Then G € D. In this case, take G1 = [1, maxsupp z,,] N G and
G2 = G\ G1. Clearly, G; and Gy are subsets of G such that G; < Gj. Set
T, and 73 to be the trivial trees 7; = {G;}, i = 1,2. Now

> tD)an,| = H(G)|ang| < HG)|Grw]e, = HG) Trw.
DeD(G)

Thus the lemma holds in this case.

Next, take a node G € 7’ and assume that the lemma has been proved
for all descendants of G in 7". List the immediate successors of G in 7’ from
left to right as {H1, ..., H,}. By the assumption, for each j, 1 < j < r, there
are subsets sz of Hj, and admissible trees ’Z;-i, t = 1,2, such that H]1 < HJZ,
the root of ’];’ is H]Z and

> HD)an,| < HH;)(Tw + THw).
DeD(H;)
We divide the rest of the proof into two cases.

CASE 1: G € D. The sets in the collection g,’{c (G) U{H;};_ are all
immediate successors of G in the tree 7. We claim that F' < Hp for any
E € &) .(G). Indeed, either Hy or a descendant of H; belongs to D. De-
note this node by I. Thus G' € D, \ D, has a descendant in &,. By
Lemma 6, n; > ng. Since I C G, n; # ng by the minimality condition
in the definition of D,. Hence n;y > ng. Now any E in SZG(G) inter-
sects only supp 2z, while H; must intersect supp z,,. Therefore, £ < Hjy,
as claimed. To continue with the proof, set Gi = G N [1, k|, where k =
maXUE” (G), and G2 = G \ G;. Then take 7; to be the trivial tree {G;}
and 73 to be the tree {Ga2} U, ; Tz The admissibility of 77 is clear. To
verify the admissibility of 75, it sufﬁces to show the admissibility of the
decomposition of Ga into {H]’}” Since &,,(G) U {H;}’_; are all imme-
diate successors of G' in the tree 7, the collection is JF,-admissible for
some n. However, & (G) is not Fy-admissible for any r < my,, 1. Thus
n > Mpyg—1 > no and (minH;) € F, © Fp,. By the tameness of (F,),
(min H) € (Fp © Fny)[A2] C Fp. Hence (Hj}) is Fp-admissible, as required.
Now

Tiw = ”leHCO = |anG|

and

. t(D)
Tgw:9nz7}zwzz( >y ) _G’nD|

%,J %,J J DeD(Hj;)
Therefore,
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Y tD)any| =t(@langl +D D t(D)lany|

DeD(G) i DeD(H;)
<HG)(Thw + Taw).

CASE 2: G ¢ D. Suppose that in the tree 7, the immediate successors of
G form an F,,-admissible collection. In particular, { H; };7:1 is F,-admissible.
We claim that (min H}) € (F,)?. This is clear if F, = A; for some j.
Otherwise, (mlnHJ’) € Fn[A2] C (F,)? by the tameness of (F,). Choose
index sets I; and Iz such that [; Uly = {(3,7) : 1 <i<2,1<j<r},
{H} : (i,7) € I} is Fp-admissible, k = 1,2, and that H} < HJ’; whenever
(4,j) € I and (i',5') € I>. Set G1 = G N [1,p], where p = max|{J{H] :
i,7) € I1} and G = G \ G1. Define 7; to be the tree {Gr} U/, T,
/(6‘ :])1, 2. 1%he adm?ssibilit\y olf 77 and Tgk follows by const{ruégt}ion.U F(‘zlrjlaelﬁf, !

G)Y Tw=tG0,> > Tiw=> t(H)Tjw
k

k (i,5)€lx i,J
>y > tD)any| = Y tD)lany| =
J DeD(H) DeD(G)

Given a nonzero ordinal o with Cantor normal form w® - m; + -+ +
WP - my,, let £(a) = B1. For any m € N and ¢ > 0, define

v(e,m) = max{l(apn, - an,) 1 €bp, -+ Op, >0y}  (max( =0).

The sequence ((6p,Fp))o>, is said to satisfy (f) if there exists ¢ > 0 such
that for all 3 < w®, there exists m € N such that v(g,m) +2 + 8 < ().

THEOREM 8 ([17, Theorems 4 and 12]). Assume that (1) holds. Then for
any M € [N], [(ex)ken] contains an (1-S, ¢-spreading model. On the other
hand, if (1) fails, then for all M € |N|, there exists N € [M] such that

In([(ex)ren]) = w**

Recall that a Banach space (B, || - ||) is said to be A-distortable if there is
an equivalent norm |- | on B so that for every infinite-dimensional subspace
Y of X, there are || - ||-normalized vectors y and z in Y so that |y|/|z] > A.
A space is arbitrarily distortable if it is A-distortable for all A > 1.

THEOREM 9. Assume that (F,,) is a tame sequence. The following state-
ments are equivalent for any block subspace Y of X.

(1) Property (T) holds and every block subspace Z of Y contains a block
sequence equivalent to a subsequence of (ey).

(2) Ewvery block subspace Z of Y contains an ('-S, ¢ -spreading model.

(3) The Bourgain ('-index satisfies I,(Z) = 1(Z) > w** for any block
subspace Z of Y.
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Moreover, if one (and hence all) of the equivalent conditions holds for a
block subspace Y of X, thenY is arbitrarily distortable.

Proof. The implication (1)=-(2) follows from the first part of Theorem 8.
Let Z be a block subspace of Y. If (2) holds, then I(Z, K) > w** for some
K < oco. By [14, Lemma 5.7], I,(Z) = I(Z) > w**. Assume that condition
(3) holds. By Lemma 3 and Proposition 4, Z contains a normalized block
sequence equivalent to a subsequence of (eg). Say (z,) is a normalized block
sequence in Z equivalent to (eg)rens for some M € [N]. If (1) fails, by the sec-
ond part of Theorem 8, there exists N € [M] such that I, ([(ex)ren]) = w*.
Hence I, ([(2n;)]) = w** for some subsequence (2n,) of (z). This contradicts
(3) since [(2zn,)] is a block subspace of Y. This proves condition (1).

Assume that the conditions hold for a block subspace Y of X. For each n,
consider the equivalent norm | - ||, on X defined by

||, = sup { Z |Eiz| : (E;) is fn—admissible}.

Let Z be a block subspace of Y. By condition (3) and Lemma 3, there
exists C7; < oo such that for all n, there exists z € Z such that ||z]] = 1
and ||z]|, < Cj. On the other hand, by (1), Z contains a normalized block
sequence (2;)72; that is Ca-equivalent to a subsequence (eg; )72, of (ex). By
taking a subsequence if necessary, we may assume that ey, < zj1; for all
j € N. Let ¢ be the constant given by property (t). It follows from (1) that
there are infinitely many m such that v(e,m) + 2 < ¢(ayy,). Fix such an m
and let v = (e, m). By [11, Theorem 1.1], there exists N € [(k;)] such that
Sy42 N[N]<* C F,. By [16, Lemma 19], there exists € cgo such that
lz|| < 1+e7 1, |lz]|p = 0,,! and suppx € S, 12 N[N]<*. Say z = > jer @jerk;
for some I such that (k;)jer € [N]<*°. Consider the corresponding element
Y =2 jer %/l 22 er ajzjl- Since (zj)jer is Co-equivalent to (ex;)jer,

|3 s
jel

For each j, let E; = supp z;. If jo = min I, then (min ;) cp\ (5o} 18 a spread-
ing of a subset of (kj)je; = suppz. Hence (Ej)jcr\(jo} 15 Fm-admissible
since supp x € Fy,. Therefore,

1Y wz] = > B an|= X lal=lalls — |
jel ie\{jo} jel i€\ {jo}
> [|zlle — [l > 650 —1 -7,

< Collz| < Ca(1+71).

Hence [|y[lm > Cy (1 +e1)710;,,) —1 — 1), The existence of z and y
shows that YV is C;'Cy (1 +e71) 710, — 1 — e~ 1)-distortable. Since this
holds for infinitely many m, Y is arbitrarily distortable. m
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COROLLARY 10. Assume that (F,,) is a tame sequence. If & is a limit
ordinal, the following statements hold.

(1) Ewvery block subspace of X contains an ¢'-S e-spreading model.

(2) Ewvery block subspace of X contains a block sequence equivalent to a
subsequence of (er).

(3) X is arbitrarily distortable.

Proof. If (zy,) is a normalized block sequence in X, and F' is a set such
that {minsupp z, tner € Fp, then || Y anznl| > 0m > g |ay|. In particular,
I,(Y,0..1) > oy, for all block subspaces Y of X and all m. By the proof of
Theorem 1.1 in [14], if I, (Y, K) > o2, then I,(Y,vVK) > a. Now for any
3 < w¥, there exists m such that w?* < ay,. Thus (w%)2" < ay, for all k. It
follows that Iy, (Y, 0;11/2k) > wP. Hence I,(Y,1 +¢) > wP for any € > 0 and
any 3 < w¢. Therefore, I,(Y,1+¢) > w** for any € > 0. By [14, Lemma 5.7],

I,(Y) > w**. The conclusions of the corollary now follow from Theorem 9.

PROPOSITION 11. The sequence (Sg,) is tame for any sequence of non-
zero countable ordinals (By,).

Proof. Let a be a nonzero countable ordinal. The fact that S,[As] C
(S4)? was shown in the Remark following Proposition 9 in [16]. We show that
(8a681)[A2] C S, by induction on av. If a = 1, this is clear. Assume that the
inclusion holds for some a. Suppose E € (Sp41081)[As]. Then E = J¥_| E;,
Ei < ---<E;, E; € Ay, and F = {minEi}f:1 € Sa+1 © S1. There is a
maximal & set G such that G < F and GUF € S,441. Let minG = n.
Then |G| = n and hence min F' > 2n. Note that ¥ C GU F € Sy41. Thus
we may write F' as U;Zl Hj;, where Hy < --- < H,, H; € §,, and r < n.
Since Sa[As] C (So)?, U{E; : min E; € H;} € (S,)? for all j. Therefore,

,
EC U U{E’ :min E; € Hj} € (Sa)?
j=1
and 2r < 2n < min F' = min E. Hence E € 5,41, as required.

Finally, suppose the inclusion holds for all o/ < «, where « is a countable
limit ordinal. Let (o) be the sequence of ordinals used to define S,. If
E € (S, © 81)[A2], then E € (S,, © S1)[A2] for some n < min E. Thus
E e S,, for some n < min E. Hence E € S,,.

Observe that S; C S, for any nonzero countable ordinal «. Therefore, if
n>1,

(Ss, © Sp,)[A2] C (Sp, © S1)[A2] C S5, m

THEOREM 12. Let (6,) be a nonincreasing null sequence in (0,1) and
suppose that (B,) is a sequence of ordinals such that sup B, = wé > By >0
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for all n, where 0 < & < wy. Let
v(e,m) =max{f,, + -+ Bny : €0n, -+ Ony >0} (max( =0).
The following are equivalent for any block subspace Y of T[(0n,Ss,)521]-

(1) There exists € > 0 such that for all 3 < w¢, there exists m € N such
that v(e,m) +2+ 8 < By, and every block subspace Z of Y contains
a block sequence equivalent to a subsequence of (ey).

(2) Buvery block subspace Z of Y contains an (*-S,¢-spreading model.

(3) The Bourgain (*-index satisfies I,(Z) = I1(Z) > w** for any block
subspace Z of Y.

If one (and hence all) of these conditions holds for a block subspace Y of
T[(0n,Sp,)p=1], then Y is arbitrarily distortable. Moreover, all these equiv-
alent conditions hold for the space T[(0y,Sg, )o1] if & is a limit ordinal.

When considering the mixed Tsirelson space T'[(6y, Sn)52 4], it is custom-
ary to assume without loss of generality that 6,4+, > 6,0, for all m,n. In
this case, it was shown in the proof of Corollary 28 in [16] that condition
(1) is equivalent to lim,, lim sup,, @41 /0 > 0.

COROLLARY 13. Let (6,,) be a nonincreasing null sequence in (0, 1) such
that Opman > 00y for all m,n. The following are equivalent for any block
subspace Y of T[(0n,Sn)224].

(1) limy, limsup,, Omn/0n > 0 and every block subspace Z of Y contains
a block sequence equivalent to a subsequence of (ey).

(2) Ewvery block subspace Z of Y contains an {*-S,,-spreading model.

(3) The Bourgain ('-index satisfies I,(Z) = I(Z) > w* for any block
subspace Z of Y.

If one (and hence all) of these conditions holds for a block subspace Y of
T[(0n,Sn)22 ], then Y is arbitrarily distortable. Moreover, all these equiva-

lent conditions hold for the space T[(0n,Sn)5 4] if lim oL = 1.

n=1
REMARK. The fact that every block subspace of T'[(0,S,)5 ;] contains
an (!-S,-spreading model if lim 9,1/ " =1 is due to Argyros, Deliyanni and
Manoussakis [7, Proposition 3.1]. Androulakis and Odell [3] showed that if
limé, /6" = 0, where 6§ = lim 0y " then T[(0n,S,)2%,] is arbitrarily dis-
tortable.

Proof of Corollary 13. It suffices to prove the “moreover” statement.

Clearly every normalized block sequence in T'[(6,,, S,)°% ;] is an £1-S,,-spread-

ing model with constant ! for any n. Thus for any block subspace Y,
I,(Y,0.5,) > w™?" for all m,n. By the proof of Theorem 1.1 in [14], it fol-

» Ym2n

lows that I,(Y, 9;27/12”) > w™. Using the hypothesis, we see that I,(Y, 14+¢) >
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w™ for all € > 0 and all m. Hence I,(Y,1+¢) > w*. By [14, Lemma 5.7],
I, (Y) > w®. This proves condition (3). =

For an ordinal 8 with Cantor normal form = w® -mq +---+w -m,,
call m; the leading coefficient of 3. The preceding proof shows that if (F,) is
an increasing sequence of regular families so that (¢(F,,)) increases nontriv-
ially to w“’g, where £ is a countable successor ordinal, and sup,, 9}/ . 1,
where k,, is the leading coefficient of £(¢(F},)), then every block subspace of

T[(0n, Fn)2> ] contains an ¢1-S_¢-spreading model.

n=1
LEMMA 14. Let F be a regular family and let M € [N].

(1) If 0 < o(F) < w, then there exists N € [M] such that F N [N]<* =
A; N [N]<>®, where j = o(F).

(2) If u(F) > w, then there exists N € [M] with F[A3] N[N]<>° C (F)2.

(3) If u(F) > w, then there exist N € [M] and j € N with the property
that (F & A;j)[A2) N [N]<> C F.

Proof. (1) Since «(F) = j, F C A;. On the other hand, choose ng € M
such that {no} € FU=V.If j = 1, then set N = {ng,ng+1,... }NM. Clearly
A1 N[N]<*® C F.If j > 1, consider G = {G : ng < G, {ng} UG € F}. Then
1(G) = j — 1. Using induction, we obtain Ny € [M] with ng < Np such that
GN[N1]s® = A;_1 N[N1]<>®. Let N = {no} UN;. If F € AjN[N]<*, then
F is a spreading of {no} UG for some G € A;_1 N[N1]<>® = G N [Ny]<>.
Hence F' € F.

(2) This follows from [11, Theorem 1.1] since ¢(F[A3]) < t(A3) - 1(F) <
(F) 2= ((F)P).

(3) Write t(F) = a+(j—1) for some limit ordinal o and some j € N. It is
readily verified that F&A; is a regular family and that (F @Aj)(ﬁ) c FBg
Aj for any 3. If «(FO.A;) > a, then ) € F(® o A;. Hence there exists A with
|A| = j such that A € F(®), But then «(F) > a + j, a contradiction. Thus
U(F © Aj) < a. It follows that «((F © Aj)[A2]) <2 -a=a < (F). By [11,
Theorem 1.1], there exists N € [M] such that (F & A;)[A2]N[N]<>® C F. =

Given a regular family F and M = (p;,) € [N], define the family ¥ F by
MFE = {F: (pp)rer € F}. It is clear that M F is a regular family. Further-
more, the subspace [(eg)kenrr] of T[(0n, Fn) 4] is easily seen to coincide with
the mixed Tsirelson space T[(0,,™ F,,)°% ;] under a natural identification.
The next proposition shows that the tameness of the sequence of regular
families is not a restriction if one is allowed to pass to a subsequence of the

unit vector basis.

PROPOSITION 15. There exists M € [N] and a tame sequence of regular
families (G,) such that T[(0n,™M F,)2,] is isomorphic to T[(On, Gn)S2,] via
the formal identity.
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Proof. Recall the assumption that (o) increases nontrivially to w“’g,
¢ > 0. Let mg be the largest number such that a,,, < w. (Take mg to
be 0 if o, > w for all n.) Choose a strictly increasing sequence (my)32
such that my > mg and O, < O, /2 for all £ € N. By (1) and (2)
of Lemma 14, there exists My € [N] such that for each n < myg, either
Fo O [Mo]=> = A; N [Mp]<* for some j, or F,[As] N [My]<>® C (F,)2
It is possible to choose a decreasing sequence (M},)32, of infinite subsets
of My and a sequence ()72, in N so that whenever my_; < n < my,
keN,

(1) 81 N [Mg]<> C F,, by [11, Theorem 1.1] since ¢(S1) = w < 1(Fy),
(2) FulAs] N [M]<>® C (F,)?, by (2) of Lemma 14,
(3) (Fn o A;,)[A2] N [Mg]<>* C F,, by (3) of Lemma 14.

Choose a strictly increasing sequence (py)72, so that 7, < pp € M
for all k € N. Define M = (p;) and set G, = M F, if n < mg and G, =
{GeMF,:G>k}if mp_1 <n < my, k€ N. By [16, Proposition 1],
T[(0n, M F,)52,] is isomorphic to T[(0n,Gn)SS ;] via the formal identity. Tt
remains to show that the sequence (G,) is tame.

First suppose that n < mg. If F, N [Mp]<>* = A; N [Mp]=*° for some
j, then clearly G, = MF, = A;. Otherwise, F,,[As] N [M]<>* C F,[As] N
[M0]<OO - (fn)z If G € Gu[A3] = an[.Ag], then (pr)req € Fn[Asz] N
[M]<> C (F,)?. Hence G € (MF,)%

Now assume that n > mg. Choose k such that my_1 < n < my. If
G € G,|A3], then G € MF,[A3] and G > k. Hence pp < (pi)icc € Fn[As].
Thus (p;)icc € Fnl[As] N [Mg]<>® C (F,)% Therefore G € (MF,)? and
G > k. It follows that G € (G,)>.

Finally, we show that (G, ©G,)[Az2] C G,, whenever n > m > mg. Choose
k and [ such that and myp_1 < n < my and m;_1 < m < m;. Suppose that
G € G,9G,,. There is a maximal H € G, such that H < G and HUG € G,.

We claim that |H| > 7. Indeed, by definition of G,,, H > k. Thus
T < pr < (pi)ien. If |H| < 1k, there exists a nonempty set I > H such that
(pi)icur € Si. Clearly, (p;)icmur € [Mg]<° C [M;]<*° as well. Therefore,
(pi)icrur € Fm by condition (1) above. By definition, H U T € M F,,. Since
HUIl>k>1l, HUI € G,,, contrary to the maximality of H. This proves
the claim.

It follows from the claim that (p;)icc € Fn © Ay,. Therefore, (p;)ics €
(Fn © A;,)[Ag] for all J € (G, © G)[Az]. Clearly, for such J, J > k and
hence (p;)icy is in [M]<*°. Therefore,

(pi)ies € (Fn © Ap,)[A2] N [M}]=° C F,

by condition (3) above. This shows that J € MF,. As J > k, we have
J € G,, as desired. =
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COROLLARY 16. Suppose that either (a) £ is a countable limit ordinal
or (b) £ is a countable successor ordinal and sup,, 9,11/]{" = 1, where k;, is
the leading coefficient of (). Then there exists M € [N] such that the

subspace Y = [(ex)rem| of X has the following properties.

(1) Ewvery block subspace of Y has an *-S,-spreading model.

(2) Ewvery block subspace of Y contains a block sequence equivalent to a
subsequence of (eg)ken -

(3) Y is arbitrarily distortable.

Schlumprecht proposed a classification of Banach spaces as follows [23].
A Banach space with a normalized basis (ug) is said to be Class 1 if every
normalized block sequence has a subsequence equivalent to a subsequence
of (ug). It is Class 2 if every block subspace contains two block sequences
(yx) and (zx) so that the map yx — 2z extends to a bounded linear strictly
singular operator. Recall that an operator is strictly singular if its restriction
to any infinite-dimensional subspace is not an isomorphism. Schlumprecht
asks whether every infinite-dimensional Banach space contains a subspace
with a basis that is either Class 1 or Class 2. He also proved a criterion
for a Banach space to be Class 2 [23, Theorem 1.4 and Corollary 1.5]. We
conclude with a note showing that his proof applies to mixed Tsirelson spaces
satisfying the conditions of Theorem 9. A Banach space is cop-saturated if
every closed infinite-dimensional subspace contains an isomorphic copy of ¢g.

PROPOSITION 17. Let Y be a block subspace of a mized Tsirelson space
X and suppose that Y satisfies all the conditions of Theorem 9. Then Y is
a Class 2 space.

Proof. Denote by (ex) the unit vector basis of X. We will show below
that there are a regular family G with «(G) < w** and a finite constant C'
so that

H ZakekH < Csup Z lag|  for all (ax) € cqo.
GeG e

Denote the unit vector basis in ¢op by (ug) and let U be the completion of ¢gg
with respect to the norm || 3 apuy| = supgeg D rec lax| for all (ax) € coo.
The map that sends ) aguy to the function on G given by G — >, .~ ax
is an embedding of U into C(G), the space of continuous functions on the
countable compact metric space G. Hence U is cyp-saturated. Let Z be a
block subspace of Y. By the hypothesis, there is a block sequence (zx) in Z
that is equivalent to a subsequence (e, ) of (e). Also, there is a sequence
(yr) in Z that generates an ¢'-S,_¢-spreading model. We may replace (y;)
with an appropriate subsequence of (yor — yor+1) if necessary to assume
that (yx) is equivalent to a block sequence. By definition of the norm in X,
there is a positive constant K so that || > apyel| > K>, |ak| for all
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F € F1[S,¢]. Since o(Fy) > 1 by assumption, ¢(F1[S,¢]) > w** > 1(G). Using
[11, Theorem 1.1] and replacing M = (my,) with a subsequence if necessary,
we may assume that G N [M]<* C Fi[S,¢]. Because (zj) is equivalent to
(em,) and (yx) is equivalent to a block sequence, it follows that the map
Ym,, + 2 extends to a bounded linear map T : [(ym, )] — [(2x)]. Now, for

all (ak) € Cpo,
H Zakumk = sup Z lag| < sup Z lag| < KH Zak?/mk .
Geg =le. GeF1[S ] mpeQ

Hence Yy, — Um, extends to a bounded linear map S : [(ym, )] — [(wm,)]-
However, (z) is equivalent to (e, ) and

HZakemk < C'sup Z |ak|:CHZakumk .
GegmkEG

Thus w,, — 2, extends to a bounded linear map R : [(um,)] — [(zk)]-
Therefore, T' = RS is a factorization of T through the cp-saturated space
[(tm,)]- Since [(ym, )] does not contain a copy of ¢g, T' is strictly singular.

It remains to show the existence of the family G. Choose a strictly in-
creasing sequence (n;) such that m; < 27 for all 4, where

i = max{Om, -+ Oy, :m1+ -+ mp >n;t

For each i, let G; = \{[Fm,,- -, Fmy) : m1+---+my <n;}. Here [Fp,,, ...,
Fm,| is defined inductively as Fp,, [Fm, 1s---sFmy]. It follows from [15,
Proposition 12] that ¢(G;) < w® % since «(F,) < w** for each n. Let G consist
of all sets G such that G € G; for some i < G together with all singletons.
Then «(G) < . Indeed, let QZ ={G € G; :i < G}. Then G = Sy U JG;.
IfGeg 1), then either G € S(()I) = {0} or there exists a sequence (Gy,)
converging pointwise to G such that G,, # G and G,, € _C’Zn for some i,
In particular, i, < minG,, = minG for all sufficiently large n. It follows
that (i,,) must be bounded. Therefore G € @3) for some ig. This shows that
1 c UCZ.(U. By induction, G(® C Uéga) for all @ < wy. Hence ¢(G) < w*
For any x = > ager with (ax) € coo, let 7 be an admissible tree that
norms z. Denote by £ the set of all leaves of 7. Also, if t(E) = 0y, - - O,
E € & set r(E) = my + -+ + m,. Note that {E € £ : r(E) < n;} is
G;-admissible. Thus

To =Y HE)|Ex|., = Z > BBz

Ee€ i=1 n;_1<r(E)<n;
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where g;(z) = sup(;eg. > ke lag|. However,

) < Z |ax| + sup Yo larl < illzle, + sup > lail.

GEYi heq k>i 9rea

Therefore,

o0

0i(x)

bl < Yomrote) < 3 40
=1
o0 [e o]

1 1
< [lzlle Z i1t Z 21—,121;22 |ag|
< 6 sup Z |ag].

G€G Lea

This completes the proof. m
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