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Almansi decompositions for polyharmonic, polyheat,
and polywave functions

by

GUANGBIN REN (Hefei) and UWE KAHLER (Aveiro)

Abstract. We construct Almansi decompositions for a class of differential operators,
which include powers of the classical Laplace operator, heat operator, and wave operator.
The decomposition is given in a constructive way.

1. Introduction. In 1899 Almansi stated the following classical decom-
position theorem (Almansi expansion, see [1]):

ALMANSI’S THEOREM (cf. Aronszajn et al. [2]). If f is polyharmonic
of degree m in a star-like domain {2 with centre 0, then there exist unique
functions Pif, ..., Py f harmonic in {2 such that

f(z) = Pif(2) + |2 Pof(@) + - + 22V P, f ).

One can find important applications and generalizations of this result
in the case of several complex variables in the monograph of Aronszajn
et al. [2], e.g. concerning functions holomorphic in a neighbourhood of the
origin in C".

More recent generalizations of Almansi’s Theorem, for instance for poly-
harmonic Bergman spaces, can be found in [9] and [4], and for kernels of
iterates of weighted Laplace and Helmholtz operators in [11]. Also the case
of other operators, like Dirac or Dunkl operators, was studied in [6], [10],
and [8].

However, all these cases are limited to elliptic operators on domains
star-like with respect to zero. In 1958 M. Nicolescu [7] obtained an Almansi
decomposition for a class of operators depending on two variables which also
includes the heat operator. As far as we know, no Almansi decomposition
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has been proved for the case of polywave functions. At first sight, the case of
polyheat functions seems to be most difficult, due to the fact that the heat
operator is not homogeneous; it turns out, however, that strangely enough
the difficult case is the case of polyharmonic and polywave functions. While
the decomposition of polyharmonic functions with respect to the unit ball
is unique this is not the case for the half-space. Nevertheless, our proof
will be constructive. We will give representation formulae both locally and,
whenever possible, globally.

In Section 3 we will consider Almansi decompositions for the heat oper-
ator. In this case the decomposition turns out to be unique.

2. The case of polyharmonic and p(Q)lywave functions. First con-
sider the differential operator 0 = A, + )\(.?7, A € C\ {0} being a constant,

where A, = Y 7)_ %, (z,t) € R"L. We remark that for A = 1 we have
k

the (n + 1)-dimensional Laplacian and for A = —1 the wave operator.
We prove the following theorem:

THEOREM 2.1. Let D C R™! be a domain and f : D — C be a function
such that O™f = 0 for some m € N. Then for any (z,t) € D there exist
functions P;f € ker [J, locally defined and unique up to a harmonic function
i x, such that

(1) f(x7t) = Plf(xvt) +tP2f(l‘,t) + +tm_1me(x¢t)'

Conversely, if Pif,..., Ppf are functions in ker O then equation (1) defines
a function f € ker ™.

REMARK 2.1. The lack of uniqueness is in the nature of the problem, as
the following simple example shows. If for n = 1 we take f(z,t) = xt and
m = 2 then we have the decomposition with P, f(z,t) = xt and Py f(x,t) =0
as well as with P; f(x,t) = 0 and Paf(x,t) = .

For any given (z,t) € R" we let (z,t) € B x (a,b) where B denotes
the largest ball centred at = such that B x [a,b] C D. For the proof of the
first part of Theorem 2.1 we need only prove (1) in B x [a, b]. For this reason
we can assume that f € C%(B x [a, b]). We keep this assumption throughout
this section.

To give explicit formulae for P;f we introduce the operator

flz,s)ds + K<%(m, a))

>| =

Q e Qe -

Qf(l'at) =

P, s)ds— | 0@ — ) L (y,a)dy.
B

>| =

ot
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Here,
Kg(z) = — | &z — y)g(y) dy
B
stands for the Newtonian potential with
I'(n/2
0D s
P(z) =4 (n—2)2m
~5 In|z|, n=2,

being the fundamental solution of the Laplacian. Recall that K is a right
inverse of the Laplacian, i.e. A,Kg = g for any g € C%(B).

Define
1

=
and let I be the identity operator. Then we get the following representation
formulae for the operators P;:

( Py, = m—lQm_IDm_la
Pm—l —_ Om_QQm72Dm72(I . Cm_ltmilQmilmmil),

Py = C1QO(I — Cot? Q%) -+ (I — Cppat™ 1t Q™0™ 1,
P = (I-C1QO)(I - Cot?Q*C*) -+ (I — Crpqt™tQM1O™m ),
or, for j=2,....,m—1,

Pj=C; Q'O NI - O QPT¥) - - - (I — Crprt™ 1 Q™ 1O,
where t¥ denotes the multiplication operator defined by (t¥f)(xz,t) =t f(x,t).

From these formulae we see that all P; are linear operators.

If our operator [ is hypoelliptic, i.e. every distributional null solution v €
L% (£2) is C* (see [12] or [5]), then we can consider Q[ in the distributional
sense. By replacing the operator K by the distributional convolution (cf. [3])
of %(a}, a) with the fundamental solution ¢ we obtain global representation

formulae. For instance, this will be the case if A € R and A > 0. This leads
to the following theorem.

THEOREM 2.2. Let D C R™ be a convexr domain with respect to the
last variable t, let the operator [ be hypoelliptic and f : D — C be a function
such that O™f = 0 for some m € N. Then for any (x,t) € D there exist
functions P; f € ker [, globally defined and unique up to a harmonic function
in x, such that

(3) f(z,t) = Pif(x,t) + tPaf(x,t) + -+t Py f(x, ).
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Conversely, if Pif,..., Ppnf are functions in ker O then equation (3) defines
a function f € ker ™.

In the case of A = 1 we obtain from Theorem 2.2 the Almansi decompo-
sition for polyharmonic functions in the half-space:

PrROPOSITION 2.1. Let f : R" xRy — C be a function such that A™f =0
for some m € N. Then there exist harmonic functions P;f € ker A, uniquely
determined up to a harmonic function in x, such that

(4) f(z,t) = Pif(x,t) +tPyf (z,t) + -+ + tm_lef(:U,t)

for any (z,t) € R"xRy. Conversely, if Pif,..., Pynf are functions in ker A
then equation (4) defines a polyharmonic function f € ker A™.

REMARK 2.2. In the case of D = 2 xR with {2 being a bounded, suffi-
ciently smooth domain and f € C'(£2x R ) we obtain global representation
formulae for our operators P; defined by (2) by defining

Q1) = + | a8 ds — [ #la— ) XL (y.1) dy,
1

2

due to the fact that also in this case A, Kg = g for any g € C%(£2),0 < a <
1.

To prove Theorem 2.1 we need some lemmas.

LEMMA 2.1. If Of(z,t) = 0 for all (z,t) € B x [a,b], then

0
(5) 0Qf =0, A5Qf =
Proof. The first property follows from

00f = D<%§f(a:,s) ds — K<%(m,a)>>

a
t

_ Ag—;GSf(x,s) ds> +A<§Sf(m,s)d > AK(?@:,@)

0 L2 o
:af(iﬂ,t)‘l—g 8§($ S)dS—ai(x’a):O.

Here, we used the fact that Af = —\9?f/0t? for f € ker (.
The second property comes from

At =g (5 §f<x,s>ds—f<(g—§<x,a>)) = flat),

because the second term in parentheses does not depend on t. =
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LEMMA 2.2. Let k,q € N and f € ker . Then there exist constants Cj 4
and functions gj s € ker [ such that

9k f = M [24k(k — 1) (k—q+ 1)tF1Raf

q
+3 " Chgh(k— 1) (k—q—j — 1)tF~17g; |,

where R = 0/0t.
Proof. We will prove the lemma by induction on ¢. If ¢ = 1, then

2
O 1) = A )+ Ao (5)
o2tk o of | an>

_ tk vz
_tAH)‘(at? I 2% ot e

=t*0Of + A(k(k — DtF2f 4 2kth ! %{)
= MN2kt*IRf + k(k — 1)tF72f)

for all k£ € N.
Now, assume that the statement holds for q. Then

DU (R f) = D(O%* f)
— \ (2kk(k — 1) (k — g + 1O 4RI

£ Oyl = 1) (k=g —j = DOETg;,)).

Note that from the case ¢ = 1 we have

O RIf) = M2(k — @)t* 1 'RIT f 4 (k — q)(k — g — 1)t 72 RYf)
and
O(t* 1 gjq)

= A2k —q = "I Ry + (k=g — )k —gq—j— D" 2g5,).
Here, we used the fact that JR? = R?[]. The lemma follows immediately
from the above identities. m

LEMMA 2.3. Let k € N and Of(x,t) =0 for all (x,t) € B x [a,b]. Then

OFek f = NeokRIRR F, OFtF — Qkk, Qkf =

Proof. We take ¢ = k in Lemma 2.2 to obtain the first identity. If we

replace in it f by Q¥ f (cf. Lemma 2.1) then we have



96 G. Ren and U. Kéahler

Notice that the operators R and () do not commute. Nevertheless, we can
prove that

1
RFQ*f = F !
by induction on k € N. Indeed, if kK = 1, then
o (1 of 1
Ros@0 = 5 (315w s k() ) = 310

Assume that the statement is true for k— 1. If f is in ker (J then Lemma 2.1
shows that so is () f. Therefore, by the inductive assumption we get

RFIQMHQf) = Qf,

)\k 1
so that

R*Q"f = R(R*'Q"(Qf)) = = RQSf = —f
The last step follows from the case k= 1.
Let us now turn to the proof of the main theorem.

Proof of Theorem 2.1. As pointed out in the paragraph after Theo-
rem 2.1, we need only prove decomposition (1) locally. Clearly, once we
prove that (1) is unique, the local construction of P; yields the global defi-
nition of P;.

Set H,, = ker [J"". We only need to show

H, =H,_1+ tmlel.

Let us first prove the D inclusion. It is clear that H,, D H,,_1. We prove
that H,, D t™ 1 H;. In fact, for any f € Hy, it follows from Lemma 2.2 that

Om@Em =) =o.
To prove the other inclusion, let f € H,,. We consider the decomposition
f — (I o Cm_ltmlemflmmfl)‘f + tmfl(Cm_lmelmmflf) =g + tmflh‘

We have to verify that g € Hy,—1 and h € Hy, ie. O™ 1g(z,t) = 0 and
Oh(z,t) =0 for all (z,t) € B X [a,b]. Indeed,

Oh = O(Crpe1 Q101 f) = G 0Q™ 1 O™ L) = 0,

due to the fact that 0™~ f € Hy so that Q(0™ ! f) €ker O (cf. Lemma 2.1).
Repeating this procedure yields Q™ '(0™'f) € ker. Moreover, from
Lemma 2.3, for O™~ ! f € H; we have

(Cm_lmm_ltm_lQm_l)Dm_lf — Dm_lf
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so that
Dm—lg _ Dm—l(I o Cm_ltm—lQm—IDm—l)f
— Dm—lf _ (Cm,IDm_ltm_lQm_l)\:‘m_lf
— Dm_lf . Dm—lf —=0.
Now, we are going to investigate the uniqueness of our decomposition
f=g+t"""h, g€Hpn1, heH,
for any f € ker[d. To this end we apply Q™ '™~ ! to both sides:
mellzlmflf _ melmmflg + melmmfltmflh
_ Qm—lljm—ltm—lh
— )\m_IC;ll_lQm_lRm_lh.
Therefore, the question is: what can we say about the operator QQR?

Plugging the term Rv with v € C?(B x Ry) and v € ker into the
definition of ) we obtain

L ow 2y
QRo(r1) = 1 | 92 (e, 5)ds + | Bla — ) S0 (,0) dy
a B
=3 (o0~ v~ {200 )
1 ov
=3 <v(x,t) —v(z,a) +v(x,a) — 883 b(xr —vy) %(y, a) doy
+ S wmg/,a) day>,
oB

where do denotes the surface measure. In the last identity we used the
integral representation for C2-functions in x. The last two terms define a
harmonic function, so that we obtain

QRuv(x,t) = %v(aj,t) + w(x)

with Ayw(z) = 0. For m = 2 we obtain, for f = g+ th = g1 + thy,
Of —Of = A\CT'QRh — A\CT'QRhy = A\CT'QR(h — hy)

= (%(h —h1) + w(:a)),
therefore,
Ay(h(z,t) — hi(x,t)) =0
as well as
Ay(g—g1) = —tAz(h = h1) = 0.

Thus our result follows by induction. =
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3. The case of polyheat functions. First consider the case of the
operator 0 = A, + )\% with A € C\ {0} being a constant. For A\ = —1 we
have the heat operator.

THEOREM 3.1. Let D C R™! be a domain and f : D — C be a function
such that " f = 0 for some m € N. Then there exist functions P; f € ker [,
uniquely determined, such that

(6) flz,t) = Pif(x,t) + tPaf(m,t) + -+t P f(,1)

for any (z,t) € D. Conversely, if Pif,...,Pnf are functions in ker O then
equation (6) defines a function f € ker (™.

Define Cj, = 1/A\*k! and let I be the identity operator. Then we have the
following representation formulae for the operators P;:

Pm - m—le_17
Pr1 = Cryo0™2(I — Cypp_yt™ O™ 1),

Py = C10(I — Cot?T*) ... (I — Cpyyt™ 1O 1,
P =(I—-Ci0)I - Cot?@?) ... (I — Cp_1tF1OF Y,
or, for j=2,...,m—1,

Pj=C; ¥ NI - Cit/TY) - (I — Cppgt™ O™,

where t* again denotes the multiplication operator defined by (t¥f)(z,t) =
tk f(z,t). Note that in this case there is no operator @) appearing in the
formulae. Again, the operators P;, j = 1,...,m, are manifestly linear.

REMARK 3.1. Due to the nature of our operators P; we see that if f is
a polynomial in  and ¢ then all the P; f are polynomials in z and t.

For the proof of Theorem 3.1 we again need some lemmas.
LEMMA 3.1. If f € ker then

Otk f) = Akt* L f.
Proof. A straightforward calculation shows that

Ok f) = <A+/\ 8)(t’“f) t’fAf+Akt’f‘1f+>\t’fg—{
—tk<A+>\ >f+)\ktk Lr = AktF=1f. u

LEMMA 3.2. If f € ker then
CpFthf = f.
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Proof. From Lemma 3.1 we obtain

1
O k _ k—1
so that

1
c,OFtk f = opAkOF ! <E O¢* f) = CpOF 11y

The statement now follows by induction. =
Now we are prepared for the proof of the theorem.
Proof of Theorem 3.1. Define H,,, = ker [J™. We only need to show
Hy, = Hyq +t™ 1 H.

Let us first prove the D inclusion. Since it is clear that H,, D H,,_1, we
need only show H,, D t™ 'H;. If f € Hy, then Lemma 3.2 yields

e ) =0E e ) =0( 5= ) = o
Cim—1 Cm—1
To prove the other inclusion, let f € H,, and consider the decomposition
f=I = Copat™ O™ f " HCrna ™).
Again applying Lemma 3.2 we obtain
O™ I = Cpnt™ 'O Y f =0 f = (@™ Cpat™ O™ f
=Omly—oOmlr=o0

Of = 0.

as well as
O(C,,0m™ 1 f) = 0.

As a result, for f € H,y,,
P f = Cp O™ 1y,
Now f can be written as
f=g+t"'Pnf, g€ Hpy 1,

with g given by (I—C,, 1™ 1™~ 1) f. Therefore, by (descending) induction
we get the desired expressions of P;.
Let us now prove that for any f € ker (] the decomposition

f=g+t""h, g€Hp1, heH,
is unique. To this end we again apply (™! to both sides:
Dm—lf — Dm—lg + Dm_ltm_lh — Dm_ltm_lh — Cn_@l—lh

Therefore,
h=Cp_ O™ 1,

so that
g=f—t""h=I—Cpyt™ 'O ) f.

Thus uniqueness follows by induction. =
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