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Non-homogeneous strongly singular integrals
by

BAsSAM SHAYYA (Beirut)

Abstract. We study the LP mapping properties of a family of strongly singular
oscillatory integral operators on R™ which are non-homogeneous in the sense that their
kernels have isotropic oscillations but non-isotropic singularities.

1. Introduction. Letn > 2,1 =0b; < by <--- < b, be given constants,
and for z € R™ define

2b2b3...by, 2b1b3...bp Lbn—
T(ZL‘) — (1‘1 2b3 + x5 1b3 4. +$3lb1b2 b 1)1/(2b162 bn).

The function 7 is a non-isotropic distance function on R" in the sense that
7 is homogeneous with respect to the non-isotropic dilations

di(z) = (" 2y, %22y, ...t 2y)

and the function 7(x — y) is a quasi-distance on R™ (as defined in [10,
pp. 10-11]). In particular, R equipped with the quasi-distance 7(z —y) and
the dilation group {d;};>o turns into a quasi-metric space of homogeneous
dimension

b=by+- -+ by,.
The purpose of this paper is to study the singular integral operator T" defined
initially for f € C3°(R™) by
et/ yl?

(y)~

where a and [ are positive parameters. If a < b, then the kernel of T is
an L' function (1), so we assume a > b and ask how large 3 should be so
that, for a given p € (1,00), T extends to a bounded operator on LP(R"™).
Informally, for a given p € (1,00), how much oscillations do we need to

Tf(x) =p.v.

T f($ - y) dya
ly|<1
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(*) This can be easily seen from Lemma 2(i) in Section 2.
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overcome a non-isotropic singularity of order « at the origin and obtain L?
boundedness?
In the isotropic case, i.e. when 1 = by = --- = b,, the operator T' has
a long history. It was first studied in [12], where it was shown that T is
bounded on LP(R™) whenever
(n/2)B —a+n

1 1
1 S Cl<
(1) -3 _atn,
and that 7" fails to be bounded on LP(R"™) if

1 1 2)3 —

p 2 nB
The question of whether or not T remains bounded on the critical spaces
LP(R™), [1/p —1/2] = ((n/2)8 — a + n)/(nB), was first considered in [2],
where it was shown that T is of weak type (1, 1) if & = n. It was then shown
in [3] that T is bounded from H!(R") to L'(R") if o = n. Using complex
interpolation on Hardy spaces, it was also shown in [3] that if & > n, then
T is bounded on the critical LP spaces.

The results of this paper generalize those of [12]. We show that T is
bounded on LP(R™) whenever

(3) B>4(b, —1) and

1 (n/2)f—a+n
- < BALZeER

The negative result was addressed in [1], where it was shown that 7T fails to
be bounded on LP(R™) whenever

1 1 nB—2a+n+b
4 >b, —1 d |-—= .
() bz an ‘p 3|~ 201+ 8) —2b
Notice that when 1 = by = --- = by, (3) coincides with (1) and (4) coincides

with (2). In the general case, however, a gap remains between the positive
result in (3) and the negative result in (4). Before we carefully state our
results, we would like to generalize the situation a little further.

A {d;}-homogeneous distance function is a continuous function ¢ : R" —
[0, 00) satisfying o(diz) = to(z) for every t > 0, and p(z) # 0 for = # 0. Any
{d;}-homogeneous distance function g is comparable to 7. To prove this, let
Y ={z € R": 7(x) =1} and notice that, since

0<c =infp <supo=cy,
z z
we have
a1 <olx)/T(z) = Q(dl/T(x)CC) < e
for x # 0. Hence
(5) at(x) < o(z) < car(x)
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for all x € R™. For later reference let us note that (5) implies
(6) esl] < o(x) < eala]

for |x| <1, and

(7) csla| P < o(w) < cala|

for |x| > 1, where ¢3 = ¢ infgn—1 7 and ¢4 = co supgn—1 7. For further prop-
erties of these distance functions we refer to [11].

The results previously known about T are stated in the following the-
orem, which was proved in [5] in dimension n = 2 and in [1] in higher
dimensions.

THEOREM A. Suppose > a—b >0, g is a {d;}-homogeneous distance
function which is C* in R™ — {0}, and for f € C°(R™) define

i/ly|?
(®) Tf@) =pv. | S fo—y)dy.
i<t o(y)~
Let
26+ -2«
Q(a, B) %
and
Qi =Q(a,j(14+p5)—bi—---=bj), j=1,....n.
Then:

(i) The principal value integral in (8) exists for every x € R™.
(ii) T extends to a bounded linear operator on LP(R™) whenever

(iii) If
1
‘p - 2‘ > maX[Ql, ceey Qn],
then T' is not bounded on LP(R™).

Notice that, putting b,11 = co, we have

by <1+ B<bjp1 = max|Q1,...,Qn] = Q.

In particular, if 1 + 8 < be, then max[Q1,...,Qn] = Q1 = Q(a, 3). So we
only have a sharp result (up to the end-points) in the case 1 + 3 < ba. The
main result of this paper is stated in the following theorem.
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THEOREM 1. Suppose > a —b >0, g is a {6:}-homogeneous distance
function which is C*° in R™ — {0}, and for f € C§°(R"™) define

i/l

o(y)>

Tf(x)=p.v.
lyl<1

flz —y)dy.

Then T extends to a bounded linear operator on LP(R™) whenever
1| pi-atn
p 2 ng '
For further results on oscillatory strongly singular integral operators, we
refer the reader to [4] and [6]-]9)].
The notation A < B means A < C'B for an appropriate constant C, and
A~ B means A< B and B < A.

B> 4(b,—1) and

2. Fourier transform estimates. Let ¢ : R"™! — R be a C* func-
tion, and let ® € C§°(R™™1) be such that ¢ has a unique critical point zo €
supp @. Suppose, in addition, that this critical point is non-degenerate. Then
the method of stationary phase, in its most standard form (see e.g. [10]),
tells us that

k-1
S M@ P(g) do = A~/ Z A+ O\~ (r=1/2=k)
j=0
as A\ — oo, where cg, ..., cr_1, as well as the constants occurring in the error

term, are bounded by the L*°-norms of finitely many derivatives of ¢ and .
But if the L?-norm of each derivative of @ is much smaller than its L>-norm
(as is the case with the function hs defined in Lemma 2 below), then one
has to adjust the standard arguments in order to obtain new satisfactory
bounds. This is precisely what we plan to do in this section.

We shall use the principle of stationary phase in the following form.

LEMMA 1. Let ® € C§°(R™1) be such that
A
slml

for every multi-index m in R"Y, and let k be a positive integer. Then

[D"'®| L2(gn-1) < Cpy,

k—1
Semwdj(x) dx = emi=D/\=(=1)/2g ) 4 \~(n=1)/2 Z AN
j=1
—|—A(S_(n_l)/g_QkO(A_(n_l)/Q_k)
with
A1 < Y ID"B(0)] (=1, k- 1),

Im|=2j
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In addition to being independent of §, the constants in the error term are
independent of @ and A (but, of course, depend on the C,’s).

Proof. Since the distributional Fourier transform of emiMel ig
eﬂ'(n—l)/4)\—(n—1)/26—7Ti/\‘1|y|2,
it follows that
Sewi)\|x\2@<x) dr — em(n—1)/4/\—(n—1)/2Se—mrl|y|25(y) dy.

Also
k—1 . i\ —j
_7m->\—1|y|2 —q L ]ﬂ omi 2 2\j O )\—k 2k
e =14+ <) ((2md)7y|7)? + O "[y|™)

—1+ %(;)jw <|§|: W) + OO Hy[)
ml=j

(m always denotes a multi-index in R*7!), so that

k—1
[e AP (2) da = ™ =DAN=D2p(0) 4 A= 40T 4 B(N),

j=1
where
J
_ ¢ mi(n—1)/4 - \2m R
A= () eSS i d ) dy
m|=j
¢ : wi(n— o
_ <47T> i S Ly By ay
|m|=j
NEAY ri(n—1)/4 1 om
= (4= > : D¥a(0)
|m|=j
and

B S ARy PRd(y)| dy.
To estimate this last integral we set @5(z) = &(dx), let N > n/2 be an
integer, and notice that
VIyl12(m)| dy = {[y[**1@5(6y)|0™ " dy = 672 | |v]**|®s(v)| dv
(L+ )N *2r = 1

< 57%SW |®5(v)| dv < 67 Z SW 0" ®5(v)| dv
|m|<N+2k

B 1 — _ B
20 S [ DBy S8 S D e
[l <N-+2k Iml<N+2k
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=0 > ID" sl pzge-y =07 > 5'm'(§\Dm¢(5x)!2dw>l/2

| <N-+2k |m|<N-+2k

=67 N~ gl D2 DM
|m|<N+2k

<S5 ST A2 < g5k
|m|§N+2]€

The following is the main result in this section.

PROPOSITION 1. Let ¢ € C°(R" — {0}) be such that

A

i

for every multi-index v in R™, and let k be a positive integer. Then, for
& = |¢|¢" with |€] > 1, we have

de'( ) |§’ (n—1) /2( —2mi(|¢]—(n—1)/8) ¢(£l)+€2wi(|§\7(n71)/8)¢(_€/))

k—1
+ ¢~ 02N " Bylg|

i=1

+ (A5~ ST DYy ey ) O( D),

[v[<(n+2k)/2

I1D"9|[2(gn-1) < C

with
1BiI < D (D" () + D" (=€)))  (G=1,....k—1).

lv]<2j
Proof. We shall denote multi-indices in R™ by v or ¢/, and multi-indices
in R"~! by m or m/.
Notice that if R : R™ — R™ is a rotation with R(¢') = e, = (0,0,...,1),
then $do (&) = (1 o R~1do)(|¢]en) and
ID"We RIS D DR )|
v |=lv]

for all z € R™ — {0}. It is therefore enough to prove the theorem in the case
& =en.

Morse’s lemma tells us that there are neighborhoods V and V' of 0
in R"! and a C* diffeomorphism G : V' — V' such that

(9) V1-|Gz =1~ |a*/2
for all x € V. Choose 0< s<1 such that B=B(0,s)={z € R"!:|z| < s}
C V' and put U = G~ Y(B). Then let {Fy,...,F.} be a system of local
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coordinates on S"~! where Fy, F> : B — S"! are given by

Fi(z) = (z,v1-[z[?) and Fy(z) = (z,—v/1 - [z]?),
and F3, ..., F, map onto sets whose closures do not contain Fe,. Then
Pdo() = | e > VIR (Fy () gy (o) da
B

+ | 2 AV Py (By (1)) ga () da

3 —

N S 6_2m'>\en-Fz(w)¢(Fl(x))qz(w) dzx

=3 Rn—1

Il
w

=L(A) + L)+ L),
=3

where A =[], q1, ..., ¢ are real-valued C* functions, ¢; is supported in B
and ¢1(0) = 1, ¢2 = q1, and supp ¢; C Domain F;.

The phase function of each of the integrals I; (3 <1 < r) has no critical
points in supp ¢;. Thus standard non-stationary phase estimates tell us that

1Ll S AN D™ | ey
jmI<N

for every positive integer N, where 1, = (¢ o F})q (this is essentially the

inequality |f(y)| < (1+ |y))~™ > imi<n 1D fllL1@n—1) applied after an ap-
propriate partition of unity on supp ¢;). Taking N = [(n + 2k)/2], we get

|| S Ak Z [ D™ | 1 (rn—1y.-

Im|<(n+2k)/2

Now

IDMy@)| S Y DT (e F)@)| S Y IDY(Fi(x))]
|m/|<|m| [vI<|m|
for all € R*1, and it follows that
”DmﬁlHLl(R"—l) N Z ||DVT/JHL1(SH—1)-
[v|<|m|
Therefore
(10) O] S AR N D | g
[v|<(n+2k)/2

for [ = 3,...,r. It remains to estimate I; and Is.
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We start by looking at I;. Making the change of variables u = G~ 12 and
using (9), we get
I = e~ 2miA S em’MuPW(u)q(u) du,
U
where ¥ =1 o F} o G and q(u) = q1(Gu)|Jg(u)|. Observe that
D™ ()| S D, (D)o FioGlu)
[vI<|m|

for all w € U. Set & = q¥. Then ¢ € C§°(U), ¢(0) = ¢¥(en) (|Ja(0)] =1 by
(9)), and

[D"P(u)] S Y (DY) o FroGlu)

v[<|m]

for all w € U. This last inequality implies that
ID™®| o1y S Y IID Pl pogn-1)

[v|<Im|
for 1 < p < co. In particular,
m A
ID" || 2@n-1y S Y Cy V| < Cm o
lv|<|m|
Applying Lemma 1, we get
Il — 6727ri)\xe7ri)\|u|2d§(u) du
k—1
— )\~ (n=1)/2 6_27”()‘_(”_1)/8)1,&(6”) 4 )\~ (n=1)/2 Z Aj)\_j
j=1
+A(Sf(nfl)/2f2k0()\f(nfl)/ka)
with
Al S DO Y (D)0 FroGO) = 3 1D"ben)]
Im|=2;j lv|<2j lv|<2j

Since I5 is the same as I; with v o F} replaced by @ o Fy, it follows that

I+ 1 = )\—(n—l)/Q(6—27ri()\—(n—1)/8)1/}(6n) + 627”'()\—(11—1)/8)1/}(_6“))
k—1
+)\—(n—1)/2 ZBjA_j + A(5_(n_l)/Q_QkO()\_(n_l)/Q_k>
j=1
with
Bil S Y (ID"9(en)| + D p(=en)).
lv|<2j

This combined with (10) gives the desired result. m
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We are now in a position to describe the asymptotic behavior at infinity
of the Fourier transforms of the measures o(rf)~“do(6), but we first need
the following lemma.

LEMMA 2. Let o be a {d;}-homogeneous distance function which is C*
inR"—{0}, and let &« > b—1 = ba+---+by,. For0 <6 <1 andxz € R"—{0},
set

h(z) = o(x)™™ and hs(z) = h(dz).

Then:

(i) Hh(;HLp Sn-1) R ~ §b=n)/p=e for 1 < p < .

(ii) |d7(hs(0))/d6?| < hs(0)/67 for all @ € S*71, j=1,2,....

(iii) §guo1 |d7(Rs(0))/d67| do(0) < 6070, j=1,2,....

(iv) If v is a multi-index in R™, then

D" hs(w)| < 6 WICn=Vps(w)  for all w e SP1.
(v) If v is a multi-index in R™, then
| DY bl Losn-1y S §MIn=D)5b=n)/p=c f51 1 < p < 0.

Proof. For the proof of (i)—(iii) we refer the reader to [1].
(iv) Since h(z) = t*h(dix), it follows that

DVh(z) = 1o+ ®resbn) DR ().
Putting t = 1/0(z), we get |DVh(z)| < o(z)~@ ¥ t120) "and hence
DV hy(x)] < M p(5a) 0 Bromnbn) — 5l o5 Brbn) s ()
for 2 # 0. So for w € "1, (6) gives

, sl 5IV\

where we have used the standing assumption 1 = b1 <o < by
(v) follows from (i) and (iii). =

PROPOSITION 2. Let 9, o, h, and hs be as in Lemma 2. If k is a positive
integer, then, for & = [€|¢', |¢] > 1,

h/g%(g) = _hs(€) e 2mi(lEl=(n—=1)/8) | (=€) o2mi(€|=(n—1)/8)

‘§|(n—1)/2 ‘£|(n—1)/2
L) i)
2[¢|(n=1)/2 — §23(bn=1)|¢ |

§(+4k—1)/2 1
+ @ ;
ot (n+4k—1)byn /2 ‘é"(n—l)/Q—i—k

with |G| <1 (G =1,...,k—1).
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Proof. By Lemma 2(v),

, 5(bfn)/2fa
|D h(SHL?(S"*l) <G, W
for every multi-index v, and
. gb—n—a 5b—n/2+kz
Z 1D Rl n-1) S Z Swl(bn—1) S Sa+(n+2k)b, /2
[vI<(n+2k)/2 [v|<(n+2k)/2

Applying Proposition 1 with ¢ = hs, A = 60="/2=2 and § replaced by
51 we get

hé(f') arillel—(n—1)/8) . PO(=E)  amie—(n-1)/8)
hgda(f) €[ 5 € + €[m-1/2 e

’é“ n—1) /2 Z ’é“]

6(1) n)/2 @ 5b—n/2+k 1
+ + o] R———
<5(bn—1)((n—1)/2+2k) 5a+(n+2k)bn/2> <’£‘(n—1)/2+k>

with
1Bi| < Y (ID"hs(€)] + | D¥hs(—€)])
[v|<25
Z hs(§) +hs(=€") _ hs(&') + hs(=¢)
N Slvl(bn—1) ~ 527 (bn—1) ’
lv|<25

where we used Lemma 2(iv). To complete the proof, notice that
sb-n/2+k sb—n)/2—a sb+ak—1)/2
sat(nt2k)bn/2 = §ln-1)((n—1)/2+2k)  gat(n+dk—1)b,/2
because b —n + (2k — 1)(b, —1) > 0. »

3. Proof of Theorem 1. Our method of proof follows the general lines
of [9]. In particular, we shall use integration by parts in the following form,
which is Lemma 1 in [9)].

LEMMA 3. Suppose I is an open interval, g € C3°(I), F € C*(I), F is
real-valued, F' # 0 on I, and k is a positive integer. Then

Sg(r)eiF(T) dr = SGk('r)eiF(” dr,
I I
where Gy, is a linear combination of functions of the form

“w
(g (F)~k—r H Flia)
q=1

with0<s<k, 0<pu<k and2<j,<k+1
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For y € R™ — {0}, define

~ h(y)et/W’” if 0 < |y| < 1,

Riy) = "W 0 <yl <
0 if |y| > 1.

Here, and for the rest of this paper, h and hs are the functions defined in

Lemma 2. Also, let n € C§°(R™) be radial, non-negative, supported in the
ring 1/2 < |y| < 1, and satisfying

1 ifo< |y <1,

S ny) = { |
= 0 if |y =2,

where n;(y) = 1(2'y). Then K= Yoo K1, where K; = nK. Clearly, K, €
LY(R™). On the other hand, if k and [ are positive integers and ¥ € S(R"),

then
2

VEm)ey)ydy =27 | | g(r)e™ drdo(0)
sn-11/2

with F(r) = 2/8r=F and g(r) = n(r)hg-1,(0)y(27'r)r" "1, and so by Lem-
ma 3,

2 k
ity <270 §§ S 169w dr do(6)

Sn=11/2 s=0
—1(kB+n) L dj(hQ—lr(e))
S 2 19w S S Z e dr do(0)
Sn-11/2 j=0

S 271y

where in the last line we have used Lemma 2(iii). Since the implicit constants
are independent of [, we can choose k large enough for y ;2 2 l(kB—a+b) <1
and conclude that the mapping

(o9}

P> VKi(y)e(y) dy

=1

defines a tempered distribution K such that Ky+ K agrees with K away from
the origin, Kg + K = p.v. K when 8> a —b, and K = Yo K, in S'(R™).
It is therefore enough to prove the theorem for the operator T=K=x f- We
shall start by estimating K.

Fix a positive integer [, a point £ € R", a small constant ¢ and a large
constant C. We are going to estimate I?l(f) in three different ways depend-
ing on whether 27 < ¢|¢|=%/(3+1) (this includes the possibility £ = 0),
cle| VB < 2=t < 1|7/ B or O[T/ (B < 2L,
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Suppose 27! < ¢[¢|71/(#+1) Then
. 2 .
Ki(§) = Sf2m§'sz(y) dy =27" S S g1(r)eF1 ") dr do (9)
sn—11/2
with g;(r) = n(r)hg-1,(0)r" " and Fj(r) = 2/8r=F — 2727 !r(¢ - 0). Since

Fl(r)| > 27 2m27¢| > 27 oSl
| 1(7')|_5m— ™ ‘5’_52/3“— e

for 1/2 < r < 2, ¢ must be small enough for one to have
|E/(r)| > 28 for1/2 <r < 2.

By Lemma 3, we then have

ng etfilr dr]<ZZ 1957 ()2 ’““)Hzlﬂdr

1/2 s=0 u= 01/2 q=1
<2wkZS]gl )| dr,
s=01/2

and it follows from Lemma 2(iii) that
(1) [Ki(g)] < 271 omett),
Before we consider the remaining two cases, let us write

~

2
Rie) =27 | e/ 0"V hsdo (6€) dr
1/2

where § = 27 !r. Notice that by (5), hs(0) ~ hs(—0) and hs(0) ~ hy—i(0) for
all 1/2 < r <2 and 6 € S 1. By Proposition 2, we now have

[?l(f) =J1+ Jo+ E1 + Es,

where
9—l(n+1)/2 )
_s 7 (n—1)/2 1\ i1 (r)

with

%] _
o) =25 —2m (vl - ),

Jy is the same as J; but with & replaced by —¢" and ¢;(r) modified by a
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sign,
9-l(nt1)/2 F2 hs(€')
L R (n—1)/2__"6\S )
’El‘ ~ ’5‘(71_1)/2 — mjsn(r)r 52j(bn—1)5j r
J:
o—l(n+1)/2 K1 gl(2bn-1)j
< h — ! T
~ |1/ Qngﬂ €1
and
2lar
< -
(12) [E| S |¢[H(n=1)/2
with

A1 bkl nd
% =a 2 " 2 2

(because a > b > n). Recall that by (6), hy—1(&') < 2!, so

+k>0

ol(a—(n+1)/2) k=1 5l(2bn—1)j

(13) Bl S S 4
€072 2 e

Suppose c|¢| VD < 27 < C1¢|7Y/ B+ Using (12) and (13), we see
that

k—1

(14) |E1| SJ 271((n71),3/27a+n) Z 27l(,872bn+2)j S 27l(n,8/27a+n)
j=1

provided 8 > 4(b, — 1), and

(15) o] 272k

provided k is large enough for
n—1

w+0("3

to hold. We now consider .J;. Since |¢] (r)| > 2 for 1/2 < r < 2, van der
Corput’s lemma (see [10, pp. 332-334]) tells us that

9—l(n+1)/2 d

DA WTMWS %(U(T)T(n_lwh&(f/)) dr

n
+k‘>—qk22ﬂ—a+n

9—l(n+1+3)/2 ) . )
< ‘Igﬁgjﬁfffg(hﬁ(§)4-2 6" hs(£)) dr,

where we have used Lemma 2(ii). Hence

o—l(n+1+0)/2

<t T
(16) | 1] ~ |€|(n,1)/g

h2—l(§/) < 2fl(n6/2fa+n).
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Similarly,

(17) [l  2710B 2k,
Combining (14)—(16), and (17), we get

(18) Ki()] < 27!0/2makn)

provided 8 > 4(b, — 1).
Suppose C|&]|~1/(#+1) < 2=1 Then (13) implies
ol(a—(n+1)/2) k1
< ((2b0—1)/(B+1)~1);

< 2l(o¢—(n+1)/2)’£‘ (n+1)ﬁ+n 4b,43)/(2(6+1))
provided 3 > 2(b, — 1). This time we use (19) instead of (14), (12) instead
of (15), and we replace (16) and (17) by the better estimates
9—l(n+

1)/2
(20) 112 S Tz €770V ha €)

< Qo= (n41)/2) | =((n+1)F+n—1)/(2(6+1)
(which follows from van der Corput’s lemma after noticing that now |¢)(r)|
> €|/ for all 1/2 < r < 2, provided C is large enough) to get
(21) K (6) < gla=(nt1)/2) | ¢~ ((n+1)B+n—1)/(2(5+1))
9lak

la—(n+1)/2)| ¢|—((n+1)B+n—4bn+3)/(2(8+1))
+2 [3 + |£[F+(n=1)/2
provided 5 > 2(b, — 1).

We now have all we need to estimate K (€). If |¢] < P71, (11) tells us

that .
SCIES

with no conditions on (3 except bemg positive (of course, k has to be chosen
large enough for k3 — a+b > 0). If |¢| > ¢#F1, then (11), (18), and (21) tell
us that

Z O < le” (kB—atb)/(B+1) | s ((n/2)B—a+b)/(B+1)

] (e 1)8-2ack20)/(2(5+1)
n |§|—((n—l—l)ﬂ-20¢+2n—4b"+4)/(2(ﬁ+1))
||~ ((r=1-20)5-20ct 2 (n+4k=1)bn~1)/(2(+1)

< ‘gl—(nﬁ—2a+2n)/(2(ﬁ+l))
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provided 8 > 4(b, — 1) and k is large. Thus
oo
S IRI(] S (14 [gl) o2t/ 2n)
=1

for all £ € R™, provided 8 > 4(b, — 1). Therefore, if 5 > 4(b, — 1) and
(n/2)8 —a+mn >0, then K is a function and
(22) [K(E)] S (1 [g])~ (nom2at2m/GEL)

for all £ € R™.
To establish the L? inequality, we shall use complex interpolation. Choose
a number a such that o — (n/2)3 < a < n, and for z = u +iv € C, set
M(y) = o(y)*TPEDEK (y),

We consider the analytic family {R,}o<y<1 of operators defined on the do-
main of Schwartz functions by
R.f =M, x f.

Clearly, B

R((n/2)p+a~a)/((n/2)8) = T"
If w = 1, then Re(a — (n/2)(z — 1)) = a < n, so My, € L*(R™) with
L'-norm independent of v. Thus
(23) [ RavivfllLr@ey S 1 f1lL1@e)-

Our next goal is to show that R;, satisfies an L? inequality with a constant
having polynomial growth in v. Equivalently, we need to show that the
Fourier transform of M;, is a function which is bounded by C(1 4+ |v|)V for
some constants C' and N. Following the same steps that led to (22), we see
that

1M (6)] < (1 + o))V (1 + |€])~ (A~ 2at(n/2)8)+2n)/ (2(B+1))
= (L+ )M (1 + )@/ < (14 o))V
for all £ € R™. Thus
(24) IRl 2@ny S (L+ 0D M| Fll L2 @ny -

Interpolating between the L' inequality (23) and the L? inequality (24), we
conclude that

| Rufllo@®ny S I fllzen)
whenever 0 <u <land 1/p=(1—u)/2+u=u/2. So

(25) ITfll torny S 11l Logen)

whenever

a—(n/2)f<a<n and

11
p 2 ng ’
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and so (25) holds whenever

L 1_(m/2B-a+n

< _Z
0< b2 < e
Finally, a duality argument shows that (25) holds whenever
1 1 (n/2)B—a+n
—_ — = < ,
p 2 nf
as desired.
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