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Topological classification of
closed convex sets in Fréchet spaces

by

TAarAS BANAKH (Kielce and Lviv) and ROBERT CAUTY (Paris)

Abstract. We prove that each non-separable completely metrizable convex subset of
a Fréchet space is homeomorphic to a Hilbert space. This resolves a more than 30 years
old problem of infinite-dimensional topology. Combined with the topological classification
of separable convex sets due to Klee, Dobrowolski and Toruriczyk, this result implies that
each closed convex subset of a Fréchet space is homeomorphic to [0,1]" x [0,1)™ x £2(k)
for some cardinals 0 <n <w,0<m <1and k> 0.

The problem of topological classification of convex sets in linear metric
spaces traces its history back to the founders of functional analysis, S. Ba-
nach and M. Fréchet. For separable closed convex sets in Fréchet spaces
this problem was resolved by combined efforts of Klee [§] (see [3, II1.7.1]),
Dobrowolski and Torunczyk [4], [5]:

THEOREM 1 (Klee-Dobrowolski-Toruriczyk). FEach separable closed con-
vex subset C' of a Fréchet space is homeomorphic to [0,1]™ x [0,1)™ x (0, 1)"
for some cardinals 0 < n,k < w and 0 < m < 1. In particular, C' is hom-
eomorphic to the separable Hilbert space {o if and only if C' is not locally
compact.

By a Fréchet space we mean a locally convex complete linear metric space.
A linear metric space is a linear topological space endowed with an invariant
metric that generates its topology. A topological space is called completely
metrizable if its topology is generated by a complete metric.

In this paper we study the topological structure of non-separable (com-
pletely metrizable) convex sets in Fréchet spaces and prove the following
theorem that answers problem LS10 in Geoghegan’s list [7], repeated in [11]
and [2].

THEOREM 2. Fach non-separable completely metrizable convexr subset of
a Fréchet space is homeomorphic to a Hilbert space.
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Theorems [I] and [2] imply the following topological classification of closed
convex subsets in Fréchet spaces.

THEOREM 3. Fach closed convex subset C of a Fréchet space is homeo-
morphic to [0,1]" x [0,1)™ X €a(k) for some cardinals 0 <n <w,0<m <1
and k > 0. In particular, C is homeomorphic to an infinite-dimensional
Hilbert space if and only if C' is not locally compact.

Here /5(k) stands for the Hilbert space that has an orthonormal basis
of cardinality k. The topology of infinite-dimensional Hilbert spaces was
characterized by Toruriczyk [9], [I0]. This characterization was used in the
proof of the following criterion from [2] which is our main tool for the proof
of Theorem 2

THEOREM 4 (Banakh—Zarichnyi). A convex subset C' of a linear metric
space is homeomorphic to an infinite-dimensional Hilbert space if and only
if C' is a completely metrizable absolute retract with LFAP.

A topological space X is defined to have the locally finite approximation
property (briefly, LFAP) if for each open cover U of X there is a sequence
of maps f, : X — X, n € w, such that each f,, is U-near to the identity
idx : X — X and the family (f,(X))new is locally finite in X. The latter
means that each x € X has a neighborhood O(z) C X that meets only
finitely many sets f,(X), n € w.

Theorem [2] follows immediately from Theorem [4 the Borsuk-Dugundji
Theorem [3], I1.3.1] (saying that convex subsets of Fréchet spaces are absolute
retracts) and the following theorem that will be proved in Section .

THEOREM 5. Fach non-separable convex subset of a Fréchet space has
LFAP.

1. Separated approximation property. Theorem[5lestablishing LFAP
of non-separable convex sets will be proved with the help of the metric
counterpart of LFAP, called SAP.

A metric space (X,d) is defined to have the separated approximation
property (briefly, SAP) if for each € > 0 there is a sequence of maps f, :
X — X, n € w, such that each f, is e-homotopic to idx and the family
(fn(X))new is separated in the sense that inf,,zp, d(fn(X), fm (X)) > 0.

Here for two non-empty subsets A, B C X we put d(A4, B) = inf{d(a,b) :
a€ A, be B}. Two maps f,g: A — X are called e-homotopic if they can
be linked by a homotopy (h¢)ier : A — X such that hg = f, hy = g and
diam{h¢(a) : t € I} < e for all a € A. By I we denote the unit interval [0, 1].

The following lemma is proved by analogy with Lemma 1 of [5] and
Lemma 5.2 of [2].

LEMMA 1. Fach metric space with SAP satisfies LFAP.
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Proof. Assume that a metric space (X,d) has SAP. To show that X
has LFAP, fix an open cover U of X and find a non-expanding function
e : X — (0,1) such that the cover {By(x;e(x)) : © € X} refines Y. Here

By(z;¢e) = {2’ € X : d(2',z) < ¢} stands for the closed e-ball centered at .

For every k € w consider the closed subset Xj, = {x € X : e(x) > 27}
of X. Put ey = 1/4¥*2 for k € {0,1} and let fo : X xw — X, fo : (z,n) — z,
be the projection. By induction we shall construct a sequence (e)gen of
positive real numbers and a sequence of maps fr : X X w — X, k € w, such

that the following conditions are satisfied:
(1) epy1 < fep < 1/45F3,
(2) fx is eg-homotopic to fr_1,
(3) fulXp—3 X w= fr—1/Xp—3 X w,
(4) frl(X\ Xiy1) x w = fol(X \ Xpy1) X w,
(5) infpom d(fi(Xk x {n}), fe(Xp x {m})) = degq1.
Assume that the maps f; : X X w — X and numbers ¢;4; satisfying the

conditions (1)—(5) have been constructed for all i < k. By SAP, there is an
ex-homotopy (h¢)ier : X X w — X such that hg = fp and

d= i;lf d(hi1(X x {n}),h1(X x {m}) > 0.

Choose a continuous function A : X — [0,1] such that X3 \ X;_2 C A71(1)
and X;_3U (X \ Xpq1) C A7H0).

Take any positive number €541 < %min{é, er} and define a function
fi: X xw— X by

fe(@,n) = hy@) (fe—1(z,n),n).

It is clear that the conditions (1)—(4) are satisfied. The condition (5) will fol-
low as soon as we check that d(fi(z,n), fr(y,m)) > 4dekyq for any x,y € X
and n # m.

There are unique 4, j < k such that x € X; \ X;_1 and y € X; \ X;_1. If
1,7 < k, then

d(fi(z,n), fuly,m)) > d(fr—1(x,n), fi—1(y,m)) — 21, > de, — 25, > dejq1.

It remains to consider the case max{i,j} = k. We lose no generality
assuming that : = k. If j > k — 1, then

d(fe(@,n), fr(y,m)) = d(h1(fr-1(z,n),n), b1 (fr—1(y,m),m)) > 6 > dejp1.
Next, assume that j < k — 2. In this case k > j + 2 > 3. Then

(a) < 27 = 27FHL < 27RH2 < 97 < ()
and the non-expanding property of £ implies that

d(z,y) > |e(z) —e(y)| =277 — 27k > 97971,
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It follows from (4) and (2) that

d(xa fk($’n)) = d(fi—Q(x7n)’ fk(xvn)) = d(fk—2(xan)a fk(x7n))
< ep—1tep < 261 < 4,6%

and

Ay, Fily,m) = d(fj2(ym), fily,m) < 51+ e S2e50 < o
Then
d(fk('rvn)a fk(y7m)) > d(:r,y) - d(xafk(xvn)) - d(yv fk(yvm))

1 2 2 1 2 2 4 S 4 >4
= 01 gk+1l  ggFL = 951 | 458 i+l — 4j45 — gkt = *Ck+L:

This completes the inductive step.
After completing the inductive construction, let

foo=lim fr: X xw— X.
k—o0

The conditions (1)—(3) guarantee that f is well-defined and continuous. Let
us show that it is e-near to fyp. Given any (x,n) € X X w, there is a unique
i € wsuch that z € X; \ X;_1. By (3) and (4), foo(z,n) = fit2(x,n) and
fo(x,n) = fi—a(x,n). Then

d(foo(x,n),:c) = d(foo(x,n), fO(LIT,n)) = d(fi+2($7n)a fi—?(xan))
<éeipot--te1 <26 1< % < % <e(x).

The choice of € guarantees that f. is U-near to fo: X x w — X.

It remains to prove that the family (foo(X X {n})neo is discrete in X.
Given any = € X, there is a unique 7 € w such that z € X; \ X;_1. Consider
the open ball B(x;1/2%2) = {2/ € X : d(x,2') < 1/272}.

CLAIM 1. B(x;1/2%2) N foo (X X w) C foo(Xip1 X W).

Proof. Assume, contrary to our claim, that d(z, foo(y, m)) < 1/212 for
some m € w and y € X \ X;41. There is a unique j € w such that y €
X\ Xj—1. It follows from y ¢ X; 1 that j > i + 2. Since

2 1
d(foo(y,m),y) = d(fj+2(yam)afj72(ya m)) < 26]'*1 < m < Wa

and £(y) < 1/2971 < 1/2" < ¢(x), by the non-expanding property of ¢, we
get a contradiction:
1 1 1
it < 5 o1 <le(x) —e(y)| < d(x,y)

1 1 1
S d(x,foo(y,m)) +d(foo(y7m)7y) < 27;+2 + 2i+2 = 2i+1' u
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Now the condition (5) and the inequality g;1o < 1/4'74 < 1/212 imply
that the ball B(z;e;12) meets at most one set foo(X;1+1 X {n}) and hence at
most one set foo(X X {n}), which means that the family (foo (X X {n}))necw
is discrete in X and hence X has LFAP. u

2. SAP in non-separable convex cones. In this section we shall
prove that non-separable convex cones in Fréchet spaces have SAP.

A subset C of a linear metric space (L,d) is called a convexr cone if it
is convex and Ry - C' = C where R} = [0, 00). The principal result of this
section is

LEMMA 2. FEach non-separable convex cone C in a Fréchet space L has
SAP.

In the proof of this lemma we shall use an operator version of the
Josefson—Nissenzweig Theorem proved in [I]:

LEMMA 3. For a dense continuous non-compact linear operator S: X —Y
between normed spaces there is a continuous linear operator T :'Y — ¢y such
that the operator T'S : X — cg is not compact.

Recall that an operator T': X — Y between linear topological spaces is

e denseif TX is dense in Y;
e compact if the image T'(U) of some open neighborhood U C X of zero
is totally bounded in Y.

A subset B of a linear topological space Y is totally bounded if for each
open neighborhood V' C Y of zero there is a finite subset F' C Y such that
BCV+F.

Proof of Lemma [9. Assume that C is a non-separable convex cone in
a Fréchet space L. By [3| 1.6.4], the topology of the Fréchet space L is
generated by an invariant metric dj, such that for every € > 0 the e-ball
Br(e) ={xz € L :dp(z,0) < ¢} centered at the origin is convex. We lose no
generality assuming that the linear subspace C' — C' is dense in L.

Given any € > 0, we need to construct maps f; : C — C, k € w, such
that each f;, is e-homotopic to id¢ and infy, d(fi(C), fn(C)) > 0. Since
the metric d has convex balls, any two e-near maps into C' are e-homotopic.

CLAIM 2. There is a linear continuous operator R : L — Y onto a
normed space Y such that R(C') is not separable and R™Y(By) C Br(g/2)
where By ={y €Y : |ly|| < 1}.

Proof. By [3| 1.6.4], the Fréchet space L can be identified with a closed
linear subspace of a countable product [ [, X; of Banach spaces. For every
n € wlet Y, = [[,., X; and let pr, : L — Y, be the natural projection.
Since C is non-separable, there is n € w such that for every m > n the
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image pr,,(C) C Y,, is not separable. We can take m > n so large that
Br(/2) D pr,,;}(U) for some open neighborhood U C Y, of the origin.
The neighborhood U contains the closed r-ball By, (r) for some r > 0.
Finally, consider the linear space Y = pr,,(L) C Y,, endowed with the
norm ||y|| = 77|y||m where || - |lm is the norm Y;,. Then the operator
R =pr,, : L — Y has the desired properties. m

In the convex cone C' consider the convex subset Bo = CNR~!(By) and
observe that C' = Ry - Bo and hence R(C) = Ry - R(B¢). Since R(C) is
non-separable, so is R(B¢). Consider the convex bounded symmetric subset
D = R(Bc)—R(B¢) C Y and observe that R-D = R(C')—R(C) = R(C-C).
Then the Minkowski functional

|z]lz = inf{A > 0: 2 € AD}

is a well-defined norm on the linear space Z = R-D = R(C — C) and the
identity inclusion I : Z — Y is a bounded linear operator from the normed
space (Z, ||-||z) to the normed space Y. Since I(Z) = Z is non-separable, the
operator I is not compact. By Lemma[3] there is a linear operator T : Y — ¢
with ||T|| = 1 such that the composition T : Z — ¢ is not compact.
The latter means that the image T'(D) = TR(B¢) — TR(B¢) is not totally
bounded in ¢y and hence the bounded set TR(B¢) is not totally bounded
in cg.
Consequently, there is § € (0, 1] such that for every n € w,

(2.1) TR(Bc) ¢ {(%i)iew € co : 1}1>a5<|m1| < 4}

¥ ¢ (i)iew — xn, be the nth coordinate
functional of ¢y and let 2z = (T'R)*(e) € L*.

For every n € w let €}, € c, e,

CrLAIM 3. There are an increasing number sequence (my)ke, and a se-
quence (zx)kew C Be such that for every k € w:

(1) |2, (2)] = 65
(2) |25, (z)] < 6%/100 for all i > k.

Proof. The sequences (my) and (zj) will be constructed by induction. By
(2.1) there are zop € Bc and mg € w such that [e};, (20)| > 6. Now assume
that for some k € w the points zg, ..., zx and numbers mg < mq < --- < my,
have been constructed. Since the points TR(z;), i < k, belong to the Banach
space cg, there is an m > my so large that |e;(TR(2;))| < 63/100 for all
n > m and i < k. By , there are zi4+1 € Bo and myy1 > m such that
Zm s (k1) = €, (TR(2k+41))| = 4. This completes the inductive step. =

Decompose w into a countable union w = | J;c,, Ni of pairwise disjoint
infinite subsets and by induction define a function £ : w X w — w such that
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€(i,k) € N and &(i + 1,k) > £(i, k) > ¢ for all i,k € w. For any i,k € w let

Zik = 2y and  zip = Z:ng(i,k) = (TR)*(e;L{(iM),

where (2;)iew and (mg)rew are given by Claim [3] It follows that the double
sequences (z; )i kew and (sz)i,kau have the following properties (to be used
in the proof of Claim [§ below):

Cram 4. If (i,k), (j,n) € w X w, then

(1) |25 (zi0) = 6;
(2) 1254 (zim)| < 8%/100 provided &(j, k) > &(i,n);
(3) [271(2)] <1 for any z € Be.

CLAIM 5. There is a map f : C — C such that d(f,id) < €/2 and each
x € C has a neighborhood O(x) whose image f(O(x)) lies in the convex hull
conv(Fy) of some finite subset F,, C C.

Proof. Using the paracompactness of the metrizable space C', find a lo-
cally finite open cover U of X that refines the cover of C' by open &/4-balls.
In each U € U pick a point ¢y € U. Let {\y : C — [0,1]}yey be a partition
of unity subordinated to the cover U in the sense that A;'((0,1]) C U for
all U € U. Finally, define a map f: C — C by the formula

fl@) =" Av(@)ey.

veu
It is standard to check that f has the desired property. =

For every k € Z denote by C} the set of points z € C' that have a
neighborhood O(z) C C such that |z, f(2")| < 63/100 for each 2’ € O(x)
and every m > k. It is clear that each C} is open in C' and lies in Cy41.

CLAamM 6. C = Upey, Ck-

Proof. By Claim [5, each x € C has a neighborhood O(z) C C such
that f(O(x)) C conv(F) for some finite F' C C. Taking into account that
TR(F) is a finite subset of the Banach space cg, we can find m € w such that
leXTR(2)| < 62/100 for all n > m and z € F. Then also |e}TR(z)| < §3/100
for all z € conv(F), in particular, |efTRf(2")| < §3/100 for any 2’ € O(z).
This means that z € (), by the definition of C},. =

~ Cramm 7. There is an open cover (Uy)kew of the space C such that Uy, C
Up C Cxr_1NUgy1 for all k € w.

Proof. It Cy, = C for some kg € w, then put Uy = 0 for k < ko and
Uy = C for k > ko. If Cy, # C for all k € w, then put U, = {z € C :
dr(z,C\ Cp_1) >27F} forall k € w. m
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By Theorem 5.1.9 of [6] there is a partition of unity {A\x : C — [0, 1] }kew
subordinated to the cover {Uyy1\Uk_1}rew of C in the sense that /\,:1(0, 1] c
Uks+1 \ U1 for all k € w (here we assume that Uy = ) for k& < 0).

Now, for every k € w define a map f; : C — C by the formula

fu(@) = f(z) + Z)\i(x)zi,k = f(z) + Ai(@)zik + (1 = Xi(2) 21k,
1EW
where i is the unique number such that z € U;y; \ U;. Since fi(z) — f(z) €
Be C By(e/2), we conclude that d(f(z), fr(x)) < £/2 and hence

d(z, fi(z)) < d(z, f(2)) + d(f(2), fr(x)) <e/2+e/2=¢

for all x € C'. So, each fi is e-near and e-homotopic to id¢.
CrLaM 8. The family (fix(C))kew is separated.

Proof. By the continuity of the operator TR : L — ¢g, there is n > 0 such
that TR(BL(n)) C Be,(8%/20). We claim that inf, 4 d(fn(C), f1(C)) > n.

Fix any distinct n,k € w and x,y € C. By the choice of 7, the inequal-
ity d(fx(z), fn(y)) > n will follow as soon as we check that | TR(fx(x) —
fn())|| > 63/20. The latter will follow as soon as we find m € w such that
lex, TR(fr.(z) — fu(y))| > 63/20. Since €, TR(z) = z},(z) for all z € L, it
suffices to show that |z, (fi(z) — fn(y))| > 63/20 for some m € w.

Since C' = U, (Uit1 \ Us), there are unique i,j € w such that = €
Uit \ U; and y € Uj+1 \ Uj. Then

fr(@) = f(x) + Ni(@)zi g + Nig1 () Zi1 ks
fa) = FW) + () zjn + A1 (¥)Zj41,0-
Without loss of generality, £(7 + 1,k) < £(j + 1,n).

Since z,y € Unax{i,ji+1 C Cmax{i,j}» We conclude that

(22)  max{|z,(f(2))], |25, (F (1))} < 6°/100  for all m > max{i, j}

according to the definition of Cpax(; j1-
We shall consider five cases.
1) Xjr1(y) > 62/10. In this case, put m = mg(j41,) and observe that

|25 (Zj+1,0)| = ]Z;‘H’n(zjﬂm)\ > 6. Since max{£(j,n),&(i + 1,k),£(i, k)} <
&(7 + 1,n), we conclude that

max{| 5, (2jn)|, |27 (zi 1)1, 127 (zi) [} < 6°/100

by Claim [4(2). It follows from and max{i,j} < max{{(i,k),£{(j,n)}
that

max{|z, (f ()], [z, (f ()]} < 6°/100.
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Now we see that

|2 (fn(y) — fr(2))]
= [ (N1 (W) 25410 + Aj () zjn + F(Y) — f(2) = Mg (@) zir1 — Ni(@)zi k)|
> Nj+1(Y)|zm (Z+1,0)|
— |z N (W)zjn + f(y) — f(2) = Xi(@)2ik + Nit1(2))2ir 18|
52 53 53
> 2

>
10 100 — 20°
2) Aj11(y) < 6%/10 and £(j,n) > £(i+ 1, k). In this case put m = £(j, n).
Arguing as in the preceding case, we can show that

3 3

max{|=5, (@) W} < 105, max{zr Gl 2 Ganl) < 1o

Then

e (fn(y) — fi(@))]
= len (N (W) zjn + X1 (W) 2110 + F(y) — () = Nip1 () zip1 6 — Ni@)zi 1) |
> N (W)lzm (z5n)] = Ajr1 (W) 123 (2541.0) |
— o (f(y) = f(2) = Xi(@)zin + Ait1 (@) 2i41,1) |
52 53 (1 B 52) 52 (53 53

> — A\ — 4> _

10 25" 20

3) Aj+1(y) < 62/10, £(,n) < £(i+ 1,k), and Aiy1(z) > 6/4. In this case
put m = £(i + 1, k) and observe that

2 (fi(2) = Fu(@))] 2 A1 (@) 20 (Zigr,e) | = Ajer (0) 120 (25010) |
— e (f(@) + Ni(@)zig — F(Y) = Aj(¥) 250
5. o2 s 63
05— 42 2
“1° 10 Yoo~ 2
D Ajii(y) < 82710, €(G,m) < €6+ LK), Aa(e) < 6/4, and £(ik) <
£(j,n). In this case put m = mg(; ) and observe that \;(y) = (1-X;j41(y)) >
1 —4%/10 > 9/10 and thus

2 (fr(@) = ()] = Ai(W)] 20 (250) | = X1 (W)| 200 (254 1.0))
— A1 (@) |2 (Zir k)| = [z (F(2) = F(Y) = Ail@)zi0)]
9 52 9 53 53

> .
— 10 10 4 100 20

5) Ajy1(y) < 02/10, €0,n) < €(i + 1,k), Aia(z) < 6/4, and £(i, k) >
£(j,m). In this case put m = mg(; ;) and observe that \j(z) =1 — \jy1(z) >
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1—5/4 > 3/4. Then

|2 (fe(@) = fa (@)l 2 Ai@)l20 (20 )| = Xiga ()2 (zi 1,0
— A1 W)|zm (zir10)| = |20 (F(2) = () = A () 25,n) |
3 5§ 62 53 53
>S5 - - 2 2
=717 10 20 w0 "
3. Proof of Theorem Given a non-separable convex set X in a
Fréchet space L, consider the convex cone

C={(tz,t):xe X, tel0,00)}) CLxR

in L x R with base X x {1} which will be identified with X.

Let pr: C — Ry, pr: (z,t) — t, denote the projection onto the second
coordinate. Observe that the map r : C'\ {0} — X, r : (x,t) — z/t,
determines a retraction of C'\ {0} onto X. This retraction restricted to the
set Cly/33 = pr1([1/3,3]) is a perfect map.

To prove that X has LFAP, fix an open cover U of X. For each open
set U € U consider the set U = {(tz,t) : « € U,1/3 < t < 3}. Then
U= {pr~"(R\[1/2,2]),U : U € U} is an open cover of C.

By Lemma|[2] the convex cone C has SAP, and hence LFAP by Lemmall]
Consequently, there is a map f : C' x w — C that is U-near to the projection
fo:Cxw—C, fo:(z,n)— x, and the family (f(C x {n}))new is locally
finite in C. Let f = f | X X w and fo= folX x w. It follows from the choice
of the cover U that f(X X w) C C[iy3,3 and the map g = rof: X xw—X

is U-near to the projection fo X xw—X.
Since the family (f(X X {n})new is locally finite in C; /3 3) and the map

7 : Cliyz3 — X is perfect, the family (r o f(X x {n}))new is locally finite
in X, witnessing that X has LFAP.

4. Open problems. The proof of Theorem [5| heavily exploits the ma-
chinery of Banach space theory and does not work in the non-locally convex
case. This leaves the following problem open:

PROBLEM 1. Is each nmon-separable completely metrizable conver AR-
subset of a linear metric space homeomorphic to a Hilbert space?

Even a weaker problem seems to be open:

PROBLEM 2. Is each complete linear metric AR-space homeomorphic to
a Hilbert space?

This is true in the separable case: see [4], [5].

Acknowledgements. The authors would like to thank the referee for
careful reading of the manuscript and many valuable suggestions that allowed
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improving the presentation and simplifying some proofs (in particular, that

of Claim .
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