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Asymptotic Fourier and Laplace transformations
for hyperfunctions

by

MICHAEL LANGENBRUCH (Oldenburg)

Abstract. We develop an elementary theory of Fourier and Laplace transformations
for exponentially decreasing hyperfunctions. Since any hyperfunction can be extended
to an exponentially decreasing hyperfunction, this provides simple notions of asymptotic
Fourier and Laplace transformations for hyperfunctions, improving the existing models.
This is used to prove criteria for the uniqueness and solvability of the abstract Cauchy
problem in Fréchet spaces.

1. Introduction. Fourier and Laplace transformations have a wide
scope of applications in analysis and especially in the theory of partial dif-
ferential operators and convolution equations. However, the use of these
basic tools is somehow restricted by the fact that exponential bounds are
needed to apply the transformations directly. To use these methods also in
the case where no bounds are at hand, several models have been proposed to
extend the transformations to asymptotic versions keeping the main struc-
tural properties needed in applications. We will mention here only a few
models connected to the present paper. The reader is referred to the huge
literature for further information. Based on earlier work of Vignaux [33],
Lumer and Neubrander |20}, 2I] studied an asymptotic Laplace transfor-
mation in L] ([0,00[) by considering the asymptotic behavior of the local
Laplace transforms defined by

J
Li(f)(z) = Se_th(t) dt  for j — cc.
0
Komatsu proposed a different way in a series of papers [12-14] (see Sec-
tion 6 for definitions needed below): he first extended the hyperfunction

exX

[u] € B(R) to a Laplace hyperfunction [u] € B[o I;O], i.e. he chose a represent-
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ing function h € [u] with exponential growth outside each cone near [0, 0o,

and then introduced his Laplace transformation £kom on BFS( oo obtaining
eX

the space ’QKomB[QEO ] of germs of holomorphic functions of exponential type 0

near the half-circle So := {oce™ | || < 7/2} at oo. The extension of [u]
to [u] € B[eg o] is unique only up to Bss?, i.e. up to Laplace hyperfunctions

supported at oo. Thus Komatsu’s asymptotic Laplace transform £5kom is
a bijection
£B,Kom : B([07 OOD - »Q‘KomBexp [/EKomBg;{p

[0,00

where LxomBoo’ is a space of exponentially decreasing holomorphic germs
near So, (see Section 6 for the precise definitions). Instead of Laplace hy-
perfunctions, Fourier hyperfunctions (see [11]) or modified hyperfunctions
(see [28]) may be used in this procedure leading to two spaces of holo-
morphic functions of exponential type 0 on the right half-plane as Laplace
images. Bounded hyperfunctions have been considered by Kunstmann [15]
in connection with the Post—Widder inversion formula.

Accordingly, there has been some discussion on the appropriate way of
defining an asymptotic Laplace transform (see e.g. [13], Section 4], [21] Sec-
tion 2] and [I5] end of Section 2]). The reader will agree that a satisfactory
theory should meet the following conditions:

(I) The model contains a wide class of generalized functions and is
based on an elementary version of the Laplace transform defined
on a space of generalized functions which has a simple topological
structure.

(IT) For (generalized) functions with compact support, the Laplace
transform should coincide with the Fourier-Laplace transform.
Moreover, the Laplace transform should be compatible with con-
volution and multiplication by (a large class of) functions.

(ITIT) The Laplace transform should be asymptotic, i.e. in applications
calculations should be needed near S, only.

Apparently, the above theories satisfy these requirements only partially.
In the present paper we will present a model for Fourier and Laplace trans-
formations and their asymptotic versions which is satisfactory in the above
sense. We will explain this here for the asymptotic Laplace transform which
is based on the space G(]0,00]) of exponentially decreasing hyperfunctions
of type —oo (supported in [0, o0]), defined as follows. Let

H_oo(C\ [0,00]) := {f € H(C\ [0,00[) | Vk € N: up F(2)|eRe2l < o0}

where

Wy :={z € C||Imz| < k,dist(z, [0, 00[) > 1/k}.
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Then
G([0,00]) :=H_oo(C\ [0, 0[) /H-(C)

is the space of corresponding formal boundary values (H_(C) is defined at
the beginning of Section 2). Since g € H_(C \ [0, 00[) is exponentially de-
creasing of any order on W, the Laplace transform £([g]) of [g] € G(]0, >0])
can be defined by the natural absolutely convergent integral

£([g))(z) == | e *Fg(¢)ds,  zeC,
Ve
where 7. := {ttic |t > —c}U{—c+it | |t| < ¢} (with clockwise orientation)
and where ¢ > 0 is arbitrary. The Laplace transform on G([0, c0]) is intro-
duced by resorting to the elementary theory of Fourier transformation on
Schwartz’s space S(R), and it is easily seen that the Laplace transformation
is a topological isomorphism from G([0, oc]) onto the weighted space
£G(0,00) ={f € H(C) |[Vk €N: sup 1f(2)|e” 7 < s0}
Rez>—k

of entire functions (see Section 4). G([0, oo]) and £Gjg ] are nuclear Fréchet
spaces.

Convolution and multiplication by entire functions of exponential type
can be defined on G(]0, oo]) like for functions (see the respective definitions

before Proposition and in Proposition [2.9), and for [f], [g] € G([0, c0])
and entire functions h of exponential type we have

(1.1) L([f1+19]) = £([DE(gl) and  £(n[f]) = M(=)E([f])-

Since any hyperfunction can be extended to an exponentially decreasing
hyperfunction by [18], our asymptotic Laplace transform £5 is a linear bi-
jection

£B: B([()? OOD - Sg[O,oo]/Sgoo

where

G0 = {f € H(C)|VkeN: sup |f(z)|e AV FThlRezl 50},
Rez>—k
The formulas (1.1]) also hold for the asymptotic Laplace transform £z and
general hyperfunctions [f], [¢] € B([0, oo[).
The requirement (III) seems to be impossible in our model since the
asymptotic Laplace image consists of the quotient space £ «]/£G00 of
entire functions. However we can prove that the canonical inclusions

Sg[o,oo] C SKomBFS(gO[ and £G, C EKomBgzp
define a bijective linear mapping

I: Sg[om}/ﬁgoo - SKomBFQ)izo[/EKomBg)o(p



44 M. Langenbruch

such that I o £5 = £5 Kom- Thus, Komatsu’s and our Laplace range spaces
are canonically linearly isomorphic respecting the Laplace transforms, which
is somehow unexpected (compare also the remarks of Komatsu [13, Sec-
tion 4]). Hence also (III) is satisfied.

The paper is organized as follows: The Fourier transformation and the
asymptotic Fourier transformation are developed in Sections 2 and 3, respec-
tively. These are used to study the Laplace transform and the asymptotic
Laplace transform in Sections 4 and 5. The connection of our asymptotic
Laplace transform to Komatsu’s version is clarified in Section 6. Finally,
we will give some application of our model to existence and uniqueness of
solutions of the abstract Cauchy problem in Fréchet spaces. Here we profit
from the fact that our model space G([0, oc]) is a nuclear Fréchet space. To
illustrate these results we consider an infinite system of a first order differ-
ential equation with constant coefficients, i.e. we study the (ACP) defined
by continuous linear operators in the space w of all sequences (i.e. by matri-
ces with finite rows; see [19], [31] and [7] for corresponding results on such
systems and references to earlier work on the (ACP) in w).

2. Fourier transformation. In this section we will study the Fourier
transformation on the space
of exponentially decreasing hyperfunctions of type —oo. Here

Hooe(C\R) = {f € H(C\R) | Vk € N ]l i= sup [£()]e"%7 < o}
zEF},
where Fj, :={z € C|1/k < |Imz| < k} and
H_ o(C):={f e HC) |VEeN: sup |f(z)]e"R?l < o0}.
Im z|<k

In fact, the Fourier transformation on H_(C \ R) is introduced by re-
sorting to the elementary theory of Fourier transformation on Schwartz’s
space S(R).

With obvious notation we have H_o(C\ R) = H_o(C4) & H_o(C-)
where C4 := {z € C | £Imz > 0}. It is thus convenient to study the
Fourier transform first on H_o(C4) and on H_o(C_) separately. Since
any function in H_.(C4) is exponentially decreasing of any order on any
strip in C4, the Fourier transform of g € H_o(C4) can be defined by the
formula

Foz) = | e™geds, zeC,
Imé==c
where ¢ > 0 is arbitrary. The integral is absolutely convergent and inde-
pendent of ¢ for any z € C by Cauchy’s theorem. The Fourier image of
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H_oo(C4) can be precisely described using the following weighted spaces of
entire functions. Let w;r(x) :=x/jif x > 0 and w;r(x) =gz if £ <0, and

ot = (7)) — T
set w; (x) := w; (—x). Define

7’wi ez
HE ={f € HC)| Vi eN:|f[f = sup [|f(z)le™* "?) < o0},

[Im 2| <j
THEOREM 2.1. The Fourier transformation
35t Hooo(Cy) = Hy
is a topological isomorphism. The inverse Fourier transform is provided by
)7 () = S)(:) = o= | CERE©de for € Ca, he N,
Imé=c
where ¢ € R s arbitrary.

Proof. We only give the proof for § and H_(Cy) since § (g)(z) =
§(9)(~2) for g € H_oe(C_).
(a) For 1/j < ¢ < jand for g € H_oo(C4) we have

(2.1) [ (9) (@ + )] = | § (1 1) at
R

< 2e“gllj41 for |y <.

Hence §t(g) € H§ and §* : H_oo(Cy) — Hg is continuous.
(b) The integral defining S(h) is independent of ¢ by Cauchy’s theorem.
For any c € R and h € H(J{ we thus get

S(h) (@ + iy)] = zi\ [ elie=D Rt 1 ic) dt
T
R

< Cje“lhljp if1/j<y<jand || <.

Hence S(h) € H_oo(C4) and S : Hf — H_oo(C4) is continuous.
(c) T is injective since (with ¢ = 1)

—

(2.2) F(9)(2) = €*g(- +i)(z) for g € H_oo(Cy)
and since the Fourier transform is injective on S. For h € Har we have
e~ h € S. By the Fourier inversion formula on S we thus get (with ¢ = 0)

(2.3) S(h)(x +i) =F (e h)(z) forxzcR.

Combining (2.2) and (2.3) we get FT(S(h))(r) = h(r) for 7 € R and
h € H{. Hence §+ oS =1d on Hg, T is surjective and S = (). m

For [g] € H_oo(C \ R)/H_oo(C) the natural definition of the Fourier
transform F([g]) is provided by the formula

F(oh(z) = | egeds, zecC,

I |=c
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with clockwise orientation, where ¢ > 0 is arbitrary. The integral is abso-
lutely convergent and independent of ¢ for any z € C. Moreover, it is well
defined on H_oo(C \ R)/H_o0(C) since
| e n©de=0 forany h e H_o(C)
[Tm §|=c
by Cauchy’s theorem. By Theorem the Fourier image of the space
H_o(C\R)/H_(C) is contained in the weighted space of entire functions

FG(R) :={f € H(C) |Vk e N: |f|x:= sup [f(z)le” R/ < o0},

[Im z|<k

To see that F(H_oo(C \ R)/H_so(C)) = FG(R) we notice that we have
the following canonical decomposition of FG(R):

PROPOSITION 2.2. Let
S:H_o(C) = Hg xHy, S(f):=(flcy flc),
T:Hy xHy = FGR), T(f,9):=f-g
Then the sequence
0= Hooo(C) > H x Hy L FGR) — 0
s exact and splits.

Proof. S and T are continuous and ker(T) = S(H_o(C)). Let

z

(2.4) o(2) = 7 _Soo e & de.

Then we have for z < —1 by Cauchy’s theorem

T

1 2
i) — —(t+iy)
(2.5) lo(z +iy)| = \/77‘ _Sooe W dt‘
< 1 y? :§ ( t) g2 gt 1 —22 4y
—e —t)e = e )
RVZS - 2y/m
Since {7 et dt = \/7 we similarly get, for z > 1,
17 1
2.6 1 )| = 7‘ ~(t+iy)? dt‘ < T
20 e = 2 e S

Set W (h) := (hg, h(p — 1)) for h € FG(R). Then W : FG(R) — H§ x Hy is
defined and continuous by (2.5) and , and clearly T'o W is the identity
mapping on FG(R). =

Combining Theorem and Proposition 2.2] we get
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THEOREM 2.3. The Fourier transformation
§:G6(R) — FG(R)
s a topological isomorphism.
Proof. The mapping M : (f,g) — (F7(f),5 (g)) defines a topological
isomorphism H_o(C \ R) — HJ x Hy by Theorem Since § and
$~ coincide on H_~(C) with the Fourier transform which is a topological

isomorphism on H_« (C) by [L7], the claim now follows from Proposition [2.2]
since§=ToM.n

The inverse Fourier transform on G (R) is given by (the equivalence class
of)

(2.7) T (h)(2) == o= | e n(&)p(€) d for z € Cy,

(2.8) FHR)(2) = 5= Ve h(E)(p(€) — 1) de  for z € C_,
with ¢ from (2.4)).

The space B(K) := A(K)" of hyperfunctions with support in a compact
K C R is canonically embedded in G(R) by means of the following canonical
representing functions for v € A(K)":

ie— (=€)
(2.9) uy(z) == <§V’27T(Z—€)> for z € C\ K.
EXAMPLE 2.4. Let K C R be compact and let v € A(K)'. Then
F(w])(2) = (v, e ) = D(2) for € C
is the Fourier-Laplace transform of v.

Proof. Since the Riemann sums converge uniformly for & near K, we
have

ie_ (’LU—E)2

S([Uu])(z)=<£’/7 | (= &)

e tFw dw> = (¢v, e_i’zg)
|Im w|=c

by Cauchy’s integral formula since g(w) := e~ (@=8"~izw /(4 — ¢) decreases

exponentially at co. m

We now discuss some standard operations and their connection with the
Fourier transformation, beginning with two easy examples:

EXAMPLE 2.5. Let 7,(f) := f(- — h), h € R, be the shift operator on
H_oo(C\ R). Then

F(m())(2) = F(F) ()™
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EXAMPLE 2.6. Let P(—id) := Y32 %(—i0)" where P is of exponential
type 0, i.e.
Ve>03C. >0VkeNy: |ex| = |[PP(0)] < C.e”.
Then P(—i0) € A({0})" is a continuous operator on H_(C \ R) and on
H_oo(C), hence also on G(R), and for [f] € G(R) we have

S(P(=i0)[f])(2) = P(2)3([f])(2) for z€C.

Proof. For differential operators of finite order this is clear by partial
integration. Since the sum defining P(—i0) converges on G(R) and since §
is continuous, this proves the claim. =

More generally, we define convolution on H_(C \ R) by
(f*9)(2):= S fw)g(z —w)dw for0<ec<|Imz|, z€ C\R
[Im(z—w)|=c
with counterclockwise orientation.

PROPOSITION 2.7.
(a) fxg € Hooo(C\R) if f, 9 € H_oo(C\R). The convolution is bilinear,

continuous, commutative and associative.

(b) For f,g € H_oo(C\ R) we have

(2.10) S(f+9)=3(f)S(9).

(©) f49€H ool(C) if f € Hon(C\R) and g € H_no(C).
(d) The convolution [f]  [g] := [f * g] is a well defined bilinear, contin-
uous, commutative and associative operation on G(R) and

(2.11) S((f1=[g)) = S(DI(g))  for [f], 9] € G(R).

Proof. (a) The first claim follows by an easy estimate directly from the
definitions. The next claims follow from the corresponding results in S(R).

(b) This is proved by changing the order of integration.

(c) Since g € H_oo(C) we may shift the path of integration:

(f x9)(2) = (9 f)(2)
= S gw)f(z —w)dw for0<c, ze€ C\R.
[Im w|=|Im z|+¢

The resulting integral clearly is in H_,,(C).
(d) The convolution is well defined on G(R) by (c); the rest follows from
(a) and (b). =

We next discuss multiplication by functions, again starting with a simple
example:
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EXAMPLE 2.8. For w € C and f € G(R) we have
F([e™ f)(2) = 3Nz —w) = e™WOIF([f])(z) for z € C.
PROPOSITION 2.9. Let h be an entire function of exponential type, i.e.
30,0, >0VkeNy:  [hM(0)] < ¢ CF.

The multiplication operator My (f) := hf is continuous on H_oo(C\R) and
on H_oo(C), hence also on G(R), and for [f] € G(R) we have

(2.12) S(nlf])(2) = h(i0)F([fD(z)  forzeC.

Proof. The first claims are obvious. holds for polynomials h by
differentiation with respect to the parameter z. Since the Taylor series h,,
of h converges with respect to sup,cc |h(2)le 71l for some j € N, we have
hu[f] — hlf] in G(R). Since § is continuous on G(R) and since hy,(id)g —
h(i0d)g in H(C), this proves the claim. =

3. Asymptotic Fourier transformation. We will use the results of
the preceding section to define an asymptotic Fourier transform on the space

B(R) := H(C\R)/H(C)

of hyperfunctions on R in a way similar to Komatsu’s procedure sketched
in the introduction.

The embeddings H_(C\R) — H(C\R) and H_o(C) — H(C) define
the canonical (restriction) mapping

R:G(R):=H-(C\R)/H-(C) = H(C\R)/H(C) =: B(R).
We have shown in [I8, Cor. 2.4] that R is surjective. The kernel of R is the
space of exponentially decreasing hyperfunctions supported at {£oc}, i.e.
ker R =EH_o(C\R)/H_(C) =: G({£o0})
where EH_o(C \ R) is the space of entire functions in H_(C \ R), i.e.
EH_(C\R):=H_(C\R)n H(C).

Hence we have

THEOREM 3.1. The canonical (restriction) mapping defines a linear iso-

morphism

R:H_oo(C\ R)/EH_o(CT\ R) — B(R).

The linear bijection E := R~! is called the extension mapping.

We next show that the Fourier inversion formula (see (2.7) and (2.8]))
can be simplified if bounds for the representing functions are ignored.
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PROPOSITION 3.2. For h € §G(R) let g € H(C \ R) be defined by

o0

(3.1) g(z) = % | ch(e) e forzeCy,
0
1 e iz€
(3.2) g9(z) == o S e*Sh(&)d¢  forz e C_.
0

Then F~Y(h) — g € H(C), i.e. [§71(h)] = [g] as hyperfunctions.
Proof. For z € C\ R we get, by and (2.8),
(3.3) 21K (h)(2) == 21(F ' (h) — 9)(2)

oo 0
= [ &) (p(©) — 1 de+ | e n(©)p(€) dé.
0 —o0

K (h) is an entire function and

(3.4) [K(h)(2)| < C | == gr < C; if [Im 2| <
0

by (Z6) and (Z5). =

The Fourier image of G({400}) is easily determined. Let
HY ={f € H(C)|Vj eN:|f|f = sup |f(z)]e”MeTHIm < o0},
+Im2<j

PROPOSITION 3.3. The Fourier transform is a topological isomorphism
§ 1 G({£o0}) — Hy @ H{ =: FG({£o0}).
Proof. (a) If f € H N'H{ then
VieNy: |f(iz)] < Cjelm=l/i=iRezl on .

The Paley—Wiener theorem implies that f = 0.
(b) For f € EH_o(C\ R) we have (by Cauchy’s theorem)

FUMG) = § e (& de+ | e (&) de = F-(2) + Fi(2), z € C,
= T+
where 74 :=0{z € C| £Rez > j and |Imz| < 1/j}. Asin we see that
Fy € Hf.

(¢) By Theorem we know that §71(h) € G(R) if h :== hy +h_ €
H{ ®@H; C FG(R). By Proposition we have to show that and
define one entire function. By Cauchy’s theorem we have, for hy € H 1+ )

| elermin, (&)de = | TR ()de  for x =0 and y > 0,
0 0
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and the right hand side is an entire function. Similarly,

| eetmen (¢)de= | @i (€)de  forx=0and y < 0.
0 0

The argument for h_ € H; is similar. This shows the claim. =
Combining Theorems [2.3] and [3.1] and Propositions [3.2] and [3.3] we get
THEOREM 3.4. The asymptotic Fourier transform

§p =30 E:B(R) — FG(R)/FG({#00})

is a linear isomorphism. For [h] € FG(R)/FG({E£ox}) the inverse image
S5 ([h]) is given by (the equivalence class of)

(3.5) f(z) = % S eZEh(€) de for z € C4,
0

(3.6) f(z) == % | e*n(&)de forzecC_.
0

Recall that the space B(K) of hyperfunctions with support in the com-
pact K C R coincides with the space A(K)’ of analytic functionals on K.
3§ coincides on A(K)" with the Fourier-Laplace transform:

ExAMPLE 3.5. Let K C R be compact and let v € A(K)'. Then
Ss(v) =[],
i.e. §5(v) is the equivalence class of 7 in FG(R)/FG({£o0}).
Proof. This follows from Example [2.4] =

To define a convolution on B(R) by means of the convolution on G(R)
we need the following

LEMMA 3.6. fg € EH_oo(C\R) if f € H_so(C\R) and g € EH_oo(C\R).

Proof. Since g € EH_»(C \ R) we may change the original path of
integration to a path 7., ¢ > 0, which in the strip |—c¢, ¢[ x iR consists of the
two lines {z € C | [Im z| = ¢}:

(f*xg9)z)=(g* f)(z) = S gw)f(z—w)dw for 0 < |Imz| <c¢,ze€ C\R.
Ye
The resulting integral clearly defines an entire function, hence a function in

EH_oo(C \ R) by Proposition [2.7(a).

For [u], [v] € B(R) we may now define a convolution by

[u] 5 [v] := R(E([u]) * E([v]))-
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THEOREM 3.7.

(a) The convolution xg is well defined, bilinear, commutative and asso-
ciative on B(R) x B(R).

(b) For [u],[v] € B(R) we have

(3.7) S5([u] x5 [v]) = S5 ([u])Ss([v])-
(¢) [v] *B [u] coincides for [u] € B(R) and v € A(K), K C R compact,

]
with the usual convolution [v] * [u] of hyperfunctions.

Proof. (a)&(b) The operation *p is well defined by Lemma The
remaining statements in (a)—(b) follow from Proposition

(c) By the definition of convolution of hyperfunctions, [v] * [u] = [u] * [V]
is defined by

| w©u(z—¢)de
2+

where w (and v) are representing functions for [u] (and [v], respectively) and
where 7 is a path around K. Hence we may choose w € E([u]) and v € E([v])
and then change the path of integration to obtain [u] x5 [V] = [V] x5 [u]. =

EXAMPLE 3.8.
(a) Let 7,([u]) := [u(- — h)], h € R, be the shift operator on B(R). Then

Fi(mh([u]) () = F([ul) (z)e™ ™ for [u] € B(R).

(b) Let P(—id) = >3, % (—i0)" where P is of exponential type 0.
Then

S(P(=id)[u])(z) = P(2)85([u])(2)  for [u] € B(R).
Proof. (a) This follows from Example [2.5/since R(m,E([u])) = 7 [u] and
therefore E(7[u]) = 7 E([u]).
(b) This follows from Example since R(P(—10)E([u])) = P(—i0)[u]
and therefore E(P(—i0)[u]) = P(—i0)E([u]). =
Multiplication of hyperfunctions by entire functions is naturally defined
by multiplication of the defining functions. This extends multiplication of

(ultra)distributions by entire functions. We include a short proof of this fact
because of the difficulties mentioned in [21], Section 5]:

REMARK 3.9. For T' € D/(R) let [ur]| be the canonical representation of
T as a hyperfunction. Then

f[uT] = [u(fT)] for f € H(C)

Proof. 1t is well known (see [32] and also [16]) that [ur| is uniquely
determined by the fact that up can be extended to a distribution up € D'(C)
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such that d(ur) = T ®4J, where d, is Dirac’s delta distribution (in imaginary
direction). Since
flur] = [fur] and O(fur)= fo(ur) = f(T ®d,) = (fT)®0

the claim is proved.

ProprosITION 3.10. For any entire function h of exponential type and
[u] € B(R) we have
(3-8) S5(h[u])(2) = h(i0)Fs([u])(2)-

Proof. This follows from Proposition since R(hE([u])) = h[u] and
therefore E(h[u]) = hE([u]). =

4. Laplace transformation. We will use the above results on the
Fourier transformation to obtain corresponding results for the Laplace trans-
formation. Recall that

H_oo(C\ [0,00[) :={f € H(C\[0,00]) | Vk € N : [ < oo}
where

|fli:= sup |f(z)[e"Re? Wy :={zeC| |[Imz| <k, dist(z, [0,00[) > 1/k}.
zeWy,

For an exponentially decreasing hyperfunction [g] supported in [0, o], i.e.

for

[9] € G([0,00]) := H-oo(C\ [0, 00[) /H -0 (C)

the path defining §([g]) can be changed by Cauchy’s theorem so that the
Laplace transform £([g]) is defined by

(4.1) £(l9D (=) = F(lg)(—iz) = | e *g(e)d¢, zeC,
Ie
with clockwise orientation where ¢ > 0 is arbitrary and I, := {z € C |

dist(z,[0,00]) = ¢}. The Laplace image of G([0,00]) is now precisely the
space

£G0,00) = {f € H(C) | Vk €N : |f| := sup 1(2)]e” 1 /F < oo}

Re z>—
THEOREM 4.1. The Laplace transformation
£:6(]0,00]) — £G(0,00]
s a topological isomorphism.
Proof. By we have, for any j € N,
1£(lg])(2)| < Chlgljel® if Rez > —j +1,

hence £([g]) € SQOOO] and £ is continuous. £ is 1nJectlve on g([O,oo])
by Theorem The inverse Laplace transform £7!(h) = Yh(i)),
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h € £Gjg,), is given by

£ (h)(2) = K(h(i-))(2) + 9(2)

where K (h(i-)) is the entire function given by (3.3)) and where g is given
by (3.1) and (3.2), respectively (for h(i-) instead of h). Notice that h(i-) €
SG(R) if h € £Gjp o) Hence by (3.4)) we have
(42 K <C; if [mz] < j.
Also (by Cauchy’s theorem for Re z < —1 and Im z = 1 and using (3.1))),
(4.3) omg(z) = | e h(ig)ds = | e n(i¢)d = —i | e*'h(t) dt.

0 0 0

This also holds for Rez < —1 and Imz = —1 (using (3.2)). Thus g(z) for
Re z < 0 is the holomorphic function defined by the right hand side of (4.3)
and we have

(4.4) lg(2)| < C; if Rez < —1/j.
Using also we see that £71(h)(2) is holomorphic for Rez < 0 and
(4.5) |I£71(h)(2)| < C; if Rez < —1/j and |Im 2| < j.

Since £(e™7 f)(z) = £(f)(z + j) for j € N by the definition of £ we get
L7H(h)(2) = L7 (h(- + j))(2) for h € £Gjg ), hence (4.5) and Theo-
rem (2.3 show that £ '(h) € G([0,00]) for h € £Gjg ).

Formulas for the Laplace transform of convolutions and multiplication
with entire functions of exponential type on G(]0, oc]) can be easily derived

from and Propositions and
(4.6) L(f1+ g = £([fDE(g))  for [f],]g] € G([0,00]),
(4.7) L(h[f]) = h(=0)L([f])  for [f] € G([0,0])

if h is an entire function of exponential type.

5. Asymptotic Laplace transformation. The asymptotic Laplace
transform on

B([0, 00[) := H(C\ [0, 00[)/H(C)
is defined similarly to the asymptotic Fourier transform in Section 3: Let
EH_oo(C\ [0,00]) := H(C) N H_so(C\ [0, 0[).
Then we get, as in Section 3 using [18, Cor. 4.2],

THEOREM 5.1. The canonical (restriction) mapping defines a linear iso-
morphism

R-‘r : H—OO((C\ [07 OO[)/gH—oo((C \ [0700[) - B([07 OOD
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The inverse of R, is denoted by E4 to emphasize the fact that we are
considering supports in [0, 00] in this section. The Laplace image of

G({oo}) := EH oo (C\ [0, 00[) /H-o(C)
is precisely

£Goo = {f € H(C)|VkeN: sup [f(z)]eFRezI=12l/k < o0}
Rez>—k

ProPOSITION 5.2. The Laplace transform is a topological isomorphism
£:G({ox}) = L£0w.
Proof. For [f] € G({oo}) we have, by Cauchy’s theorem,
(M) = Je*f(©)de, zeC,
Vi
where 7; 1= {z € C | dist(z, [j, 00[) = 1/7}. This shows that £([f]) € £Guc
and that £ : G({o0}) — £G is continuous. It is injective by Theorem

For h € £Gs we have £71(h) € G([0,c]) by Theorem and £71(h) =
§71(h(i-)) € H(C) by Proposition |3.3[since h(-) € Hy . =

The asymptotic Laplace transform £z is now naturally defined by
Lp = Lo By B([0,00[) = £G[0,00)/ Lo

When transferring the results on Fourier and Laplace transformations to the
asymptotic Laplace transformation we repeatedly use the formula

(5.1) Li([u])(z) = [F(E4([u]))(=iz)]  for [u] € B([0, 00]).
THEOREM 5.3. The asymptotic Laplace transform is a linear isomor-
phism
£ : B([0,00[) = £G[0,00]/ L£Go0-
The inverse £;'([h]) is given by (the equivalence class of )

100

1

(5.2) f(z):= 9 S e*h(€) d¢ for z € C4,
0

(5.3) f(z):= % _ZSOO e*h(&)d¢  forze C_.
0

Proof. This follows from (j5.1)) and Proposition .

The reader should also recall formula ([£3)) for £5'([h])(2) for Rez < 0.
Since the sheaf of hyperfunctions is flabby, for any [u] € B([0, co[) and
any j € N we can find v; € A([0, j])’ such that

(5.4) [u]l)—o0,j| = [Wll|—00,j|y 1€ [u] — [u;] € B([j, o0]),



56 M. Langenbruch

where u; := u,, is the canonical representation of v; in G([0,00]) defined
by (2.9). As the notation indicates, the asymptotic Laplace transform
£5([u]) can be viewed as a representation of the asymptotic behavior of
the Fourier-Laplace transforms

Dj(2) = (evjr ™)
of the local parts v; of [u]. In the proof we need the trivial fact that by the
definition of £,

(5.5) L5(7([u])) = e Lx([u])  for [u] € B([0, oo)

where 7;([u]) := [u(- — j)], j > 0, is the shift operator from B([0, oc[) onto
B([j, 0), L.

(5.6) £5(B([j 00])) = (€77 L£G 0 0c] )/ LG
LEMMA 5.4.
(a) For [u] € B([0,00]) and v; € A([0, 5])" as above let h € £5([u]). Then
for anyl € N,
(5.7) \h(z) — 7;(2)] < Cjel?l/1=IRezlyf Rz > 1.

(b) Conversely, if h is an entire function satisfying for any j € N
then h € £5([u]).
Proof. (a) By and Example [2.4] we have
e/ '[h— 7] = ¢ (Ls([u]) - L5([u;))) = ¢/ Lu([u — u;]) € £G)0,00)/LGoc-
This shows (5.7).

(b) To prove the converse statement, it is clear that h € £G|g o) and
[h — ;] € £5(B([j,00][)) by (5.7) and (5.6) since v; € £G[p o] We thus get,

for any j € N,
S5 ([0]) — ] = [(S5 ([A) = us]) — (ful — [;])] € Bl 0]
using Example again. Hence Sgl([h]) =[ul. m
As in Lemma we will now show that convolution on B([0, c0]) per-

fectly fits the asymptotic Laplace transformation. Recall that the convolu-
tion [u] * [v] for [u], [v] € B(]0, 00[) is defined by

(5.8) ([u] * WD) )—o0,1 := ([ug] * [P ]j—c0.1
where [u;] € A([0, j]) is chosen by (5.4)). Notice that
(5.9) [u =] * [v] € B([j, 00])

by (5.8). The convolution is a bilinear commutative and associative opera-
tion on B([0, cof).

THEOREM 5.5. For [u], [v] € B([0, c0[) we have
(5.10) Li([ul * [v]) = L£5([u]) L5 ([v])-
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Proof. The right hand side of (5.10]) is well defined since £G is a two-
sided ideal in £gjg o). By Theorem we get, for any j € N,

L([u] = [v]) — £a([u])£a([v])
= £p([u - Uj] * [v]) + (£5([u;]) — £s([u])) L5([v])
[u # [v]) + L5 ([uj — u)) La([v])-
The right hand side is in £5(B([j, 00[)) = (77 £Gjp 5)) /LG by (6.6) and

and since £5(B([j, oc[)) is an ideal in £Gjg ]/ £Gco- Thus, an estlmate
hke ) holds for any j and therefore £5([u] * [v]) = £5([u ])SB([ ). m

EXAMPLE 5.6. Let P(9) := Y 72, %8’“ where P is of exponential type
0. Then
La(P(0)[u])(z) = P(2)Lp([u])(z), ze€C, for [u] € B([0,00]).
From we directly get, for [u] € B([0, o0[),
(5.11) Lp(h[u]) = h(=0)Lp([u])

if A is an entire function of exponential type.

6. Komatsu’s asymptotic Laplace transform. We will now discuss
the connection of our asymptotic Laplace transform £5 with the asymptotic
Laplace transform Lk, defined by Komatsu in [I4) [13], mentioned in the
introduction. We briefly recall the relevant notation. For 0 < ¢ < 7/2 and
r >0 let

L= {pe | p =1, || < ¢}
Let U C C be a postsectorial open set (see [20, 21]), i.e

VO<ep<7/23r>0: I,.,CU.

Define
£G10,00)(U) :={f € HU) |Vj € N: sup 1F(2)|e P < o if I, cU},
ZGFT,AP
LG (U) :={f € H(U) |VjeN: sup |f(z)|e /it « oo if 13, Cc UY.
ZGFT,Ap
Set

EKomB[O oo = 1nd £3G10,00] ( ) and  LromBar = 1nd £G(U)
where the inductive hmlt runs over all postsectorial open sets. Then (cf. also
[21, Lemma 1.2])

(6.1)  Lxom : B([0,00]) — ,SKomBeXp /SKomB *P is a linear bijection,

in other words, Komatsu’s Laplace transform consists of equivalence classes
of holomorphic functions defined near Sy, := {oce'? | |p| < m/2} and satis-
fying the growth conditions from £Gjg o) (and £Ge, respectively) only there.
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Therefore,
(6.2) Qg[gpo] C SKOHIB’[S(T,ZO[ and £G. C SKomBgﬁp

canonically. Surprisingly enough we can prove much more (see Theorem
below). The proof is based on the solution of the J-problem in the following
L2-variant of £G.. Let V,, := {z € C|Rez > —n} and

L*(£Gx) = {feLloc (C) ‘VneN: I£12:= | |f(z)[Pe 2l /nt2niRes] dz<oo}.

n

LEMMA 6.1. For any f € L?(£Gs) with supp f C Vp there is g €
L?(£G) such that dg = f.

Proof. (a) Fix j € N. By [9, Theorem 4.4.2] there is g, € L (C) such
that 0gy,(z) = f(2)e’* and

 lgn(2)Pe 21+ |2?) 2 dz <
C C

S |f |2 —2|z|/n+2jRe =z dz
S |f |2 —2|z|/n+2j|Re 2| dz < 0o
1%

(=}

since supp f C Vo and f € L%(£Gw). Since the (Taylor) polynomials are
contained in {h € H(C) | Vn € N : sup, ¢ |h(2)]e”*I/" < oo} and dense in
{f € H(C) | sup,cc |h(2)|e” 1/ < oo} for any n and since passing to sup-
norms is allowed by the mean value property, the Mittag-Leffler procedure
provides g € L (C) such that

9(z) = f(2)e" and {lg(2)
C

Hence, G := ge 7% satisfies 0G; = f on C and G; — Gj_1 € Hj_1 where

2672|z\/n

dz < oo for any n.

H; = {hE'H ‘VnEN S |h(z)|2e2l2l/n+2iRe 2] dz<oo}.

(b) £G is dense in H; with respect to | |;. To prove this we may again
pass from L2-norms to sup-norms. Choose g € £G,, such that g(0) = 1. The
existence of g follows e.g. from [24, Example 3] where a Fourier hyperfunction
G # 0 with support at oo is constructed. Then 0 # G(z) := G(2)e % €
G({oc}) and hence 0 # £(G) € £G~. We may thus set ¢ := £(G) (modulo a
real shift). Let f € H; and set fi(z) := f(2)g(2/k). Then f;, € £G by the
definition of H; and £G, and f; — f uniformly on compact sets. Since for
k>4j and Rez > —j,

[fe(2) = F(2) = [F ()] 1 = g(z/F)]

< Cyell/ @D =ilRezl+=l/k < (1) ol21/(20) =i Re]
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we have |f(z) — fr(z)|e”1#//7HiIRe2l < ¢ outside a compact set for these k.
Thus fr — f with respect to | |;.

(c) Notice that £G., = L*(£Gw) Nker d by passing from sup-norms to
L2-norms in the definition of £G... By (b) and the Mittag-Leffler argument
applied to the solutions G; and the seminorms | |;, the claim is proved. m

COROLLARY 6.2. Let U be a postsectorial open set. Then the mapping
T : £G(0,00) X £Go(U) — £G10.00)(U),  (fr9) = f + 9,
1S surjective.

Proof. (a) Let U be a postsectorial open set and f € £Gjy o) (U). Then
there are r;,C; > 0 such that

1f(2)] < Cjelz\/(jﬂ) <l ifx e Ij=1T /o 1j-

J

Let I' := [J;en I and choose ¢ € C*°(C) such that suppy C int(I),
¢(z) = 1if z € I' and dist(z,0I") > 1/2 and such that [[¢[|ec +[| V|0 < 0.
Notice that supp d(fp) C I' C Vp and 9(fy¢) € L?(£Gs) since for any n
there is C,, such that

(6.3) nRez < Cp+ |z|/n ifdist(z,0') < 1.

By Lemma there is g € L?(£Gs) such that Og = 9(f¢). Hence, G :=
fo—F € LG o) and f—g= f(1—p)+g € £Guoo(U) since (6.3) also holds
on I, \ I' for any r >0 and any 0 < ¢ < 7/2. =

THEOREM 6.3. The inclusions (6.2)) define a bijective linear mapping
I: fgg[(],oo]/»ggoo - SKomBFS{’I;O[/gKomBg}O(p
such that I o £58 = LKom-

Proof. (a) I is well defined by (6.2). Let f € £Gjg o) be such that f|y €
LG (U) for some postsectorial open set U. For j € N choose 0 < ¢p < 7/2
such that cos(¢g) < 1/(25%). For z ¢ I}, ,, and Rez > 0 we then have

jRez < Co+ jcos(po)|z| < Co+|2[/(2])
and therefore, since f € £djg o],
1f(2)] < C;el/2D) < @-e'sz_jRez if Rez>0and z ¢ I} o,-
Since U is postsectorial and hence I3, ,, C U for some rg this shows that
f € £Gs. Thus I is injective. It is surjective by Theorem
(b) We now prove that I o £8 = Lkom. Let [u] € B([0,00[) and let

Lkom([u]) be defined on the postsectorial open set U. Since Komatsu’s
Laplace transform £xom also satisfies (5.7) on I3, ,, C U, by Lemma [5.4[a)
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we get

110 L5([ul)(2) = Lxom([u])(2)]
= [(L 0 L5([ul)(2) = j(2)) = (Lxom([u]) (2) = v;(2))]

S Cjelzl/]f‘”R‘ezl on FTO,(,DO C l]7
that is, 7 o £5(u) — Lxom (1) € LkomBEY.

The surjectivity of I also follows from the results of Komatsu (i.e. from
(6.1)) and the equality I o £8 = Lxom-
We have in fact proved in Theorem [6.3] that the mappings

£G10,00)/ L£Go0 = £G[0,60](U)/L£Go0(U) = £G10,00) (V) /£Ge0 (V)

are both linear bijections if V C U are postsectorial open sets.

As mentioned in the introduction, Lumer and Neubrander (see [20]) in-
troduced an asymptotic Laplace transform on L[ ([0, 00[) and a modified
version £1n (see [2I]) and clarified the connection with Komatsu’s Laplace
transform £kom, namely

EKom(f) - 2LN(f) if f S Llloc([07 OOD
We therefore get, from Theorem [6.3]

COROLLARY 6.4. For f € LL ([0,00[) we have £5(f) C Lix(f).

7. Abstract Cauchy problem in Fréchet spaces. In this section
our elementary theory of asymptotic Laplace transform on B([0, oco[) will be
applied to the abstract Cauchy problem (ACP) for hyperfunctions with val-
ues in Fréchet spaces. This application is based on tensor product methods
and the fact that the spaces used in our model for the (asymptotic) Laplace
transformation are nuclear Fréchet spaces.

In the following, F' will always denote a Fréchet space. The space of F-
valued holomorphic functions on an open set U C C is denoted by H (U, F).
The space of F-valued hyperfunctions on [0, co[ is by definition

B([0,00[, F) := H(C\ [0,00[, F)/H(C, F).
Let
(7.1) 2'(t) = Cx(t), z(0)=mo, 20 € F,
be an abstract Cauchy problem (ACP), where E is a Fréchet space and
C:F=D(C)CE—E

is a closed operator with domain F' := D(C). Then F is a Fréchet space
when equipped with the graph topology and C' : F' — FE is continuous.
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An F-valued hyperfunction [u] € B([0, oo[, F') is called a solution of
(in the sense of hyperfunctions) if
d
dt
where dg is Dirac’s d-distribution considered as a hyperfunction.

The (ACP) is said to have the uniqueness property (in the sense of
hyperfunctions) if [u] = 0 is the only solution of for g = 0. To charac-
terize the uniqueness property using the asymptotic Laplace transform we
need vector valued versions of our model spaces. These consist of F-valued
holomorphic functions f such that || f||,, satisfies the bounds corresponding
to the scalar spaces for any n € N where (|| ||x)ren is a system of seminorms
defining the topology of F. In this way,

G([0,00], F) := H_oo(C\ [0,00[, F) /H_0o(C, F).

Using the m-tensor product and the fact that G([0,00]) and G({oc0}) are
nuclear Fréchet spaces we have shown in [18 Cor. 5.2] that for any Fréchet
space F',

Ry : G([0,00], F)/G ({0}, F) — B([0,00[, F') is a bijection

with inverse E,. Also, G([0,00], F) = G([0,00]) & F and G({o0},F) =
G({oc}) @ F and therefore

LB : g([ovoo]vF) - Sg[O,oo](F) and £p: g({oo}’F) - Sgoo(F)

are topological isomorphisms by Theorem and Proposition [5.2] For any
Fréchet space F' we thus get a linear isomorphism

(7.3) £5:= L0 By : B(0,00[, F) = £G(0,00)(F)/£Gwc(F).

(7.2) [u] = Clu] = o ® do

THEOREM 7.1. For E, F and C as above the following are equivalent:

(a) The (ACP) has the uniqueness property (in the sense of hyper-
functions).

(b) If h € £G0,00)(F) and (z — C)h € £Goo(E) then h € £Goo(F).

(¢) If h € £Gjp,0)(F) and (z — C)h € £Goo(E) then {h(t)e™ |t > 0} is
weakly bounded in F for any n € N.

Proof. (a)=(b). By (7.3) there is [u] € B(]0,00[, F') such that [h] =
£5([u]) € £G)0,00)(F)/ LG (F). By assumption and Example [5.6| we have

a( 50l - Clul ) = (: ~ O)a(u) = =~ Ot =0,

hence [u] = 0 by (a) and (7.3), and therefore [h] = 0, i.e. h € £G(F).
(b)=-(c). By the definition of £G(F).
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(({Zi):>(a) Let [u] € B([0, o[, F') and & [u] —C[u] = 0. Then [h] := £5([u])
satisfies

0= 5 lul - Tl ) =~ ),

hence (z — C)h € £G(E). By (c), y o h is exponentially decreasing of
any order on [0, 00] for any y € F". Since y o h € £G ) this implies that
yoh € £G for any y € F’ by the Phragmén-Lindel6f theorem, and therefore
h € £Goo(F') since LG is nuclear. Thus [u] = 0 by again. m

From Theorem we can deduce an extension of Lyubich’s uniqueness
theorem (see [22]) to Fréchet spaces (see Theorem below). For this we
need an appropriate notion of an asymptotic left resolvent for operators in
Fréchet spaces (cf. [1] and [4] for general notions of resolvents in locally
convex spaces). Let F,, := (F/ker|| ||,)” denote the canonical local Banach
space for || ||, and let k2 : F — F, be the corresponding spectral mapping.
A sequence of operators (R, (t,C))nen € (L(E, F,))nen is an asymptotic left
resolvent on a decreasing sequence of sets X, C C if

(7.4) Ru(t,0)(t — C) = kL + 8,(t) forte X,

where

(7.5)  VneN3ImeN: [Su(O)llre,.rm < Cuel/m Bl on ¥,
THEOREM 7.2. Let E, F and C be as above. The (ACP) has the

uniqueness property (in the sense of hyperfunctions) if there is an asymptotic
left resolvent (R, (t,C))nen for Xy = [tn, 00| such that

(7.6) VneN3IkeN: Ryt O)llrm,.ry < Cne™ if t >t
Proof. We use the criterion from Theorem (c) Let h € £ ) (F)
and (z — C)h € £G(FE). We then have, for any n and t > t,,
gy (Rl < | Ra(t, C)(E = CVYA(E) [+ 1180 () (1)) [l < Cre™ D"
by (7.4)—(7.6). Hence {h(t)e™ |t > 0} is bounded in F for any n € N. =

We can also formulate a sufficient criterion for the uniqueness property
by means of an asymptotic existence assumption for the dual operator:

THEOREM 7.3. Let E, F and C be as above. The (ACP) has the
uniqueness property (in the sense of hyperfunctions) if for any y € F’
and any n € N there is ty, > 0 such that for any t > t,, there are
Yn(t), syn(t) € F', k € N and Cy > 0 such that for t >ty ,,

(t = "Chyu(t) =y + syn(t),  yn(t),z)] < Cilz[|re™,
(5yn (), )| < Cu|||xe™.
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Proof. Let h € £Gp o) (F) and v := (2 — C)h € £G(E). By assumption
we have, for any y € F’,

(y, (1)) = ((t = "C)yn(t), h(£)) = (y.n(t), (1)) = (Yn(t), v(t)) — (syn(t), A(1))
for large t. Using the known estimates for y,(t), sy (), h(t) and v(t) for
large ¢t we conclude that {h(t)e™ | t > 0} is weakly bounded in F for any
n € N and use Theorem .

As an illustration of the above results we will briefly discuss the unique-
ness of the solutions of the (ACP) for continuous linear operators C' in the
space F := E := w := CN of all sequences endowed with the canonical prod-
uct topology (see [19], [31] and [7] and the references there for earlier work
on the (ACP) in this space). Any C' € L(w) is given by an infinite, matrix
A = (a;j)i jen with finite rows, i.e. for any j € N,

(7.7) lj :=1((ajs)sen) == max{s € N | aj, # 0} < 00
(here lj(v) := 0 if v = 0).

In the following we will not distinguish between the operator C' € L(w)
and the corresponding matrix A. We will also consider the (ACP) in the
classical sense, that is, the problem
(7.8) 2 (t) = Az(t), t>0, x(0)=xg, 2o € w,
where z € C1([0, co[, w).

THEOREM 7.4. Let C € L(w) be given by the infinite matriz A. The
following are equivalent:

(a) The (ACP) has the uniqueness property (in the sense of hyper-
functions).

(b) The (ACP) has the uniqueness property (in the classical sense).

(¢) For anyn €N,

(7.9) sup I, (AF) < oo,
keN

Proof. (c)=-(a). We use the criterion of Theorem [7.3|c). Since F' = E’
= ' is the space ¢ of finite sequences, the condition must be shown only for
the canonical unit vectors e; =: y. By we know that G := span{tAkej |
k € N} is finite-dimensional. Since G is ‘A-invariant, any operator norm
|*A|| is finite, hence the Neumann series

[e.9]

Y(t):=> ‘Alejt!!
1=0
exists in G C ¢ for t > t;. Clearly,

(Y(t),z)| < Cillzll, and (t—'A)Y(t)=¢; fort>t,
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where [y := maxyeq {(v). Hence the criterion in[7.3|(c) is satisfied for y,, :== Y
and Sejm = 0.
(a)=(b). Let x € C(]0,00[,w) be a solution of for xp := 0. Then
x defines a hyperfunction [u] € B([0,o0[) (e.g. by [2]) which is a solution
of for xp := 0, hence [u] = 0 by assumption and thus z = 0 on [0, oo].
(b)=(c). Let z € C}(R,w) be a solution of

(7.10) 2'(t) = Az(t), teR, x(0)=xz0, 70 € w,

for xg := 0. Then z[[ | solves for zp = 0, hence z(t) = 0 for t > 0.
is solvable for any xy € w by [31, Theorem 2.3| (see also Theorem [7.8)
and we have just shown that the solution is unique on [0, 1]. The proof of
[19, Satz 3 (b)=-(d)] now implies that [19, Satz 3(d)] holds, hence the spec-
trum of A (in the sense used in [19]) is at most countable by [19, Satz 3].
This implies by the remarks before [19, Satz 3]. =

We now discuss the existence of solutions of the (ACP) (7.1). For this
we will have to solve the equation (A — C')S(A) = z( only approximately
near the half-circle S, at oo, and moreover the approximate solution is
needed only in the local Banach spaces F, of F. To present the precise
formulation and its proof in Theorem below, we will use the Laplace
transform of F-valued Laplace hyperfunctions developed in [3]. We briefly
recall the corresponding notation and results from [3]. Let

H := ind 1 H = ind H
iy (p1;€0J Kk) ind Hy

where

Hi = A{f € H(2k) : ||fllxx = sup |f(2)|exp(kRez) < oo}

z€NRK

and

K + K?
Then an F-valued Laplace hyperfunction is a continuous linear operator 7' :
H — F. The Laplace transform £(7T) is not a single holomorphic function,
but a spectral-valued holomorphic function introduced in [3] as follows: let
F := proj, I, with spectral mappings ng : FF — F, as above and let
k' o By, — F, for m > n be the corresponding linking maps.

QK:—{ZE(C:\Imz|<Rez 1}.

Let G := (Gm)men be a decreasing family of non-void domains in C and
let F := (Fy)nen. A family S = (Sp)men is called a spectral-valued (or
F-valued) holomorphic function (denoted by S : G — F) if

(i) S : Gy — Fyy, is holomorphic;
(ii) (compatibility) Vm > n: k" 0 S, = Su|a,, -
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Finally, we need the space Hexp(F) which is the set of all holomorphic

F-valued maps S : G — F where G consists of postsectorial sets and

Vm, K € NV|g| <7/2: sup [|Sm(T)N)||me RNE <00 if I}, C G
)\GFT,AP

Notice that Hexp(F) is considered rather as a set of germs near Sy, and thus

is a vector space canonically.

In the case of Fréchet spaces the main result of [3] is the following (see
[3, Theorem 2.4 and Corollary 3.5]):

THEOREM 7.5. The Laplace transform L : L(H,F) — Hexp(F) is a
linear bijection such that E(%T) = A\L(T).

By continuity of C': F — FE, for any m € N there is k € N such that C
defines a continuous linear mapping C¥, : Fy — E,,.

A general criterion for the solvability of the (ACP) in Fréchet spaces
is the following

THEOREM 7.6. Let E, F and C be as above. For xog € E the following
are equivalent:

(a) The (ACP) (7.1) has a solution (in the sense of hyperfunctions).
(b) There is a spectral-valued holomorphic function & = (Spm)men €
Hexp(F) such that for any m € N there is k € N such that

(7.11) (A= CF)SL(\) = kE (20) + sm(N)  on Gy

where for any j € N and any |¢| < 7/2 with I'., C G} there is
C1 > 0 such that

(7.12) [8m(A)|lm < Cre I ReAFIMAGop 10 .

Proof. (a)=(b). Let [u] € B([0,00[, F') be a solution of and [h] :=
£5([u]) € £Gj0,00)(F)/L£Goo(F). Then (A — C)[h] = £p(wo ® dp) coincides
with the constant function [zo] in the sense of £G|g o) (F')/LGec(F). Hence
(b) is satisfied for Gy, := C and Sy, := kp(h).

(b)=(a). By Theore there is T € L(H, F) such that S = L(T).

23

By (7.12) and Theorem [7.5] again, there is T' € L(H, F) such that s :=
(Sm)men = L(T) and

(7.13) (i—C)T:azo@)é@—i—f

To translate this equation from Laplace hyperfunctions to hyperfunctions,
i.e. to general boundarjg values ignoring growth conditions, we use the func-
tions fy(t) := 2_711;6(“’\) /(t —X) for A ¢ [0, 00[. Since f) € H the function

ur: C\[0,00] — F, ur(N) = (T, fy),
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is defined. Since the difference quotients with respect to A converge in H,
up is holomorphic and

d d d d
Hur) < ; d)\f)\> < : dtf’\> <dt ,f>\>
By (7.13]) and Theorem this implies that
(A= Cur(A) = =20 ® fo(A) + uz().
Since — fo represents Dirac’s §-distribution we only need to show that uz is
an entire function. This follows by an argument similar to that in (5.5)) and
(:6): For j € Nand T € L(H, F) let (r_;T. f) := (T, f( -+ j)). Then
(7.14) L(1_;T) =e 9 L(T)
by the definition of £(T) in [3]. By (7.12) we know that e’/'s € Hexp(F),
hence there is Tj € L(H, F') such that £(T') = €’ s and therefore L(7_;T};) = s
by (7.14) and finally 7_;T; = T by Theorem since L(T') = s. Hence, for
any j € N,
ug(A) = (7—Tj; fa) = (Tj, (- +3)) = (T, faj)

is holomorphic for A ¢ [j, co[ since T} € L(H, F'). The theorem is proved. m

As before we can formulate a criterion for the general solvability of the
(ACP) (7.1) using a suitable notion of asymptotic right resolvent. Here
a spectral-valued holomorphic operator function R := (Ry)men : G =
(Gm)men — L(E,F) := (L(E, Fp,)men is called an asymptotic right resol-
vent if R € Hexp(L(E,F)) and if there is a spectral, valued holomorphic
function 7 := (Tyn)men : G := (Gm)men — L(E) := (L(E, Ep,))men such
that for any m € N there is £ € N such that

(7.15) (A= CEYRL(\) = kEZ + T,,(\)  on Gy,
where for any j € N and any || < 7/2 with I}., C Gy,
(7.16) 1T (B, ) < Cre? BTN on 1.

THEOREM 7.7. Let E, F and C be as above. Then the (ACP) (7.1) has
a solution (in the sense of hyperfunctions) for any xzo € E if C' admits an
asymptotic right resolvent.

Proof. For xy € E set Si(\) := Ri(\)zo and apply Theorem [7.6 =

We again discuss the (ACP) for continuous linear operators C' in the
space w as an example, using Theorem for a new short proof (see [31]
for the (ACP) of the inhomogeneous equation z/(t) = Cx(t) + f(t)).

THEOREM 7.8. For any o € w the (ACP)
(7.17) '(t) = Az(t), t>0, z(0)=q,

has a classical solution v € C*(R,w).
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Proof. For a € w let ¢, € C§°(R) be a solution of the Borel problem
gogl])(O) = aj for j € Ny. Set @o = (Pa; @l - - - ). Then the Laplace transform
Ja(A) = §° e MPo(t) dt is an entire w-valued function satisfying

(7.18) (A= L)(fa(N) = o,
(7.19) VE€FS(p) ICe>0Vye E:

[(y; fa(M))| < CEllyll2/IA - if ReA>0
where L is the left shift and FS(y) is the set of finite-dimensional subspaces

of ¢ . We will construct an w-valued holomorphic function g, i.e. g = (gx)ken
such that for any k, gi(\) is holomorphic for Re A > By and

(720) Vyep: (y,(A—=A)g(\) = (y,a) if ReX> By,
(721) VE € FS(p) ICE, B >0Vy € E:
4900} < Callylo/A| - if Re > B
Then the inverse Laplace transform x = (xy) of g is a solution of the (ACP)
by Theorem and z, is a C'-function for each k.
g is constructed inductively. Let Ej := span{wy, := (‘A)*le; | k € N};
it is an !A-invariant subspace of . If dim E; < oo, we set

(w,g(N)) == <Z ATRL (AR, a> for w € Ej.
k=0

This defines g(A\) on E; for large |A|, and (7.20) and (7.21) hold on Ej. If
dim B} = oo then {wy, | k € N} is linearly independent and 'Aw; = wyi1
like a right shift, hence we set

(w,g(\)) = (w,"Tfz(\)) where ;= (wj,a) for any j € N

and T : E1 — ¢ is the isomorphism mapping wy to the canonical unit
vector eg. Again, (7.20) and (7.21)) are easily shown on E;. Now assume
that F; has been constructed and that E; # ¢. Then there is /[y minimal
such that e, ¢ E;. If vyy11 := (YA)™e, € E; for some (minimal) ng we set,
for vg 1= (tA)d_lelo, 1 <d < ny,
no+1—d
(0, (V) = Y A Hvagi—1, o) + AT w11, 9(V)).
=1

(7.20) and are easily shown on Ej := span{vi | K < ng}, hence they
hold on Ej;q = span(Ej,Ej). If (*A)"e;, ¢ F; for any n we proceed as in
the first step to define g(\) on Ej := span{vy, | k € N}. In this way we define
g(\) inductively on ¢. The theorem is proved. =
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