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Global Schauder estimates for a class of degenerate
Kolmogorov equations

by

ENRrICO PrIOLA (Torino)

Abstract. We consider a class of possibly degenerate second order elliptic operators
A on R"™. This class includes hypoelliptic Ornstein—Uhlenbeck type operators having an
additional first order term with unbounded coefficients. We establish global Schauder
estimates in Holder spaces both for elliptic equations and for parabolic Cauchy problems
involving A. The Hélder spaces in question are defined with respect to a possibly non-
Euclidean metric related to the operator A. Schauder estimates are deduced by sharp
L>=-C? estimates on the spatial derivatives of the associated diffusion semigroup which
are of independent interest. In the proof we also use probabilistic techniques.

1. Introduction. Let us consider the following possibly degenerate sec-
ond order elliptic operator A on R":

(1.1) Au(z) = 1 Tr(QD*u(z)) + (Az, Du(z)) + (F(z), Du(x))
= Apu(z) + (F(x), Du(z)), xe€R"

Here Q and A are n x n real matrices, () is symmetric and non-negative defi-
nite, Tr(-) denotes the trace and (-,-) the inner product in R™. Furthermore,
F : R" — R” is a regular possibly unbounded vector field. The operator
A in the special case F' = 0 reduces to the extensively studied possibly
degenerate Ornstein—Uhlenbeck operator Agy. Degenerate Kolmogorov oper-
ators like A4 arise in kinetic theory (see [8] and the references therein) and
in mathematical finance (see the survey paper [9]). Following [8], consider
the linear Fokker—Planck equation

Oth = (v, Dyh) + divy,(Dyh + vh),

where h(t,z,v) is the density of particles at position = € R? at time t > 0
with velocity v € R%. The degenerate operator B given by Bh = (v, D h) +
div, (Dyh+vh) —dh, is a particular case of A occurring when R” = R??. We
also mention that operators like A arise naturally in connection with the
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so-called Smoluchowski-Kramers approximation for stochastic differential
equations (see [13]).

The aim of the present paper is to prove global Schauder estimates for
elliptic equations and parabolic Cauchy problems involving the operator A.
We obtain optimal regularity results in Holder spaces for both

(1.2) £u(z) — Au(z) = f(z), «e€R",

and

(1.3) { d(t,x) = Av(t,z) + H(t,z), te(0,T], zeR",
v(0,z) = g(x), ze€R",

where A > 0 and the functions f, g and H are given. These results are
deduced by sharp L*°-estimates on the spatial derivatives of the solution of
(1.3) when H = 0, involving Hélder norms of the initial datum g.

Global Schauder estimates have been used recently in connection with
stochastic differential equations (see [1, 6, 11]). In [6] Schauder estimates for
degenerate elliptic operators L in non-smooth domains are a key ingredient
to investigate well-posedness of the martingale problem associated to L.
In [11] parabolic Schauder estimates are used to prove the existence of a
differentiable stochastic flow in the case of stochastic differential equations
with Holder continuous drift term.

Let us collect our assumptions on the operator A (cf. [29]).

HypoThesis 1.1. (i) The symmetric matrix Q = (g;;);';—; is given by
Q= (%0 8) , where
(1.4) Qo is a positive definite p X p matrix, 1 < p < n;
v and o stand for the smallest and the largest eigenvalue of (Qy respectively
(0 <y < 1/2);

(ii) the vector field F': R™ — R™ has the form

F(z) = (Fi(z),...,F3(2),0,...,0), zeR"

ie., F(z) € Im(Q) for any =z € R";

(iii) the non-zero coefficients of F', i.e., F; : R" - R i =1,...,,p, are

Lipschitz continuous having continuous and bounded partial derivatives up
to the third order on R";

(iv) there exists a non-negative integer k such that the vectors
(1.5) {e1,...,e5, A€y, ..., Aep, ... JAPeq, ... ,Akeﬁ} generate R"™;

here eq,...,e; are the first p elements of the canonical basis in R"; we
denote by k the smallest non-negative integer such that (1.5) holds (one has
0<k<n-1).
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Condition (1.5) can also be written as Rank[Q'/2, AQY/?,. .., AFQ1/?]
= n. By the Hormander condition on commutators, (1.5) is equivalent to
the hypoellipticity of the operator Ay — 0, in n + 1 variables (¢, z1,...,xy,);
see [18]. Our operator A has the form

P
Z qz] x,xj Z a:czu + Z Qij x]a U 7 S Rn,
=1

4,j=1 3,j=1

where the a;; are the components of the matrix A and J,, and 8%10% are
partial derivatives. Clearly, the operator A is non-degenerate only when
p = n (this implies k = 0).

Let us describe our results for (1.2) and (1.3). In the elliptic equation
(1.2) we assume that f € C5(R™), 6 € (0,1), i.e., f is areal bounded function
on R™, which is Holder continuous with respect to a suitable possibly non-
Euclidean metric d related to A (see Section 2). We show that (1.2) has
a unique bounded distributional solution u € C§+9(R") and, furthermore,
that there exists a positive constant C', independent of f and u, such that
Hu“cj”(Rn) < CHfHCg(R")' Note that this implies

Jullo + Z 107,2,wllco @y < Cllflles gy
3,j=1

where ||ul|o denotes the sup-norm of u and a,%ixju are the classical par-
tial derivatives of u for i,5 = 1,...,p (see Theorem 4.2). Concerning the
Cauchy problem (1.3) we prove analogous parabolic Schauder estimates, as-
suming that g € C2T(R") and H(t,-) € C)(R") uniformly in t € [0,77.
We find that (1.3) has a unique bounded distributional solution v such that
v(t,-) € C§+9(R”) for t € [0, T, and, furthermore, that there exists a positive
constant ¢, independent of g, v and H, such that
tes[%}pT} l|lv(t, ')||C§+0(Rn) < C(||g||C§+6(Rn) + t:[l(;g“} | H(t, ')”cg(R"))

(see Theorem 4.3). The above mentioned metric d is considered in [33, p. 11]
and is related to certain distances associated to degenerate operators such as
Hormander’s sum of squares of vector fields (see in particular the metric ps in
[26, p. 112]). Furthermore, d is a special case of the parabolic pseudo-metric
considered in [10] (see also [18]). We refer to Section 2 for a precise definition
of the metric d. Here we give an example of d. Consider the following two-
dimensional operator A:

for (z,y) € R2, which satisfies Hypothesis 1.1 with 5 = 1 and k =
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In this case, the metric d is given by d(z,2') = |z — 2/| + |y — ¢/|'/? for
z= (:E,y),zl = (I‘,,y/) € R

Let us now examine related papers on Schauder estimates. A general
theory of local regularity in Sobolev and Hélder spaces is available for de-
generate operators which are sums of squares of vector fields (see in par-
ticular [12, 30, 16]). Local C%-estimates for operators more general than A,
in which also g;; are variable and time-dependent, can be found in [10] (see
also [18, 25, 27] and the references therein).

Concerning global regularity results for solutions of possibly degenerate
equations like (1.2) and (1.3) in spaces of continuous functions, we men-
tion [21, 19, 20, 27, 31]. In [21] Schauder estimates are established for the
Ornstein—Uhlenbeck operator Ay only assuming (1.4) and (1.5). In [19, 20]
Schauder estimates are proved for Ornstein—Uhlenbeck type operators Ag
when F; = 0 but ¢;; are not constant and can be unbounded; in [19, 20] it is
assumed that & < 1 in hypothesis (1.5). Uniform estimates for solutions to
the Cauchy problem (1.3) involving A with H = 0 are given in [29]; these are
obtained without any restriction on k£ and are preliminary to the Schauder
estimates of the present paper. In [31] Schauder estimates for A are proved
assuming k£ < 1 in (1.5) and imposing an additional hypothesis (which is
not satisfied in (1.6)).

To prove elliptic Schauder estimates, one considers the function

oo
(1.7) u(x) = S e MP,f(x)dt, xeR",

0
where P; is the diffusion Markov semigroup associated to A (i.e., v(t,x) =
(P.f)(x) = P,f(z) provides the classical solution to (1.3) when H = 0
and g = f; see [29]). The function w is the unique bounded distributional
solution to (1.2) (see Theorem 4.1). One proves global regularity properties
for u by means of sharp L°°-estimates on the spatial partial derivatives of
P, f involving the Holder norm of f like

1
102 0, Piflo < ¢ s + 1) 15

(see Theorem 3.3). The behaviour in ¢ of such estimates as ¢ tends to 07"
is crucial. This is the basic idea indicated in [7] in order to study Schauder
estimates for non-degenerate Kolmogorov operators. This method has been
much used in recent papers also in combination with [22] (see [5, Chapter 1],
[3, Chapter 6] and the references therein). In [21] the L>-estimates have been
proved using the explicit formula for the Ornstein—Uhlenbeck semigroup P
associated to Ap. In [19, 20, 31] the uniform estimates are obtained by a
priori estimates of Bernstein type combined with an interpolation result
proved in [20, Lemma 5.1] when k& < 1. Here we get the L*-estimates

0,d> t>07i7j7T:17"')]5
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involving Holder norms by working directly on some probabilistic formulae
for the spatial derivatives of P,f (which replace the explicit formulae used
n [21]). Such formulae have been obtained in [29] using Malliavin calculus
(see also [4, 17, 14]).

We believe that the probabilistic approach used here could be useful
to get sharp L°°-estimates involving Holder norms also in other situations.
Specifically, one could consider a degenerate Kolmogorov operator like A in
which the drift term Az + F' is replaced by a C*°-vector field G : R™ — R"
having additional properties. G should have all derivatives bounded up to
some order k£ € N and furthermore, eq,...,e; and G together with their
commutators of length at most k should span R"™ at each point € R”. In
this case global Schauder estimates are a largely open problem.

From the previous L*°-estimates we derive in a direct and relatively short
way Schauder estimates for u (see Theorem 4.2). This does not require the
interpolation method of [22] which has been used in [21, 5, 20, 3, 31]. Our
direct approach can be applied to prove parabolic Schauder estimates as well
(see Theorem 4.3). In order to study the parabolic Cauchy problem (1.3) one
proceeds initially as in the elliptic case, replacing (1.7) with the variation
of constant formula (see (4.5)). However, the parabolic Schauder estimates
are more involved than the corresponding elliptic ones (see Remark 3.4). In
particular, they require not only the L°°-estimates involving Holder norms
but also the hard estimate ||Pig|l2194 < C||gll2+6,4 for any g €C§+0(R”),
t > 0, where C' is independent of ¢ and g.

After some preliminaries contained in Section 2, in Section 3 we prove
L*-estimates for the spatial derivatives of P;f involving the Holder norm
of f. In Section 4 we show that (1.2) has a unique distributional solution
and prove elliptic Schauder estimates using the results of Section 3. We also
establish existence and uniqueness of space-distributional solutions to the
parabolic Cauchy problem (1.3) and prove the parabolic Schauder estimates.
In the final part of the paper we consider more general operators A with vari-
able coefficients g;;(x). We require that the matrix Q(«) has the form (1.4)
where the p x p matrix Qo(z) is uniformly positive; furthermore, we assume
that the g;; are §-Holder continuous and that the limit lim, .o, Qo(z) = QF
exists. We obtain elliptic and parabolic Schauder estimates for A, using a
well-known method based on the maximum principle, a priori estimates and
the continuity method (cf. [21]). Further extensions of our results are given
in Remark 5.4.

We will use the letter ¢ or C' with subscripts for finite positive constants
whose precise value is unimportant; the constants may change from propo-
sition to proposition.
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2. Preliminaries and notation. We denote by |- | and (-,-) the Eu-
clidean norm and the standard inner product in R™ and by |||/ the operator
norm in the Banach space L(R"™) of real n x n matrices. If X and Y are real
Banach spaces, L(X,Y') denotes the Banach space of all bounded and linear
operators from X into Y endowed with the operator norm.

Let G : R® — R™ be a mapping. We denote by DG(z), D?G(z) and
D3G(x) respectively the first, second and third Fréchet derivative of G at = €
R™ when they exist (if G also depends on t, we write D,G(t,z), D2,G(t,z)
and D3, G(t,x)).

We have DG(x)[u], D*G(x)[u][v] and D3G(x)[u][v][w] € R™ for u,v,w
€ R". If G is bounded, we set ||G|lo = sup,cgrn |G(2)|rm.

Recall that hypothesis (1.5) is known as the Kalman condition in control
theory (see [35]). It is also equivalent to requiring that the symmetric matrix

esA* QeSA ds

(2.1) Q=

O e o+

is positive definite for any ¢ > 0 (here e*4 denotes the exponential matrix
of A, and A* the adjoint matrix of A).

As in [21] we define an orthogonal decomposition of R™ related to the
Kalman condition (1.5). We consider the first p elements {eq,..., ez} of
the canonical basis in R", 1 < p < n, and introduce the subspace V[ =
Span{ey, ..., ez}

Then set V;,, = Im(Q/?) +- - - +Im(A™Q'?) = Span{ey, ... €5, Aer, ...,
Aep, ..., AMeq,...,AMes} for 1 < m < k. One has V,,, C Vj;,41 and Vj, = R™.
Let Wy = Vp, Wi be the orthogonal complement of V4 in Vi, and W,
be the orthogonal complement of V,,_1 in V,, for 1 < m < k. Defining
the orthogonal projections E,, from R™ onto W,,, one has E,,(R") = W,
and

k
(2.2) R" = P En(R).
m=0
We complete {e1,...,es} to an orthonormal reference basis {e;}}_; in R"

related to (2.2). It consists of generators of the subspaces and will be used
throughout the paper (one can assume that {e;} is the canonical basis if
k <1, cf. [20, 31]). In the following, D;, ij, and Df’jr will denote respec-
tively first, second and third partial derivatives with respect to {e;}. Note
that if we write the operator A in the coordinates associated to the new
basis, the second order term Tr(QD?) does not change. Define I, as the set

of indices i such that e; spans E,,(R"™), 0 < m < k. We have
Ip=A{1,...,p}.
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The metric d associated to the operator A is defined using the decomposition
(2.2). One first introduces the quasi-norm || - ||, ||z| := ZZ:O | B/ (2h41)
x € R™. Then we set
k
(2.3) d(x,y) == llz =yl = D |Bu(x — )|V, 2y e R
h=0

Let us introduce function spaces used to establish Schauder estimates.
First we consider Euclidean function spaces and then function spaces related
to the metric d.

We denote by By(R™) the Banach space of all Borel and bounded func-
tions f : R® — R, endowed with the supremum norm | - |lo; Cp(R") is
the closed subspace of By(R™) consisting of all uniformly continuous and
bounded functions.

Cg (R™), j € Z4, j > 1, is the Banach space of all j-times differentiable
functions f : R™ — R, whose partial derivatives, D, f, a € Z'}, are uni-
formly continuous and bounded on R" up to order j. This is a Banach space
endowed with the norm | - ||, [|£]l; = [[fllo + X2 jq1<; | Dafllo. f € CHR™).
We set Cp°(R™) = (54 Cg(R”). Furthermore, C5°(R"™) is the space of all
functions f € C;°(R™) having compact support.

Fix § € (0,1). The space CY(R") stands for the Banach space of all
f-Holder continuous and bounded functions on R™ endowed with the norm

1£lle = I£llo + [fle, f € C§(R™), where
foe wp HEZIW

zZ,WER™, z7#£w |Z - 7.U|9
Furthermore, Cg+€(R”) ={f € CLR"): D%f € CYR"), 4,5 =1,...,n}; it
is a Banach space endowed with the norm || flog = || fll2 + szzl ||Di2ijg,

fe C§+9(R”). In a similar way, one defines the Banach space C’;'H’ (R™).

Next, we define function spaces related to the metric d. Let v € (0, 3) be
non-integer. We define C(R™) as the space of all functions f € C(R™) such
that, for any z € R™ and for any integer m, 0 < m < k, the map

x +— f(z + x) belongs to C’g/(QmH)(Em(R")),

< 00.

with || f(z+)lly/(2m+1) bounded by a constant independent of z (identifying
each subspace E,,(R") with R™™) where n(m) = dim[E,,(R")], the Eu-
clidean function spaces C’g/ (2m+1)(Em(]R")) are well-defined); C)(R") is a
Banach space with the norm

k
-—_ ’y "
v,d ~— Z ZSGUREL Hf(z + ')||Cg/<2m+1)(Em(Rn))7 f S Cd (R )

m=0

I/
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It is easy to see that if v € (0,1) and f € Cy(R"), then f € CJ(R™) if and
only if f is y-Holder continuous with respect to the metric d, i.e.

(2.4) [flya=suwp [f(z) = fy)lllz -y~ < oo
z,yeR™, x7y
Furthermore, an equivalent norm in C(R™), v € (0,1), is | - [lo + [-]y,a- One

can also define spaces C(R") for general o € (0,00) (see [21]).

In [21, Lemma 2.1] it is proved that if f € C3T(R™), 6 € (0, 1), then for
any i,j € Iy, we have both D; f € CZH (R™) and D?jf € CY(R™); furthermore,
there exists a constant C', independent of f, such that
(2.5) 1D:fll1+0,0 + 1 D7 flloa < Cllfllovoas 4,5 € Lo
Let f € CJ(R™), v € (2,3). For any « € R™, we will consider Dg, f(z) € R",
the gradient of f at x € R™ in the directions of Ey(R™), i.e.,

(2.6) Dg,f(z) = (D1f(z),...,Dsf(x),0,...,0)
and, similarly, the n x n Hessian matrix D%O f(z) in the directions of Ey(R"™),
i.e., (D, f(x))ij = D f(x) if i,j € I, and (DF, f(x))ij = 0 otherwise.

We finish the section with an equivalent definition of C(R™) involving
the quasi-norm || - ||. Let f € Cy(R™). We introduce, for any z,v € R,
(2.7) A3 f(x) = f(x) = 3f(x +v) + 3f(z + 2v) — f(z + 3v).

LEMMA 2.1. Let v € (0,3) be non-integer. Let f € Cy(R™). Then f €
CJ(R™) if and only if

[flyas = sup [ASF @) o] 77 < oo
z,wER™, v£0, [[v]|<1

Furthermore, || - |lo + [543 is equivalent to || - || 4.

Proof. We use the following result of Triebel (see [34, Section 2.7.2]). Let
g € Cp(R™). Then g belongs to C}) (R™), v € (0, 3) non-integer, if and only if

(2.8) [9]y.3 = sup o] 77 [A%g(@)] < oo
z€R™, |v|<1,v#£0

Furthermore, in C}/(R™) the norm | - ||, is equivalent to || - [[o + []y,3.
= Let f € C:}(R”) and fix v € R™. We set v = vg + v1, where vg = Egv
and v; = SF_ | Ejv =v — Egu (see (2.2)). We get, for any = € R”,
[A5f(@)| < [f(z) = fla+ o)
+|f(x +v1) = 3f(x+v1+v9) +3f(z+v1+ 2v9) — f(z+ v1 + 3v)]
+ 3| f(z + 2v1 + 2v9) — f(x + v1 + 2v0)|
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+ | f(2 4+ v1 + 3vo) — f(z + 3v1 + 3wg)|

k k
<1l (42 | B[/ @D | Z | B (20) [/ ChHD) 4 |U0|'Y>
h=1 h=1

< Cllf llyallvll™
< Let f € Cy(R™) and take vy, € Ep(R™) with 0 < h < k. By assump-
tion, we know that |A3 f(x)| < [fly.a3 vy |7/ P for any 2 € R™. Tt follows

that f(z +-) € C;/(Qhﬂ)(Eh(R”)) and there exists C' > 0 independent of f
and x such that || f(z + .)\|C;/<2;L+1)(Eh(Rn)) < C(|fllo+ [flr.d3), 0 < h < k.

Thus f € C](R"). =

3. Estimates on the diffusion semigroup associated to A. In this
section we consider the diffusion semigroup P; associated to the operator A
(i.e., v(t,z) = (Pig)(z) = Pig(z) provides the classical solution to (1.3) when
H = 0 and g is smooth enough). We obtain L>°-estimates on the first, second
and third spatial partial derivatives of P, f in terms of the Holder norm of f.
These estimates will lead in the next section to Schauder estimates for (1.2)
and (1.3).

Let (12, (F:)e>0, F,P) be a complete stochastic basis (satisfying the usual
assumptions; see, for instance, [24]). Let W;, ¢ > 0, be a standard n-
dimensional Wiener process defined and adapted on the stochastic basis.
Let X} be the unique (strong) solution to the SDE

t t
31)  Xf=a+|AXTds+|F(X2)ds+QY*W,, t>0,z€eR",
0 0

[P-a.s., where the matrix A is the same asin (1.1) and Q'/2 is the unique nxn
symmetric non-negative definite square root of . The diffusion semigroup
P, associated to A is the family of linear contractions P; : By(R"™) — By(R"),
t > 0, defined by

(3.2) Pg(z) :=El[g(X})], t=>0,g¢€ By(R"), x € R",
where the expectation is taken with respect to P. Introducing the Ornstein—

Uhlenbeck process Z7F which solves (3.1) when F' =0, i.e.,
t
(3.3) Z¥ = e 4+ 70, where Z0 = Se(t_s)AQ1/2 dWs,
0
we have X7 = Z7 + {j e AF(X?) ds.
Let us recall an application of the Girsanov theorem which will be used
in the proof of Theorem 3.3 (see also [29]). Fix ¢t > 0 and x € R", and define



126 E. Priola

Q2= (QEOI/2 8); then consider the stochastic process

S S
34)  LI=W,- V(@ F)(ZF)dr =W, - \G(Z})dr, s€[0,1],

0 0
where we have set G := QV2F. By the Girsanov theorem, the process L¥
is a Wiener process on ({2, (Fs)s<t, Ft, Q), where Q is a probability measure
on ({2, F;) having density @(t, z) with respect to P, i.e.,

Q(A) := E[142(t, )]
for any A € F;, where
t

o(t,2) = exp ([ (G(22),aW,) - S [1G(Z0) ds).
0

1
2

Ot o+

The processes Z* = (Z7) and X* = (X7?), s € [0,¢], satisfy the same equa-
tion (3.1) in (£2,F, Q, (L?)) and (§2, F;, P, (Ws)) respectively. Therefore, by
uniqueness, their laws on C([0,¢]; R") are the same (under the probability
measures Q and P respectively). This implies that

(3.5) Pif(z) = E[f(XP)] = E[f(Z])(t, )], [ € By(R").

The next theorem is proved in [29]. It provides probabilistic formulae
and preliminary uniform estimates for the spatial partial derivatives of P;f
up to the third order (the formula for the first derivatives was obtained
in [14]). The proof uses Malliavin calculus. Related formulae for the spatial
derivatives of degenerate diffusion semigroups are given in [4, 17].

THEOREM 3.1. Under Hypothesis 1.1, the following statements hold:

(i) For any t > 0 and f € By(R™), the function P.f(-) is three times
differentiable on R™ with all derivatives bounded up to the third order.
(ii) There exist random variables J}(t,x), ij (t,z) and Jf’jr(t,m), t>0,
x € R™ i,j,r € {1,...,n}, which belong to L1(2), for any ¢ > 1, and such
that
Di(Pig)(x) = DiPg(x) = Elg(X7)J} (t,2)),
(3.6) D} Pg(a) = Elg(X7) T (t, ),

D}, Prg(x) = Elg(X7) T, (t,2)], g € Cp(R™).

(iii) For anyt >0, ¢ > 1, x € R™, we have the following estimates:
(a) BT} (t,2)|7 < eq(0)|Q; e er];
(3.7) () BT (1, 0)]7 < cg(0)|Q; e el Q) et el

(0) BLI, (1, 0)|7 < cq(0)|Q; PeMes|7]Q; et e, |7|Q, e e,

r
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where cq(t) is a continuous and increasing function on [0,00), and c4(t) =
c(q,t,||DF o, | D*F||o, | D3F||o, §, v1, A, n), where the integer p is introduced
in (1.4).

It is worth noticing that the quantity |Q, 1/ QetAeiP, corresponding to
q = 2, has a well-known control-theoretic interpretation; see, for instance,
[35].

Furthermore, the following estimates are known (see [32] and [21, (3.4)]):

(3.8) 1Q, /%etA e; € Ep(R™),0< h <k, te(01].

< Cc
el < g

where c=c(p, 1,12, A,n) > 0 and the integer k is defined in (1.5). Estimates
(3.8) can also be deduced by purely control-theoretic arguments, using [35,
Proposition 1.1.3] together with [2].

COROLLARY 3.2. There exists ¢ = c(p,vi,ve, A,n,||DF|o, || D?F|lo,
|D3F|lo) > 0 such that the following estimates hold, for any t > 0, g €
By(R™), and indices i € Iy, j € Iy and v € Ipn, where hyh',h" € {0, ... k}:

1
1Dl < ¢ iz +1) oo

1
2
(3.9) 12 Pglly < (W T 1) lgll.

1
D% Pal < o( gz + 1) oo

Proof. Tt is enough to prove the estimates when g € Cp(R™) (see, for
instance, [29, Remark 3.5]). Using Theorem 3.1 and (3.8), we first establish
the estimates assuming in addition that 0 < ¢ < 1. We have, for any z €
R™ ¢t € (0,1),

—1/2 +A C
|DiPig(x)| < llglloBI T (t,2)] < c1|Q; e e llgllo < iz 19llo-
In a similar way, we get the second and third estimates for ¢ < 1.
When t > 1, by the semigroup and contraction properties of P;, we have
|1 Di Pegllo = ||DiP1/2(Pt71/29)HO < CQhH/ZHP(thl)/ngO < 02h+1/2”g”0

for any ¢ € I,. Thus the required estimate of D;P,g is proved for any ¢ > 0.
Similarly, we get the other estimates for any ¢ > 0. =

The main result of the section is the following theorem. Its proof also
allows one to complete the final part of the proof of [21, Theorem 3.4]. We
set a A b= min(a,b).

THEOREM 3.3. Fiz any non-integer vy € (0,3). There exists c=c(vy, p, V1,
V27A7n7 HDFH07 HD2F”07 HD?’FHU) > 0 such that, fO?" any f € Cg(Rn)7 t>0,
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and any indices i € I, j € Iy and v € Iyn, where hyh',h" € {0,..., k},

. 1
0 1080 < o g+ )

1
.o 2
(3.10) (i) 1D Fefllo < c<(t AP/ + 1) 111+,

1
i) 105250 < < ey + 1) Wbt

(V) 1B fllya < ell flly.a-

REMARK 3.4. Estimates (i)—(iv) will be used to get elliptic and parabolic
Schauder estimates for A. However, we stress that to prove elliptic Schauder
estimates we only need a special case of (3.10). More precisely, we need the
following estimates, for any 6 € (0,1), f € CS(R”), t > 0 and any indices
i,j € Iy, r € I, with h € {0, ..., k}:

1
@ 100210 < ¢ rapzmg +1) o

1
- 0) 1937510 < < 73 + 1)l

1
(© 1052 lo < e g7z + 1) Il

() 1P fllo.a < cll fllo,a-
These estimates are simpler to obtain than the general ones in which v €
(0,3). On the other hand, note that the estimates (3.10)(iv) with v € (2, 3)
are a particular case of the parabolic Schauder estimates corresponding to
H = 0in (1.3) (see Theorem 4.3). Estimates (iv) with v € (2,3) will be
deduced from (iii).

In order to prove the main result we need three preliminary lemmas. To
state the first one, we introduce the deterministic process

t
(3.12) Vi =etz+ IRV ) ds, >0,z R,
0
which solves )
Yy =z
LEMMA 3.5. For any q > 0, there exists C = C(q,p,vi,v2,n, A, |DF||o)
> 0 such that

(3.13)  sup E[(d(X?,Y®)9] = sup E|XF — Y79 < Ct??, 0<t<1.
TER? rER"™
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Proof. Note that (3.13) is equivalent to the following assertion: for any
q > 0 and 0 < h <k, there exists C; > 0 such that

(3.14) sup E|Ep(XF — YP)|9 < o902 g<t <1

TzER™
(see (2.3)). Let us prove (3.14). Since there exists ¢ > 0 such that |z| <
Czlfi:o |Epx| for any € R™, we get

t
Bu(XE = Y0)| < | §(Bre AR F(XE) — PO dr| + |En 2|

0
kE t
< c|DFllo 3 VI Ene A Bl | By (X7 — Y dr + | B4 20
=00

[P-a.s. Using the estimate (see [21, Lemma 3.1])
(3.15)  [|Eae ol <5, s€[0,1,0<h <k ' = d'(4) >0,

we arrive at

t
(3.16) |Bn(XF =Y < |ERZP| + C (= )" Bp (XY = Y,1)| dr
0

+C Z g (t — )| Ej(XE — Y| dr

Jj=0,7#h 0
P-a.s. Now we use the fact that |E;(X?—Y")| < [XF-Y,*| forany 0 < j < k.
In order to estimate | X — Y,*|, note that

t

|XP =Y < O\ 1XT - YT | ds + | Z7).

0

An application of the Gronwall lemma gives, P-a.s.,

t t
(3.17) X7 =Y <120+ O 200e 0 ds < |20 + €1 (120 ds
0 0

for 0 <t < 1. Using estimate (3.17) in (3.16) we get

t
[Bu(XF = Y) < B ZD| + O\ (t = )" Ep(X) = Y7)| dr
0

t r
+Ck{(t—r) [|Z£y + 01120 ds] dr
0 0

P-a.s. Let now ¢ € Z; and recall that 0 <¢ < 1. We have
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t
[Bn(XE = Y) 7 < Co(|Bu 207 + § | Bn(X7 = Y5)|"dr

0
t T
+§ e =120 + {120 ds| ar)
0 0

P-a.s. Before applying the expectation in the last formula, we check that
t
q
(3.18) E|EnZP1 = || Ene=4Q12 aW,[" < g pt®+0)/2
0

for0<t<1,g>0,and 0 < h < k, where F}, are the orthogonal projections
introduced in (2.2). Denoting by N (0, Q;) the Gaussian measure on R" with
mean 0 and covariance matrix (); given in (2.1), we have

(319)  EIEZ)* = | [Ewyl'N(0,Q0) dy = | |E4Q}*219N(0, 1) d=
R B
< 1EnQi" 1% | 121780, 1) dz < ctah+0)/2
R"

for t < 1, where [ is the n x n identity matrix. In the last inequality we have
used the fact that HEhQ%mHL < D2 for 0 <t < 1land 0 < h < k,
where ¢ = ¢ (p,n, A, v1,19) (see [21, (3.2)]).

By (3.18), we infer

t
E|Bn(X7 = ¥7)|7 < Cy (EIEAZP1" + [ E|En (X7 — Y1) dr

0
t r
+{(t—r)h [E|Z£|q + |20 ds] dr)
0 0
¢ ¢ rlta/2
< Cy <tq<2h+1>/2 +\E|EL(XE —Y5) | dr + | (t — )™ {rq/z‘ + } dr>.
0 0 1+q/2
Since
t t—s)Ps"d P! et Z 0
f— T = T ) G 9 > Y
[S)( s)Fs" ds (r+p+1)(r+p)...(r+1) p +7
we find

E|EL(X] —Y)|4
t t

< Cjs (tq(2h+1)/2 + SIEIEh(Xf —Y®)|%dr + 28 (t — r)hqrq/Z dr)
0 0
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t
< Cg (tQ(2h+1)/2 + SE‘E}L(X;«B —YF)|%dr + thq+1+q/2>
0
t
< 206 (t‘Z(2h+1)/2 + SE|Eh(Xf . Y;m)|q d?“), < 1.
0

Applying the Gronwall lemma, we get
E|En(XF — YE)|9 < CpaChHD2 0 g <t < 1.
Now if ¢ > 0, we consider an integer m > g. By the Jensen inequality,
(E|EW(XF — Y)|")™ < B|E,(XF — V)™ < Crmehn/2, g <,

This implies that E|E,(XF — Y*)[? < C¥/™49Ch+1/2 The assertion is
proved. =

LEMMA 3.6. There exists 20 € F with P(£2y) = 1 such that for any
w € 2y and t € [0, 1], the mapping x — X[ (w) € R™ is differentiable up to
the third order on R™. Furthermore, for any i,j,r € {0,...,n} and x € R™,
there exist continuous adapted stochastic processes (n;(t,x)), (n:;(t,x)) and
(nijr(t, 7)) with values in R™ and C = C(||DF o, | D*F||o, || D3F||o, || All) >
0 such that

mi(t, ) = DX = lim (xFthe: _ x@yp~1,

ﬁij(t,x) = D?]ch? Th’jr(t; .CC) = D?ergc,

(L, )| + [0i; (¢, )| + |nijr (L, 2)| < C,
P-a.s. for any t € [0,1] and x € R™.

Proof. The proof is straightforward. We include it for the sake of com-
pleteness. For w € {2, P-a.s., introduce the Banach space E = C([0, 1]; R™).
Define the map F : R” x E — E by

t
Fa,u)(t) = u(t) — z — | (Au(r) + F(u(r))) dr — /Q Wi(w)
0

for t € [0,1], v € E, and z € R™. Applying the implicit function theo-
rem, we find that the mapping = — X 8 (w) from R™ into E' is three times
Fréchet differentiable. Denote by n;(t, z), ni;(t, ) and n;;-(t,x) t € [0,1],
respectively the first (directional) derivative at € R™ in the direction
e;, the second derivative at = in the directions e; and e;, and the third
derivative at z in the directions e;, e; and e,, where 4,j5,r = 1,...,n.
Note that n;(¢,x), 7;;(t,«) and n;;-(t, ) solve, P-a.s., the variation equa-
tions
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t

D?F(X3)[ni(s, ))ln; (s, )] + DF(XZ)[nij (s, 2)]) ds,

e (t,x) = | (Anjr (s, 2) + D*F(XT) (s, @)]ng (s, )] e (s, 2)]) ds
0

+ | (D2F(XE) in (5, ) (5, )
0

+ DPF(XI)ni(s, 2)][nje (s, 2)] + DF(XJ) [mija (s, 2)]) ds,

for t € [0,1]. It follows easily that (n;(-,z)), (7:;(-,z)) and (n;;-(-,x)) are
continuous adapted stochastic processes. An application of the Gronwall
lemma gives the final assertion. m

LEMMA 3.7. Let f € CJ(R™), v € (2,3), and i,j,r € {1,...,n}. Con-
sider the following random variables depending ont € (0,1) and x € R™ (see
(2.6) and (3.6)):

Aty x) = (D, f(Y,), Eo(X{ = V"))
+ 5 (D, f(V7) [Eo(XF — Y], Eo(X{ — Y()).
The functions ¢;(x,t) = E[A(t,z)J} (¢, )], ¢ij(x,t) = E[A(L, x)JEj(t,x)],
dijr(z,t) = E[A(t, x)J?}T(t,m)], x € R*" ¢t € (0,1), are continuous and

(2

bounded on R™ x (0,1).

Proof. Let us deal with ¢;. We define the deterministic function K :
R™ x R™ x [0,1] — R by

K(z,2,t) = (Dp, f(Y¢), Bo(z—Y{)) + 5 (D, f(Y7) [Eo(a— Y{)], Eo(x—Y7))
and g; : R" x R" x (0,1] — R by

gi(w, 2,t) = E[K(X}, 2, t)J} (t,2)], x,2€R" te(0,1].
Note that ¢;(z,t) = gi(z,z,t) for x € R™ and ¢ € (0,1). We first prove that
(3.20)  gi(w, 2,t) = Di(BIK (X, 2, 6)])(x) = B[(Do K (XF, 2, 1), m4(1, 2))]

for z,z € R" and t € (0,1) (here D,, = D; denotes the partial deriva-
tive with respect to e; and D, denotes the gradient in the z-variable; n; is
introduced in Lemma 3.6). To this end, observe that

2 3
(821) K (x,2,0)|+|Do K (e, 2,0 +|D2,, K(x,2,0)|+|D%, . K(x,2,1)

TiT; Ty

< 8 flly.a(1 + | Bo(z — Yi)[*)
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fort € [0,1], =,z € R", and 4, j,r € {1,...,n}. Furthermore, an application
of the Gronwall lemma shows that
(3.22) 1 x7| < eUAlLHIPEl) (12 4| F(0)] + [|[//Q] . sup (W)

s<1

for t € [0,1] and z € R", P-a.s. By (3.21) and (3.22), using Lemma 3.6, we
get the existence of the partial derivatives
D (BIK (X, 2, 0))) (@) = (DK (XF 2,0), mi(t, @)

for x,z € R", t € (0,1), and 1 < i < n. To obtain (3.20), we consider test
functions ¢y, € C§°(R™) such that 0 < ¢,,, <1 for m € N, ¢,,,(z) = 1 when
lz| < n, pm(x) =0 when |z| > m+ 1, and [Dpy,(z)| < 1 for x € R™ and
m € N. By Theorem 3.1 and Lemma 3.6, we know that, for z,z € R", t €
(0,1) and m € N,

Dy, (BIE (X, 2, ) om(X)) (@) = E[K (XP, 2, ) i (XF) T (1, )]
= EKD?CK(tha 2, t)v ni(tv l')><pm(Xt$) + K(va Z, t) <D§0m(XZE)a ni(ta $)>]

Passing to the limit as m — oo, we get (3.20) by the dominated convergence
theorem. By (3.20), (3.21) and Lemma 3.6, we have (setting z = x)

‘QSZ(:IZ,t” - ‘gi(xvxﬂt)’ < EHD%K(XE:?‘TJ)‘ ’ni(tax)u
< 8l[7mill < | 11,01 + E[ Eo (X7 — Vi) [P])
for any x € R™ and ¢ € (0,1). Applying Lemma 3.5, we get

sup | @i, t)| < 8cl|nillL | flly.a sup [+t < 16¢|nil|Le<]| f
z€R",te(0,1) te(0,1)

v,d-
To deal with ¢;; and ¢;j, we proceed similarly. For ¢;; we introduce

gij (@, 2,t) = E[K(XF, 2,0)J2(t, )] = DL(E[K(X,, 2,1)])(2)
= EKDgK(thv 2, t)[nj(t’ :E)], Th'(t, l‘)> + <DIK(thv 2, t)a 772']’(75» l’)>]

Since ¢;j(z,t) = gij(z, z,t), we obtain the assertion for ¢;; using (3.21) and
Lemmas 3.6 and 3.5, as before. To deal with ¢;, we introduce g;j,(x, 2,t) =
E[K(XF, 2 t)J3 (t,z)]. Note that

ijr

gijr(x, 2,t) = E[(DIK (XF, 2, 0) [0 (¢, )] (¢, )], i, )
<D2 (Xt 1 %5 t)[njr( )]7772(t $)> + <Dy2cK(X£E7th)[nj(tvx)]amr(ta l‘)>
H{DIK(XF, 2, Ol (8, )], mig (1, ) + (Do K (X, 2,8),mijie (L, ).

Since ¢jjr(x,t) = gijr(x, x,t), we get the assertion for ¢;;, proceeding as for
¢; and ¢;;. The proof is complete. m

Proof of Theorem 3.3. Thanks to Corollary 3.2, it is enough to prove all
the estimates for 0 < t < 1. Indeed, concerning (iv) in (3.10), we have, for
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t>1and f €CJ(R"),

HPtfH%d = Z sup || Ptf)(z+ )”07/(2m+1>( m (R7))

mOZ

<c Z £ 1o + sup I(PeF) (2 + )l op (e, mny) < call fllo-

m=0

We will show the estimates for v € (2,3). Indeed, the cases of v € (0, 1)
and 7y € (1,2) can be handled similarly and are even simpler. Alternatively,
once we have proved the estimates for v € (2,3), the remaining estimates
can be obtained by an interpolation argument. Let us briefly explain this
method, which has also been used in the proof of [21, Theorem 3.4]. We
assume that (i)—(iv) hold for v = 5/2 and show that they also hold for
any fixed v/ € (0,2), 4" # 1. By [21, Theorem 2.2], we know in particular
that

(3.23) (Cy(R™), C3/*(R™)) 21 /5,00 = Cf (R,

To be precise, (3.23) is proved in [21] with C(R™) denoting the Banach space
of all real continuous bounded functions on R™. However, the same proof
works when we consider C,(R™) as the space of all real uniformly continuous
and bounded functions. Concerning estimate (iv) in (3.10), by (3.23) and
[23, Proposition 1.2.6] we get

HPtHL(CW (Rm), C“r (Rm))

< (IIPt||L(cb(IRn),Cb(IR<")))1_2'”5(HPtHL(c§/2(Rn)7cj/2(Rn)))%//5 <C

for t > 0. As for (iii), we fix x € R™ and ¢ € (0, 1], and define the linear
operator Ty : CJ (R") — R by Ty i f := D%TPtf(:v) for any f € CJ (R™).
We have

1-2+' /5( 2v'/5

”TfﬂtH C’Y (R™)R) = (HTJU t”L (Cp(R™), ]R)) HTJU t”L(CS/Q(R”) R))

< o~ B/2HhHI +R) 4 2
for ¢ € (0,1] (uniformly in € R™). In a similar way, one can prove (i) and
(ii) for +'.

Proof of (3.10)(i) for t € (0,1), v € (2,3) and i € I. We start from
(3.6) and write D; P, f(x) = Ay (t,x) + A2(t,x) where

Mi(t,a) = E|{F(X7) — F(BoXY + S EnYE) I ).

h=1
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As(t,z) = E [f (EOXf + zk: Eth>J}(t, 93)] ,
h=1

where (Y;") is defined in (3.12). Let us deal with A; and A separately.
Using (3.7), (3.8) and Lemma 3.5, we have (since 0 < v/(2m + 1) < 1 if
m=1,...,k)

k
A1, 2)] < el flly B[ { D 1Bm(XF = Y/ (1, )
m=1

< || fllyaEIXE = Y2 YAE]T (¢ 2) )2
< 0| flly,at?Pt P = e fly at O

for t € (0,1), uniformly in = € R™. Let us turn to the more difficult term As.
We write Ag(t,x) = A9 (t, z) + Aga(t, x), where

Ao (t, ) = E[ (f(BoX7 + > EnY) - FY7)
m=1

— (Dr, f(Y{), Eo(X{ = Y["))

= JD%, J OB (X7 = V), Bol(XF = Yi) ) Ji (1),
Axa(t,2) = E[((Dp, f (Y"), Bo(XT = Y/))

+ 5{DE, f (YO [EBo(XF — Yi")], Eo(X{ = Y{"))) J (¢, )]
(see (2.6)). Note that, since (Y;*) is deterministic,
E[f(Y?)J; (t,2)] = F(YP)EL] (t.2)] = f(Y{") Di(P1)(z) = 0

for z € R" and ¢ > 0. To estimate Az, note that f(z +-) € C)(Eo(R™)),
v € (2,3), uniformly in z. By the mean value theorem, we have

sup |Az1(t, )| < || flly,a sup B[ Eo(X7 — YV))|J} (¢, 2)]]
TeR™ reR™

< N fllya sup (BIEo(XF = Y*)P])Y2 - sup (BT} (t,2) )/
reR™ TER™
< el fllyat0 =D
(see also (3.14)). Finally, using Lemma 3.7, we infer

sup  |Aga(t,z)| = ¢4 < 0.
z€R",te(0,1)

Proof of (3.10)(ii) and (iii) fort € (0,1) and v € (2,3). These estimates
can be obtained proceeding as in the proof of (3.10)(i). We only prove (ii).
Let ¢ € I, and j € I,. We write

D%]Ptf(x) = /Il(tvx) + A~21<t7x) + /IQQ(t,%’),
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where

=E[{7(xX7) - £(BoX7 + ZEhYt )} )]
(

h=1
Jon(t, @) = B[ (£ (BoX; +ZEhY; ) = £0%)
DR ), Bl )
— (DR FOE(X] = Y7 Bo(XF = Yi7)) 5 ()],
A (t,z) = E[((Dp, f (), Bo(XT — Yi"))
+ 3 (DE L (YO Bo(X] = Y], Bo(X] = Y{")) 5 (1 2)],

for t € (0,1), and x € R™. We have (using (3.7), (3.8), and Lemmas 3.5 and
3.7)

k
sup |41(t)| < el sup B[{ 7 B (XF =Y/ Cr 0 L2 0, 2)|
rER? m=1

< ol fllyat 0T
By the mean value theorem, we find

sup |A21(t,2)] < | flly,a sup E[|Eo(X{ — V7)1 J5(t, 2)]]

zeR?

’
< cl| fly.at 2” 2/2=hK

Using Lemma 3.7, we infer

sup ]/Igg(t,ac)\ = c5 < 0.
z€R",t€(0,1)

Proof of (3.10)(iv) fort € (0,1) and v € (2,3). We have to show that,
for any 0 < h < k, f € CJ(R™), t € (0,1),

(3.24) sup 1Pef (@ + ) oo g, ey < €llf

v.d-
Fix h and f € CJ(R™) and consider

NS (Pif)(z) = Pof(x) = 3P f(x + vp) + 3P.f(x + 2vp) — Pof (@ + 3up)

for z € R™ and vy, € Ep(R") with |vs| < 1 and v, # 0. By (2.8) the assertion
(3.24) is equivalent to the estimate

(3.25) Sup A3, (Pf) (@) < eall f ly.alonHY,
TER™

where ¢; is independent of f, ¢ and vj,. We prove (3.25) considering first the
case of |vp,| < t*PH1)/2 < 1 and then 1 > |vy| > tGPHD/2 (cf. [21, p. 148)).
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(a) Let |vp| <th+1)/2 < 1. Using the mean value theorem and (3.10)(iii),
we get, for any ¢ € (0, 1),
sup |AG, (Pef)(@)] < sup D Pifllolvnl’
zER™ z€R",4,5,rEl)
1 3
< ¢ a2 I lvalvnl

1
<c on] 2 6hi3—y ||f||%d|vh|3 =c|f
vp| AT T 2

o |v/(2h+1)‘

v,d

(b) Let 1 > |vp| > t*M+D/2. We first estimate ||e4vy||. We use the
estimates

cth 0<h<i<k,
ct, 0<i<h<k,

for t € [0,1] (see [21, Lemma 3.1]) where ¢ = ¢(A) > 0. Since t < |v,|?/(2P+D)
<1, we get

(3.26) |Be B, < {

h—1 k
(3.27) letonll = > | Be™ Byop |7 + Y | Eietd By 77
i=0 i=h

h—1 k
1 i—h 1
< E |t’l}h’2i+l +c1 E t2it1 |Uh|2“‘1
=0 i=h

k 7 —
< Clh‘vh‘T{H + 1 Z |/Uh|2%+1+2li+h1 %Jrl

i=h
S Cl(k + 1)|Uh|ﬁ.

To finish the proof we will use the Girsanov theorem (see (3.4)). First note
that

03 (Pf) (@) = E[f(Z])0(t,2) — 3F(Z7 " )B(t.x + 03)
+ 3f(ZFT2MYD(t, 4 20p) — F(ZET3MYD(t, 2 + 3up,))]
= Ai(t,x) + As(t, x),
where
As(t,) = BI(f(ZF) = 3F(Z7) + 3027 7) = f(Z7 )@t ),
A(t,x) = BE[f(Z{ ") (@(t,x) — D(t, 2+ vp))]
+3E[f(Z7 ) ((t, @ + 204) — B(t, 7))]
+E[f(Z;75)(B(t,x) — B(t,x + Bup))].
Let us deal with A;. We find, for any z € R", ¢t € (0, 1), thanks to Lemma 2.1,
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A1 (t )| S E[[ A%, f(e e+ ZD)|@(t,2)] < || flly.alle onll”
< ¢ flly.alon 7+

(in the last inequality we have used (3.27)). It remains to consider Ay. We
have As(t,x) = A21(t,x) + A22(t,x), where

A (t,2) = E[f(Z7)(D(t, 2) — 30(t, x + vp)
+3P(t, x + 2vp) — D(t, x + 3vp))],

Ana(t,w) = BE[(f(Z5) — F(Z0)(@(t,2) — B(t, x + 1))
+3E[(f(Z772") = F(Z7)(@(t,x + 201) — (¢, 2))]
+E[(f(Z77") = F(ZD)(@(t, ) — B(t,z + 3up)].

In order to deal with Asj, note that the map z — &(¢,x) is three times
Fréchet differentiable from R™ to L!(£2). We need to estimate the norm of
the first, second and third Fréchet derivatives of &(t,-) (the derivatives will
be denoted D,®(t,x), D2,®(t,r) and D3, ®(t,z) respectively).
For any z,h € R", we find (setting G = Q~'/2F)
t
Dy®(t, x)[h] = (1, )S<DG(Zx) *Ah, dL%)

t t
(g (DG(Z2)e* h, dW) | (DG(Z7)e*h, G(Z“))ds)
0 0
since LY := Wy — {3 G(ZF)dr for s € [0,¢] (see (3.4)). By the Girsanov
theorem, we have
t
(3:28) EID,@(t2)[H]| = E| [ (DG(XT)e h, aiW,)| < el |nje! /2| DG,
0
< eldleinl | DGlo,  t€[0,1],h € R™.

It follows that | De®(t, )|l L@n pi() < NQy "Il L@ IDF o for ¢ €
[0, 1]. Similarly, for the second Fréchet derivative we have

D2 &(t,z)[h][k] = (t, z) (g (DG(Z%)e*h, dL§>) (g (DG(Z%)e* Ak, dL;”))
0 0

+ &(t, x) (g (D*G(Z%)[e* K][e*Ah), dLT)
0

= [(DG(Z)[e**h], DG(Z2) (k) ds)
0
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for h, k € R™. It follows, by the Girsanov theorem, that

E|D2,®(t, x)[A[k]] < ealh| [K|(| DG|[§ + [ D*Gllo), t € [0,1], hk € R™.
In a similar way, we get
E|D3,,®(t, 2)[h][K][u]| < c|h| K| [ul(|DG|§ + | DGI§ + | D*GI[5 + [|ID*Gllo)

< Cilh| |kl |ul, te€]0,1], h,k,u € R",

where C1 = C1(|AllL, v, 5, IDF o, ||D2Fllo, | D*Fllo) > 0. Using the last
estimate, we find
‘Agl(t,l‘)’ < Hf||0”¢(t7x)_ggp(t>x+vh)+3¢(t7$+2vh)_é(t>$+gvh)||L1(Q)

< fllo sup 1D3,,@(t, )R] [k][u] || 1 (@) lvn]> < Cull fllolonl?
ful |1l [k <1, z€Rn

for z € R™ and ¢ € [0, 1]. It remains to consider Agg. This is the sum of three
terms which can be treated in the same way. Let us estimate the first term
(without the factor 3). By (3.27), we find (recall that v € (2, 3))

E|(f(Z{T") = F(Z0)(@(t, ) — D(t, 2 + vp))]
<[ fllyalle onllBIS(E, ) — B(t, 2 + vp)|
< o fllyalonl D@2, ) = B(t, 2+ on)l| 11 ()
By (3.28), since |v| > t(2h+1)/2]
E|(f(Z{T") = F(Z0)(@(t, ) — D(t, 2z + vp))]
< el 11, alvn Y TV o, [/ DGl < ¢Jon > P

We obtain sup,cgn |A22(t, )| < czlv,|GF2R/ChHD| £, 4 for ¢ € (0,1). The
estimates obtained for A;(¢,z) and Az(t,z) yield (3.25). =

v,d*

4. Elliptic and parabolic Schauder estimates. Here we prove el-
liptic and parabolic Schauder estimates for A using the L°°-estimates of
the previous section. Our method is different from [21, 5, 20, 31] (see The-
orems 4.2 and 4.3). Before proving Schauder estimates, we show existence
and uniqueness of distributional solutions for (1.2) and (1.3).

Let A > 0 and f € Cp(R™) (i.e., f is uniformly continuous and bounded
on R™). We say that a function u € Cp(R") is a distributional solution to
the elliptic equation

(4.1) Au(z) — Au(z) = f(z), x€R",

if Mg, u(@)p(z)de = (g, u(x)A*¢(x)de + (g, f(x)p(x) de for any ¢ €
C§°(R™), where A* is the formal adjoint of A, i.e.,

A*(z) = 1 Te(QD*¢(x)) — (Az + F(x), D(x)) — ¢(x)[div F(z) + Tr(A)].
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Let g € Cy(R™), T'> 0 and H : [0,7] x R” — R be a continuous bounded
function. We say that a continuous bounded function v : [0,7] x R — R
such that v(0,z) = g(x) for x € R" is a space-distributional solution to the
parabolic Cauchy problem

{ dw(t,x) = Av(t,z) + H(t,z), te (0,T], z € R",

(42) v(0,2) = g(x), = €R",

if the following conditions hold:

(i) v(t,-) € Cp(R™) uniformly in ¢t € [0, 7] (i.e., for any € > 0 there exists
6 > 0 such that if y € R" and |y| < 4, we have sup,c(o 77, zern [V(t, 7 +y) —
v(t,z)| < €);

(ii) for any ¢ € C§°(R™), the real function t — g, v(t,z)p(z)dz is
continuously differentiable on [0, 7] and furthermore for ¢ € [0, 17,

(4.3) i( | ot 2)6(2) dx) = | w(t, ) A p(x) do + | H(t,2)(x) de.

dt
R" R™ R®

THEOREM 4.1. Let A > 0 and f € Cy(R™). Then there exists a unique
distributional solution u € Cy(R™) to the equation (4.1). Furthermore, u is
given by

(4.4) u(x) = Ofe_At(Ptf)(x) dt = Osoe_’\tPtf(x) dt, =z eR",
0 0

where Py is the diffusion semigroup introduced in (3.2).

Let g € Co(R™), T > 0 and H : [0,T] x R®" — R be continuous and
bounded. Then there exists a unique space-distributional solution v to the
Cauchy problem (4.2). Furthermore, setting

\Pi_sH(s,z)ds := | P_(H(s,"))(x) ds,
0 0

we have
t

(45)  o(t,z) = Pg(z) + P H(s,x)ds, x€R" te[0,T].
0

Proof. Uniqueness. We first consider the elliptic case. Fix A > 0 and let
u € Cp(R™) be any distributional solution to (4.1) with f = 0.

Take a p € C§°(R™) such that ||pl|pigny = 1,0 < p < 1 and p(z) =
if |z| > 1. Define a sequence of mollifiers (p,,) C C{°(R™) by pm(x) :
m"p(mx) for x € R™ and m € N. Consider the functions u,, € Cy°(R"
obtained by convolution of u with py,, i.e., Uy, = u * py,. Setting B(z) :

Il o

~—
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Az + F(x), x € R™, we use the identity

Alpm(z = )(y) + (B(z) — B(y), Dpm(z — y)) + pm(z — y) div B(y)
= Alpm(- —y)l(z), =x,yeR”,

to get
(4.6) Aug(z) = | uly) Alpm(- - y))(x) dy
R'/L
= | w(®) A" [pm(w = ))(y) dy + Ron1 (x) + Rn 2 ()
R’n
= | Xu@)pm(z — y) dy + Rin1 () + Rina (@),
R’n
where

Rpna(x) = | u(y)div B(y) pm(x —y) dy,
R’Vl

Ria(z) = | u(y)(B(x) — B(y), Dpm(x — y)) dy.
R’VL
Changing variable as in [20, p. 559], we obtain
Ry o(x) =m S u(z — z/m)(B(z) — B(x — z/m), Dp(z)) dz.
Rn
It follows that R,, 2 converges as m — oo, uniformly on R", to the function
x — u(x) Z S Dy Bi(x)zrDip(z) dz = —u(x) div B(x).
i,k=1Rn
On the other hand, it is easy to see that R,, 1 converges as m — oo, uni-

formly on R", to udiv B. It follows that lim;, .c(Rm1 + Rm2) = 0 in
Cy(R™). Hence we have obtained

Jimn (At = Xullo + f[um — ullo) = 0.

By the classical maximum principle (see [3]) we deduce that ||umllo <
(/M) Ay, — Auplo. Letting m — oo, we find that ||ullop = 0, and this
gives the assertion.

We now prove uniqueness in the parabolic case. To this end, we take
H =0 and g =0 in (4.2) and consider any space-distributional solution v.
We introduce as before a sequence of mollifiers (p,,) C C5°(R™) and define

U (t, ) = S v(t,y)pm(x —y)dy, t€]0,T],z€R", meN.
R
It is clear that vy, is continuous and bounded on [0,7] x R™. Furthermore,
it has continuous and bounded spatial partial derivatives of any order on
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[0, T]xR™. Thanks to assumption (i), v, converges to v as m — oo uniformly
on [0,7] x R™.
By (4.3), for t € [0,T] and z € R™, we have
A7) dwm(t,z) = | v(t,y) A [pm(z — )](y) dy
R
= | v(t, ) Alpm(- = ))(z) dy + S (t, ) + Sma(t, 7)
Rn
= Avy,(t, ) + S (t, x) + Sy 2(t, ),

where

Sma(t,x) == | v(t,y) div B(y) pm(z — y) dy,

Rn
Sma(t,x) == | v(t,y)(B(z) — B(y), Dpm(z —y)) dy.
R
Note that limy,—oo SUPse(o 1], zerr [Sm,1 (L, ) + Sm2(t, )| = 0. Further-
more, since v,, is a classical solution to
atvm(t, Jj) = A/Um(t7 35) + Sm71(t7 $) + Sm72(t7 .73), le (07 T]7 r€R",
vm(0,2) =0, ze€R",

by the classical parabolic maximum principle (see [15, Chapter 8]) we have

sup  |vp(t, )| <T  sup  [Sma(t,z) + Sma(t, ).

t€[0,T], z€R™ t€[0,T], z€R™

Letting m — oo we conclude that v = 0 and this proves the assertion.

Ezxistence. We first consider the elliptic case and prove that w given in
(4.4) is the distributional solution. It is clear that u € Cy(R™). In the fol-
lowing computations we will use the fact that the classical partial derivative
Oi(P:f)(x) exists for t > 0 and z € R", and 0y(P.f)(z) = A(P:f)(x) (see
[29, Section 4]).

By Corollary 3.2 we deduce that, for any M > 0, there exists Cpy > 0
such that

(4.8) e JAPf) ()] < Cr () 4 1) fllo, ¢ >0, f € Cy(RM).

For any ¢ € C°(R"), applying the Fubini theorem, we obtain

| u@) A p(z)dz = | eMdt | AP f(2)p(x)dx
R™ 0 R™
= lim {e™Mdt | AP f(2)¢(x)dx
€ Rn
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[e.9]

= lim, | eMdt | 0P f(2)¢(x) do
€ R™
= tim | o) de | NORS ()
Rn €
= Jim ) (= RS @)+ 2 [ RS (@) ) o)
— S (—f(x) + du(z))p(x) d.

Rn
We now deal with the parabolic case and show that v given in (4.5) is
the space-distributional solution. We write v = v{ 4+ vg, where
vi(t, ) = Fg(z),
(4.9) t
U?(tv l‘) = SPtsz(S? l’) dSa U?(Oa ) =0
0
(v1 and vy are associated to (4.5) when H = 0 and g = 0 respectively). First
we deal with v;. In [29, Section 4] it is verified that v; is a continuous and
bounded function on [0, co) x R". Furthermore, denoting by w, the modulus
of continuity of g, we have, for any ¢ € [0,T], z,y € R",
|Pig(x) — Pig(y)] < Elwg(|X7 — XP])] < wy(lz — yle™),
where L = ||Al|z + ||DF||o. This shows that v1(t,-) € Cp(R™) uniformly in
t€10,7T).
Since (in the classical sense) O0y(P,f)(x) = A(P;f)(x) for t > 0 and
x € R", we see that ¢ — (g, v1(t, 2)@(z) dz belongs to C*([0,T]) and satisfies
(4.3) (with H = 0).
Let us deal with ve. By the first estimate in (3.9) we deduce, for any
f:R™ — R continuous and bounded, and any h € {0,...,k},

1-1/(2k+1 1/(2k+1
1Pf @Y aronen g, oy < 11105 >||Pf<w+ O] v

< it~ 2| flo

for t € (0,7] and x € R™, where C is independent of ¢, x and f. It follows
that, for any z,y € R™ and t € [0, 77,

CillHll
ealt, ) — valt, )| < § s ds Z]E Pk
0

< || H|joVT |& ~ Il/%“)

where ||Hllo = supsc(o,1], sern | H (t,7)|. This shows that va(t,-) € Cp(R")
uniformly in ¢. By this property, in order to verify that ve is continuous
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on [0,7] x R™, it is enough to check that for any fixed x € R", va(-, )
is continuous on [0,7]. Since the continuity of va(-,x) at ¢ = 0 is clear,
we consider continuity at a fixed ¢ € (0,7]. We write, for h sufficiently
small,

T
(4.10) va(t + h,x) — va(t, x) = \[Prpn_sH(s,x) — Pr_sH(s, )] ds
0

(we have extended P; to negative values, setting P, = 0 for n < 0). By
the dominated convergence theorem one deduces that limp_.gve(t + h,z) =
vo(t, x). Thus vy is continuous on [0,7] x R™ and v2(0,-) = 0. The bound-
edness of vy is clear.

It remains to verify that v satisfies (4.3). To see this, we fix t € (0,7
and z € R", and consider for h > 0 (see also [28, pp. 58-59])

U2(t + h7 .%') — UQ(t7x)

= Fl(taha l’) +F2(t7hax)>

h
where
1 t+h
I(t,h,z) = 7 S Prin—sH(s,z)ds,
t
C /P P
Ih(t,h,z) = S < t+h_8h ts)H(s,a:) ds
0
We have

—_

0
as h tends to 07, by the dominated convergence theorem. It follows that,
for any ¢ € C3°(R"),

JLim, Rgn I (t, h, x)o(x) de = Rgn H(t,z)¢(z) dx.

Concerning I, we first note that, thanks to (4.8), for any ¢t > s > 0,

S (PHh_SH(s, x)h— PisH(s, ) ) é(z) da

— | AP H(s, ) (2)6(2) da.

R"

lim
h—0+ Re

By the Fubini theorem we get
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t
hli%1+ S Ih(t, h,x)é(z) do :S ds S P,_ H(s,x)A*¢(z) dx
R" 0 R»
t
= S A*p(x) dx S P,_sH(s,x)ds
R" 0
for t € (0,T7. Tt follows easily that the map ¢ — (g, va(t, z)¢(x) dx belongs
to C1([0,T]) and satisfies (4.3) (with g = 0) for t € [0,7]. =

The next theorems provide elliptic and parabolic Schauder estimates.

THEOREM 4.2. Let 6 € (0,1) and A > 0. For any f € C§(R™) there exists
a unique distributional solution to the elliptic equation (4.1). Furthermore,
u € CSW(R”) and there exists ¢ = c(\,0,v1,v0, A, p,n, ||DF|o, || D?>F||o,
|D3F||o) such that

(4.11) [ulloto,a < cl[fllo.a-

Proof. Uniqueness follows from Theorem 4.1. To prove the assertion we
need to investigate the regularity properties of the function u € Cy(R™)
given in (4.4).

We first prove that u(z +-) € C’g+9(E0(]R”)) for any z € R", and

(4.12) zseu]lgl [lu(z + '>HC§+9(EO(R7L)) < CHfHG,d-

It is clear by the estimates (3.11) that the partial derivatives D;u and Dizju
exist on R" for any i,j € Iy = {1,...,p}. Furthermore, D;u and iju are
continuous and bounded on R™ and ||D;ullp + HD%UHO < | fllo,a-

We now prove that iju € CY(R™) when i, j € Iy. This will imply (4.12).
To this end, we fix any v, € Ep(R") for 0 < h < k with |v| < 1, and
write

(4.13) ]iju(x +up) — iju(x)\ < wup(x) 4 ua(z),
where
|Uh‘2/<2h+1)
uy(z) = S e_M|Di2thf(fE +op) — D?thf(fﬂ dt,
0
up(x) = | e MDLPf(x+vn) — DEPf(x)|dt,
up |2/ (2h+1)

for x € R™. In order to estimate u; we use (3.11)(b). We find

|,Uh|2/(2h+1)

sup ui(z) < dllflloa | PNt < C|lfllgalvonl® M.
reR" 0
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For uy we use estimate (3.11)(c). This gives, for any x € R™,

D3 Pf (x +vn) — Di Pef ()] < IthSélp 1DZ; P llo

1
< lllloa( gy +1) o

for t > 0. We get

vy |2/(2R+1)
¢ (Jonl/A + on /D) £llg.a < Callfllo.alon Y.
It follows that sup, cgo [Dfu(z + un) = Dfu(w)] < ClLfodlenl?/ ) and
so (4.12) is proved.

We verify that u(z +-) € C,SQW)/(zhH)(Eh(R”)) for any 1 < h < k, and
furthermore

sup ug(x) <
z€R

(414) s [z + )l gz g, gy < Ol o

We fix v, € ER(R™) for 1 < h < k, with |v,| < 1, and compute

o0

(4.15) |u(z+vp) —u(x)| < S e M| P, f(z4vp) — Pof ()| dt = up () +ua(x),
0
where
‘th/(Qh'H)
uy(z) = S e M| Puf(x +vp) — Pof(x)| dt,
0
us(@)= | e M|Pif(z+on) - Pof(x)|dt,
\th/(””Ll)

for z € R™. In order to estimate u; we use (3.11)(d). We find

|up |2/ (2h+1)
sup 1 (2) < el Fllalon”/CHD | en),
z€R 0
For us we use (3.11)(a) to get (recall that h > 1)
o
sup up(z) < el fllpalonl | M@V 4 1) at
z€R up |2/ (2h+1)

< C1||f llg.alvn| O/ @Rt

and (4.14) follows. The proof is complete. =
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THEOREM 4.3. Let 6 € (0,1), T > 0, g € C3(R™) and let H : [0,T] x
R" — R be a continuous function such that supcio || H(t,-)|6,a < oc.
Then the Cauchy problem (4.2) has a unique space-distributional solution
v such that v(t, ) € C2+9(]R”) for all t € [0,T]. Furthermore, Dyv and
ijv are continuous on [0,T] x R™ for i,j € Iy, and there exists ¢ =

c(T,0,v1,v0, A, p,n, || DF||o, || D*F||o|| D*F||o) such that
(116) sup [[o(t, Vasa < c(lgllzsoa+ sup | H(t,loa)
te[0,T] t€[0,7]

Proof. Uniqueness follows from Theorem 4.1. To prove the result, we
need to investigate the space-regularity of the function v given in (4.5); we
write v = v1 + va as in (4.9).

For v; = P,g the estimate (3.10)(iv) with v = 2 + # gives immediately
(4.16) with v replaced by v; and H = 0. In order to deal with

vo(t, ) = \E[H (s, X7 )] ds = \E[H(t — s, X?)]ds, te[0,T], z€R",
0 0

we proceed as in the proof of Theorem 4.2. Set

|H|l1ro = sup [H(t,")|g,a-
t€[0,T]

We first prove that ve(t,z 4 -) € CZ?JFQ(EO(R”)) for t € [0,T] and z € R™,
and that
(4.17) sup |v2(t, 2 + ')Hcf*e(Eo(R")) < CHHHT,G'
t€[0,T7], zeR™

It is clear from (3.11) that the spatial partial derivatives D;v and D? V2 exist
on [0,7] x R™ for any 4,j € Iy. Furthermore, D;vs(t,-) and D? 1}2( -) are
continuous and bounded on R, and || Djva(t, -)[|o + || D;va(t ,-)||0 < c|[H| 10
for any ¢ € [0, 7.

To prove (4.17), we fix v, € Ep(R") for 0 < h < k, with |vy| < 1, and
compute as in (4.13), for any x € R",

\D t,x 4 vy) — D? Sv2(t, )]

2(t,
t
<\|ID}P.H(t — 5,2+ vy) — D;P.H(t — 5,2)| ds
0

t/\|Uh|2/(2h+1) ;
<clHlrg | P ds el Hllrglonl § $PTs
0 tA|vp |2/ (2h+1)

< /|| H|lzplon|” "+,



148 E. Priola

proving (4.17). In order to verify that ve(t,z + ) € CZEHQ)/(%H)(E;L(R”))
for any 1 < h <k and ¢t € [0,7], and

ZeRS};E{gﬂ [va(t, 2 + ‘)||Cl§2+6)/(2h+1)(Eh(Rn)) < C[|H|l7,,
we proceed as in (4.15).

To prove the continuity of D;v and ijv on [0, 7] x R™ for 7,5 € Iy, it
is enough to show that, for any fixed x € R", D;v(-,z) and D?jv(‘,x) are
continuous on [0,7]. To see this, we write + = z¢ + x1, where g = Epz
and z1 = x — Epz, and consider the closed Euclidean ball K in Ey(R™) cen-
tered at z¢ with radius 1. We already know that ||v(t, 21 + )|/ c2te(x) < Cr
for any ¢t € [0,7]. Using the continuity of v on [0,7] x R™ and a stan-
dard compactness argument we obtain the assertion. Note that in partic-
ular lim; o+ D;jv(t,x) = D;g(z) and lim;_, o+ D?jv(t,x) = D?jg(:v) for all
z€eR" n

5. Schauder estimates with variable (¢;;). Here we study a gener-
alization of the operator A. Namely, we deal with the operator A in which
the diffusion matrix ) depends continuously on z, i.e.,

(5.1) flu(m) = %Tr(Q(m)D%(:L‘)) + (Az, Du(x)) + (F(z), Du(z))
for z € R™. Thanks to the results of Section 4, we will obtain elliptic and
parabolic Schauder estimates for the operator A, using a standard approach.

This is based on the maximum principle, a priori estimates and the conti-
nuity method (cf. [21, Section 6]).

HyPOTHESIS 5.1. (i) There exist ¥ > 0 and an integer p, 1 < p < n,
such that the symmetric matrix Q(z) = (¢;;(2))7;-; has the form

(5.2) Qz) = (QOO(&“) 8) , x€eR"

where Qo(z) is a uniformly positive definite p x p matrix such that

p P p
1 _
(5.3) uzf? < Z 6ij ()€€ < — Zﬁ?, £ = (&) €RP z € R™
=1 i,0=1 =1

(ii) The vector field F' : R" — R™ satisfies (ii) and (iii) of Hypothesis
1.1.

(iii) Assumption (iv) of Hypothesis 1.1 holds.

(iv) There exists 6 € (0,1) such that ¢;; € CJ(R") for i,5 € {1,...,p},
and furthermore, the following limit exists:
(5.4) lim Qo(z) = Q5 in L(RP).

|z|—o0
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Let us comment on these assumptions. Note that, for every zg € R”, the
operator with frozen second order coefficients

(5.5) A(zo) = L Tr(Q(w0) D* ) + (F(2) + Ax, D)

satisfies Hypothesis 1.1, and therefore the conclusions of Theorems 4.2 and
4.3 hold for A(zg). The same happens for the operator A> defined as in (5.5)
but with Q(x) replaced by Q> (Q*° is the n x n matrix having QF° in the
first p x p block, and zero entries in the other blocks; clearly its coefficients
qs; satisfy (5.3)).

To prove the next theorems it is crucial to note that the constants in the
elliptic and parabolic Schauder estimates involving A(z() do not depend on
xg € R™.

THEOREM 5.2. Consider the operator A as in (5.1) under Hypothesis
5.1. Then, for every A > 0 and f € Cg(]R”), the elliptic problem

(5.6) Mu— Au = f

has a unique solution u € C2T%(R™) (the first order term (Ax, Du(x)) in
(5.1) is understood in the distributional sense). Furthermore, there exists
¢ > 0, independent of f and u, such that the Schauder estimates (4.11) hold
for (5.6).

Proof. We will only sketch the proof, which is not difficult. One needs
first a mazimum principle for (5.6). We explain how this can be obtained
arguing as in the proof of Theorem 4.1. We write A = A; + Ay, where

(5.7) Ay =32Te(Q(z)D*) and Ay = (F(z)+ Az, D).

Take any u € CCQIJFG(R") which solves (5.6). Consider a sequence (p,) of
mollifiers and set wu,, = u * p,,; we get, similarly to (4.6),

Aum () = | Avu(e = y)pm(y) dy + | w(@)A3[om(z = ))(y) dy
R~ Rn

+ Rmyl(x) + Rm,g (33)

for z € R™ and m € N, where A3 is the formal adjoint of A. One finds
that Au,, converges in Cy(R™) to Au as m — co. By the classical maximum
principle (see [3]) we deduce that [[u,llo < (1/A)]|[Mum — Aum|lo. Letting
m — oo, we find |julo < (1/A)||[Au — Aulo.

A priori estimates for (5.6) can be proved exactly as in the proof of [21,
Theorem 8.1]. One assumes that u € C§+9(]R”) is a solution to (5.6) and
then by using a localization argument and the maximum principle one finds
that there exists C' > 0 (independent of f and u) such that

[ull2+0.a < Cll fllo.a-
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The continuity method allows one to conclude the proof. For any € € [0, 1]
one considers the problem

(5.8) M~ (1 — €)A®u — eAu = f,

where (1—¢)A®u(z) +edu(z) = 3 Tr([(1-€)Q™ +eQ(x)| D?u(x)) + (F(x) +
Az, Du(zx)). Using the previous a priori estimates, it is straightforward to
verify that the set of all ¢’s such that (5.8) is uniquely solvable in C2+?(R™)
is non-empty, closed and open in [0, 1]. Taking ¢ = 1 in (5.8) one finishes
the proof. m

In order to state and prove Schauder estimates for the parabolic Cauchy
problem involving A, we define the space C}.,, v € (0,3) non-integer. It
consists of all continuous functions v : [0,7] x R™ — R such that v(¢,-) €
CJ(R™) for all t € 0,77, angl furthermore sup;e(o 7y [|0(t, -)llcy(rny < 00. It is
a Banach space endowed with the norm

[0llyr.a = sup [Jot,)lleymn)y, v € Cla-

t€[0,T)
A function v € C%tf, 0 € (0,1), solves the Cauchy problem (4.2) involving A
if v(0,z) = g(x) for all x € R", and, for any ¢ € C5°(R"), the real function
t — (o v(t,x)¢(x)dz is continuously differentiable on [0,7] and satisfies,
for any t € [0, 7] (see (5.7)),

d
(5.9) ﬁ( | ot 2)6(x) da:) = | At 2)(x) do + | o(t,2)A56(x) da
3 R™ 3
+ | Ht,2)¢(x) da.
RTL
THEOREM 5.3. Consider the operator A in (5.1) under Hypothesis 5.1.
LetT >0, g€ C§+0(Rn) and H € C%d. Then there exists a unique solution
v E C?ﬁde to the Cauchy problem (4.2) involving A. Furthermore, the partial

derivatives D;v and D?-v are continuous on [0,T] x R™ for i,j € Iy, and
there exists ¢ > 0, independent of g, H and v, such that

(5.10) [oll210,m.a < c(llgll2+0.0 + [ Hllo,7.0)-

Proof. The proof is similar to the one of Theorem 5.2. Let v € C%";lg be
a solution. One first proves the following maximum principle:
sup  |v(t,z)| <T  sup  [H(t,z)[ + [lgllo,
te[0,T), xeR™ te[0,T], zeR™
arguing as in (4.7) (using the fact that A = A; + Ay as in the proof of
Theorem 5.2).

Concerning the localization procedure which gives the required a priori
estimates, we only note that, for any n € C§°(R"), according to (5.9), the
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function vn solves

Bi(vn)(t, 2) = A(no)(t,x) — v(t, ). An(z)
—(Q(z)Dn(x), Du(t, x)) + H(t,z)n(z), te(0,T],
(mv)(0,2) = n(x)g(x), xR
Finally, the continuity method of Theorem 5.2 works also in this case, upon
replacing the space C§+9 (R™) with C%Jff, and gives the assertion. =

REMARK 5.4. One can weaken the assumption (i) in Hypothesis 5.1
about F' in order to prove elliptic and parabolic Schauder estimates for A.
Indeed, we can consider F': R® — R" such that F(z) = (Fi(z),..., Fs(z),
0,...,0) for z € R", and furthermore, there exist 8 € (0,1) and M > 0 such
that, for any z,y € R"™, if |y| < 1 then

(5.11) |F(z) = F(z +y)| < M|ly|°.

We briefly explain how to prove elliptic Schauder estimates for A when
F satisfies these assumptions (parabolic estimates are obtained similarly).
First we deal with the maximum principle. Let u € C2+9(Rn) be a solu-
tion. We consider u,, = u * p;,, where (p;,) are mollifiers. Under the new
assumptions on F one can only show that Au,, converges to Au uniformly
on compact sets of R (cf. the proof of Theorem 5.2). This allows us to
prove that if z is a local maximum for u then Au(zg) < 0 (see the proof of
[23, Proposition 3.1.10]). Thus the maximum principle holds for A. Then,
in order to get Schauder estimates, one writes

Mu(@) = 5 Tr(Q(z) D*u(x)) — (Az + (F + p)(x), Du(x))

= [+ (F(z) = (Fx p)(x), Du(z)),
where p € Cg°(R"), [|pllz1@mny =1, 0 < p <1 and p(z) = p(—z) for z € R",
and p(x) = 0 if |z| > 1. Using the formula D;(F « p)(z) = {g.(F(z —y) —
F(z))D;p(y) dy and similar formulae for higher partial derivatives, we see
that F'x p satisfies (iii) of Hypothesis 1.1. Furthermore, by (5.11) one checks
that F'—(F'xp) belongs to Cg (R™). Finally, easy computations yield Schauder
estimates for A.
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