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Multi-dimensional Fejér summability and
local Hardy spaces

by

FERENC WEISz (Budapest)

Abstract. It is proved that the multi-dimensional maximal Fejér operator defined in
a cone is bounded from the amalgam Hardy space W (hp, lo) to W (Lp, £ ). This implies
the almost everywhere convergence of the Fejér means in a cone for all f € W (L1, /o),
which is larger than L;(R?).

1. Introduction. It is known that the Fejér means opf of a function
f € Li(R) converge a.e. to f as T — oo. Moreover, the maximal operator
of the Fejér means o, := supp.q|or| is of weak type (1,1), i.e.

it;gpk(o*f >p) <Cllflh (f € Li(R))
(see Zygmund [17, Vol. I. p. 154]). Méricz [9, 10] also verified that o, is
bounded from H,(R) to L,(R) for p = 1. The author extended those results
toall 1/2 < p <1in [14].

For multi-dimensional trigonometric-Fourier series Marcinkiewicz and
Zygmund [8] proved that the Fejér means o, f of a function f € L;i(T9)
converge a.e. to f as n — oo provided that n is in a positive cone, i.e., 277 <
ng/n; <27 forall k,j =1,...,d and some 7 > 0 (n = (n1,...,nq) € N9).
The analogous convergence also holds for the Fejér means of Fourier trans-
forms, i.e. orf — fae asT — oo and 277 < T, /T; <27 (k,j=1,...,d)
for all f € Li(R?) (see Weisz [15]). Moreover, the (restricted) maximal op-
erator o, defined in a cone is bounded from H,(R%) to L,(R?) whenever
d/(d+1) <p < 0.

In this paper we will prove sharper inequalities and convergence re-
sults. Goldberg [4] has introduced and investigated the so-called local Hardy
spaces h,(RY). We will show that o, is bounded from h,(R%) to L,(R?)
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(d/(d+1) < p < 00). This extends the results just mentioned, because the
norm of h,(R?) is smaller than the one of H,(R?).

Starting with the local Hardy spaces we introduce new Wiener amal-
gam spaces W (hy, £oo ) (R?). Our main result is that o, is bounded from the
amalgam space W (hy, £o0)(RY) to W (Ly, loo)(R?) (d/(d+1) < p < 00) and
from W (L1, {x)(R?) to the weak space W (L1 o0, oo ) (RY). By a density ar-
gument we show that the Fejér means op f converge a.e. to f as T — oo and
277 < Ty/T; <27 (k,j=1,...,d), provided that f € W (L, £s)(R?). This
is a significant generalization of the result for integrable functions, because
W (L1, ls0)(R?) is a much larger space than Li(R%).

2. Local Hardy spaces and Wiener amalgams. Let us fix d > 1,
d € N. Let X\ be the Lebesgue measure. We use the notation |I| for the
Lebesgue measure of the set I. For = (x1,...,2q),u = (u1,...,uq) € R?
we set u -z = ZZZI upry. We write briefly L,(R?) for the real L,(R% \)
space with the norm (or quasinorm)

» 1/p
1Al =(§1rax) ™ (0 <p <o),
R4
The weak L, space, Ly oo(R?) (0 < p < 00), consists of all measurable
functions f for which

1f Ly = sup PA(f] > p) /P < o0,
p>0

Note that Ly o(R?) is a quasi-normed space (see Bergh and Léfstrém
[1, p. 8]). It is easy to see that for each 0 < p < oo,

Lp(R) C Lpo(R) and |- |z, o < lp:
The space of continuous functions with the supremum norm is denoted by
C(R), and C.(R) denotes the subspace of continuous functions having com-
pact support.
For a measurable function ¢ on R? let
di(x) ==t %p(x/t) (z € R t>0).
Given a Schwartz function ¢ € S(RY) with fga ®dX\ # 0 and supp¢ C

[0,1/2]¢, the local Hardy space h,(R?) (0 < p < oo) consists of all tempered
distributions f for which

£ 115, ey = |l Sup |f* &l |l 1, mey < 00

Replacing the L,(R?) norm by the L, »(R?) norm, we get the weak local
Hardy space hpoo(R?) (0 < p < o0). Taking the supremum over all 0 <
t < 0o we obtain the definition of the classical Hardy space H,(R?). Other
non-zero Schwartz functions ¢ define the same spaces and equivalent norms.
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Usually the classical Hardy spaces are investigated. The local Hardy spaces
were introduced in Goldberg [4]. Using these spaces we will get convergence
of Fejér sums for functions from W (Li,fs)(R?), which is a much larger
space than L1 (R9).

It is known that the Hardy spaces h,(R?) and H,(R?) are equivalent
to the L,(R?) space when 1 < p < oo, and Hi(R?) C hi(RY) C Li(RY).
Moreover,

(1) £l e < Wl < CUFIL - (f € Li(RY))
(see e.g. Stein [12, p. 91], Weisz [16, p. 68] and Goldberg [4]).
The atomic decomposition is a useful characterization of Hardy spaces.
A bounded function a is an hy,(R?)-atom if there exists a cube I C R? such
that
(i) supp a C I,
(it) flalloo < 1117177,
(iii) if [I| <1 then {, a(z)z* dA(z) = 0 for all multi-indices k = (k1, ..., kq)
with |k] < M, where M > [d(1/p — 1)] and [z] denotes the integer
part of x € R.
We will say that a is a type 1 atom if |I| < 1 and a type 2 atom if |I| > 1. If
we require the moment condition in (iii) for all |I| > 1 then we obtain the
definition of H,(R?)-atom (see Lu [7, Chapter 1], Stein [12, Chapter 3] and
Goldberg [4]).

THEOREM 1. A tempered distribution f is in hy(R?) (0 < p < 1) if and
only if there exist a sequence (ay,k € N) of hy(R%)-atoms and a sequence
(ux, k € N) of real numbers such that

o o0
(2) Z |pug|P < oo and Z,ukak = f in the sense of distributions.
k=0 k=0

Moreover,
. > 1/p
11, ~ inf (D el?)
k=0

where the infimum is taken over all decompositions of f of the form (2).

Given a (quasi-)Banach space X on R?, a measurable function f belongs
to the Wiener amalgam space W (X, 4,)(R?) (0 < ¢ < o0) if

1/q
I lwece = (3 Ilkrenll) " < oo

kezd
with the obvious modification for ¢ = oo, where k+1:= (k1 +1,...,kg+1).
W (X, co)(R?) is defined analogously, where ¢y denotes the set of sequences
with limit 0. In this paper we will use the Wiener amalgam spaces for X =
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Lp(RY), Ly oo (R), hy(R?), by oo (R). The closed subspace of W (L, £4)(R9)
containing continuous functions is denoted by W (C,£,)(RY) (1 < ¢ < 00).
The space W (C, £1)(R%) is called the Wiener algebra. It is used quite often
in Gabor analysis, because it provides a convenient and general class of
windows (see e.g. Grochenig and Heil [5]). As can be seen in Feichtinger and
Weisz [2, 3], it also plays an important role in summability theory. It is easy
to see that

W (Loo, £1)(R?) C Lp(R?) C W(L1, £oo)(RY) (1 < p < o0)
and W (L,, £,)(R?) = L,(RY).

3. Fejér means of Fourier transforms. The Fourier transform of
feLi(RYis
fa):= | fe?™dt (xR,
R4
where 1 = /—1. If f € L,(R?) for some 1 < p < 2 then the Fourier inversion
formula

@) = | fer™ v du  (z e RY
Rd
holds if f € Li(R%). This motivates the definition of the Dirichlet integral
sef:

t1 tq
sf(@):= | ... | fwe™  du  (t=(t1,...,ta) €RY).
—t1 —tq

The Fejér means are defined by

;T .
orf(z) = 0,7 (g) (g) sef(x)dt (T =(Ty,...,Ty) € RL).
It is easy to see that
(3) orf(@) = | f(&)(Kr (21 = t1) x - x K, (w4 — ta)) dt
Rd
where

sin(mSu

1\ 2
(4)  Kg(u) := Ssinc?(Su) := S( ) (S>0,ueR, u#0)

wSu

is the Fejér kernel. Remark that

(5) S Kg(u)du = Ssian(u) du=1 (8>0)
R R

(see Zygmund [17, Vol. II, pp. 250-251]).
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The definition of the Fejér means can be extended easily from L,(R%)
(1 <p < 2) functions to all f € W(L1,lx)(R) by (3), i.e.
orf:=f*(Kr x-x Kr,) (T €R%).

For a fixed 7 > 0 the (restricted) maximal operator is defined by

ouf = sup lor f|.
27T < /T;<27
kj=1,...d

Equality (3) implies
(6) lox flloo < Isine?[{]l flloc = Ifloc  (f € Loo(R)).

In this paper the constants C' and C}, may vary from line to line, and
the constants C), depend only on p.

4. Fejér summability and local Hardy spaces. In this section we
generalize the results of Weisz [15] from H,(R?) spaces to h,(R?) and to the
Wiener amalgam Hardy spaces.

THEOREM 2. Ford/(d+1) < p < oo,
lowfllp < Coll flln, — (f € hp(RY))

and

losfllz, o < CllflL (f € L1(R).

Proof. For simplicity we prove the result for d = 2 only. For d > 2
the verification is very similar. Assume that 2/3 < p < 1 and a is an
arbitrary hy,(R)-atom with support I, where I is a cube I = I; x Iy and
27K-1 < || = |Ia] < 27K for some K € Z. Let 4I; denote the interval
with the same center as I; and with length 4|I1|, and 41 := 41; x 415. We
may suppose that the center of I is zero. If a is a type 1 atom, i.e. K > 0,
then

(7) loxally < Gy,
as proved in [15].

Now suppose that a is a type 2 atom with K < 0. By (5),

S lowa(z)|P dx < S sup ‘ S a(t)Kr, (x1 — t1)Kp, (22 — ta) dt " dz
a7 4IT17T221 R2
Next we integrate over (R \ 417) x 4I5. We can see from (4) that

(8) |Ks(u)| <CS, |Ks(u) (ue R\ {0},5 e Ry).

< -
<SP
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Equality (3) implies that
C

—— dt;.
Ti(z1 — t1)? !

lora(x)| < Cp22K/P |
I

We may suppose that z; > 0 (i = 1,2). If z; € 1275, (i +1)27K) (i > 1)
then

1
. < 2K/p
a0l < GF | Gy

1

and so
0o (i4+1)27K o
S S lowa(z)|P dx < Z S S lova(z)|P de < Cp Z 2KPi=2p,
R\4I; 412 i=1 2-K 4l i=1

which is bounded, because K < 0. The integral over 4I; x (R \ 4I3) can be
estimated in the same way.

Similarly, if 1 € [(1275, (i1 + 1)275) and 2o € [i227K, (iy + 1)27K)
(il,ig > 1) then

rpal) < G2 | g Coadn | e sy
I Iz
and
loea(z)| < C,2K@/P2)72=2,
Thus

0o oo (1+1)27K (ip+1)2—K

I ) loa@pdae<d S | loa@)Pda

R\4Il R\4IQ i1=112=1 ’i127K 7;227}(
o o
—2p .—2
<C, g g 22Kp11 p22 ngp,
11=1142=1

which shows (7) for type 2 atoms as well as the theorem. =

Recall that Theorem 2 was known for H,(R%) spaces (see Weisz [15]).
The result for h,(R?) is stronger, because || - |5, < || - ||u,. Next we show
the boundedness of o, on Wiener amalgam Hardy spaces.

THEOREM 3. If d/(d+ 1) < p < oo then
(9) loaf 1w (Lyeso) < Coll Flwinpess) (€ Whp, Loo)(RT))

and

(10) o f Wy m i) < Coll Fllw(zremy  (f € W(L1, loo)(RY).
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Proof. We are going to prove the result again for d = 2 only. The proof is
similar for higher dimensions. Let 2/3 < p < 1 and f|}; j41) = o0 G
be an atomic decomposition of f|f; ;1) € hp(R?) such that

o

Z |Nj,l‘p < Cpr’[jij)”Zp < Cp||f”€y(hp7goo)‘

=0
Since supp¢ C [0,1/2]?, it follows that supp Flj+0 * & C 4,5 + 3/2),
where j € Z?, 0 < t < 1. So we may suppose that suppaj; C [4,7 + 3/2).
Thus

(11) | Jof@Pde <> | low(flyjen) (@) da
[k,k+1) J€22 [k,k+1)
< D il | owag(@) P da
jez2 1=0 [k,k+1)

for each fixed k € Z2. Denote one of the atoms a;; by a and suppose that it
is supported in a cube I = I x Iy with 2751 < |I;| = |I5| < 27X for some
K €Z. Then I C [j,5+3/2).

Throughout this proof we may assume that j; > k; for i = 1,2. In (11)
we have to integrate over

k,k+1)=(k,k+ 1) N4 U([k,k+1)N(R\ 4l1) x 415)
U ([k,k+1)N4l x (R\ 413))
U([k,k+1)N(R\411) x (R\ 413)).
We do this in four steps.

STEP 1: Integrating over [k,k + 1) N4I. It is easy to see that this set is
empty if j1 > ki +4or jo>ke+4. Fork; <j, <k;+3 (Z = 1,2) we have,
by (5),

S lowa(x)|P dx
[k,k+1)N4l

P
< sup ‘ S a(t)Kr,(x1 — t1) K1, (x2 — t2) dt‘ dr < 024K 972K
4[T17T221 R2

and so
k1+3 k2+3 oo

S il | lowau@Pde < Cp Y YT il

jez2 1=0 [k, k+1)N4l j1=k1 jo=ks 1=0

< Coll e
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STEP 2: Integrating over [k,k+ 1) N (R\ 41;) x 4I5. This set is empty if
jo > ko 4+ 4. If a is a type 1 atom then
S lowa(z)P dx < S lowa(z) P de < C)
[k, k+1)N(R\4I1 ) x 415 (R\4I1)x4l5

by (7). If a is a type 2 atom and j; = k1, k1 + 1, then the left hand side is 0,
because |1 > 1 and so [k, k+ 1) N (R\ 4I1) x 415 is empty. Thus

ki1+1
>N Z g l? | |ovaji(x) P dx
Ji1=k1 j2€Z 1=0 [k,k+1)N(R\411) x 412

ki+1 ko+3 oo

<G > D D> P <6, [FA[aE

j1=ki1 ja=k2 =0

Assume that j; > k1 + 2. If a is a type 1 atom then let

A (x1,t) == Sl alty, ty)dty, Ay, x) := §2 A (1, ) dto

(x € R?). Observe that
(12) [A1]loo < Cp27 KU Al < G2 KE2/P),
Integrating by parts in ¢; we can see that
(13) ora(z) = | | a(t) K (z1 — t1)Kr, (w2 — to) dt

I I

= | Ai(1, 1) Ky (1 — v1) Ky (w2 — 1) dit
I
+ |V Al KT, (21 — 1) Ky (w0 — 1) dt
I I

=: Bir(v) + Ba (),
where I; = [u;,v;] (i = 1,2). Using (8) we conclude that
C
Ti(z1 — v1)?

because x1 € (k1,k1 + 1) and vy € I1 C [j1,j1 + 3/2). It is easy to see that

|Byr(z)| < Cp2~KO=2/P) T2~ K < 027 KC=2/P)(j; — k)72,

(14) [Ks(u)] < CS%, |Kg(u)| < |C| (u e R\{0}, S € Ry).

This, (5) and (12) imply that

_K(1— C o A B
’BQ,T(xﬂ < Cp2 K(1-2/p) S 5 dt; < Cp2 K(2 2/p)(]1 _ kl) 2

i (@1 —=t)
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Hence
S lowa(z)P dx < S lowa(z)|P dx
[k,k+1)ﬂ(R\4[1)X4Ig (k17k1+1)><412
< G2 KOGy — k) 2K
and
D> lwal | |oaji(x) P dx
j1=k1+2 j2€Z 1=0 [k, k+1)N(R\AL1 ) x4

oo ko+3 oo

<G Yo > w2 K G = k)T < Gl Iy
j1=k1+2 ja=k2 I=0

Similarly, if @ is a type 2 atom then the first line of (13) yields

C 1. _
S dty < Cp2KE/P () — )72

ora@)l < G2 e

I

and so

DD 0D el | |oajy ()P dx

Ji=k1+2 j2€Z 1=0 [k, k+1)N(R\4I1 ) x 4],
00 ko+3 oo
< CP Z Z Z ’:uj,l ’sz(l_p) (]1 - kl)_Qp < CPHfH];V(hp,EOOy
J1=k1+2 jo=k2 1=0
because K < 0.
STEP 3: Integrating over [k,k 4+ 1) N 4I; x (R \ 4[2). This case can be
handled similarly to Step 2.
STEP 4: Integrating over [k, k+ 1) N (R\ 41) x (R \ 4/2). First assume
that j; = ki, k; + 1 (i = 1,2). Similarly to Step 2, (7) implies
S lowa(z)|P dx < S losa(z)|P dz < C,
[k,k+1)N(R\4I1)x (R\4I2) (R\4I1)x(R\41I2)
if @ is a type 1 atom. For a type 2 atom the left hand side is again 0. Thus
ki+1 ko+1 oo
DD lwal | |0ty ()P dav
j1=k1 ja=ka I=0 [k’,k+1)ﬂ(R\4I1)X(R\4IQ)
k1+1 ko+1 oo

<G, Z Z Z lpja|P < Cp”f”%/(hp,goo)-

Jj1=k1 jo=ko2 =0

Next suppose that j; > k1 + 2 and jo = ko, ko + 1. The left hand side
is 0 as above if a is a type 2 atom. For a type 1 atom we integrate by parts
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in (13) with respect to to:

aTa(a;) = — S A(Vl,tg)KTl (:131 — Vl)Ké‘Q (332 — tg) dtg

I>

+ S A(tl, VQ)K&H (3}1 — tl)KT2 (33‘2 — 1/2) dtq
Iy

— | VA®KY, (21 — 1) KF, (22 — 1) dt
I I

=: Cir(z) + Cor(z) + Car(2).
One can easily prove from the estimates in (8) that

0527]71

|SW (te R\ {0}, SeRy)

(15) [ Ks(t)

where 0 < 7 < 1 is arbitrary. Similarly, for 0 < n <1, (14) implies

CS%n

/ —
(16) K0 < i

(t e R\ {0}, S e Ry).

If 21 € (k,k+1) and 22 € ((u2 +1v2)/2 — (i + 1)27K (ug +12)/2 — i27K)
(1 > 1) (the center of I is (u2 +12)/2) then use (15) and (16) with n = 1/4
to obtain

cri! CTy"

|Cyr(x)] < €27 KE=2/p) dts

< CPQ—K(Q—Q/P) (j1 — kp)~207m 2K (A=n);=2(1=m) =K
_ Cp2—K(3/2—2/p) (j1 — k1) ~%/273/2
and

crint
(:BQ — y2)2(1—77)

T2
|Car(2)| < Cp2~KC=2/D) | CT,

dt
) G~y

Hence for m =1, 2,

00 ko+1 oo

>kl i Con ()P d

j1=k1+2 j2=k2 =0 [k,k+1)ﬂ(R\4Il)X(R\412)
0o ko+1 oo

< >0 YD gl | |C,r(2)|P d

j1=k1+2 ja=ka =0 [k1,k1+1) % (R\413)
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oo katl oo 0o k141 (petvz)/2—i2~K
< D D Y | Conr ()P da
J1=k142 jo=ko I=0 =1 Kk (/1«2‘1‘1/2)/2*(7;4»1)2_]{
[e) ko+1 oo oo

<G, Z Z Z Z |Hj7l|p2_K(3p/2_2) (1 — kl)—3p/2i—3p/22—K

j1=k1+2 jo=ko 1=0 i=1

< CPHfH%/(hP,gOO)'

For the third term we have
C
(x1—11)?

C
(xg — t2)?

|Csr(z)| < CPQ*K(Q*Q/P) S
Iy

< CPQ—K(2—2/p)2—K(j1 _ kl)—222Ki—22—K

dt, S
I2

dto

= CPQ*K(Q*Q/I)) (1 — k)22

and

oo ko+1 oo

Z Z Z‘”J}l‘p S |Cs.7(x)P dx

J1=k142 jo=ks 1=0 [k, k+1)N(R\4I1 ) x (R\412)

oo kat+l oo 0o k141 (potvz)/2—i2~K

S ID IS D | |C3,r(2) [P d

Jj1=k1+2 jo=ko I=0 i=1 ky (/1'2+V2)/2*(’L'+1)2_K

00 ko+1 oo oo

<G YT SO e KRGy — ky) iR

J1=k142 jo=ks =0 i=1
= Cp”f”gv(hp,gw)-

The case 51 = k1,k1 + 1 and j2 > ko 4+ 2 can be handled similarly.

Finally, we suppose that j;, > k; + 2 for ¢ = 1,2. If a is a type 1 atom
and x € (k,k+ 1) then

|C1r(z)] < C 9—K(2-2/p) dty
; P

C S C
Ty (x1 —11)? e (z2 — t2)?
< €K, k)2 — o),

¢ dt ¢
(21 —t1)? ! (z2 — 19)?

(Cour(x)] < Cp2K@=2/0) |

1

< Cp2—K(3—2/p)(j1 _ kl)_2(j2 o k2)—2
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and so

> DIkl | Conr(@)|P do

Jj1=k142 jo=ko+2 =0 [k,k+1)ﬂ(R\4]1)X(R\4Ig)
oo o [o.¢]
<G Y D DIkl I — k) Ty — k)T
J1=k1+2 jo=ko+2 1=0

< Coll By e

for m = 1, 2. Similarly,

(Cs.r(2)] < G2~ K72/ |
I

< sziK(472/p) (j1 — k1) "2 (jg — ko) 2
and

Z Z Z [ l? S |Cs.1 ()P da

J1=k1+2 ja=ka+2 1=0 [k,E4+1)N(R\417) x (R\41>)
[ee] o0 o0
<G Y DT D a2 KOGy — )Ty — k)
J1=k142 jo=ko+2 =0

< Collf 1 e

For a type 2 atom we can see from (13) that

C C
<o 2k 2 g\ —— _at
oro()l < GEEP | g dn | = e
1 2
< Cp27 K2 () — k1) 72 (o — ko) 2
and
S>> pal | lora(z)P dz
j1=F142 jo—ka+2 =0 [k, k+1)N(R\AT)  (R\412)

<Cp > Y D P2 RO (Gy — k)T (o — k)P

J1=k1+2 jo=ka+2 I=0

< CollF e

Taking into account (11) we have thus finished the proof of (9) for
2/3<p<L

It is known that heo(R?) = Loo(R?) (see e.g. Stein [12, p. 91]) and
W(Loo, £oo)(R?) = Loo(R?). The boundedness of o, from W (huo, £oo)(R?)
to W (Lo, Loo ) (R?) follows from (6). Applying this and (9) for p = 1 we use
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complex interpolation to deduce that
oyt (W(h1,Lo0) (R?), W (hoo, £oo) (R?))
— (W (L1, o0)(R?), W (Lo, £0) (R?))

is bounded, where 0 < 1 < 1 is arbitrary. Using the method of Triebel
[13, p. 121] we can prove that

(W (h1, £oo) (R?), W (hoo, Loo) (R?)) g = W ((ha, hoo) g, £oo) (R?)

and that the same holds with L; instead of hj. Choosing n = 1 — 1/p
(1 < p < 00) we obtain the boundedness of

Ox ! W(hp’ZOO)(RZ) - W(LINEOO)(RQ)v

which is exactly (9).
By the real method of interpolation we have

(W (hp, €0) (R?), W (oo, £oo) (R?))n.00 = W (B, hoo )00, Loo) (R?)

and the analogue for L, (see Sagher [11], Kisliakov and Xu [6], Berg and
Lofstrom [1, Chapter 5]). We conclude that

Ox : W((hp’hw)n,OOvEOO)(RQ) - W((LpaLOO)n,OO’EOO)(RQ)

is bounded, where 0 < 1 < 1 is arbitrary. If p < 1 then the choice n =1—p
implies the boundedness of

st W(hi 00, £oo) (R?) = W (L1,00, £oo) (R?)
and inequality (1) proves (10). This completes the proof of Theorem 3. m

REMARK 1. The exact value of C), in (10) is C), = Cp||sin02||(11(1_p) be-
cause of (6) and the basic theorems of interpolation theory, where 1/2 <
p < 1 is fixed.

Remark 1 will be used in the next corollary for sin02|(,k,k)c instead of

sinc?. Since W (L1, £oo)(R?) D L1(R?), the next corollary is much more gen-
eral than the results in [14].

COROLLARY 1. For all f € W (L1, {s)(RY),
(17) lim orf=f a.e
T—o0
as min(Ty,...,Ty) — oo and 277 < T} /T; <27 (k,j=1,...,d).

Proof. For f € C.(R?) we obtain the convergence from

orf(2) — £(@)| = |orf(@) —  Jsinc® ar)"f(z)|
R

f(xl - tg) = @)

sinc?(t;) sinc?(tp) dt
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and from the Lebesgue dominated convergence theorem. Since C.(R?) is
dense in W (L1,co)(R?), the corollary follows for all f € W(Ly,co)(R?)
from (10) and the usual density argument due to Marcinkiewicz and Zyg-
mund [8]. Observe that Theorem 3 and Remark 1 can be applied for the
functions sinc?|(_y ) (k € N) instead of sinc®. Hence

2
18 lim O gine? » sine? f:(gsinc2 _ d)\> f ae.
( ) T—00,27 7 <T}, /T; <27 T,sinc” X sinc |(_k’k)2 J |( k,k)

for all f € W(Ly,co)(R?), where

t t
o7 hy s [ () = | f<x1 - %7332 - T2> By (t1)ha(t2) dt.
R2 1 2

It is easy to see that if x € [—7,4]? then for T; > 1 (i = 1,2),
07 sinc? x SinCQ‘(—k,k)Q f((]?) = 07 sinc? x sin02\<7k’k)2 (f‘[—j—k,j—&-k]?)(x)-

However, f|_;_k j+k2 € W (L1,c0)(R?) if f € W (L1, /) (R?), and so (18)
holds for all f € W (L1,4x)(R?). Fix f € W(L1,lx)(R?) and set

£ = lim sup lorf — f|.
T—00,2-7<T},/T; <27

We have (with the same meaning of lim sup)

5 < lim sup ’JTf - JT,sinc2 X Sin02|(—k,k)2 f‘

. .9 .9
+ lim sup ’O’T7sin62 X sine?|_, k)2f - ( S sine” X sine”|(_y x)2 dA)f’
: o

2
—i—‘( S sine? x sinc2|(_k7k)z dx\) f—=f
R2
< imsup [0 gine2 « sine?lga, k)2f| + ( S sinc? x sinc? d)\) |f]
’ R2\(—k,k)?2
for all £ € N. By Theorem 3 and Remark 1 we conclude that

||§||W(L1,oo7€oo) < || sup ’(J-T,sinc2 X sinc2|R2 ek 2f| ||W(L1,oo,€oo)
T>1,2-7<T},/T; <27 \(=k,k)

+ ( S sinc? x sinc? dA) HfHW(LLoo,Zoo)
RZ\(_kvk)2
. . 1—
< CpHSIHCQ x SlﬂCz\R?\(-k,k)?\h prHW(Ll,eoo)
+ [Isinc® x sinc?|gey (g w2l F W (20w

for all k € N, where 2/3 < p < 1. Since || sinc? x sinc2|R2\(_k7k)2H1 — 0 as
k — 00, [[§]lw (L1 o .t0) = 0 and so § = 0 a.e., which finishes the proof. =
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