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Rosenthal operator spaces
by

M. JUNGE (Urbana, IL), N. J. NIELSEN (Odense)
and T. OIKHBERG (Irvine, CA)

Abstract. In 1969 Lindenstrauss and Rosenthal showed that if a Banach space is
isomorphic to a complemented subspace of an Ly-space, then it is either an L£,-space or
isomorphic to a Hilbert space. This is the motivation of this paper where we study non-
Hilbertian complemented operator subspaces of non-commutative Lj-spaces and show
that this class is much richer than in the commutative case. We investigate the local
properties of some new classes of operator spaces for every 2 < p < oo which can be
considered as operator space analogues of the Rosenthal sequence spaces from Banach
space theory, constructed in 1970. Under the usual conditions on the defining sequence o
we prove that most of these spaces are operator L,-spaces, not completely isomorphic to
previously known such spaces. However, it turns out that some column and row versions
of our spaces are not operator L,-spaces and have a rather complicated local structure
which implies that the Lindenstrauss—Rosenthal alternative does not carry over to the
non-commutative case.

Introduction. In 1970 Rosenthal [26] constructed new examples of £-
spaces for every 2 < p < oo using probabilistic methods now famous as the
Rosenthal inequalities. These methods were later used by Bourgain, Rosen-
thal and Schechtman [3] to construct an uncountable family of mutually
non-isomorphic £,-spaces.

In the framework of operator spaces a theory of operator £,-spaces, called
OL,-spaces, is now being developed (see e.g. [4] and [11]). These are spaces
where the operator space structure of the finite-dimensional subspaces is de-
termined by a system of finite-dimensional non-commutative L,-spaces. If
in a given space these L,-spaces can be chosen to be completely comple-
mented, the space is called a COL-space. If they can be chosen to be Sy’s
(Sp denotes the Schatten p-class), then the space is called an OS,-space,
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and a COS)-space if the S)’s can be chosen completely complemented. In
the present paper we consider some operator space analogues of the Rosen-
thal spaces, sequence spaces as well as matricial analogues.

For a given 2 < p < oo and a given strictly positive sequence o = (o)
we construct three families of operator spaces, a sequence space family con-
sisting of spaces called X,(0), Xy, (o), and Xy, (o), and two families of
matricial operator spaces. All the spaces are mutually non-completely iso-
morphic as operator spaces, but the spaces in each family are isomorphic to
each other as Banach spaces; the three sequence spaces are actually Banach
space isomorphic to the original Rosenthal sequence space. One of our main

results states that if 2 < p < 00, 05, — 0, and Y 7| 0_7211)/(2])72) = 00, then
Xp.c,(0) is completely complemented in a non-commutative Lj,-space and

contains £, cb-complemented. However X, . () is not an OL,-space. Simi-
larly for X, (o). This shows that the Lindenstrauss-Rosenthal alternative
[17] does not carry over to the non-commutative case.

We now wish to discuss the arrangement of this paper in greater detail.
In Section 1 we construct our spaces, investigate their basic properties and
prove among other things that under the above conditions on o the three
sequence spaces are unique up to complete isomorphisms (in analogy with
Rosenthal’s result). In Section 2 we make a detailed investigation of the local
structure of the spaces X,(0), Xpc,(0), and X}, (o) and prove that X, (o)
is an OLpy-space while X}, (o) and X, (o) are not. We also show that
some combinations of the different spaces cannot be paved with local pieces
of each other. This implies that a general structure theory for completely
complemented non-Hilbertian subspaces of non-commutative L,-spaces is
out of reach for the moment (see e.g. Proposition 2.19 and Remark 2.20).
Section 3 is devoted to the study of the matricial spaces; we show that
they are all OS,-spaces and that Y,(0) is cb-complemented in L,(R) (R
the hyperfinite type II; factor) while Z,(c) does not cb-embed into L,(R).
In Section 4 we prove that certain OL,-spaces contain cb-uncomplemented
copies of themselves.

0. Notation and preliminaries. In this paper we shall use the notation
and terminology commonly used in the theory of operator algebras, operator
spaces and Banach space theory as it appears in [5], [11], [18], [19], 23]
and [28].

If H is a Hilbert space, we let B(H) denote the space of all bounded
operators on H and for every n € N we let M,, denote the space of all n x n
matrices of complex numbers, i.e. M, = B({y). If X is a subspace of some
B(H) and n € N, then M,,(X) denotes the space of all n x n matrices with
X-valued entries which we in the natural manner consider as a subspace of
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B(03(X)). An operator space X is a norm closed subspace of some B(H)
equipped with the distinguised matrix norm inherited by the spaces M, (X),
n € N. An abstract matrix norm characterization of operator spaces was
given by Ruan (see e.g. [5]).

If X and Y are operator spaces, then a linear operator 7' : X — Y is
called completely bounded (for short, cb-bounded) if the corresponding linear
maps T,, : M, (X) — M, (Y) are uniformly bounded in n, i.e.

| T||eb = sup || T < oo.

The space of all completely bounded operators from X to Y will be denoted
by CB(X,Y).

It follows from [5] that a linear functional on an operator space X is
bounded if and only if it is cb-bounded, and its cb-norm and operator norm
coincide. This defines an operator structure on X* so that isometrically we
have M, (X*) = CB(X, M,) for all n € N.

An operator is a complete contraction, respectively a complete isometry,
or a complete quotient if | T||cp < 1, respectively if each T;, is an isometry, or
a quotient map. An operator T is called a complete isomorphism (for short,
a cb-isomorphism) if it is a completely bounded linear isomorphism with a
completely bounded linear inverse. If X and Y are cb-isomorphic operator
spaces we put

dep(X,Y) = inf{HT”CbHT_lHCb | T is a cb-isomorphism from X to Y},

which is called the completely bounded Banach—Mazur distance (for short,
the cb-distance) between X and Y.

We let Soo C B(¥2) denote the subspace of all compact operators on /5
(hence an operator space in a natural manner). If 1 < p < oo, then the
Schatten class S), is defined to be the space of all compact operators T on £
for which tr(|T])P < oo equipped with the norm

(0.1) IT||s, = (tr(|TIP))/P  for all T € S,

If n € N and p is as above, S denotes the space of all operators on £y
equipped with the norm defined in (0.1). If also m € N, then S,""™ denotes
the subspace of S, consisting of those elements which correspond to matrices
(a;j) where a;; = 0 unless i < n and j < m.

From trace duality it easily follows that S = S; and hence as a dual
space S71 has a natural operator structure as defined above. It is well known
that S, can be obtained by complex interpolation,

Sp - [Scanl}l/Ir
Pisier proved in [23] that
Mn(sp) = [MR(SOO)aMn(Sl>]1/p
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defines matrix norms on S, which satisfy Ruan’s matrix norm characteriza-
tion of operator spaces, and this is called the natural operator space structure
of S, which we shall always use in the following.

Let e;; denote the element of B(f2) corresponding to the matrix with
coefficients equal to one at the 7, j entry and zero elsewhere. If 1 < p < o0,
we define the operator subspaces C), and R, of S, by

C, =span{e;; | i € N}, R, =s5pan{e;; |j e N}.

As Banach spaces, they are both isometric to o, but it follows from Pisier
[23] that they are not cb-isomorphic as operator spaces.

If 1 < p < oo, then we put £, = (3°77, »)p; Kp is clearly an operator
space in a canonical manner.

If H is an operator Hilbert space, i.e. an operator space which as a
Banach space is isometric to a Hilbert space, then we put H¢ = CB(C, H)
and H" = CB(H,C) and if 1 < p < oo, then we let H = [H, H"],, and
H'™ = [H", H .

If E is an operator space and 1 < p < oo, it is possible to define S,[E]
(Sp with values in E) as the completion of S, ® E under a certain operator
space norm; we refer to [23, Chapter 1| for the details. In particular, we shall
often use the following proposition proved by Pisier |23, Lemma 1.7, see also
Propositions 2.3, 2.4 and Remark 2.5].

PROPOSITION 0.1. Let E and F be operator spaces. A linear map T :
E — F is cb-bounded if and only if sup,e [[idsp @1 : Sp[E] — S;[F][| < oo.
In that case we have || T, = suppey [lidsp @ T').

The norms in S,[R,] and Sp,[Cy] were computed by Pisier in [23, p. 108],
and since we are going to use this frequently, we state it in a proposition.

PROPOSITION 0.2. If (x)p_y € Sp, then

v [Sneel (S,
and

n n . 1/2
(0.3) H ;x’“ ® ekt SplChl H (;xkxk> ’ Sy

If X is a subspace of S, and E is an operator space, then we let X |[E]
denote the closure of £ ® X in S,[E].

Let A be a von Neumann algebra with a normal semifinite faithful trace 7
(i.e. A is semifinite). The ideal

m(r) = {ixkyk ) n €N, i[T(yZyk) + T(xpar)] < oo}

k=1 k=1
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is called the definition ideal of T on which there is a unique linear extension
7 :m(1) — C so that 7(zy) = 7(yx) for all z,y € m(r) (see e.g. [28]). If
1 < p < oo, then we put

lz| = 7((z*2)?2)YP for all 2 € m(r),

which is readily seen to be a norm on m(7). We define L,(A, ) to be the
completion of m(7) under this norm. Conventionally we put Lo (A4,7) = A.
It follows easily that Li(A,7)* = A°P, where A°P denotes A equipped with
the reverse (or opposite) multiplication, and hence Li(A,7) has a natural
operator space structure. It can be shown that the complex interpolation
method yields

LP(A7 T) = [Av Li(A, T)]l/p'

Pisier [23] proved that
M (Lp(A, 7)) = [Mn(A), Mn(L1(A, 7))]1/p

defines a natural operator space structure on L, (A, 7), which we shall use in
what follows. If 77 is another normal semifinite faithful trace on A, then it
can easily be shown that L,(A, 7) is cb-isometric to L, (A, 71), and therefore
we shall often write Ly(A) instead of L,(A, ).

If B is a von Neumann subalgebra of A so that the restriction of 7 to
B is semifinite again, then it follows from [28, Proposition 2.36] that there
exists a faithful normal projection Ep of A onto B such that 7 = 70 Ep.
The projection Eg is called the conditional expectation of A onto B.

An operator space X is called an operator Ly-space (for short, OL,-
space), 1 < p < oo, if there exist a A > 1 and a cofinal family (F});jer of
finite-dimensional subspaces such that | J ier Fj s dense in X and for every
J there exists a finite-dimensional C*-algebra A; with

(0.4) deb(Ly( A7), ) < .

In this case we shall also say that X is an OL, x-space. X is called an
OS), x-space if we can replace the Ly,(A;)’s in (0.4) by S,7’s, and a completely
complemented OL, \-space (for short, COL,, y-space) if in addition the F}’s
can be chosen to be cb-complemented in X by projections with cb-norms
less than or equal to A. COS), x-spaces are defined similarly.

If the L,(A;)’s in (0.4) are of the form (@le Sg(l)’m(l))p, then X is called
a rectangular OLy,-space.

Let 1 < p < oo. An operator space X is said to have the v,-approzimation
property (for short, v,-AP) if there exists a A > 0 and nets (U;) and (V;) of
finite rank operators, U;: X — Sy, V;: S, — X, so that ||Us||||Villen < A
and (V;U;) converges pointwise to the identity of X.

Finally, if (z,,) is a finite or infinite sequence in a Banach space X, we
let [z,,] denote the closed linear span of the sequence (zy,). If A is a set, |A]
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denotes its cardinality, and if X and Y are Banach spaces, X @, Y stands
for the direct sum of X and Y equipped with the norm (|| - |5 + || - [|5) /7.

1. The Rosenthal operator spaces and their basic properties. In
this section we shall investigate some operator spaces which correspond to
the L£,-spaces in Banach space theory constructed by Rosenthal in [26].

Welet 2<p<oo, 1/p+1/p=1,1/2=1/p+1/r (ie. r =2p/(p — 2))
and let o = (0,,) be a sequence of real numbers with o,, > 0 for all n € N.
We denote the unit vector basis of ¢5 by (&,) and let D, be the diagonal
operator on £y defined by D&, = 0,&, for all n € N.

Our first space )Z'p(a) is defined to be the space of all sequences a = (a,,)
which satisfy

[e.e] o0
(1.1) Z lan|P < 0o and Z |lan|?0? < oo,
n=1 n=1

equipped with the norm

(12 Jall = (3 ol + (3 lano2) )"

n=1 n=1

)?p(a) is the classical Rosenthal sequence space (except that he used an
equivalent norm) and we can clearly identify it with the closed linear span in
Sp@p Sz of the sequence {(epn, onenn) | n € N}. As an operator space we can
however represent )Z'p(a) in three different ways. We define X, ., (o) to be
the closed linear span of {(enn, onent) | n € N} in S, @ Cp. Similarly we let
Xp,r,(0) denote the closed linear span of {(enn,one1n) | n € N} in S, © R,
and finally we let X,,(0) denote the closed linear span of {(enn, oneni, onein)}
in S, ® C, ® Ry.

Since S, ®© C), @ R, is cb-isomorphic to S, each of the above three spaces
is cb-isomorphic to a subspace of S,. We shall often let X,,,(c) denote any
of them.

Since we shall often use Proposition 0.1 to check cb-boundedness, it is
worth mentioning how the norms in Sp[X,, -, ()], Sp[Xp.c,(0)], and Sp[ X, (0)]
can be computed. It follows immediately from Proposition 0.2 that if (x)}_,
C Sp, then

(13) H2$k® (ekk@akelk)
k=1

Sp [Xpn"p (U)}

n n ) i} 1/2
= (X lanll + | (Do otonai) ™
k=1 k=1

/
)"

P
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n
(1.4) H > a2k ® (exr @ Ukekl)’
k=1

Sp[Xp,cp ()]

n n - 1/2
= (Xl + [ (Botoien) |
k=1 k=1

/
)"

P

and similarly for S,[X,(0)].

It follows easily from these formulas and Proposition 0.1 that though iso-
metric as Banach spaces, these three spaces are not mutually cb-isomorphic
as operator spaces.

Throughout the paper we shall often impose at least one of the following
two conditions on o:

(1.5) liminf oy, =0,
(1.6) Z o, =00 forall e >0.
on<e

It is immediate that if o,, — 0 and o ¢ ¢,, then (1.5) and (1.6) are satisfied.
(1.6) ensures that the operator z — D, does not act as a bounded operator
from S), to Ss.

It follows from [26] that )pr(o) is an Lp-space if and only if (1.5) is satis-
fied, and if both (1.5) and (1.6) hold, then Xp(a) is the classical Rosenthal
Ly,-space which is unique up to a Banach space isomorphism. Later in this
section we shall prove a similar uniqueness result for the operator space
versions.

Our first result states:

THEOREM 1.1. If o satisfies (1.5) and (1.6), then )pr(a)* is not Banach

space isomorphic to a subspace of Sy. Consequently, Xp(o) is not Banach
space isomorphic to a complemented subspace of Sp.

Proof. Assume that )Afp(a)* is isomorphic to a subspace of S, and fix
n € N. By |26, Corollary 8|, )?p(a)* contains a basic sequence (hy) equivalent
to the unit vector basis of fo such that the set of any n elements of that
sequence is isometrically equivalent to the unit vector basis of f;,. From |2,
Proposition 4 and Lemma 1] it follows that (hj) has a subsequence which is
4-equivalent to the unit vector basis of ¢5. This is a contradiction for large
neN n

The next theorem is the operator space version of Rosenthal’s Lemma 7
in [26].

PROPOSITION 1.2. Let (gp) be the natural basis of Xp«(o) and let (Ej)
be a sequence of mutually disjoint finite subsets of N. For each j € N put
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(1.7) fi= Z o"/Pg,.,
nek;
1/r
(1.8) Bj = ( > 02) :
nek;
(1.9) fi=5; T/pfj-

Then (f;) s a cb-unconditional basic sequence, cb-isometrically equivalent to
the natural basis of Xp«(8), and there is a cb-contractive projection of X

onto [f;].

Proof. We shall prove the theorem for X, . (0); the other cases can be
proved in a similar manner.
If (xj)g‘?: C Sp, then we get

H ij @ Ji SplX. - H Z Z Ur/p% ® [enn B onent]
pCp

Jj=1nekE;
It easﬂy follows that

H Z > 0P ®enn

Jj=1nek;

Sp[Xp,ep ()]

i <Z"“’“J”pz )" = (X tdrs;)”
=1

nek;

From (0.3) we get

H zk: > on/ra; @ onen || H(Z S oZ/ri2y )1/2”Sp

j=1nekE; Jj=1nek;

- H(i poga) "

j=1

Sp

and therefore

(1.10) H ixj ® f;

k
Sp[Xprep ()] H; 5@ leis @ Bye] Sp[Xp,ep (B)]

Together with Proposition 0.1 this shows that (E) is cb-isometrically equiv-
alent to the natural basis (g;) of X, ., ().

For all z,y € X, (0) we put (z,y) = Zjola:(j)y(j)aj (where z(y),
respectively y( ), denotes the jth coordinate of x, respectively y, in the
basis (g;)) and define

o0

(1.11) Pz =) (x,f;)B"f; forallze X, (0).

j=1
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It follows immediately from Rosenthal’s argument in |26, Lemma 7| that in

the Banach space sense P is a contractive projection of X, . (o) onto [f;].

In addition we need to prove that P is completely bounded with || Pl = 1.
For every n € N we get

o0

(1.12) Pgn = (g, [)8; " 15 = o7/P*28;, 15,
j=1
U;/p+2 ﬁ;{p—r i = ﬁj—nr/p U;/p’ Fins
where j,, is chosen such that n € E;,

Let now (x,) C S, be a finite sequence. From (1.12) and the first part of
the proof we obtain

(1.13) || > @@ Py o[ Xp.cy)

-| Z 5 ; 1) € gy o

IS (3 )

= Sp[Xp.cp ()]
We estimate the two coordinates separately and start with
r/p’ r/p’ .
(1.14) H Zﬁ < Z On x”) ”‘ Sp[Sy]
= (Sg| 2 )"
nek; S

< (Zﬁj—rp/p’( Z J;;)p/p Z HgUanp)l/p
J

TLEEj nEE]'
1/p 1/p
= (XX thalg,) " = (D laaliy,)
j TLGE]' n

The estimate of the other coordinate is slightly more involved. For every
& € U5 and every j we get

(X ) (3 o))

neE; nek;
| ot < (5 ) (S i)
neE; nek, n€E;

=Y on D (0Rnaat, &) = B8] > on(whand, ),

nek; nek; nek;
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which shows that in the sense of operators on £ we have

0< Zﬁj—r( Z Ur/p )( Z Ur/p azn) < Za]zx;‘:c]
J J

nek; nek;

Together with (0.3) and |7, Theorem 2.3] this gives
1 [S57 S danol
Zﬁ > o Tn @ Bies||g

neE, v

(S5 )5 ),
(“([Zﬂ Za’”/px Zgr/pxn}pﬂ))yp

nek; nek;

(tr([Za xj]p/2>)1/p = H Zx] & ajeﬂ’

(1.13)—(1.15) show that P is completely bounded with ||P||c, = 1. =

SplCp)

An application of Theorem 1.1 shows, as in the Banach space case, that
if o in addition satisfies (1.6), then X, (o) is uniquely determined up to a
cb-isomorphism. This is the contents of the next theorem.

THEOREM 1.3. If 2 < p < oo, and o and v are two sequences both
satisfying (1.5) and (1.6), then Xy (o) is cb-isomorphic to Xp. ().

Proof. The proof follows the lines of the proofs of [26, Proposition 12 and
Theorem 13| and is based on Pelczynski’s decomposition method (see e.g. [18,
Theorem 2.a.3]). We will therefore first prove that X,.(y) is cb-isomorphic
to a cb-complemented subspace of X,,.(0) and vice versa.

Since o satisfies (1.5) and (1.6), we can find a sequence (E;) of mutually
disjoint, finite subsets of N so that

1/r
(1.16) v < B = ( Z UZ) < 25 for all j € N.
TLEEj

From Proposition 1.2 it follows that X,.(f) is cb-isometric to a subspace
of X,«(0) onto which there is a cb-contractive projection. (1.16) shows that
Xp«(7y) is 2-cb-isomorphic to X,.(3). By interchanging the roles of v and o
we find that also X, (o) is cb-isomorphic to a cb-complemented subspace of
Xp«(7)-

The next step is to show that X, (o) is cb-isomorphic to Xp.(0)® X (0),
but we shall only prove it for X, . (o) since the other cases can be obtained
in a similar manner.
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(1.5) and (1.6) imply that we can find a sequence {E; | j € N, k € N}
of mutually disjoint finite subsets of N so that

1/r
(1.17) 0j < Bk = ( Z cr;;) <20; forall j,k€N.

TLEEJ',]C

Put B = (80321 let i = 6,7/" Sep, , on/Penn © 0nent and define

[fjk |j,keN], Z; = [f]JC | 5 € N,k > 2]. It follows from Propo-
51t10n 1.2 that Z is cb-contractively complemented in X, . (c) and that

for all k£ € N, [Ek] is cb-contractively complemented and cb-isometric to
Xp.e,((Br)), which in turn is 2-cb-isomorphic to X, ., (o). Hence Z can be

viewed as an infinite direct sum of copies of Xpe,(0). Let T : span{f] k|

J,k € N} — Z; be defined by Tf] k= fj k+1- We shall show that T' extends
to a cb-isomorphism of Z onto Zi. If (z;1) € S, is a finite sequence, then
we deduce from (1.17) and [7, Theorem 2.3] that

1 18 H (ZZﬁ] k+1CCj £ T, k) 2HSP < 2” (Zk:zgjza:;kx]’k) 1/2HSP
J
<o (5 Buriaene) -
E J

In the same manner we get

(1.19) H(zz@kx s /QHS d”(zzﬁjmx ,mk)l/z”.

Similar estimates can easily be obtained for the corresponding p-norms,

which implies that
IS o
Sp[Xp’cp(O—)] zk:z]: J J,k+1

| DIPIEEN
ko J
< 2” Zzﬂfjk ® j?;k
k J

showing that T' can be extended to a cb-isomorphism of Z onto Z;.

Sp [XP,Cp (0)]

Sp[Xp,ep ()]

Letting ~¢, denote “cb-isomorphic to”, we infer from the above that
Z ~ep Xpe,(0) ® Z. Since Z is cb-complemented in X, ., (c), we can find a
closed subspace U C X, ., (o) such that

Xpep(0) =Z DU ~epy Xpe,(0) ©Z DU ~ay Xpe,(0) ® Xpe, (0).

We are now ready to show that X, () is cb-isomorphic to X, ., (o).
Indeed, since by the above Xj, . () is cb-isomorphic to a cb-complemented
subspace of X, (o), we can find a closed subspace G C X, ., (o) such that
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vacp(g) NCbX 7Cp( )@GNCbX 7Cp( )@X,Cp( )@G
~eb Xpey (V) @ Xpe, (0) ~eb Xpe, (V)

where the last ~;, follows by interchanging the roles of o and 7. =

Exploiting the decomposition method a bit more we can actually conclude
that also the space Z in the above proof is cb-isomorphic to X, (o).

We are now going to define some operator spaces which we shall call
matricial Rosenthal spaces.

Define 1710(0) to be the subspace of K, @) (D07, S%)2 consisting of all
elements of the form ((wn, on2y)) where z,, € Spf for all n € N, i.e. we require

(o) o0
(1.20) > |zl < oo and > onllznlldy < oo

We can view ("7, S¥)2 isometrically as a subspace of Cp[C,] in the follow-
ing way: Choose a sequence (m,,) of integers so that m; = 0 and m,+1 —m,,
=nforalln € N.If 2 = (2,,) € (372, 5%)2 with @, = ({;);_;, we can

identify « with >"°>7 ngn+7711 11 tizeis € CplCpl. Similarly we can consider

(D°02 1 S%)2 as a subspace of Ry[R,], respectively of C,[Cp] ®p Rp[Rp).
Hence there is a canonical Banach space isometry w, of ?p(a) into the
operator space K, ©, Cp[Cp] and we put Yy ., = wg(f/p(a)). Similarly we
define the spaces Y}, (o) and Yy c,nr, (o). In the rest of this paper we shall
put Y1?<U) = Yp,cpr‘lrp (U)
Since we often consider cb-maps to or from these spaces, it is worth
mentioning how the norm in S,[Y} ¢, ()] is computed (the other cases follow

similarly). Let us just compute the “column part” of S,[Y} ¢, (c)]. To this end
let X, € S, ® Sy for all n € N. We can then find (27, ) € S” so that
Mn+1
Xo= ), *Hh®ep
J:k:mn+1

for every n € N. Note that

Mn+1 Mn+1

(1.21) XxXo= > (X @iah)en

Using Proposition 0.2 we get

(122) HZU” Mlsycplc) HZ Z ik @ ’k’

=mp+1
Mmn+1

A2 3 ), (S

Jik=mn+1

Sp[Cp[Chp]]

)

Sp
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where we have used (1.21) to get the last equality. Comparing this with
the similar calculations for the other cases it is readily verified that Y,(o),
Yy, (o), and Yy, (o) are mutually non-cb-isomorphic.

Since K, @, Cp[Cy] is cb-isomorphic to a subspace of S), the same holds
for Y, ., (o) as well. In a similar manner we show that Y}, (o) and Y, (o)
are cb-isomorphic to subspaces of S,,. We have the following result on these
spaces.

THEOREM 1.4. Both K}, and X, ,(0) (respectively X, (c)) are cb-iso-
morphic to complemented subspaces of Yy ., (o) (respectively Yy, (0)). Con-

sequently, XN/p(U) is not Banach space isomorphic to a complemented subspace

of Sp if o satisfies (1.5) and (1.6).

Proof. Let U = X, (o) (respectively U = X, (0)) and W =Y}, . (o)

(respectively W =Y}, (0)). If (ny) C N is a sequence with ) 77, o2/ =)

< 00, then the subspace V' consisting of those ((xn,onzy)) € W for which
xn = 0 for all n # ny is readily seen to be completely complemented by a
projection of cb-norm 1 and completely isomorphic to /C,,.

It is obvious that U can be identified cb-isometrically with the subspace of
W consisting of those ((xy,, 0n2y)) € Yy(o) for which z,, is a one-dimensional
operator on #s for all n € N. This space is clearly the range of a cb-contractive
projection. B

It now follows directly from Theorem 1.1 that Y,(o) cannot be Ba-
nach space isomorphic to a complemented subspace of S, if o satisfies (1.5)
and (1.6). =

The last spaces we are going to investigate are defined as follows:
(1.23) Zpe,(0) ={(x,2D;5) | x € As} C Sp Bp CplCy),
(1.24) Zpry(0) ={(2, Do) | v € Ag} C Sp ©p Rp[Ry],
(1.25)  Zy(0) ={(2,2Ds, Do) | € Az} C Sp ®p Cp[Cp] ®p Ry[Ryp),

where

7Cp

A, ={z €S, | 2D, € S2}.

In (1.23) we consider D, as an element of Cp[Cp], and similarly in (1.24)
and (1.25).

In what follows we let Z,, .(c) denote any of these spaces. Clearly they are
isomorphic as Banach spaces, mutually non-cb-isomorphic, and cb-embedded
into Sp.

The next theorem gives the basic properties of the spaces Z,.(c).

THEOREM 1.5. The space Z, (o) has the following properties:

(i) If o satisfies (1.5), then Sy, is cb-isomorphic to a cb-complemented
subspace of Zp (o).
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(i) If o satisfies both (1.5) and (1.6), then Z, (o) is not isomorphic to
a complemented subspace of S,.

Proof. (i): We shall only give the argument for Z, . (o). The proof for

the other spaces is similar. Let (ng) € N with > 72, U%i/(p_Q) < oo and let
V consist of those (z,2Dy) € Zy(o) for which x;; = 0 unless j = ny, for some
k € N. It is readily verified that V is cb-isomorphic to S,. From Arazy |1,
Theorem 1.1] it follows that V' contains another subspace U cb-isomorphic
to S, and which is complemented in Z, (o). This shows (i).

(ii): Xp(o) can easily be identified with those (z,2D,) € Z,(o) for which
x is a diagonal matrix. This subspace is clearly contractively complemented
in Zy(o). It now follows from Theorem 1.1 that Z,(¢) is not isomorphic to
a complemented subspace of S,. =

Before we go on we need the following lemma on non-commutative L,-
spaces.

LEMMA 1.6. Let 1 < p < oo and let N be a von Neumann algebra so that
L,(N) is separable and L,(0,1) does not embed isomorphically into Ly(N).
Then there exist sequences (Iy) of countable sets and (nx) C N so that

(1.26) Ly(N) = (Zﬁ,,([k, Sgk))p.
k=1

Proof. Since Ly(0,1) does not embed into L,(N), it follows from a result
of Marcolino [21] that A is a type I factor and therefore the separability of
L,(N) and [28] imply that there exist measure spaces (§2, X, i) for all
k € N and (ng) € N so that

(1:27) Ly(N) = (3 Lo Do S3))
n=1 p

Again, since Ly(0,1) does not embed into L,(N), it follows that all the
measure spaces on the right side of (1.27) are purely atomic. =

We are now able to prove:

THEOREM 1.7. If o satisfies (1.5) and (1.6), then none of the spaces
Xp(0), Yy(0) or Zy(o) is isomorphic to an Ly(N')-space where N is a von
Neumann algebra.

Proof. Let V be one of the spaces above and assume that there exists a
von Neumann algebra A so that V' is isomorphic to L,(N). Since it follows
from [2, Theorem 6| that L,(0,1) does not embed into Sp, Ly(N') has the
form of (1.26) by Lemma 1.6 and therefore it is isomorphic to a comple-
mented subspace of S,,. This contradicts Theorems 1.1, 1.4, and 1.5 above. =
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2. The operator space structure of the classical Rosenthal se-
quence spaces. In this section we wish to discuss the operator space struc-
ture of the Rosenthal sequence spaces defined in Section 1, and it turns out
that the local structure of these spaces behaves quite differently. However,
due to the non-commutative Burkholder-Rosenthal inequalities [13], [14] the
probabilistic viewpoint from the commutative case is still adequate to deter-
mine this structure.

Let (0;) C [0,1] and let A; C [0,1], ¢ € N, be intervals of measure
1(A;) = of, where 1/2 = 1/p+1/r. We define f;((t;)) = p(A;)~/P14,(t;) for
all bequences (t;) € [0,1]. The sequence (f;)icn is a sequence of independent
random Varlables on [0, 1], For sequences (s;) with finite support we define

o0
)= siifi,
=1
o0 o0
1)) =Y sieincifi,  wr((s0)) =Y sievicifi,
i1 i=1

where (g;) denotes the sequence of Rademacher functions on [0, 1].
Following Rosenthal’s argument from [26] using [14] we can now obtain

PROPOSITION 2.1. Let 2 < p < oo. Then u, u., and u, are cb-isomor-
phisms between X,(0), Xpc, (o), and Xy, (o) and their respective images in
Ly([0, 1Y), L,y([0,1];C,), and Ly([0,1]N; Ry). The images are cb-comple-
mented in the respective spaces.

Proof. We shall only prove the proposition for u. since the other cases
go similarly. Let (z;)]~; € S, be arbitrary. From [14, Corollary 1.5 and
Proposition 0.2 we get, letting ~ denote two-sided inequalities with constants
only depending on p,

Ti @ i€
HZ; ] PR

n » » 1/p
~ma { (S il 1£i0)
=1

)

n /
)(;%&E(fz?))l 2‘ 5,

(Z e, B722) )

n
~ H Z% ® (esi @ Tie) Sp[Xp,cp(cf)]'

where in the last equivalence we have used the fact that for all 1 < i < n we
have || fill, = 1, E(f?) = 02, and E(f?)P/? = u(A;)?/>~! < 1. By Lemma 0.1,

Uc 18 a cb-isomorphism.
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For every 1 < i < n we put f/ = u(A4;)"/?'14, and uy((s;)) = 3 sieif.
Using the second part of [14, Theorem 0.1] in much the same way as above
we deduce that u,y acts as a cb-bounded operator from X7 . to Ly (0,1). It is
readily verified that Ucl,y is a cb-projection of L, (0, 1) onto the range of u.. =

COROLLARY 2.2. The spaces Xp(0), Xp,(0), and X, ., have the v,-AP.
More precisely, we have an approximate diagram

Xp 4, Xp
Un \ / Wn
E;,”ﬂ

For Xp,(0) and Xy, (o) we replace L3¢ by £3F(C*) and €3*(Ry*), respec-
tively.

COROLLARY 2.3. If o satisfies (1.5), then the Rosenthal spaces X, (o)
are COL,-spaces.

Proof. Follow the proof of [11, Proposition 2.4], using Corollary 2.2 and
the fact that X,(o) contains completely complemented copies of £y’s far
out. m

In the following we want to show that the Rosenthal spaces X, ., (o) and
Xp,r,(0) are no longer OL,,. Indeed, the mixture between the Hilbert space
structure and the £, structure forms the crucial obstacle.

LEMMA 24. If1 <p < oo and N is a finite von Neumann algebra, then
C)p is not cb-isomorphic to a subspace of Ry(Ly(N)). Similarly, R, is not
cb-isomorphic to a subspace of Cp(Ly(N)).

Proof. Suppose to the contrary that C), is isomorphic to a subspace of
R,(Ly(N)). Using the natural isomorphism between R,(R,) and R,, we
deduce that S, = R,(C,) is a Banach space isomorphic to a subspace of
R,(L,(N)) C Ly(B(£2) ® N'). However, for x € Ry(Ly(N)) and p > 2,

lzll = llzz* 1/ < lez*[7a < Il

So Ry (Ly(N)) is isomorphic to a subspace of Ly, (B(l2) @ N')N La(B(l2) @ N)
for 2 < p < co. For 1 < p < 2 a similar argument shows that R,(L,(N\))
is isomorphic to a subspace of L,(N ® B({2)) + La(N ® B({2)). According
to [9] these spaces are isomorphic to complemented subspaces of L,(M) for
some finite von Neumann algebra M. Hence, S}, is isomorphic to a subspace
of L,(M). This contradicts Sukochev’s result for p > 2, [27], or [6] for
1 < p < 2. By symmetry the same holds for R, and C), interchanged. =

COROLLARY 2.5. Let 2 < p,r < oo and 1/2 = 1/p+ 1/r. If 0 ¢ £,
then the spaces Xy ., (o) and X, (o) are not cb-isomorphic to subspaces of

L,(N) with N finite.
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Proof. Assume first that there is an infinite set A C N so that infgca ok
> 0. By interpolation we deduce that for the bounded sequence (U’;l)ke A
the diagonal map D,-1 : C, — ¥/, is completely bounded. Hence, the
subspace of X, (o) consisting of the sequences having their support in
A is cb-isomorphic to Cp. In particular, it cannot embed into L,(N) cb-
isomorphically. Thus X, . (o) cannot embed either in this case.

Since ) ;05 = 00, in the general case we can find disjoint finite subsets

Aj such that if
1/r
BJ = <Z O-;r) )
€A,

then inf 8; > 0. Proposition 1.2 shows that X, . (53) is cb-isomorphic to a
subspace of X, . (o) and by the above cb-isomorphic to Cj, and hence the
assertion follows. A similar argument applies for the row spaces. m

LEMMA 2.6. If1 < p < oo and U is a free ultrafilter on N, then [],, £y is
completely isometrically isomorphic to Ly,(N) for a commutative von Neu-
mann algebra N .

Proof. Let N'= ([, ¢1)*. From Raynaud’s theorem [24] we deduce that
for all n € N, (ST(I[,41))* = Mn(N), where N is a commutative von
Neumann algebra obtained as the weak closure of [ {s. Together with |23,
Lemma 5.4] this implies that

Ly(My & N) =TT 55(6) = S5 (T, &) = S (L))
Thus [[;, Ly is completely isometrically isomorphic to £,(N). =
Our aim is now to show that X, . (o) is not a rectangular OL,-space.

LEMMA 2.7. If2 < p < oo, then for allm € N,

1/2-1/p ~ inf d+(R" E) < 1/2—1/p'
" = By (Ly(0) b (Hy, E) < cpn

The same estimates hold if R, and C, are interchanged.
Proof. By interpolation,
deb(RE, BRI N CP) < |fid : BT — Ol llid : RY N CE — R, < n/271/P,
By the non-commutative Khinchin inequality [20],
den (R, NCy,span{g; | j =1,...,n}) < ¢,

where the g;’s are independent Gaussian variables. To prove the lower esti-
mate, we consider £ C L,(C}) and a completely bounded contractive iso-
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morphism ¢ : Ry — E. Let x; = ¢(e1;). Then

(Ot ) = | Sewa o],

n
E €1 ®eyr;
i=1

< [|lleb

=|lid n:nl/p.
- [id]| sy

However, this implies

o= (]S )"

2>1/2 _ (E"igi¢1(%)
IC SET B
i=1 p(£2
1§ CIE rao) w)”
=1

e (5 (S IaE) ) < ot
=1

The assertion is proved. =

Using a similar idea we can even prove a slighly stronger statement.
LEMMA 2.8. If 2 <p < o0, then for all n € N,

L -y o inf deb(RY, E) < cynt/271/P,

Cp EeQS(I1y Lp(Cp))
Here ¢, is an absolute constant and QS (][, Lp(Cp)) stands for the class of
quotients of subspace of ultraproducts of Cp(Ly(0,1)). The same estimate
holds on exchanging R, with C,,.

Proof. Let T : C}} — Ly(0,1) be defined by T'(ei1) = €;, where (g;)j.; are
the Bernoulli random variables. We will use a sequence (g;) of independent
normalized complex gaussian random variables on (£2', ). Let hy, ..., h, €
Ly(92, p;¢2). Then we deduce from the Khinchin/Kahane’s inequality [16]
that

n
H Z5ihi
i=1

Lp(¢2)

1 n oo
ol (] 5] 200 o)y @it (s ' () )

2x0 =1 =1
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<l evi( § (]S etk @) auw)

Ox =1 j=1

sugluglc%p(g(zzyh j)) ()"

=1 j=1
Since for p > 2, we have ||g1[[, ~ /P, we deduce
IT @ ide, (1)) : Cp(Cp(Lp(£2))) = Cp(Lp([0,1] x 2))|| < civ/p-
This remains true if we pass to an ultraproduct and then to a quotient of a
subspace. On the other hand, we have seen in Lemma 2.7 that
HT Q ingH > n1/2—1/p_
Therefore the distance is greater that n1/2_1/p/08\/;5. "

The next lemma is a kind of “folklore” but for the convenience of the
reader we give a proof.

LEMMA 2.9. Let M be a von Neumann algebra and 2 < p < 00,2 <r
< oo with1/2=1/p+1/r. Let F C L,(M) be a subspace and T : F — R,
be a linear map. Then T is a complete contraction if and only if there exists
a norm one element a € L,(M) and a contraction W : Ly(M) — Lo such
that

T(z) =W(az) for all x € Ly(N).

In particular, T admits a completely contractive extension T - Ly(M)
— Ry. Similarly, every complete contraction T : ' — C), has a completely
contractive extension of the form T(x) = W(xa).

Proof. Let (x;) be a finite sequence in F. Then

(= rE) " - PReieren], < [Xen e, 0,

(S (Sene)”
J

Let B be the positive part of the unit ball of L, 5(M). The function f.(a) —
tr(az*x) is continuous with respect to the weak* topology. Hence, the stan-
dard separation yields a probability measure 1 on B such that

|1T(z)||3 < S tr(az*x) du(a) = tr(( S ad,u(a))a:*:c).
B B

a0, ||a||r/2<1

By convexity, b = ({5 adu(a)) € B and therefore
1T ()2 < [16"/22 ]|,
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Let H = {b"/%z | x € F} C La(M). Thus there is a linear contraction
Wi : H — {5 such that Wi(b'/2z) = T(x). If P denotes the orthogonal
projection onto H, then W = WP satisfies the assertion. To prove the
converse, we assume T'(z) = W(ax) for some a € L,(M) of norm less than
one. Let L, : Ly(M) — La(M)™ be the left multiplication Ly(x) = ax. Let
¢ : L/ — C be the induced linear functional ¢(y) = tr(ya*a) of norm less
than one. If x € L,(B({2) ® M), we deduce that for every functional the
cb-norm coincides with the norm

. . . */ % . 2
14 @ La)@)lls, (12 atye) = [(id @ tr)((a @ id)za” (0" @id)) 2,
Ny /% . /2 iy %y 111/2
= ||(id @ tr)(22*(a*a @ id))[[§2, = [[(id ® ¢)(za")I|”,
x11/2
< [lwa*ls%, = lall,-

By homogeneity of Ly, this implies [|[W Lg||cp, < [|W ]| [|a]l,.

COROLLARY 2.10. If T : X, . (o) — Cp is completely bounded, then T
admits a cb-extension to £, ®, Cp.

PROPOSITION 2.11. If 2 < p < oo and N is a finite von Neumann
algebra, then £,(Cp) is not cb-isomorphic to a subspace of Cp Gp Rp(Lp(N)).

Proof. Let 2 < r < oo besuch that 1/2 = 1/p+1/r. Let T = (T, T®?))
0,(Cp) — Cp @y Lp(N) ®p Ry(Ly(N)) be a complete contraction and T :
rg(T) — €,(Cp) be a completely bounded inverse with |77, < C. We
consider the complete contraction T1 : £,(S,) — C) defined by Ti(z) =
TM(P(z)), P the projection onto the column space. According to Lem-
ma 2.9, we can find a € ¢,(S;) and W : l5(S2) — 2 such that Ti(z) =
W(xa). Let 0 = (Jla(i)|») and consider the operator D, : ¢, — fo. We
define the bounded map W' : £y(fa) — €9 by W'((x;)) = W((0; *zia;)). In
particular, we can find an n such that

In the following, we use the spaces Y;, = span{) _, ex @z | k > n, z;, € Cp}
and deduce
1

1/r
IO llos < (3 gk) " IW': () = tal] < .
k>n1

If z € Sy(Y,,), we deduce

1 . . :
Nl < NGd @ T < 1Gd © Tl ) (@), + 1id & TO ()],

IA

1 :
s l2ls, e,y +lld @ TW) ()]l
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Thus

1 .
20 I2lls, vy < I1Gd @ TO)@)ls, (r, (1,0 < 12]s,060(C0))-

In particular, Cp is cb-isomorphic to a subspace of Ry,(L,(N)), which con-
tradicts Lemma 2.4. m

For the convenience of the reader we quote the following lemma which
is used both in the next proposition and in the next section. The lemma is
proved in [9] and [13].

LEMMA 2.12. Let M C N be von Neumann algebras, ¢ a faithful normal
state on N, and € : N' — M a faithful conditional expectation such that
dlmo& =¢. Let D € Li(M) be the density of ¢.

(i) If 1/r+1/s = 1/p > 1, then & induces a contractive map &, :
Ly(N) — Lp(M) such that
Ep(azy) = a&(z)b
for alla € L,(M), b€ Lg(M) and x € N.
(i) Letl < p,p’ < oo withl/p+1/p" =1 and L,(N,E) be the completion
of {aD'V/? | a ¢-analytic} with respect to the norm
* 1/2
|aDY? |1, ) = | DV/PE(a*a) DV/7|| /3.
For p = oo, we take the closure with respect to the strong topology.
Then
Ly(N,E)" = Ly (N, €)
and the duality is given by the trace on M.
(i) Let 1 <p' <2 <p<oo withl/p+1/p' =1. Then

Iz, ve <zl for all z € Lp(M),
Izl < llzllr, e forallw € Ly (N €).

PROPOSITION 2.13. For every separable subspace W of [, Cp(Lp(0,1))
there is a commutative von Neumann algebra N such that W is completely
isometrically isomorphic to a subspace of Cp(Ly(N)). If in addition W is cb-
complemented, then W can be assumed to be cb-complemented in Cp(Ly(N)).
The same holds with R, replaced by C.

Proof. Consider the commutative von Neumann algebra N = ([, L1)*.
Let ¢ : Hu I, — Hu L1(S7) be the canonical inclusion map, given coordi-
natewise by ¢((f(7))) = (eqo® f(i)). Let go = (ego® 1) be the projection onto
the first corner. Obviously ¢ < go and €& = v* : [[,, L1(S1)* — N defines a
conditional expectation. Let M = [[;, L1(S1)* and consider the norm

1/2

@] 55 (L ) = [(d @ E) (@ 2) s, (L V)
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defined on the space of elements yd'/?, d € L1(N), y € Ly(N). According to
Lemma 2.12, we have
Ly(M,E)" =Ly(M,E) completely isometrically.

Obviously, the inclusion map T : [[,, Cp(Ly(0,1)) — Ly (M,E) is com-
pletely isometric and therefore by duality [[,, Cp(L,(0,1)) is completely con-
tractively complemented in L,(M, ). Given x € Sj*(W), we see that

215 = Nl 2llp/2 = llz* 2l sm, 12,40
Since |J,,, Sj'[W] is separable, we can find a density D € L;(N) such that
T35 < C(z)D'/?
for all z = (z;;){}_; in a countable dense subset A of J,,, Sp*[W]. Multiplying
with the support projection g of D, we can work in Nq. For every coordinate
y = xij, © = (x45) € A, we consider the polar decomposition
y = ub.

Using Raynaud’s isomorphism [24], we see that b € L,(¢N¢q). Let N7 be a
separable subalgebra generated by the elements b = b;;(z), v € A. Let My
be a separable subalgebra containing by the polar decompositions u = u;;(z),
x € A, such that there exists a conditional expectation & : wel(M1) — N
leaving ¢ invariant. Clearly, W is still a (cb-complemented) subspace of
L,(M;,&) and we can consider the right Nj-module F' generated by M;
and N. According to [13], L,(M;1,N7) is completely contractively comple-
mented in Cp(Ly(N1)), and therefore the assertion is proved. m

COROLLARY 2.14. If2 < p < oo and F is a quotient of Ry(L,(0,1)),
then €3 (C}) does not embed uniformly into Cp, ©p F.

Proof. Supposing the contrary, we can find T,, = (TT(LI),T,(?)) 0 (CF) —
Cp @p F such that
| Tnlles <1 and [Ty < C.
Let U be a free ultrafilter on the natural numbers and define
T :4,(Cp) — Hu Cp @p Hu E
by T(z) = ((Tél)(x))neN, (T7(L2) (2))nen)- This is well defined because the

union J,, £ (C}) is norm dense in £,(Cp). Moreover, for z € S (€;(Cy)),
we have

[(deT)(z)| = lim lid @ Tow (@) |5, (6 )@, 5, (Cp) ~C N2l s (em(Cmy)-
Denote the first component by T()) and the second by T?). We note that

[, F is a quotient space of [[;, Ry(Ly(0,1)). Denote the quotient map
by ¢. Then we can find a separable subspace Y C [];, Rp(L,(0,1)) such
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that the image of T is cb-isomorphic to q(Y). According to Proposi-
tion 2.13, we can assume that Y is contained in R, (L,(N)) for some commu-
tative von Neumann algebra A. Moreover, [];, C}, is a homogeneous Hilbert
space which carries the C), structure. Thus every separable subspace is com-
pletely isometric to Cp. Therefore, we can find an embedding of ¢,(C,) in
Cp ®p Y/ker(q). Following the argument in Proposition 2.11, we see that
for the first component 7™ and every € > 0 there exists an n such that
||T(1)|{(mk)\w1=---:xn=0}ch < . Thus C), will be cb-isomorphic to a subspace
of a quotient of R,(Ly(0,1)). This contradicts Lemma 2.7. w

THEOREM 2.15. Let o tend to 0 and be such that for all n € N there is
a subset A, of cardinality n such that o; = au, fori € A, and

limn'/"a, = co.
n
Then Xp,(0) does not admit a cb-factorization through C, @, F, where I
is a quotient of a subspace of [[,; Rp(Ly(0,1)).

Proof. Supposing the contrary we can write id =T+ .5, where T factors
through a quotient F' of [[,, R,(Ly(0,1)) and S factors through C,. We
denote by @ the projection onto the C, coordinate in X, . (o) C £, ®p Cp.
Using Lemma 2.10, we can decompose S = S1+ 53 so that S1 : £) — X, o, is
a completely bounded operator and Sy : Cp — X, ., is completely bounded.
For a fixed index ¢ € I we consider

(e5,0i€;) = S(ei,0ie;) + T(ei,0ie;) = 0152(0,¢€;) + Si(e;, 0) + T(ei, 04€;).
Thus
1< [[S1(ei, 0) + T(ei, oieq) || + ol Sa -

Hence for i > ip we get 0;]|S2|| < 1/2 and therefore

1/2 < ||S1(ei,0) + T'(e;, 0ie;) ]|
Write

Si(e;,0) + T(e;, 0i€;) = (y,0y).
We have the following alternative: If ||y||, < ||yo||2, then

1/2 < (lylls + llyel15) 7 < 2llyo]l2.

Hence
1/4 < [lyolz.

I£ lyollo < yllys we get 1/4 < yll, and thus
aillyll/4 < lyoly < lyolls.

In both cases we deduce

0i/4 < ||QS1(es,0) + QT (e4, 0i¢5)||2.
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Now we decompose QT = T + T», with T acting on ¢, and T> acting on

C) according to Lemma 2.10. Let n € N to be determined later and assume
that o; = «, is constant on a set A, of cardinality n. Recall that

/r
(Slesicels) " < lesil < e

and

/T
(S ime)” <imi<c,

Thus we get, for C3 = ||T3]],

1/r /r
L < (3 1@81(e0.0) + QT (er,oien)ls)|
i€EA,
<Ci+Co+ (Z ||T2(070i€i)||5)1/r
iI€A,
ca+a+r( Y meaels)”

1€ AR, [ T2(0,e4)[|I<1/16

(Y moees)”

1€AR, || T2(0,e;)||>1/16
1
<CitCrtan g " + o, Cs card{i € A, | || T2(0,¢;)|| > 1/16}.

Hence for n so large that 8(Cy + Ca) < an,nt/" we get
1
16C5

Hence we can find a subset B,, of cardinality n/C516" such that for all i € B,
we have

nt/T < card{i € Ay, | [|T2(0,¢;)| > 1/16}.

172(0, €;)[]2 > 1/16.

Now we consider the map w : ¢3(B,,) — {2 defined by w(e;) = T2(0,¢€;).
Defining § = Cy 139-2 and n’ = card B,, we deduce, for the approximation
numbers of w,

% Vi < my(w) < (3 ak(w)2)1/2 < VOV |Ts|| + asw (w)Ve?
k=1

1
< VAT a0V
Therefore with ¢ = C5716™" we obtain
1/32 < asp(w) = agsrn(w).
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Let u : l3(By) — Cp = ly be defined by u(e;) = QT (e;, 04€;). In order to
obtain a lower estimate for a proportional approximation number of u we
observe

anw(e;) = T5(0,05e;) = QT (ei, 05e;) — T1(ei, 0) = u(e;) — Th(e;, 0).
Since T} is bounded on ¢, the map T} : lo — {5 defined by e; — Ti(e;,0)
factors through the inclusions map iday : lo — £,:

apw — u = Tiidy 2,
Let us recall a result of Carl on the Weyl numbers of id,y 5:
K7 (id Ly — €3) < co.
Therefore we have

/32 < agsrn (apw) = agsrn (U + apw — u)

50’
Hence for n large enough that n'/"a,, > 128¢||T}|| /66" we obtain

Oén/64 < a(&;//g)n (u)
It follows that we can find a linear map W : fo — f5 and a k = (60'/2)n-
dimensional subspace H C f3(B,,) such that |W| < 64a;,! and WQT Py
=idgy.
Note that the cb-norm of the identity mapping id : C, — X, is com-
pletely contractive and thus we obtain
idg = WQTid Py.
According to our assumption T = wyvi, where v1 : Xp, 0, (0) — F, wy : F' —
Xpe,(0), and F' is a quotient of a subspace of [],, R,(Ly,(0,1)). We deduce
from Lemma 2.8 that
(86" )2)nMm = kYT < ¢, inf
EeQS([Iy Bp(Lp(0,1)))
< cpWllebllvillenllwrllen < aztepllvallen|lwaleb-
Using once more lim,, n*/"a,, = oo, we get a contradiction and the assertion
is proved. m
THEOREM 2.16. IfV C {4, @, C, Dy, R, is a rectangular OL,-space, then
there exists an increasing sequence (X;) of finite-dimensional subspaces of

V' with dense union and non-negative integers k;, mj;, n; and a constant K
such that

(2.2) den(X;, 05 @, C @, Ry?) <K for all j € N.

In particular, V is cb-isomorphic to a cb-complemented subspace of L,(0,1) @,
Cp ®p Ry.

‘ o, —1/r
< aser j2yn (W) + agss 2y (Thidp2) = a(sst j2yn(w) + < ) collTx]]-

dcb(cga E)
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If V. C ¢, &, Cp, the Ry-terms in (2.2) disappear and V' is cb-isomorphic
to a cb-complemented subspace of L,(0,1) @, Cp. Similarly if V C £, &, Ry,.
Proof. Since V' is a rectangular OL,-space there is an increasing sequence

(X)) of finite-dimensional subspace with dense union and numbers k(j), n; (%)
and m;(i) and a constant K; so that

da, (Xj, (k(: s;‘f(i)’mﬂ“))p) <K, foralljeN.

For every n € N we define
h(n) = sup{m;(i) | n;(i) = n}.

If h(n) > n for all n € N, clearly (S}) embeds cb-uniformly into V' and hence
Sy is isomorphic to a subspace of an ultrapower of ¢, ©, C), ®, It,, which is a
Banach lattice of cotype p. This contradicts |22, Theorem 2.1]. Hence there
is an ng € N such that h(ng) < ng. If n;(i) < ng, then

dcb(ng(i)’mj(i),ézj(i)(R;nj(i))) < né/r
and if n;(i) > ng, then m;(i) < ng and hence

dcb(S;j (4),m; (4) gzlj(i)(cgj(i))) < n(l)/T.

)

)

/

We can therefore find a constant Ko and numbers k:;-, n;

that ”
dut (Xj7 (Ziél Cgé(i))p

For every n and j we put A;(n) = {i < K} | n}(i) > n} and f(n) =
sup; [Aj(n)|. If f(n) > n for all n € N, then clearly (¢£;(C}')) embeds cb-
uniformly into V' C ¢, &, C),, ®, R, which contradicts Corollary 2.14. Hence
there is an ng so that |A;(ng)| < ng for all j € N. For every j we then get

(@ af) ) <y
p

i1€A;(no)

(i), and m/;(7) so

@y (%R;"}(“)p) <K, foralljenN.

L) 2oig A (ng) ™5 (D)
dcb( D C’;J(l),ﬁp ¢A;(ng) " ) < n[l)/r.
i¢Aj(no)
Treating the R,-terms in the same way we find that there is a constant
K and numbers k;, n;, and m; so that

den(X;, 05 @, C @, Ry?) < K for all j € N,
which proves (2.2). Using an ultraproduct construction as in |5, Section 10.3]
we deduce that there is an ultrafilter U so that V is cb-complemented in
[L % ®p 11y Cp ®p 1y Rp- Since [[;, ¢p is cb-isometrically isomorphic to
L,(N) for some commutative NV, and C}, and R, are homogeneous, the sep-
arability of V' implies that it is cb-complemented in L,(N7) &, Cp @p Ry
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with (N7). separable. Decomposing N7 into discrete and continuous parts
we find that L,(N7) is cb-contractively complemented in L,(0,1) and hence
V' is cb-isomorphic to a cb-complemented subspace of L,(0,1) @, Cp, ®p R,.
Since (R}) does not embed cb-uniformly into ¢, &, C, by Lemma 2.7,
it is readily seen that if V' C /¢, ®, C), then the R,-components disappear
in the argument above, and the ultraproduct construction shows that V is
cb-isomorphic to a cb-complemented subspace of L,(0,1) &, Cp. »

As a corollary we obtain

THEOREM 2.17. If o satisfies (1.5) and (1.6), then the spaces X,.,(0)
and Xy, (o) are not rectangular OLy-spaces.

Proof. Suppose that X, . (o) is a rectangular OL,-space. Theorem 2.16
then shows that it is cb-complemented in L,(0,1) &, C,. By Theorem 1.3
we can assume that o satisfies the additional assumptions in Theorem 2.15,
and hence that theorem yields a contradiction. =

THEOREM 2.18. If o satisfies (1.5) and (1.6) and
Ve {Rp Dp Xp,cp(U)» ép(Rp) Dp Xp,cp (o), Xp,rp(o') Dp Xp,cp(o')}a
then V' is not a rectangular OL,-space.

Proof. Suppose V' = (,(Ry) ®p Xp,(0). The proof of Theorem 2.16
shows that V' is cb-complemented in C), ®, [[,; Rp(¢p), which contradicts
Theorem 2.15 since X, ¢, (o) is cb-complemented in V. The other cases follow
directly from Theorem 2.16. =

PROPOSITION 2.19. Assume that o satisfies (1.5) and (1.6), and let U be
a free ultrafilter on the integers.

(1) IfVe{Xpe,(0), RpDpXpe,(0), Xpr, (0)DpXpe, (o)}, then £,(Ry) Dy
Xp.e,(0) does not embed into [T, V.
(ii) Xpr,(0) ®p Xpe, (o) is not cb-isomorphic to a cb-complemented sub-
space of [[,(Rp ®p Xpe,(0)).
In particular, the spaces Xy, (0), Ry ®p Xpe,(0), Xpr,(0) Bp Xpe,(0),
lp(Rp) ©p Xp.e,(0) are mutually not cb-isomorphic.

Proof. To prove (i), we observe that V' C ¢, ®, C), @, R),. Thus the asser-
tion follows from the row version of Corollary 2.14. To get (ii) we note that
R, ®p Xp.c,(0) is complemented in R, &, L,([0, 1]; Cp). According to Propo-
sition 2.13 a separable complemented subspace of [[,, R, ®p Ly([0,1]; Cp) is
cb-complemented in R, &, Cp(Ly(N)) for a commutative . But the row
version of Theorem 2.15 excludes this for X, (o). =

REMARK 2.20. If W € {{y(R,),{p(Ry) @p Xpe,(0), Ry @p Xpe,(0),
Xpr,(0) ®p Xpe,(0)}, then W contains R, cb-isomorphically which does
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not ch-embed into an ultrapower of L,([0,1];Cy). However, X, (o) C
L,([0,1]; Cp) and hence W does not cb-embed into an ultrapower of X, . (o).

Consequently, none of the spaces above nor those from Proposition 2.19
can be paved with local pieces of any of the others except for trivial reasons.
It is easily seen that we can also add £,(Cp) ®p X}, (0) and the rectangular
OLy-space £,(Cp) Dp Xpc, (o) to this list.

At the end of this section we want to compare the space X ., (o), Xpr, (0)
with their intersection in interpolation sense. Let 2 < p < oo and let 0 = (o,)
and ¢ = (o,) be two positive sequences. In analogy with the spaces defined
in Section 1 we let X (o, 0) be the subspace of S, &, C, &, R, defined as
the closed linear span of the sequence {e,, ®p onen1 Bp onein}. Note that
X (o, 0) is the interpolation space X .,(0) N X, (0). We shall show that
if o and p satisfy (1.5) and (1.6), then X,(o, o) is a rectangular OL,-space
if and only if it is cb-isomorphic to X,(c), Xp,(0) &p Cp, X,(0) &) R, or
X, (o) ®)p Cp ®p Ry. We first investigate the space X, (c, ) where av > 0 and
(3 > 0 are constants. We have:

PROPOSITION 2.21. There is a constant K = K(p) such that if T is a
cb-isomorphism of Xp (e, B) into Ly (0,1)®,Cp®p R, and P is a cb-projection
of Ly(0,1) ®, Cp &p R, onto T(Xp(«, 3)), then either

(2.3) max(a, ) < K||T|leb||T "] min(a, 5)
or
(2.4) < K| Plleu I Tl 1T~ b

2min(a, )
If T is a cb-isomorphism of X, ., (o) into Ly(0,1) ©p, Cp and P is a cb-
projection of Ly(0,1) @, Cp onto T(Xp ., (v)), then
1 _

(2.5) 7o < KIPleb I Tlleb | T e
Similarly for Xy, (o).

Proof. Assume that 8 < « (the other case can be proved similarly), let
(1 be the natural projection of L,(0,1)®,C,@, R, onto L, (0, 1), and Q2 the
natural projection of L,(0,1) &, C, ®, R, onto C, @, R,,. If (f,) denotes the
canonical basis of X,(«, ), we put hy, = Q1T f,, for all n € N. Since f, — 0
weakly, so does (h,,) and we can therefore extract a martingale subsequence
of (hy) and then use the argument in [14] to extract a further subsequence,
still called (hy,), so that there exist constants K1 = Ki(p) > 1, by > 0 and
by > 0 such that

H Zk:: akhk SplLp(0,1)]

~re, max {1 3l bof| (2 ‘Lzak)mHsp’ ol (3 axar)
k k k

1/2

o)
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for all finite sequences (ay) C Sp. Plugging in the vectors ay = ey, we get,
for every n € N,

max(blnl/p, bgnl/p, b2n1/2) < Ki||T|ep max(nl/p, oml/p, ﬁnl/Q),

which implies that by < K;0.

As in Corollary 2.10, there is a constant K5 only depending on p such
that the operator Q27" has a cb-extension S : S, @, C, ®p R, — C, ®p R,
with [|S||cb < K2||T||cb- Hence for all n € N,

Tfn = hn + Senn + aS@nl + ﬁseln-

By [26], 07, [[Senn||” < 00, and if @ denotes the canonical projection of
S, &, Cp &y R, onto R, we find that the operator QT 1PS|C), is (r,2)-
summing and therefore also Y o0 | [|QT~1PSep;||” < oco. In particular, we
can find an ng € N such that

(2.6) T~ 1PSey,| + % QT ~tPSe, || < for all n > ny.

« =

If (F,,) denotes the biorthogonal system to (f,),
< (1/8)|QT~1PSen| and hence (2.6) gives
1 < |F(T~ Phy)| + BF (T~ PSer,)| + 1/4
< | En(T™ Phy)| + K28 Pllen | ITleb I T~ len + 1/4

for all n > ng. If we now assume that KoB||T||cb|| T |eb||Plleb < 1/2, then
by the above 1/4 < |F,(T~'Ph,,)| for all n > no.

By interpolation there exists a constant K3 = Ks(p) such that if U
denotes the diagonal of T~!P|[h,] with respect to the bases (f,,) and (hy),

then U is cb-bounded with ||Ullep < K3||T|eb||Pllen, and hence for all
(ax) € Sp and all n > ny we get

il S aen|<[v( L aon)
k k=ng

=no

hen clearly |F,, (T~ PSe,1)|

SplLp(0,1)]

Zak@hk

=no

< KS”T_IHCbPHCb

Sp[Lp(0,1)]

If we plug in the vectors ag = ey in this inequality we get
1
1 max{(n — ng)"/?, a(n —no)*?, B(n — no)/P}
< K1 K3|| Tl |7 eb | Pl max{by (n —ng) /P, by (n—1no) "/, ba(n—no)'/7}
and therefore o < K1 K3||T||cb| T leb || Pllebbz < KZK3|T| T ||cbl| PllebS-
Hence we have proved the proposition with K = max(K?K3, K2).

To prove the statement for X, . (a)) we go through the argument above,
but we omit the R,-coordinate, and adjust the sequence (hy) to the new
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situation. Then we drop the argument with the projection Q. The first part
will then show that by < Kia. If Koa|T||eo||T " |leb||Plleb < 1/2, then the
second part will show that o < K1 K3||T||cb|| T~ |eb | Pllebbe- Hence (fy)
is cb-equivalent to (h,), which is a contradiction because X, ., () is cb-
isomorphic to Cj,, which does not embed into L,(0,1) by Lemma 2.4. =

We need the following two lemmas:

LEMMA 2.22. Let 2 < p < o0 and let 0 and o be two sequences such that
there exist 6 > 0 and € > 0 with 0, < 0y, for alln € Noand ), o7, < 0.
If X,(0,0) is cb-isomorphic to a cb-complemented subspace of L,(0,1) &,
Cp, ®p Ry, then there exist 0 < K,M,N < oo such that X,(o,0) is cb-
isomorphic to lé,v ®p (Cp N RY)M @, Rf. If o, — 0, the last two summands
do not occur.

Proof. Assume that X, (o, g) is an OL,-space, put
A={neN|o,<e}, B={neN]|o,>c¢c},

and let 04 = {0, | n € A} and o = {0}, | n € B}. In a similar manner we
define o4 and gp. Clearly we can write

XP(Uv Q) = Xp(UAa QA) D Xp(UBa QB)

If liminf pa(n) > 0, then X,(04,04) is cb-isomorphic to RLA‘ (which is
cb-isomorphic to ELA‘ in case A is finite). Assume next that liminf p4(n) = 0.
If o4 satisfies (1.6), then Xp(04,04) is cb-isomorphic to X, (04),
which contradicts Theorem 2.17, and hence there is an €1 > 0 such that
> oa(n)<e, 24(n)" < oo. We may assume that 1 = ¢ and conclude that

X,(0,0) is cb-isomorphic to EIIDA|. If n € B, then ¢ < g, < Jp, so that
X, (0B, 0B) is ch-isomorphic to (C, N Ry)1Bl.

Summing up we have found that there exist 0 < K, M, N < oo such that
Xp(0o, 0) is cb-isomorphic to EZJ,V ®p (Cp N Rp)M @, R{,(. n

LEMMA 2.23. Let 2 < p < oo and let 0 and o be two sequences such that
X, (0, 0) is cb-complemented in Ly(0,1)®,Cp®pRy. Then {0, | 0r, > €} does
not satisfy (1.6) for any € > 0. The same holds with o and ¢ interchanged.

Proof. Suppose that there is an € > 0 such that {o, | ¢ > €} satisfies
(1.6). Then it also satisfies (1.5), and if 5 > 0 is arbitrary, we can find a
sequence (By) of mutually disjoint finite subsets of N so that

s<( Y a) <o

neEBy, on>c

For every k € N we put i, = (3_,cp, ¢ o7)Y/" and arguing as in Propo-

sition 1.2 we find that X,((ay), ) is cb-complemented in X, (o, ). Clearly
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a = liminf ay > e, and if we choose a subsequence (ag,,) tending suffi-
ciently fast to o we conclude that X, («, 3) is cb-complemented in X, (o, 0),
and hence also in L,(0,1) &, C, &, R,. This contradicts (2.3) and (2.4) for
6 small enough. =

We are now able to prove:

THEOREM 2.24. Let o and o be two sequences satisfying (1.5) and (1.6).
If Xp(0,0) is a rectangular OL,-space, then it is cb-isomorphic to X,(o),
Xp(0) @p Rp, Xp(0) &)y Cp or Xp,(0) &)y Cp &y Ry. If in addition o, — 0 and
on — 0, then Xp(o, 0) is cb-isomorphic to Xp(o).

Proof. If X, (0, ) is a rectangular OL,-space, Theorem 2.17 shows that
it is cb-isomorphic to a cb-complemented subspace of L,(0,1) @&, Cp &)
R,. Suppose that for all ¢ > 0 and all § > 0 we have Z{gngéan,gngs} o
= oo. We shall show that this leads to a contradiction. Let § > 0 and
A={neN| g, <do,}, and define 04 and g4 as in Lemma 2.22. Clearly
04 satisfies (1.5) and (1.6). If 30y, ()<} oa(n)" < oo for some € > 0, then
also 3¢, (n)<ey 04(n)” < oo and therefore {oa(n) | oca(n) > €} satisfies
(1.6), which contradicts Lemma 2.23. Hence also o4 satisfies (1.5) and (1.6).
Let now a > 0, choose mutually disjoint finite sets Ay C N such that for all

keN,
a < ( > UA(n)r)l/T < 20,
nEAk

and put B = (3 ,ca, 04(n)")Y" for all k € N. Again Proposition 1.2
shows that X,(c, (Bx)) is cb-isomorphic to a cb-complemented subspace of
Xp(0,0), and by choosing a subsequence of (f) tending sufficiently fast
to f = liminf B > 0 we find that X,(a, ) is cb-isomorphic to a cb-
complemented subspace of X(0,0). If 3 =0 we have X,(a, 3) = X, (),
contrary to (2.5) of Proposition 2.21 for a small enough. If 8 > 0, then
B < 2da, contrary to (2.3) of Proposition 2.21 for ¢ small enough. By choos-
ing a small enough, (2.4) is violated and we have reached a contradiction.

Interchanging the roles of o and ¢ in the argument above we can conclude
that there are ¢ > 0 and § > 0 such that

(2.7) Y op <o,

{0n§59n7 Unfé‘}

(2.8) Z 0y, < 00.

{Qn§50n79n§5}
Let A be as above and put
B={neN|do,<op,<(1/0)on}, D={neN]|o,<don},
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and define the sequences (c4), (0B), (6p), (04), (0B), and (op) as before.
We can then write

XP(Jv Q) = Xp(UA7 QA) S Xp(UBv QB) S5 Xp(aDv QD)

By Lemma 2.22, X, (04, 04) ® X,(0p,0p) is cb-isomorphic to lI],V ®p (CpN
R)M @, CF @, R for some 0 < k,L,M,N < oo. X,(op,08) is cb-
isomorphic to Xp(op) and since op satisfies (1.5) and (1.6) it contains
cb-complemented copies of 1, ®, (C, N R,), which shows that X, (o, o) is
cb-isomorphic to X, (cp) &y le( Dp R]g . This finishes the proof since clearly
X,(op) is cb-isomorphic to Xp(c). Obviously the Cp- and R,-terms do not
appear in case o, — 0 and ¢, — 0. m

3. Operator space properties of the matricial Rosenthal spaces.
In this section we will discuss the operator space structure of the matricial
Rosenthal spaces. As before we let p > 2, 1/2 = 1/p+ 1/r, and let o be a
sequence with o,, > 0. (&,) denotes the unit vector basis of ¢5. Throughout
the rest of the paper we let R denote the hyperfinite II; factor defined as
the o-weak closure of the infinite tensor product @), .Mz in the GNS-
construction with respect to the trace T = @), o tr/2.

We start with the following result on Y, (0):

PROPOSITION 3.1. Y, (o) is complemented in L,(R).

Proof. Let p denote the Lebesgue measure on (0,00) and let A, C
(0,00) be disjoint sets with p(A4,) = o) for all n € N. We consider the
subspace V' C L,((0,00);.5,) N LTPQCP((O 00); S2) defined as the closure of
{>-, N(An)_l/plAn$n | an € Sy}

Given X, € 5, ® S}, we have

HZM(A )

= (Z 1)

Further,

H > u(An) TP, X

SelLi] H(Z“ PP (id @ tr) (X X ))1/2

- H (; on(id @ tr)(X;;Xn)> 1/2

The calculation for the row term is similar. Comparing this with (1.22) we
conclude that V' is cb-isomorphic to Y, (o).

For every n € N we let p,, denote the orthogonal projection of ¢ onto
span{&, | n(n —1)/2+1 <k < n(n+1)/2}. Since B = {>,, 14, ® zy, |
Ty, = PpTppn} is a von Neumann subalgebra of Lo ((0,00); B({2)) and the
restriction of the trace is normal on B, we deduce from [28] that there is the

Sp

S,
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conditional expectation

dt
Ble) = 14,0 § purlO s

which is completely contractive on L,((0,00);.5,) for all 1 < p < co. Clearly
E is a projection onto V and hence V' is cb-complemented in Ly, ((0, 00);.S,) N
L;”nrp ((0,00); S2). According to |9] the latter space is cb-isomorphic to L,y (R),
and the assertion is proved. =

REMARK 3.2. According to [9], the spaces
Lp((0,00); Sp) N Ly"((0,00);82) and  Ly((0,00); Sp) N Ly’ ((0,00); S2)

are cb-isomorphic to completely complemented subspaces in L,(R @ B({2))
and hence the same argument as above shows that Y}, ., and Y}, are cb-
isomorphic to cb-complemented subspaces of L,(R®@B({3)). However, in gen-
eral we cannot expect a cb-embedding into L,(R). Indeed, from Theorem 1.5
it follows that if o satisfies (1.5) and (1.6), then S, cb-embeds into Z,(o)
but it does not embed into L,(R) according to a result of Sukochev [27].
Hence Z,(o) does not cb-embed into L,(R).

COROLLARY 3.3. The spacesYy(0), Yy, (o), andY, ., (o) have the y,-AP.

7Cp

Proof. Since L,(R ® B(¢3)) is the L,-space of an injective von Neumann
algebra, this space has the 7,-AP. The ~,-AP passes to complemented sub-
spaces. m

We now turn our attention to the space Z,(o) but for this we need some
preliminary results.

Let m,n € N and let D be a positive m x m diagonal matrix with
tr(D) = 1. We define Z]"(n, D) to be the subspace of S @, C’;,"2 ®p R;”2
defined by

Zy'(n,D) = {(z,n"/"zDY" nYTDV"r) | x € STY.
Here we consider DY/ as an element of cHey) = C’ITZ, and DY"z as
an element of R}'(R)') = Rg‘2. The spaces Z, (n,D) and Z}, (n, D) are

defined similarly as subspaces of S;* @), C;,”Z, respectively S @, R;"z.
For every 1 <i < n we define &; : S;* — S}’,nn = S]‘?" by

V(z) =D ®.--.@ DV’ @@ DYP ... DY/P

for all € 57", where x is the ith factor. Further, we put

Up(x) = n_l/pZSiJ/i(x) for all x € S,
=1
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n
Up?c(x) = n_l/PZg—:iWi(J)) X e;1 for all x € S;)n,
=1

Upr(x) = nil/pZai%(x) ®ey; forall z € SP,
i=1

where (g;) is the sequence of Rademacher functions on [0, 1].

THEOREM 3.4. U, acts as a cb-isomorphism of Z;'(n, D) onto its im-
age which is cb-complemented in Ly([0,1]; S;”n) with cb-norms only depend-
ing on p. Similarly Z. (n, D) (resp., 2. (n, D)) is cb-complemented in

Ly([0,1]; 57" @ C3) (resp., Ly([0,1]; 57" @ Ry)) wvia the map Uy, (resp.,
Up,r)-
Proof. Let {z;, |1 < j,k <m} C S, For every 1 <i<n put
Y, =¢; Z l‘jkﬁ ® Epi(ejk)-
j?k
Then the Y;’s are independent in the sense of [14] and have mean zero.
Therefore, if we put E(z @ y) = tr(D'=2/Pz)y for all z € S;”n and all

y € Sp and let “~” denote a two-sided inequality with constants only de-
pending on p, then [14, Theorem 1.2] gives

SplLp(S™] ) z;y

_ - 1/p
~ Tl 1/pmaX{(z;‘|Y;ng[l/p(sl77nn)]> 7

3.1 T Q@ Uy(e;
( ) H]zk: Jk p( Jk) SplLp(ST™)]

= N /p
(o)
155 o),

For all 1 < n we easily get

||Y;HSP[LI,(S;,"")} = H ijk ® €ji
Jk

Splsm

Further,

1/2
—2
S Zj - S

m m
1/2 1/r
.Y Hzgk/ ijk@)ejkus -
k=1 j=1 PlCF]
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and similarly

(35 ), w0 St S oo,

Combining these calculations with (3.1) we deduce that U is a cb-isomor-
phism of ZJ(n, D) onto its image.
For every 1 < i <n we define ] : S} — Sg}n by

Wi[(m):Dl/p@"'@Dl/p@x@Dl/p@...®D1/p

for every x € Sy, where x is the ith factor, and Uy = Y ;" &¥/(x) for
all z € Sp. Using [14, Theorem 4.3] we can show in a similar manner that
Up acts as a cb-bounded operator from Z7*(n, D)* to Ly ([0, 1]; Sg‘n) It is
readily verified that U,U), is a cb-bounded projection of L, ([0, 1]; Sm™) onto
the range of U,,.

The argument for U, . and U, , is similar. =

We are now able to prove:

THEOREM 3.5. Let 2 < p,r < o0 be such that 1/2 = 1/p+ 1/r. If o is
a sequence of positive numbers such that o ¢ ¢, and liminf, o, = 0, then
Yyp(0), Ypr,(0), Ype,(0), Zp(0), Zpr(0), and Zy (o) are COS,-spaces.

Proof. Consider
J
. T
k=1

By assumption s; tends to co and hence we can find a subsequence (jj) and
integers ny, such that

ng < 85, <ng+ 1.
By definition Z,, Z,., Zp, are the closures of U, Z3*, U, Zo%, U, Zi%,
respectively. Fix k € N and define g, = sj_kl(a;?) j<jr- The map

w(z) = (z, n,lc/ra:DééT, n,lg/rD;]éra:)

yields an isomorphism between ZJ* (o) and Zy(ng, Dy, ). Indeed, for o =
(9)j<j we have

. n 1/r
”k/rDéir = <k> Do,

Sik

1/r 1/r
()< (o)
Sjk ng

Hence by Theorem 3.4, Zg’“ (o) has the ,-AP with a constant only depend-
ing o and p, and therefore Z,(0) has the ~,-AP. Similarly for Z, ., (o) and

and
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Zpr, (o). The spaces Y,(0), Yy, (o), and Yy, (o) have the v,-AP by Corol-
lary 3.3. Since liminf, 0, = 0, we can find a subsequence ¢’ = o, such
that (0,,) € ¢-. Then the map M, : S, — Cp(N?) defined by M,(x) =
zD,s is completely bounded, and similarly M, : S, — R,(N?) defined by
Li(z) = D,z is completely bounded. If A = {ny : k € N}, then the sub-
space Z4 = {(xi;) | i,j € A} is cb-isomorphic to S, and complemented in
Zp(0), Zpe(0),and Zy, (o), respectively. By the definition of Y}, (o) we deduce
that Ya = {(zx)x | k € A, mp € My, } is cb-isomorphic to (3 _;c 4 ©pSy™*)p
and cb-complemented. Thus all these spaces contain S))’s uniformly comple-
mented. According to [11, Theorem 2.2, these spaces are COSy,-spaces. u

4. Uncomplemented copies of some OL,-spaces. Throughout this
section, 2 < p < oo, unless specified otherwise.

THEOREM 4.1. Let X andY be subspaces of rectangular OL,-spaces such
that X is completely isomorphic to a subspace of Y. Then €,(Y") (respectively,
SplY]) contains an uncomplemented completely isomorphic copy of £,(X)
(respectively, Sp[X]).

Before proving the theorem, we formulate a corollary of it.
COROLLARY 4.2.

(a) Suppose X is one of the following operator spaces: £y, Sp, Kp, or
L,(R). Then X contains an uncomplemented copy of itself.
(b) Suppose N is a group von Neumann algebra with QWEP, and X

is either £p(Lp(N)) or SplLy(N)]. Then X contains an uncomple-
mented copy of itself.

Proof. All the spaces listed in (a) and (b) are OL,-spaces (see [12] for the
spaces from (b)). Moreover, any of the spaces X listed in (a) is completely
isomorphic to £,(X), by Pelczyiiski’s decomposition method. The same ar-
gument shows that for N as in (b), Sp[L,(N)] is completely isomorphic to

EP(SP[LP(N)D' u

To establish Theorem 4.1, consider a finite-dimensional version of the
Rosenthal space. More precisely, if o = (0,,)nen is a sequence of positive
numbers, then we let X}J'(0) be the linear span of the first m vectors of the
canonical basis of X,(c). By Corollary 2.2 there exist A > 0 and a sequence
(km)men such that ﬁ’p“m contains a A-completely complemented A-completely
isomorphic copy of X}*(0).

Now suppose the sequence (o) satisfies (1.5) and (1.6). By [26], if P,
is a projection from £ &, R @, C}" onto the “natural” copy of X(o),
then lim, || P,|| = oo. By [20] (see also [23]), £' @, R)* @, C}' embeds
into éf’,m ¢p-completely isomorphically. Thus, there exists a sequence (T),)
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of complete contractions T,,, : X'(0) — €gm such that |7, ||, < ¢p, and
lim,,, [|@Qm,|] = 0o whenever @, is a projection from ff’,m onto range(T},).
The properties of the spaces X}"(o) yield:

LEMMA 4.3. {, contains an uncomplemented completely isomorphic copy
of itself.

Proof. Suppose the sequence (o,,) satisfies (1.5) and (1.6). Consider the
spaces Y = (3., Egm)p and Z = (3_,, Tin(X}"(0)))p. By the discussion pre-
ceding the statement of this lemma, Z is an uncomplemented subspace of Y.
Moreover, Y is completely isometric to £,. It remains to show that Z is com-
pletely isomorphic to £,. To this end, note that Z is completely isomorphic
to a completely complemented subspace of (>, E’Ijm)p ~ {,. Moreover, Y
contains a completely complemented copy of ¢,. As £, = {,(¢;), we complete
the proof by applying the Pelczyriski decomposition method. =

We need yet another lemma.

LEMMA 4.4. Suppose X is a rectangular OLy,-space, and T is a com-
plete isomorphism from £, onto a subspace. Then T' ® idx is a complete
isomorphism from £,(X) onto its range, viewed as a subspace of £,(X).

Proof. We can assume that T is a complete contraction and let ¢ =
1T~ ||cp- It suffices to show that T ® idgy : Ep(S;)V) — ﬁp(SéV) is a complete

al

contraction, and ||(T'®id Sév) o < c. To complete the proof identify £,(S))

with Sév [¢,] and apply Proposition 0.1. u

REMARK 4.5. The same result also holds for complete isomorphisms from
S), onto its subspaces.

Proof of Theorem 4.1 Suppose X and Y are subspaces of rectangular
OL,-spaces and S : X — Y is a complete isomorphism. Let T" : £, — £,
be a complete isomorphism with an uncomplemented range (such a T
exists, by Lemma 4.3). By Lemma 4.4, T'® S determines a complete iso-
morphism from ¢,(X) onto a subspace of £,(Y). It remains to show that
range(7T ® S) is uncomplemented. Indeed, suppose for the sake of contradic-
tion that there exists a projection P from ¢,(Y) onto range(T' ® S). Pick
z € X\{0} and denote by @ a bounded projection onto span(Sx). As T is a
complete isomorphism, @ = Liange(T) ®Q is a completely bounded projection
from range(T ® S) onto range(T) ® span(Sz). Hence Q o Py, @span(sz) 1S a
bounded projection from ¢, ® span(Sz) onto range(7’) ® span(Sz), which
contradicts the fact that range(7") is uncomplemented. =

COROLLARY 4.6. Suppose N is a von Neumann algebra equipped with a
normal semifinite faithful trace which is not of type 1. Then there exists an
uncomplemented subspace X of Ly,(N') completely isomorphic to Ly(R).
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Proof. By [11] (see also [21]), L,(N') contains a (completely contractively

complemented) subspace Y, completely isometric to L,(R). By Theorem 4.1,
Y contains an uncomplemented copy of L,(R). =

COROLLARY 4.7.

(1) Every infinite-dimensional rectangular OLy-space contains an un-

complemented copy of €.

(2) Ewvery infinite-dimensional OS,-space contains an uncomplemented

copy of (3=, Sy )p-

Proof. By [11] any OL,-space X (with 1 < p < o0) embeds comple-

tely isometrically (and even completely contractively complementedly) into
[1; Sp, where U is an ultrafilter. By [24] and [25], X contains a completely
isomorphic (and even completely complemented) subspace Y, completely
isomorphic to £,. Moreover, if X is an OS,-space, then it contains a sub-
space Y, completely isomorphic to (3, S;)p- In either case an application
of Theorem 4.1 completes the proof. m
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