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Products of Toeplitz operators and Hankel operators
by

YUFENG Lu and LiNGgHUI KONG (Dalian)

Abstract. We first determine when the sum of products of Hankel and Toeplitz
operators is equal to zero; then we characterize when the product of a Toeplitz operator
and a Hankel operator is a compact perturbation of a Hankel operator or a Toeplitz
operator and when it is a finite rank perturbation of a Toeplitz operator.

1. Introduction. Let D be the open unit disk in the complex plane and
0D the unit circle. Let do be the normalized Lebesgue measure on 0D. Let
L? = L?(0D,do) denote the space of Lebesgue square integrable functions
on the unit circle. The Hardy space H? is the closed subspace of L? consisting
of analytic functions. Let P be the orthogonal projection from L? onto H?.
For f € L°°, the Toeplitz operator Ty and the Hankel operator Hy with
symbol f are defined respectively by

Trh=P(fh) and Hyh = P(U(fh))
for h in H?. Here U is the unitary operator on L? defined by Uh(w) =
wh(w), where h(w) = h(w). Clearly, Hf = Hy~, where f*(w) = f(w).
The operator U maps H? onto [H 2]l and has the following useful property:

UP = (I—P)U. As is well known, Hankel and Toeplitz operators are closely
related by the equations

(1.1) Tyy — TyT, = HHy,
(1.2) Hyy = HyT, + T;H,.

The second equality implies that if ¢ € H°, then

TsHy = Hyg = H;Ty,.
We refer to [0, [7], [6] for the above facts. Some more relationships be-
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tween these two classes of operators have been studied in several papers.
For the problem of commutation, Martinez-Avendano [I1] showed that Hy
commutes with Ty if and only if either f € H*°, or there exists a constant
A such that ¢ + Af is in H*°, and both g + § and ¢gg are constants. A nat-
ural question is: When does the commutator [Hy,T,| = H;T, — T4H have
finite rank? Ding [5] answered this question and another one: When is the
product H T}, a finite rank perturbation of a Hankel operator Hj? As to the
compactness of [Hy,T,], Guo and Zheng [7] gave a necessary and sufficient
condition.

Inspired by these results, we investigate some more relationships between
these two classes of operators. We study sums of products of Hankel and
Toeplitz operators and operators of the form H;Ty + T, Hy, and determine
when such operators are zero. The classical result of Martinez-Avendafio
[11] is recovered as a corollary of our results. Then we characterize when
H;T, — Hy, and HfT, — T}, are compact and when TyH, — T}, is of finite
rank.

In Section 2, we consider a class of operators of the form
n
> HT,
j=1

where each H; is a Hankel operator and each Tj is a Toeplitz operator, and
determine when an operator of this type is zero (Theorem. We also char-
acterize when an operator of the form H;T,+ T} H}, is zero (Theorem 2.8)). In
Section 3, we characterize when H T} is a compact perturbation of a Hankel
or a Toeplitz operator (Theorem and Corollary . In Section 4, we
characterize when T’y H, is a finite rank perturbation of a Toeplitz operator

(Corollary [4.5)).

2. Sums of products of Hankel and Toeplitz operators. In this
section, we consider operators that are sums of products of Toeplitz opera-
tors and Hankel operators and determine when such an operator is equal to
zZero.

Given nonzero functions f,g,h,k € H?, we write f ® ¢ for the rank-
one operator on H? defined by f ® g(h) = (h,g)f. It is well known that
f®g=h®Ekif and only if there exists a nonzero constant o € C such that
f = ah and k = ag. More generally, we have the following lemma which
is essentially proved in Proposition 4 of [§]. In the following, for a given
positive integer n, we let M, be the set of all n x n matrices and S,, be the
set of all permutations of {1,...,n}. If A € M,,, we let A* be the conjugate
transpose of A.
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LEMMA 2.1. Let f;,9; € H? for j=1,...,n. Then
n
ij@)gjzo on H?
j=1

if and only if there exist A € Ml,, and o € S,, such that

Jo(1) 9o (1)
[A —1I] : and A"

I
o

fa(n) 9o (n)
LEMMA 2.2. H; =1®1 on H?.

Proof. For f € H? let f(0) = > o>°, ane™ be the Fourier series of f.
Then

H:(f)=PUES) =P(f)=f0)=a=(f,1) =1®1(f). =
LEMMA 2.3. Let f,g € L. Then
HyT,T, =T:H;T, + Hyl ® H,1,
TyHyT, =T:TyHy — Hfl ® HJ1.
Proof. By Lemma and formulas , , we have
H{T,T, = HiT., = Hy(T.Ty + HzHy) = H;T, T, + HfH:H,
= H;T., Ty + Hf[1 @ 1|Hy = T: HfTy + Hfl ® H 1,
and
T¢H,T, =T¢T:Hy = (15T — Hng)Hg =T:TfH, — HyH:H,
=T1T:T/H, — Hf[l ®1|Hy =T:TyH, — H;l® Hil. m
LEMMA 2.4. For f € L*°, the following statements are all equivalent:

(1) Hp1=0.
(2) Hi1=0.
(3) Hy=0.
(4) f e H®.

Proof. Calculate directly using the Fourier series of f. m

We are now ready to prove the main result of this section. We say a
vector is in H° if every element of the vector is in H°.

THEOREM 2.5. Let f;j,9; € L™ for j = 1,...,n. Then the operator
T = 2?21 Hy Ty, equals 0 on H? if and only if there exist A € M, and
o €S, such that the following three conditions hold:
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(1) [A-I]F] € H?.
(2) A*GT ¢ H°.
(3) G,AFT € H*™.
Here Iy = (fa(1)7 SR fo‘(n)) and Gy = (gd(l)a s 7ga(n))'
Proof. First assume T = 0. By Lemma we have

n
> Hyl@Hp1=0.
j=1

Then by Lemma there exist A = (aij)nxn € M), and o € S,, such that

(2.1) [A—1)(Hy, ) 1,..., Hy, )T =0,
(2.2) A*(Hg 1. H 1 ' =o.

It follows from (12.1)) that

n
Hyr aiifo;l = Zainfﬂj)l = Hy, )1,
j=1

SO
HZ?:1 aij fo(j)—fo@) 1=
for each i = 1,...,n. By Lemma we have
n
Y iifot) — fo) € H™

J=1

for each i. This shows that [A — I|F] € H°, where Fy = (fy(

This implies (1).
Next, using (2.2)), we have

*
HZ?:1 aijg(;(z) Z a” gc( )

for each j and hence
n
> aijge € H®
i=1
for each j by Lemma. So (2) holds.
To prove (3), let

(hi,....,h)T =[A=TFT and (ki,...,k,)T = A*GT.

1)y - - 7f0'(n))'
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Then

n n n
Z Hpi Ty, = Z [Z aijHy, ;) = Hfo(iJTgo(i)
i=1

i=1  j=1
n n n
= Z Z aijHy,  Topy — Z Hy, ) Too0)

n n
- Z Hy, Ty Qijgdoliy Z Hy, Ty,
=1 i—1

n n
- Z Hy, )Ty = Z Hy, T,
j=1 i=1

Since h; € H* and k; € H*, we have H,, = 0 by Lemma @ and
Hy, Tk, = Hy, . k; by (1.2) for each j. By the assumption

n
Z Hy;Ty; =0,
j=1
we have
n n
0= Z Hy, )Ty = Z Hy, ks = B foy ke
j=1 J=1

so that Z;‘Zl Jo(jyks € H* by Lemma On the other hand, since k; =
Z?Zl ajigs(j) for each i, we have

Z Joyki = Z Z fo(1)@5i90 () = Z 9o () Z ajifo(iy = GoAFY,
i=1 j=1 i=1

i=1 j=1
from which (3) follows.
Now suppose (1)—(3) hold. Let

(hi,....,h)T =[A=TFT and (ki,...,k,)T = A*GT.

Then hj, k; € H*> for each j. Hence Hp; = 0 and ch,<j)Tkj = Hfa(j)kj for
each j. Using a similar argument to the above, we have

n n
Z Hy Ty = ZHfamkj =Hyw ok = Hepary =0
i=1 j=1

by (3). Thus we have T'=10. =

If we further specialize to the case n = 2 in Theorem we obtain a
more concrete description in the next corollary.

COROLLARY 2.6. Let f,g,h,k € L. Then H¢T, = H,Ty, on H? if and
only if one of the following statements holds:
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Proof. First suppose H;T, = Hp,T},. By Theorem (With o being the
identity permutation without loss of generality), we have

(a—1)f —bh € H*,
cf —(d—1)h e H*™,
ck+ag e H™,
dk +bg e H™

for some constants a, b, c,d. If f € H>® and b # 0, then the first line above
shows h € H*> and (1) holds. If f € H>*,b =0 and d # 0, then the fourth
line above shows k € H*. By Lemma and (1.2)), hk € H>. Thus (3)
holds. If f € H* and b = d = 0, then the second line above shows h € H*>,
so (1) holds. Therefore, if f € H®, then (1) or (3) holds. Similarly, if
g € H*®, then (2) or (4) holds. Also, if h € H*, then (1) or (2) holds.
Finally, if £ € H*, then (3) or (4) holds.

Now assume f, g, h,karenotin H*®.Ifa—1 =b =c = d—1 = 0, then the
third line and fourth line in tell us that g,k € H, which contradicts
our assumption. Thus one of @ — 1, b, ¢, d — 1 is nonzero. On the other hand,
using the first two conditions in , we see that a — 1 # 0 if and only if
b # 0, and ¢ # 0 if and only if d — 1 # 0. Thus we have f + fh € H*,
where = —b/(a—1) or B = —(d—1)/c. Also, if a =b=c=d =0, then
the first two lines in show that f,h € H, which is a contradiction as
well. So one of a, b, ¢, d is nonzero. By the same argument as above we have
k+~g € H*, where v = a/c or v = b/d. By (2.3)), we have

) e () ()

If one of the two 2 x 2 matrices is invertible, then f,h € H*, or g,k € H*>,
which is a contradiction. Thus the two matrices are not invertible so that
their determinants are both zero, which implies (a — 1)(d — 1) = be = ad
and hence a + d = 1. Using this fact, we see that 8 = ~ for any 8 €
{-b/(a —1),—(d — 1)/c} and v € {a/c,b/d}. Since f + fh € H* and
k+~g € H*®, we have Hy,pp, = 0 and HpTg1yg = Hp(gqyg)- It follows
that

(2.3)

HyTy = (Hyipn — BHp)Ty = —BH,TY,

(2:4) H,T, = H) (T, T)=H H,T
Wk = Hp(Thtng — VTg) = Hp(ksnyg) — VHR T
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Since H¢T, = HpT} by assumption and 8 = v, we have Hp(x1,4 = 0 and
so h(k+~g) € H*®. So (5) follows with o = = .

Conversely, suppose one of the conditions (1)—(5) holds. If one of (1) ( )
holds, we have H;T, = HyTj, by Lemma [2 H and . If (5) holds,
with oo = B = v shows that H;T, = H,T},. =

Taking h = k = 0 in Corollary we obtain the following result which
shows that the product of a Hankel and a Toeplitz operator can be zero only
in trivial cases.

COROLLARY 2.7. Let f,g € L. Then H;T;, = 0 on H? if and only if
one of the following conditions holds:

(1) feH™.
(2) g,fg € H™.

Next we consider operators of the form H T, + Ty Hj and characterize
when such an operator is zero.

THEOREM 2.8. Let f,g,h,k € L. Then H;T, + TpH, = 0 on H? if
and only if one of the following statements holds:

(1) f, h,hk € H>®.

(2) f.keH>.

(3) 9.k, fg € H™.

(4) g,h, fg+ hk € H>.
(5

) f— ah,k — ag, hg € H® for some nonzero constant «.
Proof. First assume H T, + Ty Hy = 0. By Lemma we have
(2.5) Hyl® Hyl = Hp1® Hil.

If Hil = 0, then H;1 = 0 or H;1 = 0, we have either f,}NL € H*®
or f,k € H®. If f,il € H*, then 0 = T, Hy = Hj, by our assumption,
hence f, h, hk € H*®. So (1) or (2) holds. By similar arguments, we see that
H;1 =0 implies (3) or (4); H;1 = 0 implies (1) or (3); H;;1 = 0 implies (2)
or (4).

If none of Hyl, Hyl, Hy1, H;1 is zero, then f,g,h, k are not in H>®. By
, we have Hy1 = aH 1 and H;'1 = aHg1 for some nonzero constant a.
It follows from Lemma. 4 that f — ah,k — ag € H®. Hence
(2.6) HiTy = [Hf—ah + o} |Ty = aH; Ty,

Tth = Th[kaag + OéHg] = aThHg.
Since a # 0 and HyT, + T, Hy, = 0 by assumption, we have 0 = H; T, +
ThHy = Hj,. So hg € H*® and (5) follows.
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Conversely, if one of (1)—(4) holds, we have H;T, + T}, H}, = 0 by Lemma

and (1.2). If we assume (5), then it follows from (2.6) that H Ty +T} Hj, =
OJ[H}*ZTQ + ThHg] = aHﬁg =0.m

Taking h = —g, k = f in Theorem we obtain the following corollary
which coincides with the classical result of Martinez-Avendafio dealing with
the commutation problem.

COROLLARY 2.9. Let f,g € L*>. Then H;T, = TyHy on H? if and only
if one of the following statements holds:

(1) feH™.
(2) 9.9 € H®.
(3) f+ag,9+ 3,99 € H® for some nonzero constant c.

3. Compact perturbation. In this section, we investigate when is the
product of Hankel operator and Toeplitz operator a compact perturbation
of a Hankel or Toeplitz operator. First we introduce some notations. For
each z in the unit disk D, the normalized reproducing kernel at z is

V1= |z|?
k =
+(w) 1—zw ’
it is well known that k, — 0 weakly as |z| — 17. The Mobius transform is
denoted by
z—w

¢z (w) =

C1-—zw’

To prove our main theorems we will need results about Douglas algebras.
A Douglas algebra is a closed subalgebra of L* which contains H®°. The
Gelfand space (space of nonzero multiplicative linear functionals) of the
Douglas algebra B will be denoted by M (B). If B is a Douglas algebra,
then M (B) can be identified with the set of nonzero linear functionals in
M (H®) whose representing measures (on M (L)) are multiplicative on B,
and we identify the function f with its Gelfand transform on M(B). In
particular, M(H*® + C) = M(H*) — D, and a function f € H*> may be
thought of as a continuous function on M(H> + C'). A subset of M (L)
is called a support set if it is the support of the representing measure for a
functional in M (H> + C). For more details, we refer the readers to [9], [2],
[12], [14], [3], and [4].

For a function on the unit disk D and m € M(H* + C), we use the
notation z — m to mean that z converges to m in the maximal ideal space
of H*, and we write lim,_,,, F'(z) = 0 if for every net {z,} C D converging
to m, lim,_ _;, F(z4) = 0.

The following three lemmas are proved in [7].



Products of Toeplitz and Hankel operators 285

LEMMA 3.1. If T : H> — H? is a compact operator, then
lim || — T$ZTT$Z|| =0.

|z| =1~
LEMMA 3.2. Suppose that f,g € L. If lim,_,p, |Hyk.||]2 = 0, then
lim sy [ HyTrkollz = 0. If T,y | Hiksll2 = 0, then lim, o, | HTrkso
=0.

LEMMA 3.3. A finite sum T of finite products of Toeplitz operators is a
compact perturbation of a Toeplitz operator if and only if

lim ||T — T} TT;.| = 0.

|z| =1~
The following lemma of [10, Lemma 2.5] will be used later.

LEMMA 3.4. Let f € L* and m € M(H*>*+C), and let S be the support
set for m. Then f|g € H*®|g if and only if lim |H k|2 = 0.

A symbol mapping was defined on the Toeplitz algebra in [9]. It was
extended in [I] to a contractive *-homomorphism o : Tt — L on the
Hankel algebra T+ which is generated by all Toeplitz operators and all
Hankel operators. Moreover, it was shown in [I] that o is a contractive
*_homomorphism, and compact operators and finite products of Toeplitz
and Hankel operators with at least one Hankel factor are both contained in
kero.

PROPOSITION 3.5. For f,g,h € L™, let T' denote H;T, — Hp,, then T is
compact if and only if

Z—m

lim || T*T — T T*TTy,|| = 0.
|z| =1~ z
Proof. The necessity is obvious according to Lemma [3.3} we only prove
the sufficiency. We first show that T*T is a finite sum of finite products of
Toeplitz operators:

T°T = (HfT, — Hp)"(HyTy — Hp)
=T,H;H;T, - T;H}Hh — HyH{T,+ Hy Hy,
=Ty (HfHy)Ty — Ty (HpHy) — (HyHy)Ty + (Hy Hy).
Since the product of two Hankel operators is a semicommutator of two
Toeplitz operators, T*T is indeed a finite sum of finite products of Toeplitz
operators.

By Lemma [3.3] the assumption tells us that T7*T is a compact perturba-
tion of a Toeplitz operator T, where ¢ € L*°. Denote the compact pertur-
bation operator by K = T*T —T,. Note T' = H;T, — Hj, is in the Hankel
algebra Tt and o is a *-homomorphism, o(T') = o(H;T,) — o(Hy) = 0,
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o(T*T) = o(T)*0(T) = 0. So ¢ = 0(T,) = o(T*T) — o(K) = 0 since com-
pact operators are contained in ker o and this implies that T#T = K is a
compact operator, and of course so is 7. m

Now we are ready to prove our main result in this section:

THEOREM 3.6. For f,g,h € L*°, H;Ty is a compact perturbation of Hj
if and only if for each support set S, one of the following conditions holds:

(1) fls,hls are in H>®|s.
(2) gls, (fg—h)|s are in H®|g.

Proof. First we prove the necessity part. Suppose that H;T, — Hj, is
compact and denoted by T'. Then

T; TTy, =T; (HfT, — Hy)T;, =T HyT,T; —T; HyTy,
= HTy T, T; — HyTy. Ty,
= HyT,Ty.T; — HyH; HyTs — HyTy. T,
= (HyT, — Hy,)T,. Ty, — HyHj HT;.
= (HyT, — Hy)(1 — H; Hy ) — HyH; HTy,
= (HyT, — Hy) — [(HfTy — Hp)k.] © k. + [Hyk,] ® [T, H} k)
=T — [Tk.) ® k. + [Hyk.] ® [Ty, H}kz).

The fourth and sixth equality follow from ((1.1)) and (1.2)), and the seventh
equality follows from the equation Hz = —k; @ k. (see [7, Lemma 5]).
Noting that k, converges weakly to zero as |z| — 17, we have

lim |[[Hk.] @ [Ty, Hyks]|| = 0

|z]—1
by Lemma Since
I[H k| @[Hgk:||| = [|[Hpk:]©[To, Hyk=\Ty, || < |[H k-] @[Ty, Hyk:]|| | To. [,

we conclude that
lim [|[H k. @ [Hyks)| = 0.
|z]—1—
Let m be in M(H*+C'), and let S be the support set of m. By Carleson’s
Corona Theorem [4], there is a net z converging to m.

Suppose that lim |H¢k-||2 = 0; note that this is equivalent to

Z—rm
lim [[Hyk[l2 = 0
according to [10, Lemma 2.6, and by Lemmal[3.4we infer that f|g is in H*|g.

Since T is compact,

lim | Tk. |2 = lim |H T,k. — Hyk.|ls =0
zZ—m zZ—m
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gives limz_nn ||Hhkiz”2 = ( since 1imz_>m ||Hngsz2 = 1imz_>m ||ka¢z”2 =0
by Lemma [3.2] Similarly, hls is in H*|g. So condition (1) holds.

Next suppose that there is a constant ¢ such that lim,_, | H¢k.|2 >
¢ > 0. Then lim, ., | Hgk: |2 = 0, which follows from the identity ||Hjkz||2
= ||Hgk.||2 (see [T, Lemma 11]). By Lemma [3.4] again, g|g is in H*|g. For-
mula tells us that

Hfg—h = Hfg — Hy, = Hng —Hh—f-Tng.
So
| Hyg-nk:ll2 < |HfTgk:|l2 + |TiHgkz:|l2 =0  as z — m.

Hence [fg — h]|s is in H*®|g and condition (2) holds. This completes the
proof of the necessity part.
Next we prove the sufficiency part. By Proposition [3.5] we need only
show
lim ||T*T — T} T*TT,|| = 0.

|z| =1~

By the Carleson Corona Theorem, the above is equivalent to the condition
that for each m € M(H> + C),

(3.1) lim ||T°T = T T*TT,,|| = 0.

Let m € M(H® +C), and S be the support set of m. By Carleson’s Corona
Theorem, there is a net z converging to m.

Suppose that condition (1) holds, i.e., f|g, h|s are in H*|g. Lemma [3.4]
tells us that

(3.2) Jim |[Hksls = lim || lo =0,
(3.3) lim ||Hjkz||2 = lim |Hpk:|2 = 0.
zZ—m zZ—m

By Proposition (3.5
TTy, = HfTgTy, — HpTy, = HyTy, Tg+ HyHy; Hy — Ty Hp
= Téz(Hng — Hy) — [Hypk.]| @ [Hjkz] = T, T - [Hyk.] @ [Hgkz].
The second equality follows from and , the third equality follows
from the identity H; = —k.®ks. Let F, = —[Hyk.|®[Hgkz]. Then TTy, =
T3 T — F., and by (3-2), lim,—yy, || F+| = 0. So we get
13.1°TTy, = (TTy,)"(TT,,)
= T*T;‘ZT(];ZT + T*T(ngz + FZ*T(];ZT + FJF,
=TT — [T"kz]| @ [T"kz| + T*ngFz + F;T&ZT + FJF,.
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The last equality comes from T(;;‘ZT 3, = 1 — ks ® kz. Combining with
gives

T"ks = (HyTy — Hp)"ks = T, Hpks — Hpkz — 0
as z — m. Since ||T|| < oo and lim,_,, || F;]| =0,

lim |77 F. + FXT; T+ FIF.|| = 0.
Clearly this implies (3.1)).
Suppose that condition (2) holds. Lemma [3.4] tells us that

(3.4) Jim ||, phell> = Jim [[Hpg k]l = 0.
(3.5) Jim [[Hyks]l> = lim |[Hyk. > = 0.
Note that

T = HT, ~ Hy = Hyy— TiHy — Hy = Hygp — T H,.
Then we have lim,_,,, ||F;|| = 0 by (3.5) and
lim | T*kz||2 = lim | HFy_pkz — H;‘T}fkgﬂg =0

by (3.4]) and Lemma This implies (3.1)). m

COROLLARY 3.7. For f,g,h € L*>,H;T, is a compact perturbation of
Ty, if and only if h = 0 and for each support set S, one of the following
conditions holds:

(1) fls is in H*®|g.
(2) gls; [fglls are in H|s.

Proof. Assume H;T, = T}, + K, where K is a compact operator. Then
(Hil @ 1T,)T, = [Hf(1 = T.T3)T,]T, = HfT,T, — T:H T,
=(Th+ KT, = T:(Th + K) = T, + KT, - T:K.

Noting that the leftmost term is a finite rank operator, we infer that Tj,(,_z)
is a compact operator, which implies that h = 0 by [16, Proposition 10.2].
By Theorem (3.6} (1) or (2) holds, proving the “only if” part. The “if” part
is obvious by Theorem .

4. Finite rank perturbation. Weneed to introduce some notations. Let
T, S be bounded linear operators on Hardy space. We write T'=.5 mod (F')
to denote that the operator T'— S has finite rank. The Kronecker theorem
[13] states that for f € L*°, Hy is of finite rank if and only if f is the sum of
an analytic function h and a rational function r. Thus for a rational function
r € L*, H, and H; are both finite rank operators. In fact, we will often
use another form of Kronecker’s theorem: If f € L°°, then H; has finite
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rank if and only if there exists a nonzero analytic polynomial p(z) such that
pf € H*®.

LEMMA 4.1. For f,g € L*°, Hf = Ty mod (F) if and only if g =0 and
Hy has finite rank.

Proof. We only need to prove the “only if” part. Assume that H; =
Ty + F, where F is a finite rank operator. Multiplying both sides by T, on
the right, we get Hy, = H;T, = Ty, + FT; then multiplying both sides by
T% on the left, we get Hy, = T:Hy = Tz + T3 F. So Toz—z) s of finite rank,
which implies g = 0 by [16, Proposition 10.2], and so Hy has finite rank. =

COROLLARY 4.2. For f,g € L>°, Hy = Ty if and only if g =0 and f is
analytic.

LEMMA 4.3. For f;, gi, h in L™, i =1,...,n, if > Ty, Hy, = Ty, then
h =0 and there are constants A;, B; with Y i, |Ai| >0 and Y, |B;| >0
such that

n n
ZAZflEHOO or ZBLQZGHOO
=1 =1

Proof. Y | Ty, Hy, = Ty, implies that

n
EOATIAE (ZT ~ T.T:)Hy,)
=1
=T < Z Tgini) - Z T:1,T-T=Hy,
=1 =1

=T5Th — ThT: = Th(z—2)-

The leftmost term is a finite rank operator, so the rightmost term 7j,;_.)
is a finite rank Toeplitz operator, which implies it is zero, and so A = 0.
Furthermore, » i | Hy-Ty = 0, and it follows from [5, Theorem 2.1] that
there exist constants A;, B; with > ;" | |[4;] > 0 and >, |B;| > 0 such
that

n n
ZAifiEHOO or ZBL@ZEHOO
i=1 i=1
since g € H* if and only if ¢* € H*®, and g* = g. =
LEMMA 4.4. For f;, gi, hin L, i =1,...,n, if > T, Hy, — T}, has
rank k, then h = 0 and there are analytic polynomials A;(z), B;i(z) with

max{deg A;(z) : 1 <i < n} =k and max{deg B;(z) : 1 <i < n} =k such
that " | Aifi € H® or Y ! | Big; € H®.
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Proof. Assume that Y ;" Tg Hy, — T, = F', where F is an operator of
rank k. We have

n
(Y 11 @1Hy,) :TZ(ZTZ ~ LT3 Hy,)
=1
= TE(ZTginz‘) - ZTZTgiTZTZHfi
=1 =1

=T:(Th+F)— (T),+ F)T, = Th(g,z) +T1:F — FT,.

This implies T}z is a finite rank Toeplitz operator, so h = 0. Further-
more, > " | HyTg, = F*, and it follows from [3, Theorem 2.2] that there ex-
ist analytic polynomials A;(z), B;(z) with max{deg A;(z) : 1 <i < n} =k,
and max{degB;(z) : 1 < ¢ < n} = k such that > " | A;fi € H> or
Y Bigic H®. u

COROLLARY 4.5. For f,g,h € L™, TyH; = T}, mod (F) if and only if
h =0 and one of the following conditions holds:

(1) Hy has finite rank.

(2) Hy and Hys have finite rank.

Proof. First we prove the “only if” part. Suppose TyH¢ = T}, mod (F).
By Lemma[4.4] there are nonzero analytic polynomials A(z) and B(z) such
that A(z)f € H* or B(z)g € H*.If A(z)f € H*, then Hy has finite rank.
If B(z)g € H*, then Hj has finite rank. Because TyH; = Hp5 — HiTy =
Hy; mod (F), we have Hy; = Tj, mod (F'), which implies Hy; is a finite
rank operator by Lemma

The “if” part is easy and follows from the same argument as above. m

COROLLARY 4.6. For f,g,h € L*>°, TyH; =T}, if and only if h =0 and
one of the following conditions holds:

(1) feH™.

(2) g€ H® and fg € H*®.

Proof. It is sufficient to prove the “only if” part since the “if” part is

obvious. Suppose TyHy = Tj. It follows from Lemma that f € H* or
GeH®. 1t §e H>, then TyHy = Hy; = 0, 50 f§ € H®. u

THEOREM 4.7. For f1, fa,91,92,h € L™, we have
Ty Hy, + Ty, Hy, =T}, mod (F)
if and only if h = 0 and one of the following conditions holds:

(1) Hy,, Hy, have finite rank.

(2) Hy,,Hg,, Hp,5, have finite rank.

(3) glnyQ,Hflgl have finite rank.

(4) Hy,, Hg,, Hy 5, + .50 have finite rank.
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(5) There exist nonzero analytic polynomials Ay, Aa, By, Ba, R such that

A1By + A3By = 0 and that Aifi + Asfs, Bigi + Bags and
R[Asf2(B1g1 + B2g2)] are analytic.

Proof. Suppose

ToHp, + Ty Hy, = T, mod (F).

By Lemma h = 0. So we get

Ty Hy + Ty, Hy, = 0 mod (F),

which implies that

Hfl*Tgﬁ + f]vf;Tgf2 = 0 mod (F)

It follows from [5, Theorem 4.2] that the above holds if and only if one of
the conditions (1)—(5) holds. m
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