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Abstract. In this article, via fractional Hajlasz gradients, the authors introduce a
class of fractional Hajlasz—Morrey—Sobolev spaces, and investigate the relations among
these spaces, (grand) Morrey—Triebel-Lizorkin spaces and Triebel-Lizorkin-type spaces
on both Euclidean spaces and RD-spaces.

1. Introduction. Morrey spaces were originally introduced and studied
by Morrey [22] within the theory of partial differential equations, and serve
as a natural generalization of Lebesgue spaces. Recall that Morrey spaces on
a space X of homogeneous type are defined as follows.

DEFINITION 1.1. Let 0 < p < ¢ < oo. The Morrey space M}(X) is
defined to be the space of all measurable functions f on X such that

1) Wl = g o ] <o
“ B

where the supremum is taken over all balls in X.

In recent years, due to application in partial differential equations, there
is an increasing interest in function spaces based on Morrey spaces, such as
Morrey—Sobolev spaces, Morrey-Besov spaces and Morrey—Triebel-Lizorkin
spaces; see, for example, [18 211, B0, 23, [33] 26l 27]. These spaces are defined
via replacing the Lebesgue norm in the definitions of some classical spaces
(for example, Sobolev spaces and Besov spaces) by the Morrey norm.

On the other hand, the study of Sobolev type spaces on metric measure
spaces has achieved a great progress in the last two decades. Hajtasz [0] in
1996 introduced the notion of Hajtasz gradients, which became an effective
tool to introduce Sobolev spaces on metric measure spaces. From then on,
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several different approaches to introduce Sobolev spaces on metric measure
spaces were developed; see, for example, [14} [5] 25 8, [7, 12} 3T, 15 1T]. Using
Hajtasz gradients, Hajtasz—Morrey—Sobolev spaces were recently introduced
and investigated in [19].

In 2003, Yang [31] and Hu [12] introduced a fractional version of Haj-
tasz gradients, called s-Hajlasz gradients, and used these to introduce and
investigate fractional Hajtasz—Sobolev spaces on metric measure spaces. Mo-
tivated by this, the main purpose of this article is to investigate the Morrey
version of fractional Hajtasz—Sobolev spaces on metric measure spaces.

In this article, if there are no additional assumptions, (X, d, ) always
denotes a metric measure space of homogeneous type. Recall that a triple
(X,d, p) is called a space of homogeneous type in the sense of Coifman and
Weiss [3, 4] if d is a quasi-metric on X, that is,

(i) d(z,y) =0 if and only if z = y;
(i) d(z,y) =d(y,z) for all z,y € X;
(iii) there exists a constant K € [1,00) such that, for all z,y,2z € X,
(1.2 (e, ) < Kld(w, 2) + d(z, ),
and p is a non-trivial Borel regular measure satisfying the following con-
dition: there exists a constant Cy € [1,00) such that, for all z € X and
r € (0,00),
(1.3) w(B(x,2r)) < Cop(B(z,r)) (doubling property).
It is known that any quasi-metric on X determines a topology on X and the
class of all balls of X' is a basis on X, where a ball is defined to be the set

B(z,r) ={y e X :d(z,y) <r}
whenever x € X and r € (0,00). If K =1 in (1.2)), then (X, d, u) is called a

metric measure space of homogeneous type.

It is easy to see that, if p is doubling, then, for any A € (0,00), there
exists a positive constant C), depending only on A\ and Cy in , such
that, for all r € (0,00) and = € X,

/’L(B(:Uv )\7")) < C)\/L(B(:L'a T))
We now recall the notion of s-Hajlasz gradients from [31].

DEFINITION 1.2. Let (X,d,u) be a quasi-metric measure space, s €
(0,00) and f be a measurable function on X. A non-negative measurable
function g is called an s-Hajtasz gradient of f if

(1.4) [f(z) = f(y)l < [d(z,9)]*[9(z) + 9(y)]

for p-almost all z,y € X. Moreover, denote by D*(f) the collection of all
s-Hajtasz gradients of f.

Obviously, 1-Hajtasz gradients are just Hajtasz gradients introduced in [6].
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DEFINITION 1.3. Let (X,d,u) be a quasi-metric measure space, s €
(0,00) and 0 < p < g < oo. The homogeneous fractional Hajtasz—Morrey—
Sobolev space H M§7q(X ) is defined to be the set of all measurable functions
f on X which have an s-Hajlasz gradient gy € M (X). Moreover, for all
f e HM; (X)), let

1.5 s = inf .
(15) it 7= B o 195

The inhomogeneous fractional Hajtasz—Morrey—Sobolev space Hle’q(X)
is then defined as HM, (&) := HM}f’q(X) N M}(X) endowed with the

quasi-norm
I Neazs 2y = 11 gy + - HHM;,q(X)'

The main purpose of this article is to investigate the relations among
fractional Hajtasz—Morrey—Sobolev spaces, (grand) Morrey—Triebel-Lizorkin
spaces and Triebel-Lizorkin-type spaces on both Euclidean spaces and RD-
spaces. Recall that an RD-space is a metric space endowed with a measure
satisfying both the doubling and the reverse doubling conditions, which was
originally introduced in [10] (see also [35]).

First, in Section [2| in the Euclidean setting, we prove that fractional
Hajtasz—Morrey—Sobolev spaces coincide with some Morrey—Triebel-Lizorkin
spaces (see [30, 23]) and Triebel-Lizorkin-type spaces (see |32, [33]), and also
their grand version (see Theorem . As a byproduct, the coincidence be-
tween Hajtasz—Morrey—Sobolev spaces and Hardy-Morrey—Sobolev spaces on
R™ is also established (see Theorem .

Section [3] is devoted to establishing the coincidence between fractional
Hajtasz—Morrey—Sobolev spaces and grand Morrey—Triebel-Lizorkin spaces
on RD-spaces (see Theorem [3.3). This result generalizes [16, Theorem 5.2]
to the level of Morrey spaces. Due to the difference between Lebesgue and
Morrey norms, compared with the proof of [I6, Theorem 5.2], the proof of
Theorem [3.3] is much more complicated and needs some additional tools
such as Christ’s dyadic cubes and the construction of a partition of unity on
metric measure spaces of homogeneous type (see Lemma [3.4)).

To end this section, we make some conventions on notation. Throughout,
we denote by C' a positive constant which is independent of the main pa-
rameters, but it may vary from line to line. The symbols A < B and A 2 B
mean A < CB and A > CB, respectively, where C' is a positive constant. If
A < Band B < A, then we write A ~ B. For any ball B and f € L'(B),
§5 f(x)du(x) denotes the integral mean of f on B,

1
} /@) du(e) = s § 1) du).

B B
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2. Characterizations of Hajlasz—Morrey—Sobolev spaces on R".
In this section, we concentrate on R™ and consider relations among Hajtasz—
Morrey—Sobolev spaces, Morrey—Triebel-Lizorkin spaces in [23, 24], and also
Triebel-Lizorkin-type spaces in [306, [33], 24].

To introduce Morrey—Triebel-Lizorkin spaces on X', we need the following
notion of s-Hajtasz gradients at level k € Z, which was originally introduced
in [I7]. Compared with s-Hajtasz gradients, the s-Hajtasz gradients at level
k have an additional restriction on the distance of the points z and y.

DEFINITION 2.1. Let (X,d,u) be a quasi-metric measure space, s €
(0,00), k € Z and f be a measurable function on X. A non-negative mea-
surable function g on X is called an s-Hajtasz gradient of f at level k if
holds for p-almost all z,y € X satisfying 27%=! < d(z,y) < 27%. If, for
each k € Z, g, is an s-Hajtasz gradient of f at level k, then the sequence
G = {9k }rez is called a fractional s-Hajtasz gradient of f. Let D*(f) denote
the collection of all fractional s-Hajtasz gradients of f.

With these gradients, we now introduce the following Morrey—Triebel—-
Lizorkin spaces.

DEFINITION 2.2. Let (X,d,u) be a quasi-metric measure space, s €
(0,00),0 <p < q<ooandr e (0,00]. The homogeneous Hajtasz—Morrey—

Triebel-Lizorkin space M, ,,.(X) is defined to be the collection of all mea-

surable functions f satisfying

@O Wy, =l

. ﬁeﬁgf(f)”{ém’r}l/r

The inhomogeneous Hagtasz—Morrey—Triebel-Lizorkin space M, .(X) is

then defined as M . (X) := M;W(X) N MZ(X) endowed with the quasi-
norm

< 00.
M5(X)

1 Moty = 1 Daggy + 1 Dy
The following conclusion is frequently used in this section.

PROPOSITION 2.3. Let (X,d, ) be a quasi-metric measure space. Then,

for all s € (0,00) and 0 < p < q < o0,
My, oo(X) = HM; (X) and My, (X)=HM, (X)
with equivalent quasi-norms.

Proof. We only prove the homogeneous case. Let f € H Mg’q(X ) and
g € D*(f) be such that [|g]|pga(xy S HfHHMg’q(X)' For all k € Z, let g;, :== g.

Then § := {gk}rez € D*(f) and |[suprez 9kl asx) = 9/l my(x)- This implies
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that f € Mg (X) and

’q7oo

|f||M5,q,oo(X) N ||f||HM5’q(X)‘

Therefore, HM;’q(X) C Mziq,oo(X)' '
To see the converse embedding, let f € M,

sequence g := {gi trez € D*(f) such that

(X). Then there exists a

7q’oo

supng S Wl s :
erz agcaey ~ Mg o0

Define g := supycz gx. Then g € D*(f) and
1ty o0 < 17 adgieiy S 1 s ooy

Therefore, f € HMIf’q(X) and hence M;q’OO(X) C HM;Vq(X). .

Now we go back to the Euclidean setting and recall Morrey—Triebel—-
Lizorkin spaces [30, 23] and Triebel-Lizorkin-type spaces [32} [33] (see also
[24], 36, 26, 27]). Let S(R™) denote the set of all Schwartz functions on R™,
Soo(R™) the set of all ¢ € S(R™) such that (g, ¢(x)2Y dz = 0 for all multi-
indices v € Z7, and S’ (R"™) its topological dual; here and hereafter Zy :=
{0,1,...}. Let ¢ € S(R™) be such that

suppp C {£ € R":1/2 < [¢] <2} and |p(§)| > cif 3/5 < [€] < 5/3,
where ¢ is a positive constant independent of . Let s € R and r € (0, oo].

The Morrey—Triebel-Lizorkin space 5.;7(177, (R™) with 0 < p < ¢ < oo is defined

to be the set of all f € S, (R™) such that

. 1/r
. — J ST ) T
I£lle; ., rmy = H [ZQ [0+ 1 } HMg(Rn) =
JEZ
while the Triebel-Lizorkin-type space F;f,’f(R”) with p € (0,00) and 7 €
[0,00) is defined to be the set of all f € S, (R™) such that

> r 1
sz = s 277§ [S0 2w pa) ] ay} " < o,
| "L B2k i=k
It was proved in [24] Theorem 1.1(ii)] that S;qur(R”) = F;,’,}/p_l/q(R”).
We also recall the “grand” counterparts of these spaces. For all N €
Zy U{—1} and m,l € Z4, let

AN m(R") 1= {¢ €SR"): | ¢p(z)a7dw=01if |y| < N,
Rn
and H¢||SN+Z+1,m(Rn) S 1}7

where

Iplls,,;@ny := sup  (1+ |z|)[07 ().
[v|<4, z€R™



100 W. Yuan et al.

Then the grand Morrey—Triebel-Lizorkin space Ak, mEpqr(R") and the grand
Triebel-Lizorkin-type space 'AN,m fo (R™) are defined, respectively, in the
(R™) and E;;7 (R™) with |; * f| replaced by

same way as 85 ar

sup  [¢; * f].
¢>€AlN7m (R™)

Recall that the space AN L FpT(R™) was first introduced by Soto [28], and
it was proved therein that, if 7 € [0,1/p],

N +1 > max{s,n/min{1,p,r} —n — s}
and m > max{n/min{1,p,r},n+ N + 1}, then
AN mEpr (R") = FT(R™).
From this, we easily deduce that
Ay g R?) = Ay E5 P7VIRY) = Bpl/PmHa®e) = €5 L(RT).

Via fractional s-Hajtasz gradients, the space M;;f (R™) was also defined
in [28] to be the set of all measurable functions f such that

(2.2) g7 gy

= inf sup Qk"T{ S (i )p/r }1/p<oo.

Ds n
geDs(f) xk;E]RZ B(z,2- k j=k
We have the following conclusion.

PROPOSITION 2.4. Let s € R, 0 < p < g < o0 and r € (0,00]. Then

M;,’}/p_l/q(R”) ngr(R") with equivalent quasi-norms.

Pmof It is easy to deduce from the definitions of the quasi-norms (2.1])
and (2.2)) that, for all f € pqr(]R")

171 a7 gy S W ey < 00

and hence f € M;j?}/p_l/q(R"). This shows that
Ms 1/p— l/q(Rn) C Ms

p,q,r

(R™).

We now prove the opposite inclusion. The case p = ¢ is obvious. For

p < q, when r = 0o, we pick f € pqoo(R”) and § € D*(f) such that

N -
HJGZ | g gy = Ml
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Then, for any x € R™ and k € Z, we have

2kn(1/P—1/Q){ S sup[gj(y)]pdy}l/p
B2~ 7" 1/p
§2’“"(1/p‘1/‘”{ | suplg() dy}
B(z,2-%) I€L

< [sup i) g gy 101,
< jeIZ)gJ MR ~ ||f||Mp,q,oo(R i

from which we deduce that HfHM;:;ép_l/q(Rn) S HfHM;"qm(Rn)' Thus, in this

case, we have M;qm(Rn) C M;;ic{p‘l/q(R").

When r < oo, by the triangle inequality, if p < r, then

(2.3) an(l/p—ﬂq){ | (Z[gj(y)r)p/rdy}l/p

B(z,27k) j=—00
k—1

< an(l/pfl/q){ > [gj(y)]pdy}l/p

Jj=—00 B(z,27k)
in(1/p-1/9) Py}
< sup?2 { § lwwra}"™
ez B(z,2")
and if p > r, then by the Minkowski inequality,

(2.4) an(l/p—l/q){ S (Z[Qj(y)]ry/rdy}l/p

B(z,2=k) j=—o00
k—1

< 2kn<1/p—1/q>{ S < [ 1o (y)]pdy)r/p}l/r

Jj=—00 B(x,27k)

, 1
< sup zzn(l/p—l/Q){ S [g:(y)]P dy} /p'
er B(x27)

Now, by the quasi-linearity of || - || yqmn iy, (2.3) and (2.4), we have
HfHM;:g/pfl/q(Rn) 5 HfHM;’qYT(Rn)y
Rn) C M;y?}/p*l/(I(Rn). -

The main result of this section reads as follows.

which implies that M .(

THEOREM 2.5.
(i) Let s € (0,1) and n/(n+s) <p < q < oo. If A := Af),,(R") with
l€Z4 and m € (n+ 1,00), then
rs ny __ Ss,1/p—1 n\ _ s,1/p—1 n
HM; (R™) = AFSHP=19RY) = Fl/r=1aRm)

with equivalent quasi-norms.
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(i) If n/(n+1) <p < q < oo, then HM ((R") = E1y/""I(R?) with
equivalent quasi-norms.

To prove Theorem (ii), we need the following Hardy—Morrey spaces
introduced by Jia and Wang [13].

DEFINITION 2.6. Let 0 < p < ¢ < 00, ¢ € S(R™) with {5, ¥(z)dz =1
and suppy C {x € R" : |z| < 1}. The Hardy-Morrey space HM,(R") is
defined to be the set of all f € §'(R™) such that My f € M(R™), where,
for all z € R™,

My (@) = sup|f + ()]
and, for all t € (0,00), ¥() := t7"(-/t). Moreover, let

[ learg ey = M Fllpag reny -

REMARK 2.7. (i) From [29, p. 57| and the boundedness of the Hardy—
Littlewood maximal operator on MZ(R"), it follows that, when 1 < p < ¢
< 00, we have M} (R") = HM;(R™) with equivalent norms.

(i) By the results in [I3, Section 2|, HM,(R") is independent of the
choice of ¢ as in Definition [2.6]

(iii) It was proved in [24, Corollary 3.2] that, for all 0 < p < ¢ < oo, the

Hardy—Morrey space HMy (R™) and the space Flg’zl/ p=1/ ?(R™) coincide with
equivalent quasi-norms.

The Hardy—Morrey—Sobolev space is then defined as follows.

DEFINITION 2.8. Let 0 < p < ¢ < oo. The homogeneous Hardy—Morrey—
Sobolev space ”HMZ}’q(R") is defined to be the set of all f € S (R™) such
that D;f € HMJI(R™) for all j € {1,...,n}, where D;f denotes the jth
distributional derivative of f. Moreover,

1 ez ey = D D3 fllaeargen)-
J=1

PROPOSITION 2.9. Let 0<p<g<oo. Then HM_} (R")= F;’;/”_l/q(R”)
with equivalent quasi-norms.

Proof. We first show HM[}’q(R”) C F;”;/p_l/q(R”). Let f € ’HM}}’q(R”).
Then, for all j € {1,...,n}, D;f € HM;(R™) and

1D; fllpnrs mny < HfH’HMl}yq(]R")'
Recall that, by [24, Corollary 3.2], HMg(R") = E1,/"~/9(R") with equiv-
alent quasi-norms. Thus D; f € Fﬁ”;/p_l/q(R”) and

(2.5) HDijF;)’;/pfl/q(Rn) S ”fHHMI%’q(]R”)'
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For j € {1,...,n}, let R; be the Riesz transform defined by setting, for
all g € SIL(R™),

(Rjg)"(€) == —i72g(£), £ e R\ {0},
and I, with ¢ € R the Riesz potential operator defined by setting, for all
g € SLR™),
(Io9)" (&) == €179(§), €€ R"\ {0}.
Then it is well known that
(2.6) D;f=-LR;f inS(R").

Recall that, by [33, Proposition 3.5], f € Ept”"(R") if and only if I, f €
S, T (o ~ -0,1/p—1 n
Fyr (R™), and HfHF;ja,T(Rn) ~ HIafHF;;:(Rn)- Hence, by D, f € Fp72/p /Q(R )
and ([2.6)), together with (2.5), we know that R;f € F;’Ql/p_l/q(R") and

||ij||pg’,21/p—1/q(Rn) ~ \|Djf||pgv,21/p—1/q(w) S 1 ey ey

for all j € {1,...,n}.
On the other hand, by the mapping properties of Fourier multipliers on
Triebel-Lizorkin-type spaces [34, Theorem 1.5|, R; is a bounded operator on

pll/p 1/Q(Rn) and hence R;R;f € Fp{’;/p*l/q(]R”), which, combined with
the fact that
f=Y RiRif inSLER",
j=1
further implies that f € F1 1/p= l/q(R") and Hf|| L1/ (gn) S < HfHHMl LR

This finishes the proof of HM ha(R™) C F1 1= l/q(R")

To prove the opposite 1nclus1on let f € F ! 1/ P/ Y(R™). Then, by the
mapping properties of pseudo-differential operators on Triebel-Lizorkin-type
spaces from [24] Theorem 1.5], for all j € {1,...,n} we have D;f €

EDy/P7 V(R = HME(R™) and
1 D; fll3ass mmy = ||Djf|lplg;21/p—1/q(Rn) S ||f||p;:21/p—1/q(Rn)-

This implies that F;’;/pfl/q(R") C ’HMZ}’q(]R”). .

In particular, when p = ¢, Proposition reduces to the known coin-
cidence between Hardy-Sobolev spaces and Triebel-Lizorkin spaces. By [30,
Proposition 8.2], we know that F0 /P 1/q(R”) C L .(R™) in the sense of
S. (R™), which, together with Pr0p051t10n , implies the following conclu-
sion, the details being omitted.
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COROLLARY 2.10. Let 0 < p < q < oo. Then HM} (R") C LL (R") in
the sense of SL (R™).

As an application of Corollary we have the following conclusion.

THEOREM 2.11. Let n/(n+1) < p < q < oco. Then HM} (R") =
H M;q(Rn) with equivalent quasi-norms.

Proof. The case ¢ = oo is a special case of [6, Theorem 1|, so we only
need to con51der g < oo. Assume first that f € ’HM »¢(R™). Then, by Defi-
nition D;f € HM](R™) for each j € {1,...,n}. By Corollary [2.10] m and
[15] Theorem 7], for each ball B C R" there eX1sts a set £ C R" of measure
zero such that, for all z,y € B\ E,

[f(z) = FW)| S o = yl[My(Df)(x) + Mi(Df)(y)],

where we used the notation of [15]: for all x € R™,
My (Df)(z) = My(D; f)(z) == D;f,9),
1(Df)() = max  Mi(D;f)(@) :=  max | sup |(D;f, )l

with the supremum taken over all compactly supported smooth functions ¢
such that, for some r € (0,00) and all j € {1,...,n},

(27) suwppe C Bla,r),  [lpllpmgn <7 and | Dyl poeqany < v

Therefore, by the definition of Hajtasz gradients, g := My (Df) is a Hajlasz
gradient of f modulo constants.

Let 1 satisfy and (g, ¢(z)dz = 1. Using Remark (ii) and re-
peating the proofs of [I3| Lemmas 2.1 and 2.4], we find that, if n/(n+1) <
1 < g < o0, then

HgHMg(Rn) ~ Z ||Mw(Djf)||Mg(Rn),

j=1
which, combined with Definitions and 2.8 implies that

n n
9]l pgs (mny = Zl [ My (Dj )l pmzeny = 21 1D Fllaenzg ey = 1 F llgenzy , my-
j= J=
Thl'ls, fe HM;,q'(}Rn) and ”f”HM;’q(Rn) < HfHHM;q(Rn)' This proves that
HM,) (R™) C HM} (R™).

Conversely, let f € H M > o(R™). Then, by Definition there exists a
Hajlasz gradient g € ./\/lq(R”) of f such that ||g[| v (mn) < 2HfHHM1 L)
Notice that, for any ball B(a,r) C R" with center a € R™ and radius 7 > 0,
by the Holder inequality, we have g € LY (B(a,2r)) C Ln/(n+1)(B(a, 2r)),

loc



Fractional Hajtasz—Morrey—Sobolev spaces 105

since p > n/(n+ 1). From this and [I5, Proposition 5|, it follows that

mf# S |f(x) —c|dx

°c ‘ (CL T)| B(a,r) 1 (nt1)/
n/(n+1) d " "
r g(x T ,
{ | ((1, 2T)| B(C§2T)[ ( )] }

which implies f € L] (R") and
1
‘B(CL,T’” B(S : |f(l') _
i 1 (n+1)/n
< - n/(n+1)
~ T{ |B(a,2r)]| S l9(=)] dx} '
B(a,2r)
By this and the Holder inequality, we conclude that, for all ¢ € Soo(R™),

|| f@)o(a) dal

(2.8)

Rn
= | 1£@) = fan]e(w) daf
R
< S \f(l) fBOl dr +Z S |f(9i)—fB(No,1)|dx
B(0,1) (L+ |z i=1 B( 02@)\3(0 2i~1) (1+ [])
(n+1)/ 9—i(N—n)
S { S [9(33)}”/(”“) dx} Z |B(0,2%)] S |f(z) — fB(0,21)|d9U
B(O 2) B(o,Qz‘)
1/p
< TgriNen=l) g(z)|P dx
Z {’B(O 21—}-1)‘ 50 iiﬂ)[ ] }
S S 2 gy S Wl oy
i=0

where we have chosen N > n + 1 —n/q. Thus, f € S, (R™).

Moreover, similar to the proof of [I5, Theorem 1], by ({2.8]), we conclude
that
(2.9) My (D; f)(w) S [M (g™ D) (@)D w e RY,

where M denotes the Hardy—Littlewood mazimal operator, namely, for any
locally integrable function f on R"™ and = € R”,

(2.10) M f(z) := sup & f(y) dy,
Bz 5
where the supremum is taken over all balls B containing z. By the bound-
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edness of M on MEZE;Z;Z(R"), together with 1 < "T'Hp < "T'Hq < 00, we
know that

M(g”/("+1)) c MEZJJ:B%Z(RVZ)’

which, combined with (2.9) and (L.I), implies that My (D;f) € M}(R")
and | My (D; )| ma@ny S 19l amg(@ny- Therefore, by Definition and the
choice of g, we find that f € HMI}’Q(R”) and

||f||HM;’q(Rn) S HQHMg(Rn) S ”fHHMg’q(R")’
which completes the proof of Theorem [2.11] u

Theorem m generalizes [I5] Theorem 1] by taking p = q.
We are now ready to prove Theorem

Proof of Theorem , Clause (i) is deduced from the following equalities:
for s € (0,1) and n/(n+s) < p < g < o0,
= A F;:;o/p—l/q(Rn) — F;g({p—l/q(Rn)
with equivalent quasi-norms, where the first equality is Proposition [2.3] the
second follows from Proposition [2.4] and the third and fourth ones come
from |28, Theorems 1.1(i) and 1.2(i)].
By combining Proposition and Theorem we obtain (ii). m

3. Characterizations of Hajlasz—Morrey—Sobolev spaces on RD-
spaces. In this section, we focus on the corresponding conclusion of Theo-
rem on RD-spaces, that is, metric measure spaces of homogeneous type
satisfying also the following inverse doubling condition: there exists a con-
stant ¢y € (1,00) such that, for all z € X and r € (0,diam(X)/2),

M(B(‘T7 2T)) > COIU’(B(xa 7’)),
here and hereafter, for any subset E of X, diam(FE) denotes its diameter,
diam(FE) := sup d(z,y).
z,yeFE
See also [10] B5] for several equivalent definitions of RD-spaces.

To show the coincidence of Hajtasz—Morrey—Sobolev spaces and grand

Morrey—Triebel-Lizorkin spaces, we need first to recall certain test functions

and approximations of the identity on metric measure spaces of homogeneous
type. For any r € (0,00) and z,y € X, let

V(z,y) == p(B(z,d(x,y))) and V.(z):= pu(B(z,r)).
It is easy to see that V(z,y) = V(y,x) for all z,y € X.

The following test functions were originally introduced in [9] Definition
2.2] (see also [10, Definition 2.8]).
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DEFINITION 3.1. Let (X, d, 1) be a metric measure space of homogeneous
type, z1 € X, r € (0,00), f € (0,1] and v € (0,00). A function ¢ on X is
said to be in the space G(x1,7, 3,7) if there exists a non-negative constant
C such that

. ~ 1 r v .

O 100 < O e s | o€

X ~ d(!l),y) 7 1 r K
(i) [o(z) — o()| < C[T+d(:n1,m)] e [Hd(W)]

for all z,y € X satisfying that d(z,y) < [r + d(z1, 2)]/2.
Moreover, for any ¢ € G(z1,7,,7), its norm is defined by
I9llG(zr.r5) == inf{C : (i) and (ii) hold true}.
Fixing x; € X, let G(5,7) := G(z1, 1, 3,7) and
G(8,7) = {1 €687 | f(2) du(x) = 0}.

X

Denote by (G(3,7))" and (G(B3,7)) the respective dual spaces of G(f3,7) and
G(B,7). Obviously, by the definition of G(3,7),

(G(8,7) = (G(8,7))/C.
Let A := {Ak(l')}zGX,kEZ with

(3.1) A() = {6 € G(1.2) : |9llgr o129 < 1}
for all z € X (see [16], Definition 5.2]).

The following notion of approximations of the identity with bounded
supports was first introduced in [I0, Definition 2.3].

DEFINITION 3.2. Let (X, d, ;1) be a metric measure space of homogeneous
type. A sequence {Sk}rez of bounded linear integral operators is called an
approzimation of the identity of order 1 (for short, 1-AOTI) with bounded
support if there exist positive constants C's and Cy4 such that, for all k € Z
and z,Z,y,9 € X, Sk(x,y), the integral kernel of Sy, is a measurable function
from X x & into C satisfying

(i) Sk(z,y) =0if d(x,y) > C427%, and

1 .
Vor () + Va-r(y)
(i) if d(z,%) < max{Cy, 1}2'7* then

1

Sk ) = S, 9)| < C2bdlar D) g
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(i) if d(x, %) < max{Cy4,1}2'7% then

1 .
Vor(x) + Vo-i ()’
(iv) if d(z,#) < max{Cy, 1}2'7% and d(y, §) < max{Cjy, 1}2'7%, then

d(z,z)d(y,y)
Vor () + Va-r(y)

1Sk(y,z) — Sk(y, )| < C32%d(x, 7)

|[Sk(@,y) — Sk(@, §)] — [Sk (&, y) — Sk(Z,7)]| < C32%*

(V) Sy Sk(z,y)du(y) =1 =\, Se(z,y) du(z).

It is known that there always exists a 1-AOTI with bounded support on
a space of homogeneous type (see [10, Theorem 2.6]).

Let (X,d, 1) be a metric measure space of homogeneous type, s € (0, 1],
p € (0,00), g € [p,oc] and r € (0,00]. The homogeneous grand Morrey—
Triebel-Lizorkin space Asz,q,T(X) is defined to be the set of all f € (G(1,2))
such that

1 Ly, ) = ‘Héﬁsr sup [(/f, ¢>|r}1/THMZ(X) =

peAL(-)
with the usual modification when r = co.

THEOREM 3.3. Let (X,d,u) be an RD-space. If s € (0,1], p € (-2, 00)

n+s’

and q € [p, ], then AF;’%OO(X) = HM;Q(X) with equivalent quasi-norms.

To prove this theorem, we need the following partition of unity for X,
which is obtained by using Christ’s dyadic cube decomposition for spaces of
homogeneous type in |2, Theorem 11], and the construction of a partition of
unity by Macias and Segovia |20, Lemmas (2.9) and (2.16)].

LEMMA 3.4. Let (X,d,u) be a metric measure space of homogeneous
type. Then there exist a sequence {Bj}; of open balls with the finite intersec-
tion property and a sequence {¢;}; of non-negative functions in G(1,2) such
that p(X \U; Bj) = 0, supp ¢; C B; for all j and }; ¢;(z) =1 for almost
everyx € X.

Proof. By Christ’s dyadic cube decomposition |2, Theorem 11|, there ex-
ists a (possibly finite) sequence {Q; }; of open sets such that p(X'\\J; Q;) =0,
Q;NQk =0 if j # k and diam(Q;) ~ ¢ for all j and some constant ¢ € (0,1).
Furthermore, there exist positive constants C, C2 and points {z;}; such that
Bj1 C Qj C Bja, where Bj; := B(xj,C10) and Bjs := B(z;,C26). From
this, we easily deduce that (X \ |J; Bj2) = 0 and there exists N € N such
that each B, intersects at most N balls from {Bj2}.

To obtain the functions ¢;, we apply Macias-Segovia’s method of con-
structing a partition of unity (see [20, Lemma (2.16)]). Let  be an infinitely
differentiable function on [0,00) such that n(x) = 1 on [0, 1] and n(z) = 0
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on [3/2,00). For every j and all z € X, let

wx@:=n<f“g§”>.

These functions are obviously non-negative and supported in B; 2. From the
finite intersection property of {B;2}; and the definition of {¢;};, we see that
1 <> ¢j(z) < N for almost every z € X. For all j and x € X, let
__Y(x)
¢J(x) T Zj 1/}](:17) .

Then, for almost every z € X, > ; ¢j(x) = 1. Moreover, similar to the proof
of [20, Lemma (2.16)], we see that ¢; € G(1,2). Therefore, {¢;}; and {Bj2};
are as desired. =

We also need the following two technical lemmas.

LEMMA 3.5. Let (X,d,pn) be a metric measure space of homogeneous
type, x,y € X and ko € Z such that 270~ < d(z,y) < 27%0. Assume that
k < ko. Then there exists a positive constant 6, independent of ko, k,x and
y, such that

C2Md(w, y)] ' [Sk(, ) — Sk(w, )] € Ax(@),
where Ay(x) is as in (3.1).
Proof. For z,y € X and k € Z as in Lemma [3.5] let
Y (2) = 27 Al )] NSkl ) — Sulw, )], € X,
By Definition V), it is easy to see that {, (;SI(f’y)(z) du(z) = 0. We now

prove that qS,(f’y satisfies condition (i) of Definition with v = 2 and
r=2"% that is, for all z € X,

(z,y) 1 2 2
(3.2) |6 7 (2)] S Vyr(z) + V(z,2) {Q—k +d(z, z)} ’

We consider two cases.

CASE 1: d(z,2) > C427% and d(y, 2) > C427%. In this case, (3.2) holds
automatically by Definition [3.2](i).

CASE 2: d(z,2) < C427% or d(y,z) < C427F. In this case, as k < ko and
hence
(3.3) d(z,y) <27 < 27%F < max{Cy, 1}2' 7%,
from Definition [3.2](ii) we see that
1
Voui () + Vo (2)

(34) |Sk(@, 2) = Sk(y, 2)| S 2*d(x,y)
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When d(z,2) < C427%, by we see that
9—k
27k +d(z, )

When d(y, z) < C427F, since k < kg, we know that
d(z,z) < d(z,y) +d(y,z) <27F 278 < (14 Cy)27".
Thus, in this case, also holds. By and , we obtain (3.2)).

We now turn to proving that qﬁ,(f’y) satisfies condition (ii) of Definition
with B=1,v=2and r = 2% that is, for all z,w € X with d(z,w) <
27F +d(, 2)]/2,

(36) |6y (2) — oY (w)]

d(z,w) 1 2~k 2
~ 27k 4 d(x,2) Vor(z) + V(x,2) [2’“ + d(z, z)] ’

(3.5) ~1 and Vy(z)+ Vor(z) = Vor(z) + V(z,2).

Write
L= |6 (2) — ¢ (w))
— 2 M {d(a, )] [Sk(@, 2) — Skl )] — [Sk(, 2) — Selyw)]]
We consider three cases.
CASE a: d(z,2) < max{Cy, 1}2'7%. In this case, holds and
d(z,w) < [27% + d(z, 2)]/2 < max{Cy, 1}217F,

Thus, by and Definition [3.2)(iv), we find that
< 2kd(z, w)
™ Vaor(x) + Vo-i(2)

From this and , we deduce .

CASE b: d(x, z) > max{Cy, 1}227%. Then, by Definition (i), we know
that Sk(z,z) = 0. Observing that

d(y, z) > d(z, z) — d(z,y) > max{Cy,1}227%* —27% > ¢ 27k,
by Definition [3.2|i) again, we also have Si(y,z) = 0.
SUBCASE bl: d(z,w) < d(z,z)/4. Then

d(z,z) > C427F

e~ w

d(z,w) > d(z,z) —d(z,w) >
and

d(y,w) > d(z, z) — d(z,y) — d(z,w) > =d(z, z) — d(x,y) > C,27F.

>~ w

Thus, Sk(x,w) = Sk(y,w) =0, and hence I = 0.
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SUBCASE b2: d(z,w) > d(z,2)/4. Recall that, since d(z,y) < 270
< 27% we have 27% + d(y, w) =~ 27% + d(z,w) and
Voi(y) + V(y,w) = Vo (z) + V(z, w).
Combining this with Sy (y, z) = Sk(z, 2z) = 0 and Definition [3.2i) yields
(3.7) =27 [d(z,y)] " |Sk(z, w) = Si(y, w)]

1 2~k 2
s Voi(x) + V(z,w) [2_’“ + d(:z:,w)] ’
Observe that, in the present subcase,
d(z,2)/4 < d(z,w) < [27F + d(z, 2)] /2
and d(x, z) > 27%, which implies that

(3.8) 27F d(z,w) = 27% + d(x, 2).
From these estimates, we deduce that

(3.9) Vor(z) + V(z,w) = Vor(z) + V(z,2)
and

(3.10) 1< d(z,w) < d(z,w)

~d(x,z) Y27k +d(x, 2)
Combining (3.7)—(3.10), we obtain (3.6)).

CASE ¢: max{Cy, 1}2'7% < d(x, 2) < max{Cy,1}227%. Then Si(x,2)=0

and
27% +d(z, 2)

2
If d(z,w) < max{Cy, 1}2'7* the proof is the same as that for Case a. If

max{Cy, 1}2' 7% < d(z,w) < max{Cy,1}2>7F,
then d(z,w) ~ d(x,z) ~ 2% and
d(y, z) > d(zx, z) — d(z,y) > max{Cy,1}27%F — 27k > ¢ 97k,
From this and Definition (i), we see that Si(y,z) = 0 and, in this case,
=27 d(z, )] |Sk(z, w) — Sk(y, w)|.
Then, repeating the proof of Case b, we also obtain . "

This lemma implies the following corollary, the details being omitted.

d(z,w) < < max{Cy, 1}227F,

COROLLARY 3.6. Let (X,d, 1) be a metric measure space of homogeneous
type, x,y € X and ko € Z such that 27%0~1 < d(x,y) < 27%. Assume that
k < ko. Then there exists a positive constant 6, independent of ko, k,x and y,
such that, for all o € [0,1],

C27*[d(x, )] 7 [Sk(x, ) = Sk(y,-)] € Ax(2),
where A(z) is as in (3.1).
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LEMMA 3.7. Let (X,d,un) be a metric measure space of homogeneous
type, x € X and k € Z. Then there exists a positive constant C, independent
of k and x, such that

ClSk41(@,") — Sk(z,-)] € Ap(w).
Proof. For any x € X and k € Z, let
Pk () = Sea(w,y) — Sk, y)
for all y € X. Then {,, ¢7(y) duu(y) = 0 by Definition (v) Write
Iy =[Skt (2, ) — Sk, 9),
Iy i= |[Skra (2, y) = Sk, )] =[Sk (2, 2) — Si(x, 2)]|-
It suffices to show that

(3.11) L [Va-i(@) + V(z,y)] [d
and, for any d(y,z) < [27% + d(x,y)]/2,

[27F + d(z, )PP [Va-r(x) + V(2,y)] _
272kd(y, z) ~
To prove (3.11)), we consider two cases.

CASE 1: d(z,y) > C427%. In this case, from Definition (i), we deduce
that I; = 0 and hence (3.11)) holds true.

CASE 2: d(z,y) < C427%. Then, by Definition (i),

(3.12) I 1.

z —k72
313) BlVa(e) + Vi) |

< V27k (.fU
~ V27k71($
From ([1.3)), it follows that
(3.14) V(z,y) S Va-r(y), Va-i(2) S Vamrma(2) and Vo-r(y) S Vo-i-1(y)-
Combining (3.13) and (3.14]), we obtain (3.11]).
To prove (3.12), we let d(y,2) < [27% + d(z,y)]/2 and consider three
cases.
CASE a: d(y, z) < max{Cy,1}27%. Then, by (3.14) and Deﬁnition(iii),
(315> I < |Sk+1(x7 y) - Sk+1(x7 Z)| + |Sk($, y) - Sk(CC, Z)’
o 2kd(y,2)
™ Voer (@) + Vo (y)

V(xa y) + ‘/'271@(113) + V(:L', y)
Vor-1(y) — Vo-r(2) + Va-i(y)

)+
)+
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If dz,y) < C427F then (3.15) implies (3.12). If d(z,y) > C427% and
d(x,z) > C427% then (3.12) is trivially true, since, by Deﬁnition(i), I,=0
in this subcase. If d(z,y) > C427% and d(z, z) < C4,27%, then d(z,y) < 27F
since d(y,z) < [27%F 4+ d(x,)]/2 and d(x,y) < d(z, z) + d(y, 2); thus, in this
subcase, (3.12)) also holds true.

CASE b: max{Cy,1}27% < d(y,z) < max{Cy,1}2 %1 In this case,
by (1.3),

Voroi(x) + V(z,y) = Vowa(z) + V(z, 2)
~Vor(x)+Vix,y) = Voi(x) + V(x, 2).
From this and Definition [3.2f1i), we deduce that
1

I, < .
If d(z,y) < C427F or d(z,2) < C427F, then, by d(y,z) < 27F, we always
have d(z,y) < 27%, which further implies that 27% + d(x,y) ~ 1; from
this and ([3.16)), we conclude that (3.12)) holds true. If d(x,y) > C427% and
d(x,z) > C427%, then, in this subcase, I, = 0 and (3.12) is trivially true.
Thus, (3.12) always holds in Case b.

(3.16)

CASE c: d(y, z) > max{Cy, 1}27%+1. In this case, from
d(y,z) < [27% +d(z,y)]/2,
we deduce that
(3.17)  d(x,y) > 2d(y,z) —27F > max{Cy,1}27%2 —27F > ¢y 27FF1L,

If d(x,z) > C427%, then, in this subcase, Iy = 0 and (3.12)) is trivially true.
If d(x,z) < C427% then

d(z,y) < d(z,2) +d(y,z) < Ca27" +[27% + d(z,y)] /2
and hence d(z,y) < 27%, which, together with (3.17)), (1.3) and
d(y,z) < 27" + d(z,9)]/2,

implies that d(z,y) ~ 27% V(z,y) < Vai(), d(y,2) < 27% and hence
d(y,z) ~ 27%; from these estimates and Definition [3.2(i), we finally deduce

that
L < 1 _ 1
~ Voi(x) + Va-i(2) ~ Vor(z) + V(,y)
272kd(y, z)

< .
~ R+ d, y)PVa-r(z) + V(2 y))
This finishes the proof of (3.12). m
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To prove Theorem [3.3] we also need the following result, whose proof is
similar to those of [7, Theorem 8.1] and [I6, Lemma 4.1], the details being
omitted.

LEMMA 3.8. Let (X,d,u) be an RD-space, s € (0,1], p € (0,n/s) and
p* =np/(n — sp).
Then there exists a positive constant C' such that uw € LP" (By) and

it [ § fu(e) — e du)] " < ong{ § loC)p duta)} "
By 2By

for allu € HM;H(X), g € D*(u) and all balls By with radius ro.
As a consequence of Lemma [3.8] we have the following conclusion.

LEMMA 3.9. Let (X,d, ) be an RD-space, s € (0,1], p € [n/(n+s),n/s)
and p* :=np/(n—sp). Then, for each u € HM; ,(X), there exists a constant
C' such that

u—CeLl(X) and |u-— CHLP*(X) < CHUHHM;#(X)’
where C is a positive constant independent of u and C.
We are now ready to show Theorem

Proof of Theorem . The proof of HMpS’q(X) C AFIf,qyoo(X) is similar

to that of 16, Theorem 1.1|. For completeness, we give some details with
the aid of the last two lemmas.

Let f € HM}f’q(X). Choose g € D*(f) such that

9l amg ey < 20 s, )
Then, for all z € X, k € Z and ¢ € Ai(x1), by the moment condition of ¢,

(3.18)  1i= | f(@)o(x) du(a)|
X

= [f@- §  fEdue)]s@) dul)

X B(z1,27%)
< | f@ = e du)|le@)] data)
i=0 B(zy,2i+1-F)\ B(z1,2i—k) B(x1,27F)
+ ) - b e )| le@) dee)
B(z1,27%) B(z1,27%)

=1 + L.
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By (B-1) and Definition [3.1)i) with r = 2% and v = 2, with the aid of
Lemma [3:8 we know that

o0

(319) L5 | F@ - § fEdu)|

1=0 B(z1,2"t1-F)\B(z1,2¢7F) B(xy1,27F)

1 1 2
N s Vor(x1) + V(x,21) [1 + 2kd(, :cl)} dlx)
sy F@ = § 1 )| de)

B($1,2i+17k) B(le,Q*k)
0 'i—&—l
Sy f f@- ) fEdu)|dut)
=0 j:O B(Il,Q_k+j) B(Il,Q_k+j)

< = 9—2i < —ks+js n/(n+s) (nts)/n
sy oy okl b (g ) du(o) |
i=0 =0

3(1172*k+1+1)

5 Z 2—k52—j(2—s) [M(gn/(n-‘rs))(wl)](n—ks)/n
=0

5 2—ks [M(gn/(n-i-s))(xl)](n-i-s)/n;

here and hereafter, M denotes the Hardy—Littlewood mazximal operator on X,
which is defined as in with R™ and the Lebesgue measure replaced by
X and the Borel measure p, respectively. Similarly, due to ¢ € Ag(x1) and
Definition with the aid of Lemma [3.8] again, we have

(3200 L= [ [f@- § fe)du)]le) du)

B(Il,ka) B($1,27k)

< ] - 8 o)y

B(z1,27k) B(z1,27k)

1
+ V(z,z1)

i) o

s b jw- b reae)|de)

B(z1,27%) B(z1,27k)
S 2R (M (g4 )

Combining (3.18)—(3.20)), we have
(3.21) LS 27 (M (g™ ) () )/,
since 1 € X, k € Z and ¢ € Ag(z1) are arbitrary and M is bounded on
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MqEZiZ%Z( ) for p € (n/(n+s),00] and ¢ € [p, 00| (see [I] or [19, Lemma

3.4]), this implies that

. — ks
Lt i = [sup 2™ sup 17|,
S NN

_l’_
~ M (g N S gl < oo
p(n+s)/n( )

It remains to show that f € (G(1,2)). We may assume that
M (g™ "9 (1) < oo

as in the proof of [16, Theorem 1.3]. Then, by borrowing some tricks from
the proofs of [16, Theorem 1.3], Lemma and the estimate (3.21]) above,
we conclude that f € LL _(X) and, for all 1) € G(1,2),

| F@)(@) du(@)| S 19 2,

X

which implies f € (G(1,2))". Thus, f € AF$__ (X) and

P00
. < .
W lLass, ey S I any ey
We now prove

AFS

p,q,00

(X) C HM; (X).

Let fe A pqoo( ) and {Sk}rez be a 1-AOTI with bounded support. We
first assume that f is a locally integrable function. In this case, applying |10,
Proposition 2.7|, we know that, for almost every z € X,

Jim Si(f)(z) = f(2),

from which we deduce that, for almost all z,y € X,

(3.22)  [f(z) = f(y)]
< [k (f)(2) = Sko( )( )|
Z[ISM = Se(N)@)] + [Se+1 () () = Sk(H W],

where ko € Z such that 2750~ < d(z,y) < 27%. For all k€ Z and z,y, z€ X,
let

O (2) 1= Sy (,2) = Sk, 2),
Pr(y) == Skv1(z,y) — Sk(z,y).
Then, by Lemmas and there exists a positive constant C such that
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égb,(fo’y) € Ay, (x) and 5’(;5% € Ai(z). For every x € X, let

(3.23) g(z):==sup sup 2F|(f,¢)l,
kEZ pe Ak (x)

where Ay (x) is as in (3.1). Then, as f € AF;’qm(z’\f’), we see that g € MA(X)

and, by , and the choice of kg, we conclude that
(324)  |f(z) — f(y)|
S s [(fo)+ Y| suwp [(£.0)[+ sup [(f,0)

PE A, () k>ko PEAR(T) PEAR(Y)
S 27 g(x) + 9(v)] S [d(z,9)°l9(@) + g(v)).
k>kg

Therefore, from (L.5) and g € ME(X), we deduce that f € H M;q(X ) and

W sy oy S N9lazionr = 1 Lags, oy

which implies the desired conclusion. Thus, to complete the proof, we only
need to show that, for every f € AF7 qm(é’( ), there exists a locally integrable

function f which coincides with f in (G(1,2))’. For p € (1,00), the proof is
similar to that of |16l Theorem 1.1], the details being omitted. We now
assume that p € (n/(n + s),1]. Let x,y € X. We pick kg € Z such that
27ko—1 < d(x,y) < 27k If k > ko, then, by the same reasoning as in the

proof of (3.24]), using Corollary with ¢ = 0 and Lemma we see that
(3:25)  [Sk(f)(z) — Sk(f)(v)]

k-1
S DS (@) = S5(N)@)] + 18541 () () = Si()) W)

Jj=ko

+ [Sko (F)(@) = Sy (/) (W)

S 277g(x) + g(y)] + 2% (x) S 27M%g(x) + g(v)]
Jj=ko

~ [d(z,y)]"[g(z) + 9(y)].
If k < ko, then, by Corollary [3.6) with o = s, there exists a positive constant
C such that

C27%[d(x, y)] *[Sk(x,) — Sk(y, )] € Ax(a).
From this, we deduce that

27 [d(w, )] 7| [ [Sk(2, 2) = Sk(y, 2)If (2) dp(z)| S 27 g (=)
X

and hence
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(3.26) |Sk( )( ) (f)(y)l
s 9~ ksd -5

[ [Sk(.2) = Su(y, )1/ (=) dp(2)| |

X
S [d(z, y)PPg(x) S [d(z, 9)P°[9(2) + 9(y)]-
Thus, by and , g is an s-Hajlasz gradient of Si(f) for all k£ € Z.
Fix a bounded set B C X. By [10, Lemma 4.1], for any k € Z there exists
Cy € R such that Si(f) — Cx € LP"(B) and

(327)
o 1/p* 1 » 1/27
[ [ 15k(F)(x) — Cul?” du(a ﬂ srg{u(w)x[g(xﬂ du(x)} ,

B 2B
where p* := np/(n—p) > 1, since p > n/(n+s) and s € (0,1]. From the weak
compactness of LP" (B), it follows that {Sy(f) — Ci}rez has a subsequence,
denoted by {Si(f) — Ci}rez again, which converges weakly in LP" (B) and
hence almost everywhere in B to a certain function fB € LP"(B). Moreover,
notice that, for all z € X, k € Z and i € N,

(3.28)  [Sk(f)(2) = Skra(f)(@)] < Z Skt () (@) = Skjr1()(2)]

52’“()-

Thus, as g € ME(X), we see that Si(f) — Sk(f) € ME(X) for all k, k' € Z.
By the definition of M} (X), we further know that Sy(f) — Sk (f) € LP(B).
On the other hand, from the Holder inequality, (3.28) and (3.27)), we deduce
that, for all k, k' € Z,,

§1Cs — il dn(a)

.

|Cx — C| =

s

(B)

=

< Sk(f)(x) = Cx = S (f)(x) + O | dp()

(

e
—

HSE

TWe— W

_l’_

57 ) SN @ = Se($) @) du(a)
B

< 190 — Ol ) + 186(9) = Cilr o)
i wBl)]/ 1(£) = St ()l o)

1 1

1/p . N
S TB{,U(QB) QSB[g(x)]p du(a;)} 49— mi (ks,k )WHQHLI)(B)

S (rp + D[u(B)] gl g )

\/
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Thus, |Cy — Cy/| is dominated by a positive number depending on B but not
on k, k" € Z. . This implies that we can choose a subsequence {ij }jen that
converges to a positive constant 5’3, which depends on B, as j — oo. Since
Sk;(f) — C; converges almost everywhere in B to fB as j — oo, and S(f)
converges to f almost everywhere as k — oo, it follows that f coincides with
fB +CPB almost everywhere in B, and hence in (G(1,2)N®(B))’, where &(B)
is the set of all functions on & with supports in B. Write fB = fB +CB.
Then f = f2in (G(1,2)Nd(B))" and, since fZ € LP"(B), fP is also a locally
integrable function.
We still need to show that there exists f € Ll (&) such that

(fro)=(f.v)

for all b € G(1,2). To this end, by Lemma choose a partition of unity,
{¢;}; € G(1,2), on X and a sequence {B;}; of open balls, with the finite
intersection property, such that pu(X \ (U] Bj)) = 0, supp¢; C By, ¢j is
non-negative and >, ¢;(z) = 1 for almost every z € X.

Let fBi be the locally integrable representation of f in (G(1,2)N®(B;))
obtained in the previous way, and define f := f%i pointwise on Bj for all j.
Notice that, by the construction of f5i, for almost every =z € B; N Bj,

(@) = f(z) = f% ().

Thus, fis well defined. Moreover, Zj Y¢; converges in G(1,2) for all ¢ in
G(1,2). Indeed, for any ¢ € (0,00), by the construction of {B;}; and ¢; in
G(1,2), in particular the finite intersection property, there exists L € N such
that B; N B(x1,1/e) =0 for all j > L. It follows that, for z € B(z1,1/¢),

> le(@);(x) = 0.
Jj=L
For x ¢ B(x1,1/¢), since 3,5, ¢; <1 and ¢ € G(1,2), we see that

1

1 4
Z \1/}(x)¢3(x)| N Vi(z1) + V(z1,2))? [1 + d(x1, x)]

j2L

S V1(1x1) Vi(z1) +1V(x1,$) <1 +11/5>2 [1 + d(lxl’gg)r

N

(o 2 1 1 2
gwuw ) Se V1($1)+V(x1,x)[1+d(x1,a:)] |
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Moreover, for all z,y € X’ such that d(z,y) < [1 + d(x1,2)]/2, we have
D 1(@)d5(x) = d(y)e; ()|

Jj=L 9
1+d(z,z) | Vi(z) + V(z,2) [1+d(z1,2) |
Indeed, if z,y € B(z1,1/¢), then

~

—_

_ =

—~

> 1(@)d(x) = (y)e;(y) = 0;
i>L
if y € B(z1,1/¢) but o ¢ B(z1,1/¢), then ¢;(y) = 0 for all j > L, and hence
pRLIE: P(y)ei(y)l
j>L
= ZW)@( ) - I =D [0(@)]16;(x) — 6; ()]
j>L >L
< d=zy) 1 [ ]4
~14d(zr,x) [Vi(zr) + Ve, x))? |14 d(z1, x)
2
< 82 d(.’]?,y) 1 |: :| :
14+ d(z1,2) Vi(z1) + V(zi,z) |1+ d(z1,2)
if z,y ¢ B(x1,1/¢), by the finite intersection property of {Bj}jen and an
argument similar to that used above, we also have the desired inequality.
Thus, > ey ¥¢; converges in G(1,2), and therefore
6= (£ 0D 05) = S (F.065)
jeN jeN
Bj
=348 = (T, Zwﬁ
JEN
We remark that Theorem [3.3] for p = ¢ goes back to [16, Theorem 5.2|.
However, the proof of Theorem is different from that in [I6]: it needs
several localized arguments, in which a partition of unity on spaces of ho-
mogeneous type plays a key role (see Lemma .
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