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Boundedness of Riesz transforms
on weighted Carleson measure spaces

by

MiNG-YT1 LEE (Chung-Li)

Abstract. Let w be in the Muckenhoupt A, weight class. We show that the Riesz
transforms are bounded on the weighted Carleson measure space CMO?,, the dual of the
weighted Hardy space HE, 0 < p < 1.

1. Introduction. One of the principal interests of HP(R™) theory is to
give a natural extension of the boundedness on LP, 1 < p < oo, for maximal
functions and singular integrals to the Hardy space HP(R"™) for p < 1. It is
well known that the Riesz transforms are bounded on HP(R™), 0 < p < 1,
and BMO(R"), the dual of H!. For p < 1, the dual of H?(R") can be iden-
tified with a Campanato space (see [CW], [FS], and [GR]). Moreover, it was
proved that Campanato spaces are equivalent to Lipschitz spaces (see [ES,
Theorem 5.39]). Lemarié [L, Theorem A] proved that Calderén—Zygmund
singular integral operators satisfying certain conditions are bounded on Lip-
schitz spaces (cf. [MC|, Chapter 10, §4]). Therefore, these results imply that
the Riesz transforms are bounded on the dual of HP(R").

For the weighted case, Lee et al. [LLY] showed that the Riesz transforms
are bounded on weighted Hardy spaces HL, 0 < p < 1 for w € A;. Recently,
Ding et al. [DHLW] extend the HI,-boundedness of the Riesz transforms to
w € As. A natural question arises: Are the Riesz transforms bounded on
the dual of the weighted Hardy space Hf for 0 < p < 1 and w € Ax? The
purpose of this paper is to give an affirmative answer. In 2001, Garcia-Cuerva
and Martell [GM] gave a wavelet characterization of weighted Hardy spaces
HE(R™). In [LLL], Lee et al. introduced the weighted Carleson measure space
CMOP (R) and showed that CMO? (R) is the dual of the weighted Hardy
space HI,(R). To state the duality result of [LLL], we first recall the definition
of the weighted Carleson measure spaces CMO? . Let ¢ € S(R™) satisfy
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(1.1) suppt) C {€ € R": 1/2 < [¢] <2}

and

(1.2) ST IEF =1 forall & € R\ {0}.
JEZ

Set ;(x) = 27"1)(27z). Denote by Ss(R") the functions f € S(R™) satisfy-
ing (5, f(z)z* dx = 0 for |a| > 0. We define CMO¥, (R") as follows.

DErFINITION 1.1. Let 0 < p < 1 and w € Ay. We say that f €
CMOP (R™) if f € (Sao)'(R™) with the finite norm defined by

Lk
Ifllestogen = sup{ w3 S 0+ Nl s o

jeEZ ICT

where J is a dyadic cube in R™ and I is a dyadic cube in R™ with edge-
length 277 and lower-left corner z;. Note that x7 = 277k, where j € Z,k =
(ki,....,kp) € Z" and I = {(z1,...,2,) € R" 1 k; < 2a; < k;j+ 1,1 =
1,...,n}. This convention will be used throughout the paper.

By the same argument of [LLL], the dual space of HI,(R"), 0 < p < 1,
can be identified with CMO? (R™) as follows.

THEOREM A. Let 0 < p <1 and w € As. The dual of HY, is CMO?L, in
the following sense:

(a) For each g € CMOY , there is a linear functional £y, initially defined
on HY N L?, which has a continuous extension onto HY, and ||y]| <

Cllgllemor,-
(b) Conversely, every continuous linear functional £ on HY, can be real-

ized as = Ly with g € CMOY, and ||g||cpor, < C|14]]-
In particular for p =1, CMOL (R") = BMO,,(R").

Since CMOZ, is the dual of HY, the definition of CMOP is independent
of the choice of the function 1. However, we would like to show this inde-
pendence by using the following inequality for CMO? | which will also be
used for the proof of the main result in this paper.

THEOREM 1.2. Let 0 < p < 1, w € Ay and ¢, ¢ satisfy (1.1)—(1.2).
Then, for all f € (Sx),
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Let R;, j =1,...,n, denote the Riesz transforms in R™ defined by

Rif(z) =pv. (K;* f)(z), where Kj(z)= 77(”+1)/2F<n;1>|rnj+1.
x

For n = 1, the Riesz transform reduces to the Hilbert transform

Hf(x) = lim 1 S Mdy.
e=0T
ly|>e

Note that by Definition 1.1, CMO? C (Sx)’. In general, R; may not
be well defined on CMO? . Accordingly, to obtain the boundedness of an
operator R; on CMO? , we need first to define R; f for f € CMO? . Indeed,
the same problem appeared even in the study of the boundedness of singular
integral operators on the classical Hardy spaces HP. The key method used
in the classical case was to consider the dense subspace L?NHP of HP. Thus,
to show the HP boundedness of singular integral operators, by the density
argument, it suffices to prove the boundedness of operators on L? N HP.
However, this method does not work in our case because L? N CMO?, is not
dense in CMOZ . But we will prove in Proposition 4.1 below that L2NCMOZ?,
is dense in CMOZ, in the weak topology (H{,, CMOZ ). Hence, for f € CMOP, |
(Rjf,g) is well defined for g € So. This means that for f € CMOZL, R, f is
well defined as a distribution in (S )’. The main result of this paper is the
following

THEOREM 1.3. Let w € As. Then there exists a constant C' such that
IR fllcmor, < Cllfllemor,  forO<p<landj=1,...,n.

REMARK. Theorem 1.3 cannot be directly obtained by duality from the
H{-boundedness of Riesz transforms since we do not have |f||cyor =

SUP|g|,,.p <1 |{f, 9)|-

Throughout the article the letter C' will denote a positive constant that
may vary from line to line but remains independent of the main variables.
We use j A k to denote the minimum of j and k and use a = b to denote
the equivalence of a and b, that is, there exist two positive constants Cy, Co
independent of a, b such that Cia < b < Cha.

2. Preliminaries. The class A, was used by Muckenhoupt [M], Hunt—
Muckenhoupt-Wheeden [HMW], and Coifman-Fefferman [CF] to investi-
gate the weighted LP boundedness of Hardy—Littlewood maximal functions,
the Hilbert transform and Calderén—Zygmund singular integral operators,
respectively. In this article a weight means an A, weight. More precisely, let
w be a nonnegative function defined on R™. We say that w € A,,1 < p < oo,
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if
(Sw(:c) dl’) (Sw(m)*l/(pfl) d:c)p_l < C|I|P for every cube I C R",
I I

where C' is a positive constant independent of I and 0 - oo is taken to be 0.
A function w satisfies the condition A, if given € > 0 there exists § > 0
such that if I is a cube and E C I with |E| < §|I], then

S w(z)dr <e S w(z) dz.
E I
For the case p=1,w € A; if

1 Sw(w) dr < Cessinfw(x) for every cube I C R".
‘I ‘ 7 zel

It is well known that a locally integrable function satisfies the condition
A if and only if it satisfies the condition A, for some p > 1. Also, if w € A4,
with 1 < p < oo, then w € A, for all r > p and w € A, for some 1 < ¢ < p.
We thus use ¢, = inf{g > 1: w € A;} to denote the critical index of w and
define the weighted measure of a set E C I by w(E) = |, w(z) dx.

For any cube I and A > 0, we shall denote by AI the cube concentric
with I each of whose edges is A\ times as long as the edges of I. It is known
that for w € A,, p > 1,w satisfies the doubling condition, that is, there
exists an absolute constant C' such that w(2I) < Cw(I).

Closely related to A, is the reverse Holder condition. If there exist » > 1
and a fixed constant C' > 0 such that

1/r
(ﬁ‘ Sw(x)r d:r) < C(,lﬂ S w(x) d:c) for every cube I C R",
] I

we say that w satisfies the reverse Hélder condition of order r and write
w € RH,. It follows from Holder’s inequality that w € RH, implies w € RH
for all s < r. It is known that w € A, if and only if w € RH, for some
r > 1. Moreover, if w € RH,, r > 1, then w € RH,,. for some € > 0. We
thus write r,, = sup{r > 1:w € RH,} to denote the critical index of w for
the reverse Holder condition.

For the comparison between the Lebesgue measure of a set F and its
weighted measure w(FE), we have the following

TueorREM B ([GR, IGW]). Let w € A, N RH, with p > 1 and r > 1.
Then there exist constants C1,Cy > 0 such that

“ (ﬁ)p < % < 02<’|EI|‘>(T_1)/T

for any measurable subset E of a cube I.
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For the integral with respect to the measure w(z)dz, we have the follow-
ing estimate which can be found in [GR} p. 412].

LEmMmA C. Let w € Ay, ¢ > 1. Then, for all v > 0, there exists a
constant C independent of r such that

S w(z) dx < Cr~™w(l,),

where I, is the cube centered at 0 with edge-length 2r.
For f € (Sx)’, we define the discrete Littlewood—Paley square function

G(f) by o
)= (D 1wy = HanPat)

Jj€Z 1

It is known that G is bounded on L, 1 < ¢ < oo, provided w € A,. The
following discrete Calderén identity on R™ was proved in [EJ]:

THEOREM D. Suppose that v satisfies (1.1) and (1.2). Then, for f €
L*(R™), Soo(R”), (5 ) (R™),
=D 274y x ) (@) — @),
JjEZ 1

where the series converges in L2(R"), Soo(R™), or (Sao) (R™), respectively.

3. The proof of Theorem 1.2. For f € (Sx), we use Theorem D to
get
(% 1)(2) = DY 277 (o * F)lwr) (W x o) (2 — xp),
JIEL T’
where ¢p = ¢; if £(I') = 277", Note that ¢1, and ¢r, represent the same
operator if I; and I have the same edge-length. For L, M > 0, the almost
orthogonality (cf. [HS, Lemma 4.3]) gives

o, 9—(in" )M
3.1 . v — / < 02_|]_‘7 |L - .
(31 Wy dy)(z—ar)| < 2-GA) 4 |2 — ap| )M
Hence,
(5 % ) (2)]

9—(iAd")M

| 9=li—3'IL , ,
J

< I o=li—j \L 2= (M
CZIZ|I|2 O 1 [ — a5, |)n+M\(¢1'*f)($1/)|, zel,
j
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where z¢, 2§, denote the centers of I, I’, respectively. Taking the supremum
over z € I, we get

sup [ (45 * f)(2)]
zel

9— (N )M

! _‘]_]/‘L U !
< C;EI: 1I'|2 =GR 1 [ — e [ (1 * f)(zp)].

Schwarz’s inequality gives

(sup (s + )

zel
2—(jAj’)M 1/2
=li=J'IL
| 2_(]/\J )M S\
A direct computatlon ylelds
9—(iNG" )M
3.2 <C.
( ) Z | —(3A5") 4 |$ LU%DTH—M -
By Schwarz’s inequahty again,
(sup |« D)
z€l
< C<ZQ—|j—j'|L> (Z o-li—d'IL
J' 7
9— (N )M )
O 3 L camnly
9— (N )M

l7—3'|1L / / 2
<CZ/Z2 j—J |I j/\] +‘ C—xf_,’)n+M|(¢I *f)($[)| .
Given a dyadic cube P, say /(P) = 277, we have

1 2 |12
Wz(ig;rwj*fxzn) o

< 2/p12 >3 e

Jj=jo ICP J’—Jo r
(1)=2

2—(j/\j’)M

X —
(2*(3/\1 ) + |553. — gj?,|)"+M

I)?
w(I)

61+ Far)P 12
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Jo—1

z/plZ Z >, 2 v

J=jo ICP jl=—0cc I’

u1)=2
9— (N )M , |12
* =GR 1 [af —x%’)n+M|(¢p A ys

= Ay + As.

A1 can be further decomposed as

4= 2/“(2222@222)

Jj=jo ICP j'=jo I’C3P j=jo ICP j'=jo I'n3P= 0)

L(I)=2— J g([/) L(I)=2— J Z(I/)
o, 9— (N )M I
o—li=3'lL| _ , )2

= A + Ar.

Let w € Ay. There exist ¢, > 1 such that w € A; N RH,. The definition
of A, and Hélder’s inequality show that

(3.3) 1117 ~ w(I)(w(I) )L,
Hence,

|12 9—(N" )M
(34) Z w(I) (2-UN") + |2§ — a5, |)n+M

ICP I r
o(1)=2-7
, 9—(Ni" )M
< 1129 (w(D) )T
; (2-6N") 4 |2§ — a5, )M
oI)=2"
-GN ) q—1
< 27n(2=9) ( +Mw(x)1*q dw)
J/\J)—|— |x —:U],D q—1

e
<C2J"(“< i)

|z — zl,\<2 3! \m—x§,|>2*j/

q—1
— w(z)' =7 dx) .
(20N 4 |z — 2, ) 1

N M
2_(]/\J,)q_71

Since w € A, it follows that w7 e Ay. If we take M > ng'(¢ — 1) —n,
Lemma C yields
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Al _M
2*(]/\J )qj .,
S —(Ad") . JENEEST] w(x)l ?dx
(270N + g — 2g|) o1

|z—=2¢,[>277

< O UNDFHE (1

Inserting the above estimate into the last term in (3.4) implies

Z ik 9—(iNn" )M
0 w(I) (270N + [ag — a5, [)mtM
L(I)=2"7

< 27In2=0) (20N =i 4 9l =IN MY | =L ()1 =0 Y

112 9—(inj" )M
(35) Z w(_[) 92— Gng" n+M
2= w(l) 20 + [a§ — a5
o(I)=2

< CQ—jn(Q—Q)(Q(j/\j'—j’)n + Q(j'—j/\j/)M)]I’]q_lw(fl)_l.

A“— 2/;;122 Z

J=jo 3'=Jjo I’C3P

o(1')=2
I/ 2
S or P

Since there are 3" dyadic cubes in 3P with the same edge-length as P,

T 2 /12

E : |(¢Il*f)(xll)|2’[|0(l|/) PSUI;P § | ¢I/*f xyr | zL(’/)
/ 'C / /
«r=ep) (P=ep)

913/ |+ (=3 )n(a=2) (9UAT'=i")n | 9('=ing" )M

Choosing L > max{M —n(q —2) —n,n(q — 2)}, we have

I/2
s 0 Y s Nl B

J'=jJo I’C3P
o(I=2"

X 3 2 U G nla2) (N g 953N M)
J=jo
c 2
S ——o,o7  Sup Z (b1 f)(zr)]

~w(P)2/rt —, w(I’)
e(}j,)C:?ZI(DP) ree

|2
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Next we decompose the set of dyadic cubes {I : IN3P = () and ¢(I) = ¢(P)}
into the disjoint union of { H;};cn according to the distance between each I
and P. Namely, for each i € N,

H;:={P : P'N3P =0, L(P") = {(P), 275 < |25, — 2| < 27F1 70},

where 2% and z%, denote the centers of P and P’, respectively. Thus,

ey Yool Y B sy

i=1 P'eH; j=jo ICP J =jo I'CP!
Z(I) 2” J Z(I/) 92— K

9—(ni" )M )
X (2-GA) + %, — w%,’)”"'M (o1 * f)(zr)|*
Let @; be the cube with center 2% and £(Q;) = 272740, Then P C Q; and
P’ C Q; for any P’ € H;. Theorem B shows that, for any P’ € H;,
w(P")
w(P)
Note that |9ch, —2%| & 20790 for P! € H;. By (3.5) for M > 2(nq¢’(¢—1) —n),

i+jo)M /241 2 1
A12<CZZ p/2/p1( o) M/2+i(q— 1) (2/p—1)

<02

i=1 P'cHj;
% Z Zg li=3"1L—=(GNG" )M /29 (5 —5")n(q— )( (JAJ"—j’)n+2(j’—j/\j’)M/2)
J'=jo j=Jo
2 '
X I,CZP, (¢ f)(zr)] w(l)’
L(I1")=277

Since there are at most 2(i+2)n

cubes P' in H; and for j' > jo,
oo
Z 2117 L= (AT IM/29(i=5)(a=2) (9N =)y 9("=iNi"IM/2) < Cg=ioM/2
J=jo
we choose M > 2q(2/p — 1) to get

A12§CSUP P,Q/plz > 1 * )

J'=jo I’CP’
L(I=2

« ZQ iM/2+i(q— =) (2/p—1)

IS
w(I")

T 2
< CSllp (P’ 2/]3 1 Z ’ ) *f (xp)‘ 11)(}/)
I'cP!
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To estimate Az, we use (3.3) to obtain

Jo—1

b Sy Y Y Yy

j=jo ICP jl=—co I’
o(1)=2"7

2-'M
277 + |2p — 2%)

Jo—1

g 2/p 12 Z Z ZQ (i—3")Log—jn(2— q)( ()~ )

j=jo ICP j'=—oc0 I
LI)=2"7

x ||

| (@r * f)(zp)?

2—Ji'M

X | I'——;
(277" + 2% — a7])

| (@r * f)(zp)?

oo jo—1

= 2/p - Z Z 22 (=3 Lg=in(2=0) (y(P)1=1")a~1

J=joj'=—oco I
9—i'M
(277 + [ap — 29])

x |I'| n+M|(¢1’*f)($I')|2

Let EY = {I' : £(I') = 2*¢(P) and |2% — 25| < £(I')} and E} = {I' : {(I")

280(P) and 27 1(I") < |a — x| < 2/(I")} for i € N. Then the cube @
with center 7% and £(Q%) = 2i7F=70+2 contains P and I’ for any I’ € EL.

By Theorem B,

w(I’)
w(P)

< C2(i+k)(

for any I’ € E,ZC

Since w!~7 € Ay, there exists 7 > 1 such that w7 € RH;. Using Theo-

rem B again, we have

U}(P)l_q . lig)

— < C2-(Hk)d for any I' € E}.

By the above two inequalities and (3.3),

o(i+k)(q—"74)(2/p—1)

ZZ 2 IU(I/)2/IJ71 2~ U=Lgl=s")nla=2)

J=jo k=1{I' : £(I')=2k£(P)}

2—j’(M+n) |I/|2

o« 9~ (k) (@'~ 1) (g-1)

@+ = w1 e
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Choosing L = n(q — 2) + M + n, we then have

Ay = C2I0(M+m) Z >, 2~ (Rl )52/ 1)]
2/p=1 ¢ g [yntM
k=1 {1’ 6(1")=2%¢(P)} w([’) /D (f(I’)—i— ‘xP $1/|)

> [I']?
X ’(qul *f)(xf’” ’LU(I’)
X 9—(i+k)[M+(q'—5+)(¢=1)—(¢—"71)(2/p—1)] .
< 92— (i+k)(n+M)
1; zz; 1%:; w(I)/r
J
o [I'P
X |(¢I’ *f)(xl’)| W(I/)

There are at most 2 dyadic cubes I’ € E;f for ¢ € N, and at most 3" dyadic
cubes I’ € EY. Thus,

112
A2§C<SHP pr 3 I s i) JJ('/))

I'cP
y 22— [2M+n+(q'—2=2) (g—1)—(g— 1) (2/p-1))
k=1
112
< Csup |P|2/p 1 Z | (Z)I’*f .’L’[/ ’ |(}/)

I'cpP
since M > 2q(2/p — 1). The proof of Theorem 1.2 is complete.

4. Some results on CMO?. We now use Theorem D to obtain the
following density statement.

PROPOSITION 4.1. Let 0<p<1 and w€ A. Then L*(R")NCMO? (R"™)
is dense in CMOE (R™) in the weak topology (Hi,, CMOP). More precisely,
for any f € CMOE (R™), there exists a sequence { fx}C L*(R")NCMOP (R")
satisfying |fxllomon, < Cllflloon, such that, for each g € HA(R™),

limy o0 (fn,9) = (f,9), where the constant C' is independent of N and f.
Suppose that f € CMO?P (R™). Denote
En ={(j,j) € ZxZ" : [j| < N, |j| < N}.
Set
(4.1) (@)= > 277"y = ez — ),
(],_])GEN

where 1) satisfies (1.1)—(1.2). It is easy to see that fx € L?(R").
To show Proposition 4.1, we need the following lemma.
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LEMMA 4.2. Let w € Ao. Suppose that f € CMOP (R™) and fn is given
by (4.1). Then fn € CMOL(R™) and || fn|lcmor, < Cllfllemor,, where the
constant C' is independent of N.

Proof. Tt suffices to show

12 2
Sup{ Pyl —— > > Wy = ) (@) w(I)}

JEL ICP

112 1/2
<Csup{ 2/1)122’ ]2‘(‘)} )

JELICP

The proof of the above inequality is similar to the proof of Theorem 1.2. We
omit the details. m

We use Lemma 4.2 to show Proposition 4.1.

Proof of Proposition 4.1. Without loss of generality, we may choose ¥
to satisfy (1.1)—(1.2) with ¢(z) = ¥(—=z). For each h € S, by Theorem D
and (4.1),

(=)= (> 279wy« @y —an),h)
(d)e(En)®
= (0 X 2y )@ - ).
(d)e(En)®
By Theorem D,

Z 27" (Y h)(xr)pj(x — 1)
(Jd)e(En)
tends to zero in Soo(R™) as N — oo and hence, for each h € S (R"),
(f — fn,h) tends to zero as N — oco. Since Sy is dense in HY), it follows
that for each g € HE, (f — fn,g) tends to 0 as N — oo. Indeed, for any
given € > 0, there exists h € S such that ||g — hl|gr < e. It follows from
Lemma 4.2, || fx|lomor, < Cllfllemor,, and Theorem A that

[(f= I S = fvg =W+ [(f = v, )|
< CO|f = fnllemor lg = bllgz, + [(f = fn, b

w

< Cellfllemor, + {f = fn, W)
This implies (f — fn,9) > 0as N — co. m

5. The proof of Theorem 1.3. We define R; on CMO?, (R") as follows.
Given f € CMO? (R™), by Proposition 4.1, there is a sequence {fy} C
L? N CMOZ, such that || fnlcyvor, < Cllfllemor, and, for each g € L N HE,
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(fn,g9) = (f,g) as N — oco. Thus, for f € CMOP | define
(Rif,g) = ]\}im (Rjfn,g) forge L’ N HY.
—00

To see the existence of this limit, we write ((R;(f; — fr), ) = (fi — fx, R;(9))
since both f; — fi and g belong to L?, and R; is bounded on L?. 1t is known
that R; is bounded on H}, and hence Rig € L? N HE. Consequently, by
Proposition 4.1 again, (f; — fk,R;fg> tends to zero as i,k — oo. It is also
easy to see that the above definition of R;f is independent of the choice of
the sequence {fy} which satisfies the conditions in Proposition 4.1. We now
show the boundedness of R; on L? N CMO?,.

THEOREM 5.1. Suppose that w € As. For f € L2(R") N CMOE (R"),

IR fllemor, < Cllfllemor,»

where the constant C is independent of f.

To show Theorem 5.1, we need a discrete Calderén-type identity on
L? N CMOP,. For this purpose, let ¢ € S with supp ¢ C B(0, 1),

(5.1) Ylp27e)P =1 forall £ € R"\ {0},
JEZ
and
(5.2) S ¢(x)z*de =0 for all |o| < 10M,
Rn

where M is any fixed large positive integer.
The discrete Calderén-type identity on L? N1 CMOZ, is given by the fol-
lowing

LEMMA 5.2. Let 0 <p <1, w € Ax and ¢ satisfy conditions (5.1)—(5.2)
with a large M depending on p. Then for any f € L?> N CMOP,, there exists
h € L2 N CMOP, such that, for sufficiently large N € N,

ZZ( )Tl — 27)(65 + ) (x7),

JEZ T

. . N .
where the series converges in L? and, hereafter, ng ) denotes summation

over T running over dyadic cubes in R™ with edge-lengths 277N and lower-
left corners x7. Moreover,

[fllze = [[”llze and || fllemor, = 1Bl envor, -
Proof. By taking the Fourier transform, it is easy to see that

fl@)=> (¢;x;* f)(x) for feL?

JET
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Applying Coifman’s decomposition of the identity operator, we obtain

=) Z |116;(x — 27) (05 % f)(x7) + R f()

JEZ T
=Tnf(z )+RNf( )

where
Ruf(@) = 3 S 1652 — ) (@5 * £)(w) — 65(x — 7)(65 * f)(wp)] du
JEZ T T
- ZZ(N [ 65z — ) — d5(x — 22))(@; * )(uw) du
JeZ 7 T
5 S ™ i — 2@+ £)(w) — (65 * F)(wp)) du
JEZ T T

= Ry f(x) + R f(2).
We claim that, for f € L? N CMOZ,
(5.3) IR fllz < C27N]|f]l2, i=12,
(5.4) IR fllemor, < C27 NI fllemor,, = 1,2,

where C' is a constant independent of f and V.
Assume the claim for the moment. Then, by choosing N sufficiently large,
Tyt =3 ((Rn)™ is bounded on both L? and CMO?,, which implies

TN fllz = [1fll2 and | Tx" fllomor, = I/ lemoz, -
Moreover, for any f € L? N CMO?, set h = T_1 f- We obtain
(N)
flx) =Tn =D Hgi(@ — p) (s x h) (),
JELZ T

where the series converges in L2.
Now we prove (5.3) and (5.4). Since the proofs for RY and R are
similar, we give the proof for R}, only. Let f € L2NCMO?Z . By Theorem D,

(5.5) (d}‘f*ﬂvf)( )
1/}]’* ¢J —u) — ¢J( )])( )(¢J*f)( ) du

My
T
-y Z(N)W #1685~ ) = 05 ~ 2] (x)
- — J J J J I
I
( " { Z Z |I”Wj”(' — xl//)(wj// * f)(,’,l,‘]//)})(u) du7

j//eZ II/
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where I” are dyadic cubes in R™ with edge-lengths 277" and lower-left cor-
ners rjr.

Set gj(z) = ¢j(z —u) — ¢j(z — x5), where u € I. Note that qAb/j € S and
\gg](x)\ < CQ*N'23'”(1 + 2|z —u)™M for any M € N since, if u € I, then
lu — 7| < C277=N_ Thus, by an almost orthogonality argument, for large
positive integers M we obtain
on(ing’)

(1 + 297" |z — u|)n+M
2nd'

(1+ 27 |x — uf)ntM’

(%5 * %)(x)\ < 02 Nog—10M|j-7'|

< 02 No—5Mlj—j'l

Similarly, for u € I, ,
2774]"’
(1 + 2j//|u — l’]//|)n+M '

Substituting these estimates into the last term in (5.5) yields
|y * Ry f)(@)]

O AICAVIEED v Dl ER

|(¢J * %H)(u — .’L'I//)’ < 02_5M‘j—j//|

JEL I JEL T
x 2" p-om—il 2" d
(1+23/]:L“7u|)”+M (1+2j//|U7fL’I//|)n+M
-N —5M|j" —5" || 1 2nU'A")
< C2 %;2 U\ e =y (i * D)l
J

By the equivalence ||G(f)||2 = || f||2 and Holder’s inequality,
IRy fll2 < ClIG(RN ) l2

_ 1/2 _
<2 V{3 Y Iwir + DB} |, < 027V e
j//eZ I//
Similarly, repeating the same proof of Theorem 1.2 yields
RN fllomor, < C27 M| fllemor,-

Thus both (5.3) and (5.4) are proved and Lemma 5.2 follows. =

As a consequence of Lemma 5.2, we give an equivalent norm for functions

in L2 N CMO?,.

COROLLARY 5.3. Let w € Ay and 0 < p < 1. Suppose ¢;’s satisfy the
same conditions as in Lemma 5.2. Then for a fized large N as in Lemma 5.2



184 M.-Y. Lee

and f € L?> N CMOZ
™ 2 T2
Fleson = s { s 2 % P
JELZ Jcp

Proof. Suppose f € L?> N CMOP. Let T f be as in Lemma 5.2. The
boundedness of ' on L2 N CMO?, gives

I fllemor, = 175 Tn fllemor, < CITN fllemor, -
For any dyadic cube P C R", by the definition of T},

(5.6) ZZ] i * T f)( x1)|21L1(|;)

JEZ ICP

~ 2
=S| S Mo ooy < D

JEZICP j'€Z T

where 1); and ¢; are as in Theorem 1.2 and Lemma 5.2, respectively.
Applying the classical almost orthogonality estimates, we have
on(jAs")
(1 + 2077 || )t M~

(5.7) W; * ¢y ()| < C271~T'1E

This, together with Holder’s inequality, shows that the right hand side in
(5.6) is dominated by

3D ID ) DALl

JELICP €l T
9—(ing" )M ~ |I‘2
X — Vi - 2 '
(2_(]A]/)+|x1—x'f,\)”+M| |(¢ f)(w[) w(l)

Applying a similar argument to the proof of Theorem 1.2, we obtain

| fllearor, < CHTNfHCMOP

o |72 \'?
SCSIIlDP< Pyl 122 djr* f)(z7)] w(f’)) -

J'€Lpcp

On the other hand, applying first the discrete Calderén identity (Lem-
ma 5.2) and then the orthogonality estimates (5.7), we also find that, for
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any dyadic cube P C R",

T2
5 5™ 6« f)(an)? in

JE€L P ()

B 3 , 7 2P
—ZZ '*% 7 x])(w]*f)(xf)‘ ‘ IN/
J'e€Lficp w(l)

L

<oy 3 222 -

J' €L cp J
9—(Ni" )M ) ’7‘2

X —
(2—(1/\3 ) + |xf/ —x1l|) w(I’)

where I and I’ are as in (5.6).
Using again a similar argument to the proof of Theorem 1.2, we have

> 1P
Sup{ P)2/pr-1 Z )(z7)] oL } < Cl fllemor,,

IcP ( )

completing the proof. m
We are ready to show Theorem 5.1.

Proof of Theorem 5.1. By Corollary 5.3, it suffices to show that for any
dyadic cube P,
|f‘2 1/2
(s o 2 e R w(f)> < Cllfllowo,

€2 Tcp

where ¢; and I satisfy the conditions as in Lemma 5.2 and the constant C
is independent of P and f.

Using the L? boundedness of R; and the discrete Carderdn-type identity
given in Lemma 5.2, we write

712
SOS Y r+ By )@ >|21'f'~

i€Z T, ICP (I)

~ 712
=3 SIS S e I e 0oy -]

i€Z fcp V€L T

where ||A||cavor, < Cllfllemor,-
We claim that
Qin
5.8 K * ¢; C————.
(58) 0 00)(@)] < C g
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To show (5.8), we consider the following two cases. For |z| < 2!~ by the
support condition on ¢;,

(K * @) ()] = | lim | Kj(z — u)ei(w) du’
e1—0 )
e1<|z—u|<3-21
= | lim | Kj(z —u)[di(w) — i(2)] du‘
e1—0 '
e1<]|z—u|<3.271
< 02i(n+1) S |z — " du
|x—u|<3-2%
<02 < C 2

(1 + Qi‘x’)n—i-M'

For |z| > 21~ by the cancellation condition on ¢; with order M,

1
o0l = | [Ke—w- ¥ ToeKitae ot
Ju|<2—1 laj<M
|u|M+1 9in
<c e Gl du < O

|uj<2~

Estimate (5.8) and the classical orthogonality estimate
on(ini')

(1 + 9iNi! ’m‘)n—i-M

(¢ % ¢r) ()| < C27 ¥
imply
2n(i/\i’)
(1 + 2@'/\i’|x|)n+M'
Therefore, the same argument as in Theorem 1.2 yields
1R fllemor, < Cllhllemor, < Cllfllemor,

for f € L>NCMO?,. u

(K * ¢ % dpr)(2)] < o li=IL

We now prove the main result of this article.

Proof of Theorem 1.3. By the definition of R;f for f € CMO? and the
boundedness of R; on L?’NCMOP?,, we choose a sequence { fx} C L2NCMO?,
such that [|fx|lcmoz, < Cllfllemor, and

1R fllemor, < l}vminf 1R fnllemor,
— 00
< Cl}\riﬂinf /5 llemor, < Clif llemor,-
—00

This completes the proof. m
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