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On the eigenfunction expansion method
for semilinear dissipative equations in bounded domains
and the Kuramoto—Sivashinsky equation in a ball

by

V. V. VARLAMOV (Austin, TX)

Abstract. Presented herein is a method of constructing solutions of semilinear dis-
sipative evolution equations in bounded domains. For small initial data this approach
permits one to represent the solution in the form of an eigenfunction expansion series
and to calculate the higher-order long-time asymptotics. It is applied to the spatially
3D Kuramoto—Sivashinsky equation in the unit ball B in the linearly stable case. A
global-in-time mild solution is constructed in the space C°([0,00), H5(B)), s < 2, and
the uniqueness is proved for —1 + ¢ < s < 2, where € > 0 is small. The second-order
long-time asymptotics is calculated.

1. Introduction. We are concerned with studying solutions of semi-
linear dissipative evolution equations in bounded domains. It is well known
that the Galerkin method (see, e.g., [2, 20]) permits one to establish exis-
tence, uniqueness, and regularity results for such problems. However, this
approach does not allow to construct solutions. The use of invariant mani-
folds for parabolic semilinear equations in bounded domains permits one to
prove stability and find the lower-order long-time asymptotics (see [2, 8, 37]
and the references therein). Since the linear operator of the equation has a
point spectrum, one can separate the phase space into stable, unstable, and
central manifolds. The solutions enjoy exponential decay in time, while the
power-law decay is typical for Cauchy problems. As regards the latter, C.
E. Wayne [39] examined them for the nonlinear heat equation with a suf-
ficiently smooth nonlinear term, constructed the invariant manifolds, and
showed how they can be used to obtain long-time asymptotics.

Our main goal consists, first, in constructing solutions of semilinear dis-
sipative equations governing wave propagation, and second, in obtaining the
higher-order long-time asymptotics. The basic ideas of our method were de-
veloped in the papers [30-36], and in a certain sense they represent a further
development of the approach of [17], where spatially 1D Cauchy problems
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for the first-order (in time) nonlocal dissipative equations were considered.
We begin with the general description of the method and then show its
application to the spatially 3D Kuramoto—Sivashinsky (K-S) equation in a
ball.

Let H be a Hilbert space with the scalar product (-,-) and the corre-
sponding norm || - ||, and let the operator A be defined on D(A) dense in
H. Assume that A is closed and has a complete orthogonal system {e; };";1
of eigenvectors, e; € D(A),

Aej :Ajej, Re/lj > 0, 7 EeN,
where the eigenvalues A; are numbered in increasing order of ReA;, i.e.,
Re A; < ReA; for ¢ < j. Moreover, assume that Re A; — oo as j — co. We
do not suppose that the vectors e; are normalized.
Let H? be the space {u = Y02, Wie; © > ooy [Uil*|4i]?||es]|* < oo} en-
dowed with the norm

= (u, e;)
lully = (@Al lles))?, @ = Hf;HZQ :
i=1 ¢

Then the operator A : D(A) — H can be extended to a continuous operator
from H? into H. We will retain the same notation for this operator. Denote
by H?® the space

(1.1) H* = {ue H |l = Y @Rl Al e < oof.
=1

Consider the following Cauchy problem:
u'(t) + Au(t) = B(u(t),u(t)), t>0,
u(0) = ¢,
where u(t) : [0,00) — H is a continuous function and B(-,-) is a bilinear

form. The solution of the corresponding linear problem exists for all ¢ € H
and is given by the formula

(1.2)

oo
u(t) = exp(—tA)p = Zﬂz exp(—A;t)e;,
i=1
where exp(—tA) is a strongly continuous semigroup.
We integrate (1.2) with respect to ¢ and reduce it to the integral equation
t
(1.3) u(t) = exp(—tA)p + X exp(—(t — 7)A)B(u(7),u(r)) dr.
0
The function wu(t) is called a strong solution of the problem (1.2) if each
term in (1.2) is a continuous H-valued function of ¢. The function wu(t)
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is called a mild solution of (1.2) if it satisfies (1.3) in the Banach space
C°([0,00), H?).
We seek solutions of (1.2) in the form

(u(t), em) ‘

leml[®

(1.4) u(t) = Z Up(t)em, Um(t) =
m=1

We expand the nonlinear term into the series

(1'5) B(u(t)vu(t)) = B\m(t)ema

where the coefficients Em(t) are calculated in the following way:

(1.6) Bu(t) = (B(u(t), u(t)))n(t)
(B up(t)ep, Doy Un(t)er), em)
- lem |2
= Z b(mapa k)ﬂp(t)ak(t)7
p,k=1
where

(B(eps ex), em)
lem||?

Then we substitute (1.4)—(1.6) into (1.2) and after integrating the result in
t obtain

b(m,p, k) =

> n(em=Y exp(—Apnt)memt Y <§exp(—/1m(t—7'))§m(7') dT) em,
m=1 m=1 m=1 0

which implies that

(1'7) am(t) = eXp(_Amt)am

+Vexp(=Am(t = 7)) D b(m, p, k)i (7)i(r) dr, m €N
0 p,k=1

Next, we assume that the initial data in (1.2) is small and set ¢ = 55,
where € = ||¢||, » = ¢/||¢||. Replacing ¢y, in (1.7) by ¢y, we seek U, (t) in
the form of the series in ¢

(1.8) U (t) = i eNHIGIN) (1),
N=0

Substituting (1.8) into (1.7) we get the following recurrence formulas:
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(1.9) t
500 (t) = {exp(— A (t — 7))
’ o) N )
< " bm,p, k) Y09 D ()N (r) dr.
p,k=1 j=1

Thus, the formal solution of (1.2) with small initial data is presented in the
form (1.4), (1.8), (1.9). In order to justify these considerations we should
secure the convergence of the series in (1.4), (1.6), (1.8), (1.9). To this end
we establish the following estimates for integers N >0, m > 1, and t > O:

(1.10) B0 (1)] < N fi(N) fa(m) exp(—eemt),
where ae,,, > 0, the constant ¢ > 0 is independent of N, m,t; f1(N) tends to
zero sufficiently fast to guarantee the absolute convergence of

N

VN (t) as N — oo,

Il
—

and the decay of fa(m) is sufficient for the absolute convergence, uniform in
m > 1, t >0, of the series

pr,k:mZv(]l Nj)()

p,k=1

The inequalities (1.10) are estabhshed by induction, and the behavior of the
zero iteration ﬁﬁ,?)(t) serves as a starting point.

Next, we choose € € [0,¢eq], with €9 < 1/¢, so that the series (1.8) con-
verges uniformly with respect to ¢ > 0, € € [0,e0]. The estimate of U, (t)
deduced on the basis of (1.8), (1.10) permits one to establish that each term
in the equation (1.2) is a continuous H-valued function of ¢ in the case of
strong solutions or that u(t) : [0,00) — H? is continuous in the case of mild
solutions.

Up to this point we have not used to the full extent the dissipativity of
the equation, and the method described above can be used for constructing
solutions of conservative equations as well (at least for a bounded time
interval, and sometimes for all ¢ > 0). The exponential decay in (1.10) will
be essentially used to obtain the higher-order long-time asymptotics, but we
would like to illustrate it by a concrete example: the Kuramoto—Sivashinsky
equation in a ball. An application of the method to second-order (in time)
evolution equations in one and two space dimensions can be found in [30-34].
The nonlinear fractional Laplacian heat equation in 2D and 3D was studied
in [35, 36].
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In principle, we can also treat a power nonlinearity in (1.2), i.e., (u(t))™
with an integer n > 3. We can expand it into the eigenfunction series

()" = Y (@n (e,
m=1

where
(1.11)  (u™)A (1)

O T (e S e (e 50 T (e )

llem||?
= Z b(m, p1, ..., pn)Up, (1) ... Up, (1),
P1yepn>1
where
b(m)pl7 e ,pn) — M’

[lem|[?
and apply the same procedure as above. Our main concern will be the con-
vergence of the series in (1.11) and much will depend on obtaining subtle
estimates of the coefficients b(m,p1,...,pn).

Below we shall consider the K-S equation

(1.12) Ou+ vA*u+ Au = |Vul?,

where u = u(x1,x9,x3), v = const > 0, Vu = grad u, and A is the Laplace
operator in 1,9, xs. This equation arises in the theory of long waves in
thin films [3, 29], of long waves at an interface between two viscous liquids
[6], in systems of reaction-diffusion type [11, 12], and in the description of
the nonlinear evolution of a linearly unstable flame front [24, 25]. The linear
terms in (1.12) describe the interaction of long-wavelength pumping and
short-wavelength dissipation, and the nonlinear term characterizes energy
redistribution between various modes.

The K-S equation was extensively studied in the eighties (mostly in the
spatially 1D case), both in the context of inertial manifolds and in numer-
ical simulation of dynamical behavior (see [1, 5, 6, 13, 18, 19]). In [14, 15]
Michelson showed that a slight modification of the spatially 2D equation
(1.12),

O+ v AU+ Au + |Vu|? = &,

has stationary solutions. In the context of combustion theory these solutions
represent Bunsen flames on infinite linear or circular burners. Examining
spatially periodic solutions, Nicolaenko, Scheurer, and Temam [19] showed
that the existence of a global absorbing ball implies the existence of a global
attractor, and gave an upper estimate of its Hausdorff dimension. Under the
assumption that the initial data is odd, they proved the existence of a global
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absorbing set in Ly (0, 1) for the derivative K-S equation. Collet et al. [4] and
independently Goodman [7] got rid of this antisymmetry requirement.

In the spatially 2D case an important problem was to show the existence
of a bounded absorbing set in Ly({2). Using the method of [21], Sell and
Taboada [23] gave the answer to this question via proving the existence
of a bounded local absorbing set in H}.([0,27] x [0, 2me]) for sufficiently
small e. Molinet [16] improved their results and gave sufficient conditions
for the local stability of the solutions of the derivative K-S equation with
spatially periodic boundary conditions in a thin rectangular domain.

We shall examine the first initial-boundary problem for the 3D K-S
equation in a ball with small initial conditions and homogeneous bound-
ary conditions. For the linearly stable case v > 1/A; we shall construct
its mild global-in-time solutions in the form of an eigenfunction expansion.
The uniqueness will follow from the analysis of the corresponding nonlin-
ear integral equation. Then we shall calculate the second-order long-time
asymptotics of the solution in question. The nonlinear stability result for
the case 0 < v < 1/A4; (but not the asymptotics) can be obtained by the
considerations analogous to those of [23]. However, to calculate the long-time
asymptotic expansion we need the linear stability of the equation.

2. Notation and function spaces. We denote by B the ball of unit
radius and introduce the coordinate system with origin at the center of the
ball, so that B = {(r,0,¢) : |r| <1, 0 <0 <7, 0 < ¢ < 27w}. We set
H = Ly(B), the space of real functions square integrable over B endowed
with the norm

N

™

1 ™
1F12 = § § 170, 0,0)2r% sin 6 d dp dr.
000

Our main tool will be expansion in eigenfunctions of the Laplace operator
in B. For a function f(r,0,¢) € La(B) we can write

(21) f(?", 0, SO) = Z fmnan(’ra 0, gp),

m>0, n>1
where X (7,0, @) are the nontrivial solutions of the problem
Axy =—-Ax, (r,0,¢) € B,
(2.2) Xls =0, [x(0,0,9)] < oo,  x(r,0, ¢+ 27) = x(r,0, ),
where S = 0B and

A= (1/r%)0,(r?0,) + (1/1%) Ag
Ay, = (1/5in60)0p(sin 00p) + (1/sin* 6)0
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The angular eigenfunctions Y (6, ¢) come from the problem

A Y +pY =0, (0,9) €S,
|Y|9:0,7r < 00, Y(ev »+ 277) = Y(H, QD),
whose eigenvalues are i, = m(m+1), m = 0,1,2,... The functions Y,, (6, ¢)

are called spherical harmonics of the mth order, and they can be represented
by the linear combination of tesseral harmonics [22]

(2.3) Y (0, ) = Z[Cl(:n) cosly + C’l(i) sinlg] P!, (cos ),
1=0

where P! (cos) are the associated Legendre functions.
The radial eigenfunctions are the nontrivial solutions of the problem

1 d <r2dR> . <A_m(m+1)>R:0’

2o\ dr =
IR(0)] < 00, R(1)=0.

They are called spherical Bessel functions and are defined by the formula

. [T
Ry (r) = Jm(Amnt) = By Jm+1/2(>\mn7")~

Here A,,, = )\?nn are the corresponding eigenvalues, A, are the posi-
tive zeros of the Bessel function J,,14 /2(2) numbered in increasing order,
m=20,1,2,...;n=1,2,...; nis the number of the zero. We observe that
Aop, = TTN.

The Bessel functions J, (A7) are orthogonal and complete in the space
L ,(0,1) (L2(0,1) with the weight r) and for sufficiently large A > 0 [28,
p. 219],
: c
< (S)rJf()\r) dr < Xz

c1
A
We introduce the real space Ly ,2(0,1) (L2(0,1) with the weight r*) with

the scalar product (f,g) = 8(1] r2f(r)g(r)dr and norm || f||? = Sé r2 f2(r) dr.
Then we can write

1 1
. . 7
H]m”%n) = S]rzn()‘mnr)rz dr = b S an+1/2()\mnr)rdr.
0 0

The fact that we have used the same notation for the norm in H and in
Ly ,2(0,1) will not cause any confusion since in what follows, the latter will
always be used with the subindex n showing the dependence on \,,.
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Note that for sufficiently large A > 0,

‘ C
< S 32 ()t dr < =2
3 A

Cy

2.4 —

(24) 2

Large positive zeros of Jp,(z) with 0 < m < mg < oo have the following
asymptotics uniform in m (called McMahon’s expansion, see [10]):

an

(2.5) Apn = Omn + O<L>, Omn = (M +2n—1/2)7/2, n — oo.

Next, we return to the angular eigenfunctions Y, (6, ¢) and describe how
they can be expressed in terms of zonal harmonics. This approach will be
more advantageous than the use of (2.3) since it will simplify the calculation
of [Vul|?. Let P and Q be two variable points on the unit sphere S and let
v(P,Q) be the angle (between 0 and 7) formed by two vector radii OP
and OQ), where O is the center of the unit sphere. Then for P fixed and @
varying over S, Py, [cosy(P, Q)] (where P,,(x) is a Legendre polynomial) is
a spherical harmonic of the mth order of the spherical coordinates of @), and
for fixed @ and variable P this function is also a spherical harmonic with
respect to P.

Introducing the scalar product in the real space La(S) by the formula
(f.9)s = {5 fgdS and denoting by || - || the corresponding norm we have
(see [22, p. 266])

(Yo, Yi)s = S Y (Q)Pylcosy(P,Q)]dSqg =0, m #k,

S
(2.6) Wl = 7 2m + 1
ST oM+ 17 4

[ Yin(Q) Prlcos (P, Q)] dSq = Yin(P).
S

The spherical harmonic expressed as a symmetric function of the two points
P and Q is called a Laplace coefficient [22, p. 272], the name coming from
the expansion of f(P) into a Laplace series. Considered as a function of @,
P, [cosy(P, Q)] contains two arbitrary parameters, the coordinates (6’,¢")
of the point P, which can be chosen by the choice of the coordinate system.
If we direct the z-axis of the coordinate system through P, the spherical
harmonics will become zonal and the constants will be determined. Then
the last formula in (2.6) will yield

2w

2m + 1
me | § [Pon(cosy)]? sinydy dx = Yiu(P) = 1,
00

47

where (7, x) are the spherical coordinates in the system with north pole
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at P. Another consequence of (2.6) is the formula

2771: ! SP [cos y(P, Q") Prcos¥(Q, Q") dSq = Py lcosy(P,Q)].
S

If P=(0,¢)and Q = (0, ¢), then by the addition theorem for spherical
harmonics we can represent them in terms of the tesseral ones

Prlcosy(P,Q)] = Pp[cosf cos @ + sinfsin @ cos(p — ¢')]
=P, (cos 9) (COSQ)

+2 Z (D) Pl (cosB)PL (cos#') cos[l(¢ — ¢)].

If we combine the north pole of the coordinate system With the point P,
then 6 =0, Y;,,(P) = Pn(1) = 1, and Py,[cosy(P, Q)] = Pp(cosb).

As regards the eigenfunction expansion coefficients in (2.1), we have
shown in [36] that in the chosen coordinate system with north pole at P,

J/g _ ((fvjm)(n)7ym)5 _ (f, Xmn)
T T 1Yl mnll?

Now we shall give some facts concerning the Legendre polynomials
P (x), =1 <z <1 (see [22, pp. 176-200]). They satisfy the equation

d ) d

(2.7) o (1—2x) o ()| +m(m+1)Py(z) =0, ze€(-1,1),

and
|Pp(z)] <1, xz€(=1,1), Pnp(l)=1, P,(-1)=(-1)"

FIRST THEOREM OF STIELTJES. For 6 € (0,7), m=1,2,...,

42 1
2.8 P,,(cosf
(28) PaleosO)] £ = - e
SECOND THEOREM OF STIELTJES. Forx € [-1,1], m=0,1,...,
4 1
2.9 P, - P, < —- .
(2.9 Psa(@) = Pu(@)] < 7=+ =

We also have the relation
x

Pri1(z) — Ppo1()

(2.10) | Pn(e)de = =0 2=, m > 1
-1

which implies that

(2.11) ‘ | Pul©) dg( <4 -

) VT VmF1(2m+1)
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We introduce the Sobolev space H*(B) endowed with the equivalent
norm

Hf”? = Z )‘grfn|fmn’2HanH2

m>0,n>1

and set H§(B) = H*(B) N {u|s = 0}. We shall also use the Banach space
CY([0, 00), H§(B)).

3. Kuramoto—Sivashinsky equation in a ball. Statement of the
problem and the main results. We examine the first initial-boundary

value problem for the Kuramoto—Sivashinsky equation in the unit ball B:
ug +vA%u+ Au = |Vul?,  (r,0,0) € B, t >0,
(3.1) u(r,0,0,0) = e2¢(r,0,0), (r,0,0) € B,

[u(0,6, )| < oo, ulg= Auls =0,

periodicity conditions in ¢ with period 2,

where v, e = const > 0 and ¢(r, 0, ¢) is a real-valued function.

We set Ay = —A defined on sufficiently smooth functions satisfying
the conditions (2.2). We also set A = vA3 — Ay and note that A > 0 for
v > 1/0%,, where A3, is the first eigenvalue of Ay.

DEFINITION. The function u(t) is called a mild solution of the problem
(3.1) if it satisfies the integral equation (1.3) with B(u(t),u(t)) = |V Au(t)|?
in the Banach space C?([0,00), H§(B)).

In what follows we shall use the notation Dy = —(1/sin6)0y and denote

by Vi (f(r,0,9)) the total variation of the function f(r,0,¢) in r € [0,1].
Now we formulate some assumptions on the function f(r,Q), » € (0,1),

Q=(8,¢) €5
ASSUMPTIONS A.

f0,Q) = f(1,Q) = 0-f(0,Q) = 0-f(1,Q) = 0;
D5 f(0,Q) = D3 f(1,Q) = 9, D5 f(0,Q) = 9, D3 f(1,Q) = 0;
Vo (rop D5£(0,Q)) = V2,2(Q) € La(S),
limr_,0+ Tangf(O, Q) = FQVQ(Q) S Ll(S)
Our first result concerns the existence and uniqueness of global-in-time

mild solutions of (3.1) and their representation in the form of eigenfunction
expansion series.

THEOREM 1. If v > 1/7% and the function ¢(r,0, ) satisfies Assump-
tions A, then there is €9 > 0 such that for ¢ € [0,e9] there exists a mild
solution of (3.1) in the space C°([0,00), H§(B)) with s < 2. It can be rep-
resented as
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u(r, 8, p,t) = Z U (1) Jm (Amnt) Y (6, ),

m>0,n>1

where the coeffcients Uy (t) are defined by (1.8), (4.11). If -1+ <s< 2,
where € > 0 is small, this solution is unique. If 3/2 < s < 2, then u €
CP([0,00), C(B)).

REMARK 3.1. It is not difficult to give an example of an initial function
satisfying Assumptions A. Using separation of variables we set ¢(r,0,¢) =
R1(r)01(0)?1(p) where Ry, ©1 and ¢, are defined on (0, 1), (0, 7) and (0, 27)
respectively and satisfy the following conditions:

Ri(0) = Ru(1) = R;(0) = Ry(1) = 0;

Tlir(% rRI(r) =c3 < oo, Vyo(rR{(r)) =c4 < o0;

d({ 1 d
D1(p) € L1(0,27) and 70 (me@)@l(e) € Li(0,m).

The next theorem is dedicated to obtaining the higher-order long-time
asymptotics of the solution in question.

THEOREM 2. Under the assumptions of Theorem 1, there exists a con-
stant C' such that for s < 2 the following spatially uniform asymptotics
holds:

(3.2) [u(t) = uo(t) — ur(t)[ls < Cexp(=3rort),

where

. o
_ sin(mr N
up(r,t) = Bo1 exp(—roit) 757“ ), By = V7 g 5N+1A[(n ),
N=0

- ~ sin(nr
uy(r, 0, p,t) = exp(—2ko1t) {Bm (rr)

wr

_'_g( Z n Z )b(m,n,O,l,O, 1)jm()\mnT)Ym(9,cp) |

Kmn — 2K
m=0,n>2 mmn>1 mn 01

ko1 = T2(vm? — 1) > 0, Ky = A2, (A2, — 1) > 3ko1 for m =0, n > 2 and
form,n >1,

0o N
D b(O,l,O,l,O, 1) e A N+1 (G—=1) 4(N=7)
By = V7 o A, A= NZ_1€ jz1 Agr Ao 7

the coefficients Aé{) are defined by (6.3), and the coefficients b(m,n,0,1,0,1)
by (4.1).

4. Auxiliary results. In this section we collect several propositions
that will permit us to estimate the eigenfunction expansion coefficients of
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the solution and the nonlinearity. We begin with calculating the latter. We
have

Val> = Y (IVul’) () ximn(r, 6. 9),

m>0,n>1
where
(Vupn® = > b(m,n,p,q, k, s)ipg(t)iigs(t),
p,k>0;5q,5>1
(4.1)

b(m,n,p,q,k,8)  (VXpq* VXkss Xmn)

[ Xmnl|? [ Xmnl|?
Since in spherical coordinates V = {0, (1/7)0y, (1/rsinf)d,}, in the chosen
coordinate system with north pole at P (see Section 2) the third component
of Vu equals zero, and we have

b(m,n,p,q,k,s) =

_ 3/2 1
b(m,n,p,q,k,s) = <g> Apg ks [(le + I+ I3+ I4> B+ IlEg] ,

where
1
¢ Jpr1/2(Apgm)  Jrg1/2(Aksr)
I = — P . mn
1 4 S )\pqr )\ks"f’ Jm+1/2()\ 7”) \/7_“ d?",
0
1
1 Jpr1/2(AksT)
IQ = —5 § J;+1/2(>\pq7“)ij+1/2()\mn7')\/7_"d7",
1
1 ¢ Jpt1/2(ApgT)
13 = §STJk+1/2()\kST)\/_dT
0
1
Iy = SJ 1172w Ty 172 (Mks) Ing1 2 (Amn ) v/ dr
0
Er = | V,(Q)Y4(@)Yn(Q) dSe,
S
Es = S({)@Yp(Q)aqu(Q)Ym(Q) dSq.
S
Using the formulas [38]
1 Ju(z 1
T2) = 3lher() = @) = L) = o)

we deduce that
1

1 1
I = .
YTt 1) 2k + 1) [S)[Jp_lﬂ(/\pqr) + Jpys/2(Apgr)]

X [ka1/2(>\ks7’) + Jk+3/2()\ksr)]JmH/z()\mnr)\/Fd7’7
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—_
[

1
=1 Gt V[ Tp-1/20047) = Ty/2(Apgr)]
0

X [Je—1/2(Mes™) + Jiers/2(Mes) Tms1j2(Amnr ) V7 drr,
1

1 1
I3 = 4 m §] [Jp—l/2<)‘1’qr) T Jp+3/2()\pq7“)]

X [ka1/2(>\ks7’) - Jk+3/2()\ksr)]JmH/z()\mnr)\/Fd7’7
1
1
Iy = 1 S [Jp—1/2(ApgT) — Jpt3/2(Apg7)]
0
X [Ji—1/2(AksT) = g3y (AksT) Tt j2(Amn7)V/r drr,

= 21\ Py(cos @) Py (cos 0) Py, (cos ) sinf db,

= 21 \ P!(cos 8) P} (cos 0) P, (cos 8) sin® 0 db.

K
0
) P
0
Consider the integral
1

Sm(X Q) =\ r*2f(r, Q) Tpizpp(Ar)dr, X>0, Q€S
0

The following proposition will allow us to estimate the eigenfunction coeffi-
cients of the initial data.

LEMMA 1. Let f(r,Q) have the partial derivative 02f(r,Q), r € (0,1),
Q €S, and £(0,Q) = £(1,Q) = 0, £(0,Q) = A, (1,Q) = 0 (in case m = 0
the condition f(0,Q) = 0 is not needed). Moreover, assume that for each
Q € S the function r0, f(r,Q) has bounded variation in r € [0,1] which is
absolutely integrable over II, i.e.,

Vo (rd; f(r, Q) = Voo(Q) € La(S), lim, rd; f(r, Q) = F20(Q) € L1(S).
Then there exists Cg € L1(S) independent of m and X\ such that for m > 0,
Cq(m+1)?

\7/2 ’

Proof. The proof is a slight modification of that of Lemma 2 of [36]
and is based on two-fold integration by parts in r in the integral defining

Sn(N, Q). »

Next, we turn our attention to the typical integral appearing in the
expressions [;, i = 1,2, 3,4, i.e., we study

[Sm(A, Q)] <
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1

Hmpk()‘mn’ A1, >‘2) = X Jm+1/2()‘mnT)Jp+1/2(Alr)Jk—l—l/Q()‘QT)\/;d'r
0

and obtain its estimate as A\, Ay — oo. To this end we need a few facts
concerning the Fresnel integrals [10, p. 28]

1 ¢ cost 1 {sint

Clx)=—\——dt, Sz)=—\—Fdt

@)= 7= @ =71

They have the following properties:
C(0)=5(0)=0, C(c0)=5(c0)=1/2,

1
S(x)—2—\/ﬁ+0<m> as r — oo.

LEMMA 2. For any fixedn > 1, any m,p, k > 0, and positive A1, Ay — 00
there exists a constant C' independent of m,n,p, k, A1, A2 such that

AR > N,
(42) [ Hppr v ML A2) S CATEATY20 A < g,
AL A=Ay = A\

Proof. We shall consider the case A1 > Ao since A\; < g can be examined
analogously. For any fixed n the function J,, 11 /Q(Amnr) has n + 1 intervals
of monotonicity on the interval [0, 1] (see [39]). We shall denote them by

[0,71], [r1,72], -+, [T, Tit1], - - - [Ty Tnt1] and the corresponding integrals by
1
A, . Then Hmpk s an;k

Since Jy41/2(Amnr) > 0 and is increasing for r € [0,71] we can apply
Bonnet’s mean value theorem (see [26, p. 328]) to the corresponding integral

and obtain
T1

(4.3) Hr(iz))k Tt /2amnt1) § T2 (Aar) Jsr j2(Aar)V/r dr,
n

where € (0,71). Note that J,, 1/2(Amar1) is absolutely continuous on
[0,71].
We observe that for ¢ > 0 and integer [ > 0,

(4.4) | Tu(z)] < % x> 0.

(45)  Jrpele) = \/zxsm(x —ir2) + o< ;/2) 7 — oo
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Next, we study the integral Snl in (4.3) and show that it has the bound
C/NY2AY? as A, da — 00, A1 > Ao. By (4.5), we deduce that

T1

V Josr/2(r) Jysr j2(ar)V/rdr = H + O((Ah) /),
n
where

dr.

i 2 TXI sin(Ayr — pr/2) sin(Aer — km/2)
BRVoNEY NG

We can rewrite H as

n

~ 2 B "t cos(A_r) -
(4.6) H = ﬂm{ cos((p — k) /2] S —=—d

MG
+sin[(p — k)m/2] | w dr}

"
! cos(Agr)

— cos|(p + k)m/2] S NG dr
—sin[(p + k)7/2)] §1 sin(Ar) dr,

,ooVr

where A- = A1 — Aoy = A\ (1 — A2/\1) — o0 as A\ — 00, Ay > \o; and
Ay = A1 4+ Ag. Making the change of variable ( = A_r we obtain

! cos(A_r) ‘ e cos ¢ ‘ 27

coslr) | = L ac| = |2 1c(Ar) - C(An)|

<c/A_<c/A\ as A — .

The other integrals in (4.6) can be studied analogously. Using the uniform
boundedness of the Bessel functions and recalling (4.4) we deduce the upper
estimate in (4.2).

)

In order to estimate Hfripk,
that the function Jy,11/2(Amnr) is decreasing on [r;, r;i11]. We also observe
that it is absolutely continuous on this interval. Then by the second mean
value theorem there exists n; € (r;,7;+1) such that

7;
H’f?:,;k = Jm+1/2()\mnri) S Jp+1/2(>\17“)e]k+1/2(>\27")\/7_"d7“

T

i > 2, we assume without loss of generality

Tit1

+ Jmg1/2(AmnTiv1) S Jpi172(M7) Tpg172(Aar)V/r dr
4
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2 1 U sin(Arr — pr/2) sin(Agr — km/2)
2 A e | 7 dr

T

+ Jm+1/2()‘mnri+1)

Ti+1

(s - pﬂ/Zz/?H(AQT —k/2) 4y O(A11A2> }

Conducting the same arguments as before we deduce that

i

=Y | <

m,

—T 75 1> 2.
3/2,1/2° =
PR
From these estimates, (4.2) follows for A\; < As.
Let A1 = A2 = A. Applying the first mean value theorem for integrals
(see [26]) and (4.4) we deduce that there exists £ € (0,1) such that
1
| Hopi| < T 11 /2] - § [Ty /2(0r)] - [ Tigrjo(or)|[Vrdr < CA7Fom
0
REMARK 4.1. An estimate analogous to that of (4.2) can be easily ob-
tained for the integral
1
SJm+1/2()\mn7“)=]—1/2()\17")J—1/2()\27")\/7_“dT~
0
Such integrals appear in the expressions I;, i = 1,2,3,4, for p = ¢ = 0.
Indeed, one can use the formula [28, p. 208]

2
J_12(z) =4/ — CosT

and conduct the arguments described above.
By means of the change of variable x = cos § we can rewrite the integrals
E, 5 (see the beginning of this section) as
1
By =2 | Py(x)Pi(x)Pn(z) da,
-1

1
By =27 | P)(z)Pj(x)Pn(z)(1 — %) da.
-1
LEMMA 3. There exists a constant C' independent of p,k, m such that
for all integers p, k,m > 0,
C
Vm+1)(p+Dk+1)
Proof. See [36, Lemma 3. m

|Eq| <
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LEMMA 4. There exists a constant C' independent of p,k, m such that
for all integers p, k,m > 0,
(4.7) |Ey| < ot DE+1)
- m+1

Proof. Using the equation for Legendre polynomials we can express

P;,(:U) as follows:
, ) Pol€) de
P = -l + )G
_ _p(p2+ 1) GV () =GP (x)], —l<a<l,
where Sm P (€) de 1
P, d
A e e e

Lagrange’s mean value theorem applied to the intervals [—1,x] and [z, 1]
yields

(@) = By
Therefore, \GI(?LQ)(

m), me (L) GP(x)=Pyn), me (1)
x)| < 1forall z € [-1,1] and integer p > 0. Consequently,

p(p+ Dk(k+1)

(48) Ey=2m 0

1
1 2
x [ [6))(@) - 6P @)IG(2) — G ()] P () d.
~1
Next, we fix some 0 < § < 1 and represent this integral in the following
way:
(4.9) Ey=114+T15+173
—146 1-5 1
_ 27r( P+ 1+ )P;(x)P,;(x)Pm(x)u — %) du.
-1 —145 1-6

Using (4.8), (2.8), and the boundedness of Gélz)(:z:) we get
(p+ Dk(k + 1)0

p
Tl < C
Tl < m+1

By means of the estimate [22]

vp+1
we deduce that
P+ 1)k+1) T

m+1

dx p+1)(k+1) 1)y
< Oy T A,
(1—x2)5/4_c m+1

1| <C
—146
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Choosing § = §(p, k) = (p+1)72(k + 1)~2 we deduce that

C p+1)(k+1)
1| < C—r—F———+
vVm+1’ %] < m+1

1713 <

which implies (4.8). =

LEMMA 5. If f(r,Q) satisfies Assumptions A, then there exists a con-
stant C independent of m, n such that for all integers m >0, n > 1,

vm+1

1572

(4.10) | ol < C

Proof. First, we examine m = 0,1. By Lemma 1, we have

2m ™ 1
[ Frunl < An | dip | |Pra(cos 0)] sin 0.6 ‘ 1P A £ (1,0, ) dr
0 0 0
< /N2,
Next we consider m > 2. Setting z = cos § we introduce the function
z I3 z
oD (z) =\ d¢ | Pu(n)dn= | (2= Pn()d¢
-1 -1 -1

and note that go,(qz)(l) = 0. Then, by (2.10),

z

() = 5| § P (@ d — | P () de]

2m+1 - o
_ 1 Prio(2) = Pu(2)  Pn(2) — Pn-2(?) C mso
2m+1 2m 43 2m —1
Hence, by (2.9) and (2.11),
o (2)] < C/m°2, m>2.
Now we study the integral
T 1
r,(r)= S F(r,cos0)P,,(cosf)sinf df = S F(r,2)Pn(z) dz,
0 -1
where
1 2
F(T,Z) = F(T,COSG) = <f>(T79) = % S f(T‘,H,QO)dC)O
0

is the mean value of the function f(r,0,y) along the parallel all of whose
points have colatitude 6. Each plane characterized by the condition § = const
has a distance z = cos 6 from the center of the unit sphere S.
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Integrating two times by parts we get

1 T
r,(r)= S 02 (2)0%F(r, ) dz = S 02 (cos 0) DZF (r, cos 0) sin 6 d6.
-1 0

Since D3 f(r,0, ) satisfies the hypotheses of Lemma 1, we obtain

2 T
| ol < CAun(2m + 1) § dip [ |02 (cos 0)| db
0 0

1
§ m mnr 69<S_089> f(7“79790) dr

< C(m +1)2(2m + DAmn <C m—i—l‘ .
Afamd/? Aot

The next proposition serves to estimate the linear and nonlinear itera-
tions of the type of (1.9) which for the problem in question can be written
as

<)
C
—~
~
~—
I
)

mn eXp(— ﬁmnt) s

Vit (1) = § exp[—rmn(t — 7)]
0

T (7)dr,

Mz

X E b(m,n,p,q,k,s)
p,k>0;5q,5>1 Jj=1

where ®,,, = sggmn and the coefficients b(m, n, p, ¢, k, s) are defined by (4.1).

LEMMA 6. For the functions ﬁ%il) (t) the following estimates hold for in-

tegers m >0, n>1, N >0, and real t > O:
(4.12) BN ()] < NN + 1)72A52/m + Lexp(—koit).

Proof. Since the function ¢(r,0, ) satisfies Assumptions A, its eigen-
function expansion coefficients ¢y, satisfy (4.10). We use induction on N.
For N = 0 and sufficiently small € we have

|U ( )< 5|¢mn|exp( Kmnt) < A_%/Q\/m + lexp(—ko1t).

We assume that (4.12) is valid for all B (t (t) with 0 < s < N — 1 and prove
that it holds for s = N. For this purpose we need the inequality (see [17,
p. 181])

PINH1I-) TP <2 DTGP (NH1-5)7, 1<j<N.
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According to (4.11), we have

t

’A(N ( )| Sexp[ ’{mn(t - 7’)]
0

x> [bmnpak,s \’Zv(] TN ”(ﬂ(df

p7k205q7521 j 1
< CLmn(t)SN
<3 blmun gk, ) NN IVE L

p,k>0;q,5>1

where
t
Lmn(t) = eXp(_ﬁmnt) S eXp[(:‘an — 2&01)7’] dr,
0
N

Sn=> NN 41— )2 < NN 1)
j=1

By Lemmas 2-4 and (4.1), (2.4), (2.6), we deduce that for n > 1;
m,p,k >0;q>qo>0,s>sy >0 (qo, so being sufficiently large),

N2y
A >\ks>\mn(2m + 1) qu ’is Pq k
Pq \SU23 32y
Vi D+ Dk 1) | 7 M S

b(m,n,p,q,k,s)| < C

pq >‘pq = Aks-
Therefore,
~ )\mn(zm + ].) )\pq)\ks
(413) [0 (1)) < CLm”<t)SN—{ Z 5/2\5/23/2+1/2
m+1 P,q,k,s: Apé )‘ké Apé )‘ké
Apg>Aks
A >\ks 1
+ Z 525@1232""27}
p,q,k,s: PéA/A/Aé D,q )\Pq
Apg>Aks
SCLmn<t)SNm—H< gq: %22 5/2 Z p)

NN + 1) 2Ly (D) A Ve + 1.

Next, we prove that

(4.14) Lin(t) < C
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(i) If m =0, n =1, then
t

Lunn(t) = exp(—#iort) {exp(—ror7) dr = exp(—ort) — o
0

exp(—ko1t)
N )‘31(’/ - 1/)‘31)

(ii) If m = 0, n > 2, then Ao, = mn and A3, — 203, > A3, — 203, = 272,
therefore,

Ron — 2K01 = UA%R(A%TL - )‘(2)1) + (1/)‘(2)1 - 1)(>\%n - 2>‘%1) > 0,

1-— exp(—lioﬂf)

expl(Kkon — 2Kk01)t] — 1 < exp(—2ko1t)
Kon — 2Ko1 N V)‘%n(l - Agl/)‘%n)

Ly, (t) = eXp(_KOnt)

(iii) If m = 0, n = 1, then A2, —2X3, > A2, —2)\%, > 0 since \j; ~ 4.493
and A\g1 = 7 (see [10]). Consequently, Kmn — 2k01 > 0 and
expl(Kmn — 2k01)t] — 1
Kmn — 2K01
exp(—2ko1t) exp(—ko1t)
< Cv)—F——.
= Ul 3 )~
Thus, (4.14) is established. Combining (4.13) and (4.14) we deduce the re-
quired estimate. m

Ly (t) = exp(—Kmnt)

COROLLARY. Fort >0, N >1 and form=0,n>2 and m,n > 1,
(4.15) DM ()] < N (N 4+ 1)7205/2/m + 1exp(—2ko1t).

Proof. Since kg, > ko2 > 2ko1 for n > 2 and Ky > K11 > 2k01 for

m,n > 1, (4.15) for N = 0 is evident. Then we apply induction on N and
repeating the arguments of (ii) and (iii) above we arrive at (4.15). =

5. Proof of Theorem 1

5.1. Ezistence and construction of solutions. We seek mild solutions of

(3.1) in the form of an eigenfunction expansion series
(5.1) u(r,0,0,) = > Ogn(t)Xmn(r, 0, 0),
m>0,n>1
where ( ')
~ u, t .
umn(t) = L%a Xmn = ]m(Amnr)Ym(ea 90)
[ Xmnll

Expanding the nonlinearity |Vu|? in a series of the type of (5.1) with
(|Vul?)),.(t) defined by (4.1) we substitute the result and (5.1) into (3.1)
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to get
~

U () + Fmn Tl () = (IVul?) 50 (), >0,

5.2 ~
(5:2) Umn(0) = 52¢mna Kmn = A%nn(y)‘?nn —1)>0,

where aAﬁmn are the coefficients of the eigenfunction expansion of the initial
function, i.e.,

$r0.0) = S Dmxon(r09), B = L2 K]

= 5
m>0,n>1 ||an||

Setting 5mn = 6<$mn (it is convenient to keep € in the coefficients in order
to simplify some estimates) we integrate the Cauchy problem (5.2) in ¢ to

obtain
t

(53) amn(t) = Eé\mn eXp<_Kmnt) + S exp[ Kvmn t - T)](‘V’U,‘ ) ( )dT
0

Represent U,y (t) as a formal series in € (see (1.8)) and substitute it into

(5.3) to obtain the recurrence formulas (4.11) for ﬁfn]\,?( t). By Lemma 6, the

inequalities (4.12) hold for o) (t) with m > 0, n > 1 and the estimates
(4.15) for these functions with m = 0, n > 2 and with m,n > 1.

Next, we prove that the formally constructed function (5.1), (1.8), (4.11)
is really a mild solution of (3.1) from the space C°([0,00), H*(B)), s < 2.
Choosing € € [0,e¢], €0 < 1/¢, where c is the constant which appears in the
estimates (4.12), we deduce by virtue of (1.8) that for m >0, n > 1,

(5.4) [ ()| < X2/ m+ 1 exp(—rkort).
Using (2.4)—(2.6) and (5.4) we deduce that the series
l@®IZ=" > Aral@mnOPIYmlSin 7,
m>0,n>1

converges absolutely and uniformly with respect to ¢ > 0 for s < 2. To this
end we apply the Fubini—Tonelli theorem to establish the convergence of the
iterated series > > by comparison with the integral

OSO (m+1)dm OSO dn
2m+1  J (m+2n)o=%

with sufficiently large C, D > 0. By the Sobolev embedding theorem and
(5.4), u(t) : [0,00) — C°(B) is continuous and bounded for 3/2 < s < 2.

5.2. Uniqueness of solutions. We shall argue by contradiction. Assume
that there exist two mild solutions u") and u(? of problem (3.1) from the
class stated in the theorem. Then each can be expanded in a series (5.1),

where the coefficients ﬂg%(t), i = 1,2, satisfy (5.4). Set w = u) — 4 and
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expand it in a series of the type (5.1):
w(r, 0, p,t) = Z Wi (8) Jm (AmnT) Y (0, ),

m>0,n>1

~+

~

Winn () = Sexp[—nmn(t —7)] Z b(m,n,p,q,k,s)
0 p,q,k,s

X [ﬂé}]) (7)wes (7) + al(c?(T)@pq(T)} dr.

We can estimate the nonlinear terms as follows:

Ao 2+ DA
’ Z b(m,n,p,q,k, s)ul()}])(t)wks(t)} <A D o s
pqukys \/7n—_H
where
@ O] 18k ()]
o = |
p,gs; p+1)(k+1) )\3/2 1/2
Apg>Aks

|qu 1) |Wys(t)]
Xy = ,
2 p%s /—p+ kol )\1/2 3/2

)\pq</\ks

55—y 3 (D] |y (1)]

P.q p+1 Apg

We estimate only the sum X since Y33 can be treated analogously. By
virtue of the Cauchy—Schwarz inequality and (5.6), for some small e; > 0,

2k + 1 s Lol Wrs(t) Z ’
2 ' €
k+1 +’Y €1 m)\l/Q .- 242-% 1\/—

) N 1/2
<C(Zw4 ) (ZA AR NOT

k,s ks

| 2] =

Here the series over p, g converges for any €1 > 0. The first series over k, s
on the right-hand side converges if 2y +4 — 2¢1 > 2, ie.,if v > —1 4 €1,
where €1 > 0. The second series over k, s represents ||w(t)|l, and converges
for v < 2. Thus, for —1 +¢; < v < 2 we obtain

|21 < Cllw ()]l

Consequently,
¢

[@n ()] < C §exp[—rmn(t — 7)]w(r)], dr.
0
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Squaring both sides of the last inequality, multiplying the result by
A%,?n|\Ym||?g|| jm”?n) and summing over m,n we deduce that for some h > 0
and t € [0, hl,
[@mn (][5 < C(tSEp] [@n (D)]3) Q)
where )
Q) = Z 1 —Qexp(—/imnt)]z)\,ﬁn.
K2 Amn(2m + 1)

m>0,n>1

The series Q(t) converges absolutely and uniformly with respect to ¢t € [0, h]
for v < 4. It is a continuous nondecreasing function on [0, k] and Q(0) = 0.
Therefore, for —1 +e; < v < 2,
(sup n(1)]1)? < CQU( sup [[Brn(t)]1)* < O suD. (1)),
t€[0,h] te[0,h] t€[0,h]

where C(h) = CQ(h). The constant C'(h) can be made less than one by
an appropriate choice of h. This contradiction establishes uniqueness for
t € [0, hl.

Next, we consider the sequence { [T}, Tj11] }72; of intervals with T}, = kh.
Since

t

1-— —Kmn(t — T
S expl—Kmn(t — 7)] dT = exp[—fmn(t k)]7
T Kmn

arguing as above we obtain, for ¢ € [T, Tg11],

( sup  [@mua(®)]5)* < CQU~TR)( sup || Tmn(t)ll5)*.
te[Tk7Tk+l] tE[Tk,Tk_A'_l}

Setting t = Ty, +n, n € [0, h], we deduce that Q(t — T) = Q(n) < 1. Thus,
we have established the uniqueness for allt > 0and —14+¢; <y<2. u

6. Proof of Theorem 2: long-time asymptotics. We can represent
the solution in question as

(6.1) U(T, 9, (p,t) = aOl(t)jo(A()l?“)
(X D )amninOmar) (0, 0).

m=0,n>2 mmn>1

First, we obtain a subtle asymptotic estimate of the coefficient g3 (¢) which
contributes to the major term of the long-time asymptotics, and then we
single out the major parts as t — 00 of Uy, (t) with m # 0, n # 1. We have

(6.2) o (1) = Y NI (1),
N=0

where 6811\7) (t) can be represented as follows:
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a0y () = AN exp(—ront),
Aéiv)(t) = eXp(—/imt)[A( )+ RM@)], N>,

(6.3)
A(Ollv) = S H01T
0 N
X Z b(0,1,p,q,k,s Z -1 5,(;5\7 ])<7')d7',
p,k>0;q,5>1 j=1

(6.4) RS (1) = — | exp(roir)

X Z b(0,1,p,q,k,s Z U= A(N ])(T)dT,

p,k>0;9,5>1

2

and the functions v(j)( ), 7 =0,1,...,N — 1, are defined by (4.11). Here

we have added and subtracted the integrals from ¢ to oo in the integral

representations for v[(n )( t), N > 1.

Next, we estimate the residual term R(()le) (t) by means of (4.11), (4.15).
We have

|R((]]1V) (t)| < cSn X exp(ko17)[C exp(—2k017) + Cg exp(—4ko17)] dT,
t
where Sy was defined in the proof of Lemma 6. Therefore,

(6.5) IR ()] < V(N + 1) 2 exp(—rort).
Now we obtain the second-order asymptotics of ug; (). Substituting (6.3),
(6.5) into (6.4) and using (4.15) we get

0 N
R(N)( t) =— S exp(Kko17) {exp(—Qan)b (0,1,0,1,0,1) ZA N 2
t

7j=1
cN(N + 1)720(6}({)(—31‘1017'))

Mz

-1 vk ])(T)] dr

s

+ ). b(0,1,p,q,k,5)
p,k>1;q,5>2 j=1

= Agy exp(—kot) + ¥ (N + 1)720(exp(—2k01t)),
where

AVOI _ b(07 17/(3(;11707 1)1’4"’ 1’4": Z €N+1 ZA(] 1)A(N 7) 7
N=0
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and the series above converge absolutely and uniformly with respect to € €
[0,e0] and ¢t > 0. Recalling (1.8) and taking into account (6.3) we deduce
that

(66) \ﬁm(t) - A[)1 exp(—limt) - /Nlol eXp(—Qlﬂ()lt)‘ < Cexp(—?mmt),
where
o0
N
ol = Z €N+1Aél)'
N=0
The asymptotic estimate (6.3), (6.5) permits us to single out the major
(N)

parts in all Uy (), N > 1 (and consequently in y,y(t)), which contribute

to the second term of the long-time asymptotics. The functions ﬁﬁr%(t) with
m,n > 1 and m = 0, n > 2 do not make a contribution to this term since,
according to (4.12), they contain the exponential factor exp(—km,t) and
Kmn = K11 > 3ko1 for m,n > 1; Kmp > ko2 > 3ko1 for m = 0, n < 2. Indeed,

k11— 3ko1 = A5 {vAG [(A1/Ao1)* = 3]+ [3 — (AM11/A01)]} > 0
since A1 ~ 4.493 and A\g; = w. It is also easy to check that
Koz — 3ko1 = Aja{vAG2l(Ao2/Ao1)* = 3] + [3 — (Aaz/A01)]} > 0

because Ag2/Ao1 = 2 and VA%Q > 1.
For m,n > 1, N > 1 we can write

t N
DN(#) = exp(—Kmnt) | exp(KimnT) [b(m n,0,1,0,1) S 587V (1)) (1)
0 j=1
N .
+ Z b(m,n,p,q,k,s) Zﬁ;{%_l)(T)@(gﬁ)(T)] dr.
P, k>1;q,82>2 J=1

By means of (6.3), (6.5) we get
t

i)\ﬁnj\;z) (t) - eXp(_ﬁmnt) S eXp</€mn7_)
0
N . .
X [exp(—2m017)b(m, n,0,1,0,1) Z A(Ojl_l)A(()le_])
j=1

N(N + 1)_20(exp(—3/<;017))}

N
b(m,n,0,1,0,1)
= eXp(—Qliolt) ( s — 2501 Z A
j=1

N(N + 1)_20(exp(—3n01t)).
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Therefore, by (1.8), for m,n > 1, t > 0 we have

(6.7) T (£) = U (£)] < X224 1 exp(—3rko1t),
where
~b 1 1
() = AL O L0 o ont).

Kmn — 2K01
Recalling that

) T sin(7r)
Jo(Ao1r) = 4/ % Jijo(mr) = V-
setting

(6.8) Boi = vTAo,  Bo = VAo,
and combining (6.1), (6.6), and (6.7) we obtain (3.2). m

7. Conclusion. We have presented a method of constructing solutions
of semilinear dissipative evolution equations in bounded domains. For small
initial data this approach permits one not only to construct solutions in
the form of eigenfunction expansion series, but also to obtain long-time
asymptotic expansions. As an application we have considered the global-in-
time solutions of the Kuramoto—Sivashinsky in a ball in the linearly stable
case v > 1/m%. The solution is presented in the form of an expansion in
eigenfunctions of the Laplace operator in the unit ball. The coefficients of
the corresponding series are calculated by means of perturbation theory. The
second-order long-time asymptotics calculated above is essentially nonlinear.
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